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Here we extend dual reduction from my 1997 GEB paper to general Bayesian games.

Bottom line:

Dual reduction generalizes dominated-strategy elimination: "imperfect" equilibria are
eliminated by reducing the game, not by testing each equilibrium separately.

With dual reduction, any Bayesian game can be represented by a reduced model where
all incentive constraints are satisfied strictly in almost all incentive-compatible
mechanisms, so that the weak incentives of "imperfect" equilibria do not appear.

But this may involve some reinterpretation of Harsanyi's Bayesian model, where a
(reduced) type may represent a player's socially accessible private information, and a
player's action may represent a randomized strategy that can be conditioned on any
parts of the player's private information that are not socially accessible.

A finite Bayesian game 1s any I = (I, (Ti)ic1, (Ci)ier, p, (Wi)ier) with
nonempty finite sets: I={players}, Ti={1's types} Viel, Ci(ti)={1's actions if ti} VtieT;,
T =xie1Ti, peA(T) probability distribution of the set of type profiles, and
ui(c,t)eR utility payoffs Viel, VteT, VceC(t) ={c=(cj);er: cjeCi(tj) Vjel}.
We may write t = (tj)je1 = (ti,t)) € T, ¢ =(ciier = (c5,¢j) € C(1),
T = x4 Tj, Coi(ts) = {c=(cj)ji: cjeCi(t)) Vj#1}.
Unlike Harsanyi (1967), we allow a player's action set to depend on the player's type.



Let M(I") denote the set of direct coordination mechanisms | that specify probabilities
u(cl)>0 VceC(t), VteT, such that D cecp(cft) =1 VteT.

For any player 1 and any type t; in Tj, let
Ui(W,ti) = 2tieT-i 2eecw u(clt)p(t)ui(c,t), [terms in prior EU; from when i's type is t]
Ui(p,ci,di,Sisti) = Dtie T De—iccici) (e, dilti,s)p(tui(c,t) VeieCi(t), VdieCi(si), VsieT:.

[...altered terms where t; reports s; and then does ¢ when d; is recommended]

Any pin M(T') 1s incentive compatible (IC) iff 1t satisfies the incentive constraints:
Ui(p,t) = Daiccicsi Ui(,8i(di),disi,t)) V8i:Ci(si)—Ci(ty), VsieT;, VteT;, Viel.

Any equilibrium of any communication system is equivalent to an IC mechanism. [Rev P]

The above incentive constraints are trivial when si=t; & 0i(di)=d; Vd;, because any
mechanism p always satisfies Ui(,t) = Daiccic Ui(w,di,diti,t) Vi Vi

A Bayesian game I is an elementary game iff there exists some u’ in M that satisfies all
nontrivial incentive constraints as strict inequalities (>). So Vi, Vti, Vs;, Vi, Vci, Vei:
Ui(u,t:) > D diccicsi) Ui(uo,&(di),di,si,ti) if si#ti, & ﬁi(uo,ci,ci,ti,ti) > Ui(uo,ei,ci,ti,ti) if ei#ci.

Fact 1: If " 1s elementary, then almost all IC mechanisms satisfy all nontrivial incentive
constraints strictly. (If u does not then (1—&u+ell’ does.)

(Then problems of weak incentives in "imperfect" equilibria can be avoided.)

A mechanism p in M(I') is incentive compatible 1f and only if, for some vector v,
Ui(,t) = 2 diecicsi Wi(di,silt) VsieTi, VtieTi, Viel; and
vi(di,silt) = Ui(w,ci,disit) VeieCi(t), VdieCi(s), VsieT;, VteT;, Viel

If u is IC, these constraints can be satisfied with i(d;,sit}) = maxeiccia) Ui(p,ei,di,si ).



Consider this primal linear programming problem: (with artificial variables 7)

minimize Y2 mi(t) over u>0 & m &  such that
() + 2 2e u(et)p(tui(e,t) — 2dicciesh Wil(di,silt) = 0 VsieT;, Ve T, Viel; [aisilt)]
yi(di,silti) — Dti D u(c—,dift-,si)p(tui(c,t) > 0 VeieCi(t), VdieCi(si), Vsi Vi Vi; [ou(cildisit)]
Yeecyu(clt) =1 VteT. [B(1)]

The solutions to this LP are the incentive-compatible mechanisms p, which exist (Nash)
and yield optimal value 0, with m=0 and wi(d;,sit}) = maxciccie Ui(,ci,di,si ).

(Trivial constraints with si=ti & di=ci imply mi(t;) > Xdiccic) Gi(u,di,di,ti,ti) — Ui(u,t)) =0.)

The dual LP problem is: maximize 2[(t) over a>0 & B such that
B(t) + 2ier 2sieTi ai(si|t)p(t)ui(c,t) +
— el 2sieTi 2dieCsi) oti(dilci, ti|si)p(tai,si)ui( (c—i,di),(t-i,81)) < 0 VceC(t), VteT; [u(c|t)]
2ciecict) ai(cildi,silt) — au(silt) = 0 VdieCi(si), VsieTi, VtieT;, Viel; [yi(di,silt)]
YsieTi ai(silt) = 1 VtieTi, Viel. [m(t)]
Let A(T") denote the set of all vectors a that are optimal dual solutions, with some p.

We may define the aggregate a-deviation value at (c,t) to be

D(c,t, ) = Qe 2sieTi 2diecsi) oi(di|ci, tisi)p(t,si)ui((c-i,di), (t,81)) — Zier p()ui(c,t).
Then the first dual constraint is equivalent to: B(t) < D(c,t,a) VceC(t), VteT.
Any optimal dual solution has B(t) = mincecr D(c,t,a) VteT, and Dt B(t) = 0.



Fact 2: Given any dual solution o in A(T"), for any mechanism p in M(I'):
D iel DtieTi ZsieTi LdieCisi) 2cieci) oti(Cildi,silt) (Ui p,ci,di,sit) — maxeiccia Ui(W,ei,di,si ti))
+ D1 hieTi 2sieTi 0lSilt ) Cdicciesi MaXeicci) Ui(W,ei,di,si,t)) — Ui( L))
= i1 Ytiei CsicTi 2dieCicsi) 2eiccici) 0i(cildi,sift) Ui(p,ci,disiti) — Ui(W,t))
— ZteT ZceC(t) M(C|t)D(C,t,OC) > ZteT B(t) = 0.
The inequality > above must become equality = when p 1s incentive compatible.
(Expected net gains of unilateral a-deviations from p must have a nonnegative sum.)

Fact 3: A dual solution o with oi(cild;,silti)>0 exists if & only if there exists some
0i:Ci(si)—Ci(ti) such that di(di)=ci and every incentive-compatible u satisfies:
Ui(p,t) = Zaicciesh Ui(,8i(d;),di,si t)
= Ui(W,ci,di,Si,ti) + XbicCicsi).bixdi MaXaiccici) Ui(1,ai,bi,si,t).
(Follows from strict complementary of linear programming solutions.)
A trivial dual solution has, Vi Vti Vc¢i, ai(cilcitilt)=1 and all other ou(ci|di,si|ti)=0.
Fact 4: Nontrivial dual solutions in A(I") exist if and only if I' is not elementary.

Given any dual solution a.e A(I') and any i<l let p*oi denote the mechanism such that,
(nrou)(clt) = 2sieTi 2diecicsi) oi(cCildi,silt) p(ci,dit,s1) VeeC(t), VteT.

Then Ysicti DdicCicsi) 2eicciai) 0u(Cildi,silt) Ui(p,ci,di,sit) = Ui(peo, t).

So by Fact 2, for any mechanism p in M(I'), 2ier 2geti (Us(uau,t) — Ui(u,t)) = 0.

But if u 1s an incentive-compatible mechanism u then U;i(u*ai,ti) = Ui(u,t) VtieT.

In this sense, o, defines a strategy for (mis)reporting i's type and then reacting to any
recommended action that player 1 would be willing to apply with any IC mechanism.



In this ai-manipulative strategy, ai(ci|di,silti) denotes the probability that 1's type ti would
imitate s; with a plan to do c; if d; 1s subsequently recommended, and the overall
probability of t; imitating s; would be au(si|ti) = 2cieciai) ati(cildi,sift) VdieCi(s)).

In any incentive-compatible mechanism, each tieT; is willing to imitate other types s;
with probabilities ai(si|ti); but these imitated types might similarly o;-imitate others...
Consider the Markov chain on T; with transition probabilities a.i(si|ti) from t;eT; to s;eT;,

and let T;/ o denote the set of minimal nonempty absorbing sets for this Markov chain.

sl M

These minimal absorbing sets will be i's "reduced-types" in our a-reduced game.

Then for any ti in T; and any 71; in Ti/ o, let wi(tTilti,oi) denote the probability that the
Markov chain ends in the absorbing set t; from an initial condition ti.

These i probabilities are the unique solution to the equations:
i(Ti[ti,0l) = 2sieTi o Si[ti ) wi(Ti[si, o) VtieT;
if tie i then wi(tilti,oi)=1 Vti; and
if pieTi/ai but pi#ti and s;ep; then wi(tilsi,o)=0 Vi, Vpi.

So a plan for each type ti to report reduced-types t; with probabilities wi(ti|ti,ati) would be
invariant under o;-imitations.

We will interpret wi(ti|ti, o) as the probability of type t; reporting reduced-type t; in the
a-reduced game.




Given any reduced-type tieTi/ i, let Q(ti) = {tieTi| wi(zilti,oi)>0}.

Let [ai|ti] denote the ai probabilities conditioned on the Markov chain converging to ti:
[oui|Ti] (cildi,si|ti) = aui(ci|di,si|t)mi(Ti|si,on)/mi(Tilt,au) Ve Q(Ti).

When ai imitations imply that a reduced-type report t; could come from any ti in Q(t;),
a mediator can only recommend a behavioral strategy ci in Xgeqei) A(Ci(ti)).

A recommendation is invariant under the o; manipulation leading to 7i only if it satisfies
[auiTi]-stationarity: Gi(Cilti) = 2sicai) 2diecici) Oi(dilsi)[aulti](cildi,sit) Vei, Vtie Q(Ti).
The support of such an invariant behavioral strategy must be absorbing for [ail|ti], in the
sense that: if oi(di|si)>0 and [au|ti](ci|di,si|ti)>0 then ci(cilt)>0 Vtie Q(Ti), Vsie Q(Ti).
So we say that a function v; is an action subspace on Q(t;) iff D=yi(t)cCi(ti)) VtieQ(Ti).

We say that an action subspace v; 1s absorbing for [aui|ti] iff,
if dievyi(si) and [ai|ti](ci|di,si|t)>0 then cieyi(t) Vtie Q(Ti), VsieQ(T)).
An intersection of absorbing subspaces is absorbing, #J on all Q(t;) if #J on any in 1.

So the minimal absorbing action subspaces select disjoint sets of actions for each t; in T;.
Let Ci/[ai|ti] denote the set of minimal absorbing action subspaces for [ou|Ti].

Ci/[ai| t] will be the set of reduced-actions for reduced-type 7 in our a-reduced game.

Given any yie Ci/[ailti], let {Gi(®|yi,Ti,ti,0l) } icaei) be the probability distributions on the
sets {yi(ti) }ieani) that uniquely satisfy the [oi|ti]-stationarity equations:
Gi(Cil i, Ti ti, 0li) = 2sie Qi) 2dieyicsi) Oi(dilyi, Ti,Si, ot )oti( Cildi, Sifti ) vi(Ti|si, 06 )/ i Tilti, o)
Vvcieyi(t), Vtie Q(ti);
2cieyict) Oi(Cilyi, T, ti,06) = 1 Ve Q(T).



Interpret oi(c;

%, Ty ti, &) as probability of action c; for type t; in reduced-action y; for 1.
Given any dual solution o for the game I', let us define the a~reduced game I" / o such
that the set of players is still I, the set of reduced-types for each player 1 1s Ti/ au, the set
of reduced-actions for any reduced-type ti in Ti/ o 1s Ci/[ai|ti], the probability
distribution over reduced-types is q such that
q(t) = Zter p(O Tjer 0j(1ilti,0)) Vrexjer T/ oy, and
the utility function for each player 1 is vi such that, Vtexjc1 Tj/ a, Vyexje1 Ci/[o|Ti]:
vi(Y,7) q(7) = 2tet 2cec PO Tjer @i(tilti, o) )T Tjer oj(cilys,Tinti,04) Jui(c,b).

Any coordination mechanism A for the reduced game I'/ o induces a mechanism p* for
the original game such that

w(elt) = 2e 2y Ayt jer oi(tlti,04) oi(cily,tioti04)) VeeC(t), VteT.
(Here 1 1s summed over the set of reduced-type profiles xie1 Ti/ Ci, and then y 1s summed
over the set of reduced-action profiles x;e1 Ci/[ai|ti] for the reduced-types in t.)

Theorem 1: If a is a dual solution for I', then any incentive-compatible mechanism A for
the a-reduced game I' /o induces an incentive-compatible mechanism p* for I'.

(By Fact 2, a player in I expects no loss from a-deviations when others act as in [/ a...)

Theorem 2: For any finite I', iterative dual reduction yields an elementary reduced game.
(Proof: Use Fact 4...)



We let u+ai denote the mechanism such that, VteT, VceC(t),
(prati)(clt) = 2sieTi 2dieciesi) ol cildi,sift) (e, dift-i,8i).-

Then we get pu*+a; = p* for alliel. The proofis as follows:
(u*+ai)(clt) = DsieTi 2diccicsi) i cildi,sit)u*(ci,dilti,si)

= D sieTi 2dieCisi) ou(cildi,Silti) 2x 2y AMy|T)oi(dilyi, Ti,Si, 064 ) 0i(Ti[Si, o) X
(I T (Tl o) oi(cilvi, T, b, 04))

= 2t 2y MY|T) Lsieari) 2diecicsi) oi(dilyi, Ti,Si, o )oui( cildi, il ti )i Ti| si, i) X
x(I T 03(tjlt,06)05(C 3, T, b, 014))

= Z}f 2y Mylo)oi(eilyi, Tt o) oi(Tilti, o) (T = 0j(Tilti, o) oi(cilyi, T, 01) )

= p(clt).

More generally, a mechanism u for I' is strategically measurable for player i in the
reduced game I/« iff there is some n(e|®) such that pu can be written
L(C|t) = 2rieTi/ai 2yieCi/[oifi] N(C-i,Yilt=i,Ti) oi(Cilyi, Ti,ti,04) wi(Tilti,on) VeeC(t), VteT.

Fact 5: Given a.eA(T), if ueM(I') is strategically measurable for i in I'/ o then p*oi = .
Proof: (u=ou)(c|t) = 2sieTi 2diecicsi) oi(ci|di,silti) u(c—i,dilt-i,Si)

= Y sieTi 2dieCi(si) 2t 2qi il Cildi, Silt)M (c-i,Yilt-i, Ti) oi(dilyi, Ti,Si, 0 ) i Ti] Si, L)

= Dt 2 N(C—i,Yilt=i,Ti) Lsicqri) 2diecicsi) ot il di,silti) oi(dilyi, Ti,Si, 0 ) i(Ti|Si, o)

= D1 2 N(c-i,yilt=i,Ti) oi(cilyi, T ti, o) i(Tilti, o) = p(clt).



Proof sketch for Theorem 1.

We are given A as an incentive-compatible mechanism for the a-reduced game I'/ a.

If u* were not incentive-compatible for I', then there would be some player i who could
gain by manipulating reports or reactions in some way.

Let 1 be a mechanism for I that is induced when everyone other than i is expected to
behave according to A in the reduced game but player 1 uses a I'-optimal strategy for
reporting and reacting to the A-mediator.

By the Fact 2, 2je1 2 (Uj(u*ay,ti) — Uj(u,t)) = 0 for any mechanism .

But for every player j who acts according to the reduced game, we have pixo, = .

Thus, for the deviating player i alone, we have Ysicti (Ui(prou,ti) — Ui(pti)) = 0.

So proy is also a mechanism in which player i uses a I'-optimal strategy for reporting and
reacting, while everyone else still behaves according to A in the reduced game.

That is, the I'-optimality of 1's behavior is preserved by the ai transformation, as long as
everyone else behaves according to the strategic restrictions of the reduced game I'/ a.

But iterative transformation by o would make i's reporting & reacting strategies
approach behavior that is feasible in the a-reduced game, where honesty and obedience
to A are optimal for j (as A 1s IC for all players in the reduced game).

For more proof details, see also:
https://home.uchicago.edu/~rmyerson/research/eldual2025more.pdf



Density of games with transitive dual solutions.

For any game I', we say that a dual solution a is maximal iff its set of strictly positive
nontrivial components ai(ci|di,silti)>0 is maximal among all dual solutions in A(T").

(The trivial components of a. are the components ai(ci|ci,tifti) for any 1€l, tieTi, cie Ci(ti).)

We may define the dual magnitude of a game to be the number of nonzero nontrivial
components in a maximal dual solution for the game. (Soitis 0if I is elementary.)

We say that the game I has transitive dual solutions iff, in a maximal dual solution a,
Viel, V {ti,s;,1:} T, VeieCi(t), VdieCi(si), VeieCi(ri):
if ai(cid;,si|t)>0 & ai(diei,ri|si)>0 then ai(cilei,ri|ti)>O0.
Any (I, (Th)ie1, (Ciiel, p) as above may be called a framework for Bayesian games, which
can then be defined by specifying a vector of utilities for all players in all outcomes.
Given this framework, the game defined by a utilities vector u may be denoted I'(u).

We say that the type distribution p has full support iff p(t) > 0 for all teT.

Theorem 3: Given any framework (I, (Ti)ie1, (Ci)ie1, p) for Bayesian games, suppose that
the type distribution p has full support. Then the set of utility functions u such that
I'(u) has transitive dual solutions is dense in the utility space.

Proof: Given any nonempty open set in the utility space, we can select u in this set so
that I'(u) has a dual magnitude (a nonnegative integer) that is minimal in the set.

Then we can show that this I'(u) with locally minimal dual magnitude will have transitive
dual solutions...
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Let o be any maximal dual solution for I'(u), which has locally minimal dual magnitude.

I'(u) also has an IC mechanism p that is maximally incentive compatible, satisfying with
strict inequalities all incentive constraints that are strict in any IC mechanism for I'(u),
including all incentive constraints from Fact 3 for the zero components 1n a.

If I'(u) did not have transitive dual solutions, then we could find some 1€l and nontrivial
strictly positive components oii(ci|d;,si|ti)>0 and oii(di|ei,ri|si)>0 such that oui(cilei,ri[ti))=O0.
(If either of these positive components was trivial, they could not violate transitivity.)
With Fact 3, the two positive dual variables would give us:
Ui(w,t) = Gi(Maci,di,Si,ti) + 2 bieCi(si),bixdi MAXaicCi(ti) ﬁi(u,ai,bi,Si,ti),
Ui(w,si) = Ui(W,di,ei,13,8i) + X bicCicri) birei MaAXaicCicsi) Ui( 1,24, bi,1i,81).
But with ai(cilei,ri|t))=0 and u maximally incentive compatible, we would get
Ui(,t) > Ui(l,Ci,€3,15, 1) T XbicCiri) bivei MaXaicCic) Ui(LL,ai,bi,Ti, ).
Let 8;:Ci(si)—Ci(t;) be such that 8i(d;)=c; and 8i(b;) e argmaxaiccici) Ui(1,ai,bi,si,ti) Vbizdi.
For any small €>0, let us construct {i to be the same as u except that, Vt_i, VbeC(t;,si):
p(t-i,51)i(b,(t-,81)) = (1-€)p(t-i,s)ui(b,(t,51)) + & p(t-i,t)ui((b-i,6i(bi))),(t-i.t:))-
Then any p that is maximally incentive compatible for I'(u) would also be incentive
compatible for I'(Qi), but its set of strictly satisfied incentive constraints would expand
in I'(Q1) to include all constraints that could justify positivity of ai(di|ei,ri|si) in Fact 3.
(In the € term: t; would strictly lose by reporting r; & planning reaction ¢i=0i(d;) to €;.)
So this construction would yield utility vectors {i that are in the open set but give I'({i) a
strictly smaller dual magnitude than I'(u), contradicting the selection of u.

11



Corollary: We can show that such dual transitivity implies also that:
if ai(ri|si)>0 and oui(si|ti))>0 then ai(ri|ti)>O0.

Proof: By the "if" part, for any e; in Ci(1;), we can find d;eCi(s;) and c¢;e Ci(t;) such that
ai(dile;,rilsi)>0 and aii(ci|di,si[ti)>0.

Then dual transitivity implies oii(cilei,rilt))>0, and so
oi(rit)) = 2biecici) oui(bilei,ri|t) > 0.

Concluding note:

Dual reduction i1dentifies incentive constraints that are hard to satisfy with strict
perfection, and it models them as inseparable alternatives in a reduced game.

A reduced-type may represent a pooling of inseparable types, omitting aspects of the
player's private information that are socially inaccessible.

A reduced-action may randomize over inseparable actions in way that 1s strategically
conditioned on this socially-inaccessible information.

Iterative dual reduction of all such inseparable actions and inseparable types yields an
elementary reduced game where all incentive constraints can be satisfied strictly.

Thus, dual reduction allows us to analyze games without any knife-edge imperfection
issues, because any such issues in the original game have been identified and embedded
into the structure of the reduced game.

https://home.uchicago.edu/~rmyerson/research/eldual2025bayes.pdf
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Examples with no private information, strategic-form games (as in the 1997 paper):

Ci:\ Ca: C2 d>
Cl 3,2 0,0
di 0,0 2,3

All incentive constraints can be satisfied strictly with u(cs,c2)=0.5=u(d;,d>).
So this game 1s elementary, and it has no nontrivial dual solutions.

Ci:\ Cy: C2 d>
Cl 5,5 0,5
d; 5,0 1,1

Dual solutions include au(di|c))=1, aui(ci|di)=0, ax(d2|c2)=1, ax(cz|d2)=O0.

Ci/ai= {{d:}}. In the reduced game, the dominated actions c; and c: are eliminated.

Ci:\Cy: C2 d>
Cl 7,0 2,5
d; 4,3 6, 1

Dual solutions include au(d;|ci)=1, ai(ci|d1)=0.4, ax(d>|c2)=0.6, ax(c2|d2)=0.8,
and the reduced game has one absorbing set of actions {c;,d;} for each player 1.

The a-stationary strategies are the unique Nash equilibrium strategies:
Q/ND[eil+H(5/Nd, (AT e2]1+H3/T)[d:].

The reduced game is 1x1 with the equilibrium payoffs (4.857, 2.143).
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Example of a 3 x3 strategic-form game (rock, scissors, paper):

Ci: \ Ca: C2 d> e
Ci 0,0 1,0 0,1
d; 0,1 0,0 1,0
e; 1,0 0, 1 0,0

This game has a correlated equilibrium that randomizes uniformly over the six
nondiagonal outcomes of the game, which satisfies strictly six incentive constraints
and so implies that every dual solution must have:
au(er|cr)=0, aui(cild)=0, ai(di|er)=0, aa(ez|c2)=0, ax(cz|d2)=0, ax(d:|e2)=0.

But this game is not elementary. There 1s a dual solution with:
ou(dile)=1, au(elldr)=1, ai(ciler)=1, ax(d:z|c2)=1, au(eld2)=1, aa(czlez)=1.

The dual reduction is the 1x1 game where each player j's only option is to randomize
uniformly over {c;d;e;}, yielding expected payoffs (1/3, 1/3).

Thus, dual reduction suggests that the correlated equilibrium that we described above
may be imperfect in some sense.

Sensitivity analysis: Suppose that we change the diagonal payoffs from (0,0) to (¢,e) for some number ¢.

If € <0, the game is elementary, as the above correlated equilibrium satisfies all incentive constraints strictly.

If € > 1, the game is elementary, as p(ci,c2)=u(di,d2)=u(er,e2)=1/3 satisfies all incentive constraints strictly.

If 0 <e<1, no incentive constraint can be satisfied strictly, and a dual solution where all nontrivial
dual variables are strictly positive is: ai(es|ci)=aui(ci|d)=a1(di|er)=an(ez|c2)=0(c2|d2)=an(d2|er)=¢,

OL1(d]‘C])ZOH(61‘d])zou(C]‘61)2()(2(012‘62):0(1(ez‘dz)zaz(cﬂez):l—&
These games have nontransitive dual solutions only in two cases: when =0, and when e=1.
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A similar 3 x3 sender-receiver game (one sender with types, one receiver with actions):

p- Ti: \ Ca: a2 b> C2
173 7 0,0 1,0 0, 1
173 sy 0,1 0,0 1,0
173 1 1,0 0, 1 0,0

An IC p has w(bz|rr)=p(c2|r1)=0.5, waz|s))=u(czls1)=0.5, u(azlt;)=u(b2|t)=0.5.
Its six strictly satisfied constraints imply that any dual solution has
o1(sz|rr)=au(ti|s)=au(r:|t1)=0 and ow(czlaz2)=oz(az|b2)=a2(b2|c2)=0.
But this game is not elementary. A dual solution has
ou(ti|r)=au(rils)=ai(s:|t1)=1 and ow(b2laz)=a2(c2|b2)=o(az|c2)=1.
In the reduced game, the sender has one reduced-type (equally likely to be 7y, s;, or ¢/),
and the receiver has one reduced-action (randomizing uniformly over {a2,b2,c2}).
Thus, dual reduction suggests that the incentive-compatible mechanism p that we
described above may be imperfect in some sense.

Sensitivity analysis: Suppose we change the diagonal elements from (0,0) to (g,¢), for some number €.

If €<0, the game is elementary, as the above IC p then satisfies strictly all nontrivial incentive constraints.

If e>1, it 1s elementary, with p'(az|r))=p'(bz|s1)=p'(c2|t1)=1 satisfying strictly all nontrivial incentive constraints.

If 0<e<I, no incentive constraint can be satisfied strictly, and a dual solution where all nontrivial incentive
constraints have strictly positive dual variables is:
OL1(S]‘I”])IOH(U|S1)=OL1(1”1|t1)=OL2(Cz|az)IOLz(a2|bz)IOLz(b2|Cz)=8,
OL1(tj|I’1)=Ocl(l”]|S1)=Ocl(S]|tj)IOLz(b2|a2)=OL1(Cz|b2)=OL2(a2|Cz)=1—8.

These games have nontransitive dual solutions only in two cases: when €=0, and when e=1.

15



A 3 x4 example with one sender and one receiver:

p- Ti: \ Ca: a2 b> C2 d>

13 ry 3,0 0,3 0,3 3,0 [bad type]

1/3 sy 9,9 8, 8 0,0 0,0 [left good type]
173 1 0,0 0,0 8, 8 9,9 [right good type]

Dual solutions include au(s:|r;) =n, ou(t|r) =1-m for 1/3 <n<2/3,
o2(bola2) =1, ae(czldz) =1, with all other nontrivial components of o being 0.

For the symmetric solution n=1/2, the reduced game looks like:

q: 1's reduced-type: {b>} {c2}
0.5 {s13~(2/3)[s:1]+(1/3)[7/] 5.33,6.33 0, 1
0.5 {t1}4~2/3)[t1]+H(1/3)[r1] 0, 1 5.33,6.33

With n=1/3, an asymmetric reduced game on one end would be
q: 1's reduced-type: {b2} {c2}
4/9 {s1}~0.75[s1]+0.25[r/] 6, 6.75 0,0.75
5/9 {t1}~0.6[¢/]+0.4[r/] 0, 1.2 4.8, 6
With n=2/3, an asymmetric reduced game on the other end would be

q: 1's reduced-type: {b>} {2}

5/9 {s13~0.6[s:]+0.4[r/] 4.8, 6 0,1.2
4/9 {t1}~0.75[¢;]+0.25[r/] 0, 0.75 6, 6.75

All these reduced games are elementary, with strict mechanism ({s;}—{b>},{t:} —>{c2}).
The belief probability of r; given {t1} 1s (1/3)au(ti|r7)/((1/3)oui(ti|r)+(1/3)(1)).
Belief probabilities of the bad type »; must be >0.25 to deter a> & d>.
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