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Abstract

This paper studies the use of finely stratified designs for the efficient estimation of a large class of
treatment effect parameters that arise in the analysis of experiments. By a “finely stratified” design, we
mean experiments in which units are divided into groups of a fixed size and a proportion within each group
is assigned to a binary treatment uniformly at random. The class of parameters considered are those
that can be expressed as the solution to a set of moment conditions constructed using a known function
of the observed data. They include, among other things, average treatment effects, quantile treatment
effects, and local average treatment effects as well as the counterparts to these quantities in experiments
in which the unit is itself a cluster. In this setting, we establish three results. First, we show that under
a finely stratified design, the naive method of moments estimator achieves the same asymptotic variance
as what could typically be attained under alternative treatment assignment mechanisms only through
ex post covariate adjustment. Second, we argue that the naive method of moments estimator under a
finely stratified design is asymptotically efficient by deriving a lower bound on the asymptotic variance
of regular estimators of the parameter of interest in the form of a convolution theorem. In this sense,
finely stratified experiments are attractive because they lead to efficient estimators of treatment effect
parameters “by design.” Finally, we strengthen this conclusion by establishing conditions under which a
“fast-balancing” property of finely stratified designs is in fact necessary for the naive method of moments
estimator to attain the efficiency bound.
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1 Introduction

This paper studies the use of finely stratified designs for the efficient estimation of a large class of treatment
effect parameters that arise in the analysis of experiments. By a “finely stratified” design, we mean experi-
ments in which units are divided into groups of a fized size based on their covariate values and a proportion
within each group is assigned to a binary treatment uniformly at random. The canonical example of such a
design is a matched pairs design: here the fixed size of the groups equals two, and exactly one of the two units
in each group is assigned to treatment at random, so that the marginal probability of treatment assignment
is one half. More broadly, our use of the term “finely stratified” in this context contrasts with what we could
call a “coarsely stratified” design, in which units are divided into a small set of large groups: see Example
4.2 below for a formal definition. The class of parameters considered are those that can be expressed as
the solution to a set of moment conditions constructed using a known function of the observed data. This
class of parameters includes many causal parameters of interest: average treatment effects (ATEs), quan-
tile treatment effects, and local average treatment effects as well as the counterparts to these quantities in

experiments in which the unit is itself a cluster.

In the setting described above, we establish three results. First, we study the asymptotic properties of a
naive method of moments estimator under a finely stratified design. Here, by a naive method of moments
estimator, we mean an estimator constructed using a direct sample analog of the moment conditions. For
example, in the case of the ATE, such an estimator is given by the Horvitz-Thompson estimator for the
difference in means. We show that under a finely stratified design, the naive method of moments estimator
achieves the same asymptotic variance as what could typically be attained under alternative treatment
assignment mechanisms only through ex post covariate adjustment using the same set of covariates. Such
adjustment strategies frequently involve the nonparametric estimation of conditional expectations or similar
quantities; see, for example, Zhang et al. (2008), Tsiatis et al. (2008), Jiang et al. (2022a), Jiang et al.
(2022b) and Rafi (2023). We further illustrate that this feature of finely stratified experiments stems from
the way in which finely stratified designs balance treatment status across covariate values, a property we
define formally below and refer to as “fast-balancing.” Second, we derive a lower bound on the asymptotic
variance of regular estimators of the parameter of interest in the form of a convolution theorem. This
convolution theorem accommodates a large class of possible treatment assignment mechanisms, including
covariate adaptive randomization (Efron, 1971; Wei, 1978; Zelen, 1974; Pocock and Simon, 1975; Hu and
Hu, 2012; Bugni et al., 2018; Ye et al., 2022; Ma et al., 2020, 2024), re-randomization (Li and Ding, 2017;
Li et al., 2018; Li and Ding, 2020; Li et al., 2020; Cytrynbaum, 2024), and fine stratification (Jiang et al.,
2021; Bai et al., 2022; Cytrynbaum, 2023b). We show that the lower bound is attained by the naive method
of moments estimator under a finely stratified design. In this sense, the naive method of moments estimator
under a finely stratified design is asymptotically efficient. More succinctly, we say that finely stratified
experiments lead to efficient estimators “by design.” Finally, we strengthen this conclusion by characterizing
all regular asymptotically linear estimators for a large class of treatment assignment mechanisms and use
this characterization to establish conditions under which the fast-balancing property of finely stratified
experiments is in fact a necessary condition for the naive method of moments estimator to attain the efficiency
bound.

Together, these results demonstrate that finely stratified experiments lead to efficient estimators that



prioritize transparency in that they preclude the researcher from “data snooping” associated with ex post
nonparametric covariate adjustment. Importantly, concerns with this type of data snooping are not com-
pletely eliminated by typical pre-analysis plans because such adjustments involve choices, such as the choice
of nonparametric estimator or tuning parameters, that are often not pre-registered prior to the experiment.
The estimators are therefore attractive because they avoid performing nonparametric covariate adjustment

in order to achieve efficiency and thereby remain “hands above the table” (Freedman, 2008; Lin, 2013).

Our paper builds upon two strands of literature. The first strand of literature concerns the analysis of
finely stratified experiments. Within this literature, our analysis is most closely related to Bai et al. (2022),
who derive the asymptotic behavior of the difference-in-means estimator of the ATE when treatment is
assigned according to a matched pairs design, and Cytrynbaum (2023b), who develops related results for
an experimental design referred to as “local randomization” that permits the proportion of units assigned
to treatment to vary with the baseline covariates. Beyond settings that study estimation of the ATE, Bai
et al. (2024b) develops results for the analysis of different cluster-level average treatment effects and Jiang
et al. (2021) develop results analogous to those in Bai et al. (2022) for suitable estimators of the quantile
treatment effect. This paper, like those just mentioned, operates in a “super-population” framework, in which
the outcomes and covariates are assumed to be drawn as an i.i.d. sample from a population distribution.
This is in contrast to an alternative strand of the literature that studies finely stratified experiments from the
design-based perspective (see, in particular, Imai, 2008; Imai et al., 2009; Fogarty, 2018a,b; Liu and Yang,
2020; Pashley and Miratrix, 2021; Bai et al., 2025b). To our knowledge, our paper is the first to analyze
the properties of finely stratified experiments in a general framework that accommodates any parameter
that can be characterized as the solution to a set of moment conditions involving a known function of the
observed data. In more recent work, Cytrynbaum (2024) considers a similar framework to study finely
stratified re-randomized experiments, which nest finely stratified experiments as a special case. However, his
results assume that the moment functions which define the parameter of interest are continuous in a way
that precludes parameters like the Quantile Treatment Effect. Moreover, we emphasize that none of the
above papers formally establish the asymptotic efficiency of finely stratified experiments. The second strand
of literature concerns bounds on the efficiency with which treatment effect parameters can be estimated in
experiments. We note that, due to the potential for dependence in treatment assignments across individuals,
we cannot immediately appeal to standard semi-parametric efficiency results (see, for example, van der
Vaart, 1998; Chen et al., 2008). Two important recent papers in this literature studying efficiency bounds
in the special case of estimating the ATE are Armstrong (2022) and Rafi (2023). Even in this special case,
their results differ from ours in important and empirically relevant ways; Remark 4.3 provides an in-depth
discussion of the connection between these results and ours. See also Bai (2022) for some finite-sample

optimality properties of matched pairs designs for estimation of the ATE.

The remainder of this paper is organized as follows. In Section 2, we describe our setup and notation.
We emphasize, in particular, the way in which our framework can accommodate various treatment effect
parameters of interest. Section 3 derives the asymptotic behavior of the naive method of moments estimator
of our parameter of interest when treatment is assigned using a finely stratified design and studies estimation
of the asymptotic variance. In Section 4.1, we develop our lower bound on the asymptotic variance of regular
estimators of these parameters and show that it is achieved by the the naive method of moments estimator

in a finely stratified design. In Section 4.2, we characterize all regular asymptotically linear estimators and



argue that the fast-balancing property is necessary for the naive method of moments estimator to attain
the efficiency bound. In Section 5, we illustrate the practical relevance of our theoretical results through a
simulation study. Finally, we conclude in Section 6 with some recommendations for empirical practice guided

by both these simulations and our theoretical results. Proofs of all results can be found in the Appendix.

2 Setup and Motivation

Let A; € {0,1} denote the treatment status of the ith unit, and let X; € RY denote their observed, baseline
covariates. For a € {0,1}, let R;(a) € R denote a vector of potential responses. As we illustrate below,
considering a vector of responses allows us to accommodate many parameters of interest. Let R, € R
denote the vector of observed responses obtained from R;(a) once treatment is assigned. As usual, the

observed responses and potential responses are related to treatment status by the relationship

We assume throughout that our sample consists of n units. For any random vector indexed by i, for example
A;, we define A™ = (Ay,..., A,). Let P, denote the distribution of the observed data (R, A X (™)) and
Q. the distribution of (R (1), R (0), X(™)). We assume Q,, = Q", where Q is the marginal distribution
of (R;(1), R;(0), X;). Given @, P, is then determined by (1) and the mechanism for determining treatment
assignment. We assume that treatment assignment is performed such that a standard unconfoundedness
assumptions holds and such that the probability of assignment given X; is some known constant for every

1 < i < n, as is often the case in most experiments:

Assumption 2.1. Treatment status is assigned so that
(RM™ (1), R™(0)) AL AT X ™) (2)
and such that P{4; = 1|X; = x} =7, for some n € (0,1) for all 1 <4 < n.

Assumption 2.1 restricts the probability of assignment to be the fixed fraction 7 across the entire experi-
mental sample, but this restriction can be weakened so that 7 is replaced by n(X;) for many of our subsequent
results: see Remark 4.4 for a discussion. Given Assumption 2.1, it can be shown that (X;, 4;, R;) are iden-
tically distributed for 1 < ¢ < n, and their marginal distribution does not change with n (see Lemma A.7
in the Appendix). As a consequence, we denote the marginal distribution of (X;, A;, R;) by P. We consider
parameters 6y € © C R% that can be defined as the solution to a set of moment equalities. As we show
below, these parameters include a large class of causal parameters defined in terms of potential outcomes
and potential treatments. Formally, let m : R% x {0,1} x R4 — R be a known measurable function, then

we consider parameters 6y that uniquely solve the moment equality
Ep[m(Xi,AhRi?Ho)} =0. (3)

We emphasize that m(-) is not a function of any unknown nuisance parameters, but may depend on the known

value of 7 in Assumption 2.1. We present five examples of well-known parameters that can be described as



(functions of) solutions to a set of moment conditions as in (3).

Example 2.1 (Average Treatment Effect). Let Y;(a) = R;(a) denote a scalar potential outcome for the ith
unit under treatment a € {0,1}, and let ¥; = R; denote the observed outcome. Let 6y = Eg[Y;(1) — Y;(0)]
denote the average treatment effect (ATE). Under Assumption 2.1, y solves the moment condition in (3)
with

YA, Yi(1—A)

mXi7Ai7Ri,9 = - —-0. 4
( )= (4)

For papers that consider estimators based on (4), see Hirano and Imbens (2001) and Hirano et al. (2003). ®

Example 2.2 (Quantile Treatment Effect). Let Y;(a) = R;(a) denote a scalar potential outcome for the
ith unit under treatment a € {0,1}, and let ¥; = R; denote the observed outcome. Let 7 € (0,1) and

o = (00(1),00(0))" = (QY(I)(T)v(ZY(O) (7)), where
Gy (@) (1) = nf{A € R: Q{Yi(a) < A} > 7} .

In other words, 0y is defined to be the vector of T7th quantiles of the marginal distributions of ¥;(1) and Y;(0).
If we assume gy (4)(7) is unique for a € {0, 1} in the sense that Q{Y (a) < gy (a)(7) +¢} > Q{Y (a) < gy () (7)}
for all € > 0, then it follows from Assumption 2.1 and Lemma 1 in Firpo (2007) that 6y solves the moment

condition in (3) with
Ai(r = I{Y; <6(1)})

m(X;, Ai, R;, 0) = (1— A)(r —nI{Yi <0(0)}) |~

1-nm

for @ = (61, 9(®))’. Note that the quantile treatment effect qy (1)(T) = @y (0)(7) can then be defined as h(6y)
where h : R? — R is given by h(s,t) =s—t. &

Example 2.3 (Local Average Treatment Effect). Let (Y;(a), D;(a)) = Ri(a) denote the vector of potential
outcomes (Y;(a) € R) and treatment take-up (D;(a) € {0,1}) under treatment a € {0,1}, and let (Y;, D;) =
R; denote the vector of observed outcomes and treatment take-up. Note here that f’i(a) corresponds to the
potential outcome under assignment a € {0,1} and not to the potential outcome for a given take-up D; = d.

Suppose Eg[D;(1) — D;(0)] # 0 and let

It then follows from Assumption 2.1 that §y solves the moment condition in (3) with

m(XivAiv Ri7 9) =

ViA;  Yi(1-A;) 0 <DiAi ~ D1 _Ai)> . (5)

n 1—n n I—n
If we further assume instrument monotonicity (i.e., P{D;(1) > D;(0)} = 1) and instrument exclusion, then

6o could be re-interpreted as the local average treatment effect (LATE) in the sense of Imbens and Angrist
(1994). m

Example 2.4 (Weighted Average Treatment Effect). Let Y;(a) = R;(a) denote a scalar potential outcome



for the ith unit under treatment a € {0,1}, and let Y; = R; denote the observed outcome. Let

by — Eo [E;’[ff((;)] (¥i(1) - n(o»] ,

for some known function w : R%* — R. It then follows from Assumption 2.1 that 6y solves the moment
condition in (3) with

YiA;  Yi(1—Ay)
n 1-nm

By defining Y; to be the average outcome in the ith cluster, 6y defined in this way can accommodate the
(cluster) size-weighted and equally-weighted average treatment effects considered in Bugni et al. (2022) and

Bai et al. (2024b) in the context of cluster-level randomized controlled trials. W

Example 2.5 (Log-Odds Ratio). Let Y;(a) = R;(a) € {0,1} denote a binary potential outcome for the ith
unit under treatment a € {0,1}, and let ¥; = R; denote the observed outcome. Suppose 0 < P{Y;(a) =
0} <1 for a € {0,1}, and let 8y = (6p(1),00(2))’, where

0o(1) = logit(Eq[Y:(0)]) ,

00(2) = logit(Eq[Y;i(1)]) — logit(Eq[Yi(0)]) ,

with logit(z) = log(1%;), so that 6(2) denotes the log-odds ratio of treatment 1 relative to treatment 0. It

follows from Assumption 2.1 that 6y solves the moment condition in (3) with

— A

%

where expit(z) = . e log-odds ratio can then be defined as o) where h : — IR 18 given by
h i 2B The log-odds rati hen be defined as h(f) where h : R* — R is given b

h(s,t) = t. This parameter appears in, for example, Zhang et al. (2008).

Additional examples could be obtained by considering combinations of Examples 2.1-2.5. For instance,
combining the moment functions from Examples 2.3 and 2.4 would result in a weighted LATE parameter.
Beyond these examples, certain treatment effect contrasts could also be related to the structural parameters
in, for instance, an economic model of supply in demand: see, for example, the model estimated in Casaburi
and Reed (2022).

Throughout the rest of the paper we consider the asymptotic properties of the method of moments

estimator 6, for 6y which is constructed as a solution to the sample analogue of (3):

1 N
g Z m(Xi,Ai,Ri,Gn) =0. (6)

1<i<n

Because 0, is constructed directly using the moment function m(-), we call 0,, the naive method of moments

estimator. Note that 6, as defined in (6) is closely related to standard estimators of the parameter 6y in



specific examples. For instance, in Example 2.1,

LY V- Y M- A,

1<i<n 1<i<n

n

so that 6, is a Horvitz-Thompson analogue of the standard difference-in-means estimator for the ATE. In

Example 2.3,
6 — 7 Sasicn Yidi — 05 Eicicn Yill — A))
N LY cicn DiAi = T e D1 A

so that 6, is a Horvitz-Thompson analogue of the standard Wald estimator for the local average treatment
effect.

Before proceeding, in the remainder of this section, we provide a more detailed summary of the main
contributions of our paper. To this end, first note that if A(™ were assigned i.i.d., independently of X (™,
then it can be shown under mild conditions on m(-) (see, for instance, Theorem 5.1 in van der Vaart, 1998)

that the nalve method of moments estimator satisfies
(0, — 0) 5 N(0,V) ,

where
V= MﬁlEP[m(X% A’ia Ria oo)m(Xh Aiv Ri7 90)/](M71)/ 5 (7)

207
0
design (see Assumption 3.1 below for a formal definition) then, under appropriate assumptions so that we

with M = -2 Ep[m(X, A, R, 9)]"9 o In Section 3, we show that if we assign A using a finely stratified

achieve “fast balance” of the treatment across covariate values (see Assumptions 3.2, 3.3 below),
Vb, — 60) 5 N(0,V,) ,

where V > V, (see Theorem 3.1). Under ii.d. assignment, the naive method of moment estimator 6,
cannot generally attain V., but an estimator that attains V, could instead be constructed by appropriately
“augmenting” the moment function, and then considering an estimator which solves the augmented moment
equation. For instance, if we consider the ATE in Example 2.1, then it is straightforward to show that the
following augmented moment function identifies 6y:

Ai(Y; — (X)) (1= A4)(Yi — po(X5))

m*(Xi, As, Ri, 0) = ” - T + 1 (Xi) — po(X3) =0, (8)

where p1,(X;) = Eq[Y;(a)|X;]. This choice of m*(-) produces the well known doubly-robust moment condition
for estimating the ATE (Robins et al., 1995; Hahn, 1998). It can then be shown that an appropriately
constructed two-step estimator, in which p1(-) and po(-) are non-parametrically estimated in a first step,
attains V, (Tsiatis et al., 2008; Farrell, 2015; Chernozhukov et al., 2017; Rafi, 2023). Intuitively, the estimator
obtained from the augmented moment function m*(-) performs nonparametric covariate adjustment by
exploiting the information contained in X" that may not have been captured in the original moment
function m(-). Similar nonparametric covariate adjustments based on augmented moment equations have

been developed for other parameters of interest (Zhang et al., 2008; Belloni et al., 2017; Jiang et al., 2022a,b).



In this sense, we show that fine stratification can perform nonparametric covariate adjustment “by design”
for the large class of parameters that can be expressed in terms of moment conditions of the form given in
(3), thus generalizing similar observations made in Bai et al. (2022), Bai (2022), and Cytrynbaum (2023b) in
the special case of estimating the ATE. As we explain in the discussion following Theorem 3.1, this feature
of finely stratified experiments is possible because fine stratification leads to fast-balancing of the treatment

across covariate values, as defined formally in (14) below.

Earlier work on efficient treatment effect estimation has noted that the variance V, is in fact the efficiency
bound for estimating 6y under i.i.d. assignment (see, for instance, Cattaneo, 2010). A natural follow-up
question is whether or not V, continues to be the efficiency bound for estimating 6y under a finely stratified
design, or more generally for complex experimental designs which induce dependence in the treatment
assignments across individuals in the experiment. In Section 4.1, we show that V, continues to be the
efficiency bound for estimating 8y for a large class of treatment assignment mechanisms with a fixed marginal
probability of treatment assignment, which includes finely stratified designs as a special case. We can thus
conclude that, from the perspective of asymptotic efficiency, finely stratified designs are optimal experimental
designs for a broad range of treatment effect estimation problems. In Section 4.2 we build on this result and
establish conditions under which efficient estimation of fy using the naive method of moments estimator can
be achieved only if the experimental design leads to fast-balancing of the treatment across covariate values.
In this sense, we show that the fast-balancing property of finely stratified experiments is in fact a necessary

condition for achieving efficient estimation of 6y “by design.”

3 The Asymptotic Variance of Finely Stratified Experiments

In this section, we derive the asymptotic distribution of the method of moments estimator 6,, when treatment
is assigned by fine stratification over the baseline covariates X (. Such assignment mechanisms use the
covariates X (") to group units with similar covariate values into blocks of fixed size, and then assign treatment
completely at random within each block. In order to describe this assignment mechanism formally, we require
some further notation to define the blocks of units. Let £ and k be arbitrary positive integers with ¢ < k
and set 7 = ¢/k. For simplicity, assume that n is divisible by k. We then represent blocks of units using a

partition of {1,...,n} given by
{Aj = N(XM)yC {1, n}1<j< n/kz} :

with |\;| = k. Because of its possible dependence on X (™ {\; : 1 < j < n/k} encompasses a variety of
different ways of blocking the n units according to the observed, baseline covariates. We note, however, that
our framework is not intended to reflect settings in which the blocks themselves are randomly sampled from
the population of interest (see, for instance, the discussion in Section 4.4 of Pashley and Miratrix, 2021).

Given such a partition, we assume that treatment status is assigned as described in the following assumption:

Assumption 3.1. Treatment status is assigned so that (R(™ (1), R (0)) 1L A™) |X(") and, conditional on
X,



are i.i.d. and each uniformly distributed over all permutations of (0,0,...,0,1,1,...,1).
——

k—¢ L

The assignment mechanism described in Assumptions 3.1 generalizes the definition of a matched pairs
design. In particular, we recover a matched pairs design if we set (¢,k) = (1,2), with n = 1/2. Indeed,

suppose n is even and consider pairing the experimental units into n/2 pairs, represented by the sets

{m(2j —1),m(2j)} for j=1,...,n/2,

where m = 7, (X (")) is a permutation of n elements. Because of its possible dependence on X (™), 7 encom-
passes a broad variety of ways of pairing the n units according to the observed, baseline covariates X ().
Given such a 7, we assume that treatment status is assigned so that Assumption 3.1 holds and, condi-
tional on X (") (Ar2j-1), Ar(2j)),d = 1,...,n/2 are i.i.d. and each uniformly distributed over the values in
{(0,1),(1,0)}. For some examples of such an assignment mechanism being used in practice, see, for instance,
Angrist and Lavy (2009), Banerjee et al. (2015), and Bruhn et al. (2016).

Remark 3.1. Note that Assumption 3.1 generalizes matched pairs designs along two dimensions: first, it
allows for treatment fractions other than n = 1/2. Second, it allows for choices of £ and k which are not
relatively prime. For instance, if we set (¢,k) = (2,4), then n = 1/2 as in matched pairs, but now the
assignment mechanism blocks units into groups of size 4 and assigns two units to treatment, two units to
control. Although Theorem 3.1 below establishes that allowing for this level of flexibility has no effect on the
asymptotic properties of our estimator, in our experience we have found that designs which employ these
treatment “replicates” in each block can simplify the construction of variance estimators in practice; see

Section 3.1 for details, and Imbens (2011) for an early discussion. W

Our analysis will require some discipline on the way in which the blocks are formed. In particular, we
will require that the units in each block be close in terms of their baseline covariates in the sense described

by the following assumption:

Assumption 3.2. The blocks used in determining treatment status satisfy

1
= Y max |X; - Xs[2 5 0.
n [

0,0/ €N
1<j<n/k !

Bai et al. (2022) and Cytrynbaum (2023b) discuss blocking algorithms that satisfy Assumption 3.2. When
X; € R and Eg[X?] < oo, a simple algorithm that satisfies Assumption 3.2 is simply to order units from
smallest to largest and then block adjacent units into blocks of size k. In the case of matched pairs, if
dim(X;) > 1 and Eg[||X;[|%] < oo for d > dim(X;) + 1, then Assumption 3.2 is satisfied by the nbpmatching
algorithm in R that minimizes the sum of squared distances of X within pairs. See Appendix A of Bai et al.
(2024b) for details. Beyond the case of pairs, Cytrynbaum (2023b) demonstrates that the optimal blocking

satisfies the following bound

1 .
=3 max | X - Xy |? = Op(n¥/ 4/ @m0y
n

RIS



from which we can deduce that the rate of convergence depends on both the dimension of X; as well as the
number of moments it possesses. Finally, we impose the following assumptions to derive the large-sample
properties of 0,,. In what follows, when writing expectations and variances, we suppress the subscripts P

and Q whenever doing so does not lead to confusion.

Assumption 3.3. Let m(-) = (ms(+) : 1 < s < dp)’. The moment functions are such that

(a) For every € > 0, | E[m(X;, As, R, 0)]]| > 0.

inf
0€0:]|0—00||>€

(b) E[m(X;, Ai, R;,0)] is differentiable at 6y with a nonsingular derivative M = 309,E[m(X,A, R, 0)] o’
=bo

(c) For 1 < s <dp, E[((ms(X,a, R(a),0) —ms(X,a, R(a),0p))?] — 0 as 0 — 6y for a € {0,1}.

(d) For 1 < s <dp, {ms(z,a,r,0):0 c O} is pointwise measurable in the sense that there exists a countable
set ©* such that for each 8 € O, there exists a sequence {0,,} C ©* such that ms(z,a,r,6,,) —

mg(z,a,r,0) as m — oo for all z,a,r.

(e) (i) supgee E[||m(X,a, R(a),0)|] < oo for a € {0,1}. (ii) {ms(z,1,r,0) : 0 € ©*} and {m,(z,0,7,0) : 6 €
©*} are Q-Donsker for 1 < s < dp.

(f) For a € {0,1}, E[ms(X,a, R(a),0y)|X = x] is C-Lipschitz for 1 < s < dp, for some constant C' < co.

Assumption 3.3(a) is a standard assumption to ensure the solution to (3) is “well separated.” It appears
as a condition, for instance, in Theorem 5.9 in van der Vaart (1998). Assumption 3.3(b) is a standard
assumption used when deriving the properties of Z-estimators. See, for instance, Theorem 3.1 in Newey
and McFadden (1994) and Theorem 5.21 in van der Vaart (1998). Because differentiability is imposed
on their expectations instead of the moment functions themselves, the moment functions are allowed to
be nonsmooth, as in Example 2.2. Assumption 3.3(c) requires the moment function to be mean-square
continuous in #. Assumption 3.3(d) is a standard condition to guarantee the measurability of the supremum
of a suitable class of functions. In particular, it allows us to define expectations of suprema without invoking
outer expectations. See Example 2.3.4 in van der Vaart and Wellner (1996) for details. Assumption 3.3(e)
is a standard assumption which guarantees the existence of an integrable envelope and allows us to invoke
a uniform law of large numbers and a uniform central limit theorem (see, for instance, page 81 of van der
Vaart and Wellner (1996) for a definition of a Donsker class). In particular, this assumption can be verified
for Examples 2.1-2.5. Assumption 3.3(f) is a common assumption which simplifies some arguments when
studying finely stratified designs, and ensures units that are close in terms of the baseline covariates are also
close in terms of their moments. Note that Assumption 3.3(f) could be dropped following the approximation

arguments in Lemma C.5 of Cytrynbaum (2023b); see also Examples 4.4 and 4.9 for further discussion.

The following theorem establishes the asymptotic variance of the naive method of moments estimator
when the treatment assignment mechanism is finely stratified in the sense of satisfying Assumptions 3.1-3.2.
Its proof relies on a crucial technical result in Han and Wellner (2021), which allows us to compare the
empirical process that depends on the treatment assignments with the empirical process that only depends
on i.i.d. quantities. As a consequence of us leveraging this result, Assumption 3.3 is comparable to the typical

assumptions imposed to study the properties of method of moments estimators using i.i.d. data.



Theorem 3.1. Suppose the treatment assignment mechanism satisfies Assumptions 3.1-5.2 and the moment

functions satisfy Assumption 3.3. Let 0,, be defined as in (6). Then,

\/ﬁ(én — 00) = % Z 1/)*(Xi,Ai,Ri790) +OP(1) . (9)

1<i<n

where

(X, Aiy Riy 0o)

=M1 (I{Ai =1}(m(X;, 1, R;,0p) — Elm(X;,1, Ri(1),600)| Xi])
+ I{A; = 0}(m(X;,0,R;,00) — E[m(X;,0, R;(0),00)|X;])
+nE[m(X;, 1, Ri(1),00)|Xi] + (1 — n) E[m(X;,0, R;(0), 90)|Xi]) :

Further, we have that
Vil = 00) 5 N(0,V.) , (10)

where
V* = Var[w*(Xi,Ai, Ri, 90)] . (11)

In order to make Theorem 3.1 useful for inference about 6y, we describe in Section 3.1 an estimator V,L
of V,. We now sketch an argument of the proof of Theorem 3.1 to highlight the fundamental role played
by a “fast-balancing” property of finely stratified designs (see (14) below). In the proof of Theorem 3.1, we
first establish that

V0, —00) = —M~ 1f > m(Xi, Ai, Ry, 60) + op(1) . (12)

1<i<n
To further establish (9), it thus suffices to show that, under a finely stratified design,

—M‘lﬁ > m(X;, Ai, Ri ) = \F > (X, Aiy Riy00) + op(1) - (13)

1<i<n 1<i<n

To obtain this equivalence, consider the following decomposition of m(-):

m(X;, A;, Ri, 00)

=nE[m(X;, 1, Ri(1),00)|X;] + (1 — n)E[m(X;,0, R;(0), 60)| X;]
+ I{A; = 1}(m(Xi, 1, R, 6o) — E[m(X;,1, Ri(1),00)| X:])
+ I{A; = 0}(m(X;, 0, R;, 00) — E[m(X;, 0, R;(0),00)] Xi])
+ (Ai = n)(E[m(X;, 1, Ri(1),00) — m(X;,0, R;(0),00)|X:]) -

Then the equivalence follows if we can show that

% Z (Ai —n) (E[m(X;,1, Ri(1),00) — m(X;,0, R;(0),00)|X;]) = op(1) . (14)

We call (14) the fast-balancing condition for the function m(-). Intuitively, the fast-balancing condi-
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tion imposes that the experimental design should balance the treatment across covariate values at a rate
which is faster than sampling variation. To see why (14) holds for a finely stratified design, let Q(X;) =
E[m(X;,1, R;(1),00) — m(X;,0, R;(0),600)|X;] and first note that, by Assumption 2.1,

E [\/15 égn(Ai - n)ﬂ(xi)'m")} =0.

Next, for 1 < s < dy, let Q(S)(Xi) denote the sth component of ©(X;). Then it can be shown using
Assumption 3.1 and 3.3(f) that for 1 < s < dp,

1 . . (k-0 (1
Var[ﬁ Z(Az-—nm(‘)(Xz-)\X( >]s02(k_1) —2L max | X - Xe? ],
1<i<n

where C' denotes the Lipschitz constant in Assumption 3.3(f), and so the conditional variance converges in
probability to zero under Assumption 3.2. The fast-balancing condition (14) then follows by an application
of Chebyshev’s inequality conditional on X (™ and the dominated convergence theorem. In Section 4.2, we
further argue that the fast-balancing condition (14) is in fact a necessary condition which a given experimental

design must satisfy to ensure (13).

Remark 3.2. Note it follows from (3) that
nEQ [m(XH 1, Ri(1)7 90)} + (1 - n)EQ [m(le 0, Ri(0)7 60)] = Ep[m(Xi7 Ai, R, 6‘0)] =0, (15)
so that E[¢*(X;, Ai, R;,0p)] = 0. Tt is further straightforward to show using Assumption 2.1 that

V. = Var[y* (X, Ai, Ri, )] (16)
= M‘l(E [nVar[m(Xi, 1, Ri(1),60)|X;] + (1 — n) Var[m(X;, 0, R;(0), 90)|X1-H
—|— Var [nE[m(XZ, 1, Rl(l), 90)|Xz] + (1 — n)E[m(XZ, 0, RZ(O), 90)|Xz]] ) (M_l)/

For instance, in the special case of the ATE (Example 2.1) we obtain that

Var[Y;(1)|X:] n Var[Y;(0)| X:]
n 1-n
+ (B[Yi(1) — Y;(0)|X3] — E[Y;(1) - ¥;(0)])?| (17)

Var[d)*(Xi, Ai, Ri, 90)] =F

which matches the asymptotic variance derived in Bai et al. (2022) for matched pairs. Theorem 3.1 however

accommodates a much larger class of parameters, including those introduced in Examples 2.2-2.5. &

Remark 3.3. By comparing the variance expression in (7) to the variance expression for V., we obtain
V-V, =1 —n) M Var[E[m(X;, 1, R;(1),00) — m(X;,0, R;(0),00)| X ]| (M), (18)

which is positive semidefinite. From this, we conclude that the asymptotic variance of the naive method of
moments estimator 6, is lower in a finely stratified design compared to i.i.d. assignment. In Section 4.1,

we will further show that V, is the lowest possible asymptotic variance among regular estimators for 6

11



in a large class of treatment assignment mechanisms, including both i.i.d. assignment and finely stratified
designs. When dg = 1, we may express V — V, in terms of the “nonparametric R2.” In particular, V — V,

is proportional to E[R? (g, Xi) Var[g;]], where

Var[E[g;| X;]]

X)) =
Rg X(gza z) Var[gi]

(19)
and g; = m(X;,1, R;(1),60) — m(X;,0, R;(0),6p). The quantity in (19) measures how much of the variation

in g; can be explained nonparametrically by X;. See, for instance, Chernozhukov et al. (2024).

Remark 3.4. Note that finely stratified designs include as a special case completely randomized designs,
i.e., experiments in which a fixed proportion of the entire sample is assigned to treatment uniformly at
random. To see this, consider, for instance, simply matching on an exogenously generated covariate. In this
special case, we find from (18) that V, = V as defined in Section 2. In this way, we see that completely

randomized experiments are asymptotically no more efficient than i.i.d. assignment. ®

3.1 Variance Estimation

In this subsection, we provide a consistent variance estimator for the asymptotic variance V, in (16). We
suppose that a consistent estimator M\n for M is available, i.e., ]\/J\n R VR examples where m is
differentiable in 6, including Examples 2.1 and 2.3-2.5, the analog principle suggests that a natural estimator
for M is given by

— 1 0
M, = ﬁ Z %m(XzaAuRme)

1<i<n 0=0,
In examples including Example 2.2 where m is nonsmooth in #, M may consist of components that require

nonparametric estimators. See, for instance, Jiang et al. (2021).

It then suffices to construct a consistent estimator for the “meat” in (16). To motivate such an estimator,
consider the expression in (16) when dy = 1. By the law of total variance, this middle component equals
1 + X9, where

¥y = nVar[m(X;, 1, Ri(1), 60)] + (1 — ) Var[m(X;, 0, R;(0), 6)]
By = —n(1 = n)E[(E[m(X;, 1, Ri(1), 00)|Xi] — E[m(X;, 1, Ri(1), 0o)]
~ (E[m(X;,0, Ri(0),60) | X] - Elm(X;, 0, Ri(0),60)]))’]
=—n(1—-n) (E[E[m(Xu 1, Ri(1),60)| Xi]*] + E[E[m(X;,0, R;(0), 60)| Xi]’]
— 2E[E[m(X;, 1, Ri(1), 00)| Xi ]| E[m(X;, 0, R;(0), 60)| Xi]
— (E[m(X3, 1, Ri(1),60)] — E[m(Xi,O,Ri(O),HO)])z) :

For a € {0,1}, define

(@) = — 3 I{A; = a}m(X;, Ay, Ri.0,) .

n
Mla 1<i<n

12



where 71 = n and 179 = 1 — 1. The analog principle suggests that a natural estimator for X; is

Sin= LS A = (X0 A i) — (1) (X, A RiB) — ()

1<i<n

b ST A= 03X, A Ris ) = 00X, A i) — in (0))

1<i<n

To estimate o, we first define

. k 1 A .
§n(1,0) = ﬁ Z g(k‘ —E) Z m(XiaAi7Ri79n)m(Xi’aAi’7Ri’aon)/
1<i<n/k i, E€X; i A=1,A, =0

and ¢, (0, 1) similarly. Next, define

% E % Z m(XiaAiaRiyén)
1<j<n/k (2) i<i'ENjiA;=A =1

Xm(Xi/,Ai/,Ri/,én)/ iff>1

Jj<

n
1<j<gf i€X2;,i €EXgj—1: A=A, =1

¢ (1,1) =

Xm(Xi/,Ai/,Ri/,én)/ ife=1.

Similarly, define

e

1<j<n/k ( 2 ) i<t'€ENj:A;=A;=0

xm(Xy, Ay, Rir,0,)  ifk—0>1
% Z Z m(Xla Ai7 Ria é’ﬂ)
J<

n
1< %ie)\Zj,i,E/\ijllAi:Ai/IO

xm(Xy, Ay, Rir,0,)  ifk—0=1.

Finally, define

B = =11 = 1) (Sa(1,1) +6u(0,0) = Gu(1,0) = Gu(0, 1) = (i (1) = i (0)) (fin (1) — 1 (0))") -

The estimator ¢, (1, 1) is constructed in one of two ways depending on the number of treated units in each
block. If more than one unit in each block is treated, then we take the averages of all pairwise products of the
treated units in each block, and average them across all blocks. We call this a “within block” estimator. If
instead only one unit in each block is treated, then we take the product of two treated units in adjacent blocks.
We call this a “between block” estimator, and note that similar constructions have been used previously in
Abadie and Imbens (2008), Bai et al. (2022), Bai et al. (2024b), and Cytrynbaum (2023b). The estimator

¢,(0,0) is constructed similarly. A natural estimator for V, is then given by

— ~ ~ — /
¥, = M. (zl,n T 227,”) (M;l) .

Note that for specific choices of m(-), V,, recovers estimators which have been studied in prior work on

inference in finely stratified experiments. For instance, in the case of matched pairs with (¢, k) = (1,2) and

13



m(-) as in Example 2.1, so that 6 is the ATE, Vo exactly coincides with the estimator defined in equation
(28) of Bai et al. (2022).

In addition to Assumption 3.2, we will now also require that the distances between units in adjacent

blocks be “close” in terms of their baseline covariates:

Assumption 3.4. The blocks used in determining treatment status satisfy

1
Y max || X; - X425 0.

n $€X2 1,4 ENa;
1<j<(n/2) TN

Note that given blocks which satisfy Assumption 3.2, it is always possible to re-order the blocks such
that the pairs {(Ag;j 1, A2j) }1<j<|n/2) satisfy Assumption 3.4, as long as we maintain the sufficient condition
that E[||X;]|¢] < oo for d > dim(X;) + 1. This property could be achieved, for instance, by applying the
nbpmatching algorithm to the block-means {X;}i<j<n/x, where X; := %Zi@\j X;: see Lemma A.6 in
Cytrynbaum (2023a) for details.

To formally establish the consistency of Vn, we impose the following mild uniform integrability condition,
as well as a Glivenko-Cantelli and uniform Lipschitz condition. All three conditions need only hold in an

arbitrarily small neighborhood of 6.

Assumption 3.5. There exists § > 0 such that

(a) For a € {0,1},

lim E sup |lm(X;,a, Ri(a),0)|*1 {sup lm(X;, a, Ri(a),0)] > )\} =0.
A—00 0€O:]|0—00| <5 EG)

(b) {E[ms(Xi,a,Ri(a),0)|X; = x] : ||6 — 00l < 6} and {E[m4(X;,a, Ri(a),0)m(X;,a, Ri(a),0)|X; = ] :
|6 — 6o]| < &} are Q-Glivenko Cantelli for 1 < s < dp.

(c) Fora € {0,1}, each component of E[m(X,a, R(a),0)|X = z] and E[m(X, a, R(a),0)m(X,a, R(a),0)'|X =
x] is Lipschitz with a common Lipschitz constant across {6 € © : || — 6y]| < J}.

Assumption 3.5(a) is a mild uniform integrability condition for the envelope function of the moment
function in an arbitrarily small neighborhood of 6y. Assumption 3.5(b) is a mild condition that requires
the conditional expectation of the moment functions to satisfy a uniform law of large numbers. See page 81
of van der Vaart and Wellner (1996) for a definition of a Glivenko-Cantelli class of functions. Assumption

3.5(c) strengthens Assumption 3.3(f) to hold uniformly in an arbitrarily small neighborhood of 6.

The following theorem establishes the consistency of V,, for V,:

Theorem 3.2. Suppose the treatment assignment mechanism satisfies Assumptions 3.1, 3.2, and 3.4 and

the moment functions satisfy Assumptions 3.3 and 3.5. Further suppose J/W\n M. Then, V. i V.
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4 An Efficiency Bound and the Necessity of “Fast-Balancing”

In Section 4.1 we establish that V, is the efficiency bound for a large class of experimental designs. As a
consequence, we can conclude that finely stratified designs are asymptotically efficient “by design.” Building
on this result, in Section 4.2 we establish that a necessary condition for achieving the bound V, when
estimating 6 using the naive method of moments estimator is that the experimental design be fast-balancing,
in the sense of (14).

4.1 Efficiency Bound

An inspection of the asymptotic variance in (11) reveals that V, in fact coincides with the classical efficiency
bound for estimating 6y with i.i.d. assignment. For example, the variance derived in (17) coincides with the
efficiency bound derived in Hahn (1998) for estimating the ATE with a known marginal treatment probability
7. Therefore, another way to interpret our result in Theorem 3.1 is that the standard i.i.d. efficiency bound
can be attained by a naive method of moments estimator under a finely stratified design. On the other
hand, because treatment status is not independent in a finely stratified design, a natural follow-up question
is whether or not the efficiency bound for estimating 6, changes relative to what can be obtained under
i.i.d. assignment once we allow for more general assignment mechanisms. In this section, we show that V,
continues to be the efficiency bound for the class of parameters introduced in Section 2, while allowing for
a more general class of treatment assignment mechanisms. The main restriction on treatment assignment is
given by Assumption 2.1, which requires the marginal treatment probability to be known and equal to 1. As
mentioned earlier and explained in Remark 4.4 below, it is possible to relax this requirement so that n can
be replaced by a known function 7(X;). For a discussion of how our efficiency bound compares with other

results in the literature, see Remark 4.3.

We impose the following high-level assumption on the assignment mechanism:

Assumption 4.1. The treatment assignment mechanism is such that for any integrable function v : R% —
R

3

=S A B aphx))

1<i<n

In words, Assumption 4.1 requires that the assignment mechanism admits a law of large numbers for inte-
grable functions of the covariate values. Examples 4.1-4.5 illustrate that the assumption holds for common

treatment assignment mechanisms used in practice.

Example 4.1 (i.i.d. assignment). Let A™ be assigned i.i.d., independently of X (™), such that P{A4; = 1} =
7. Then it follows immediately by the law of large numbers that Assumption 4.1 is satisfied. m

Example 4.2 (Covariate-adaptive randomization (CAR)). Let S : R% — S = {1,...,|S|} be a function
that maps the covariates into a fixed, finite set of discrete strata. We call such a stratification “coarse”, to
distinguish it from “fine” stratification as defined in Section 3. Define S; = S(X;) and assume that treatment

status is assigned so that
(R(”)(l),R(")(OLX(")) 1L A(ﬂ)‘g(n) ,
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and that for s € S,
Zlgign I{S;,=s,A;, =1} ®
Z1§ign I{S; = s} T
This high-level assumption accommodates a large class of stratified assignment mechanisms, including strat-
ified biased coin designs (Efron, 1971; Wei, 1978), minimization methods (Pocock and Simon, 1975; Hu and

Hu, 2012) and stratified block randomization (see Zelen, 1974, for an early discussion). It follows from

Lemma C.4 in Bugni et al. (2019) that for any integrable function ~(-),

LS An(x) B Y PLS: = s ER(X)IS: = 5] = B (X)]

1<i<n seS
Therefore, Assumption 4.1 is satisfied. H

Example 4.3 (CAR with general covariate features). Ma et al. (2024) propose a family of covariate adap-
tive randomization procedures which assign treatment sequentially based on an imbalance metric defined
by “feature maps” of (potentially continuous) covariates. It follows by Theorem 3.5 of their paper that

Assumption 4.1 is satisfied under appropriate conditions. H

Example 4.4 (Matched pairs). Suppose n is even and we assign treatment using a finely stratified design
with (£,k) = (1,2). As discussed at the beginning of Section 3, such a design is also known as a matched
pairs design. Assume that the pairing algorithm 7, (X () results in pairs that are close in the sense of
Assumption 3.2. It then follows from the same argument used to establish (14) in the discussion following

Theorem 3.1 that for any Lipschitz integrable function ~(-),

[t

LS An(x) B BRG]

1<i<n

[\)

By approximating integrable functions by Lipschitz integrable functions as in Lemma A.1 in Hanneke et al.
(2021), it can be shown that the convergence holds for any integrable function ~y(-). Therefore, Assumption
4.1 is satisfied. ®

Example 4.5 (Re-randomization). Re-randomization is an assignment mechanism in which researchers
specify a balance criterion for the covariates, and then repeatedly generate assignments using a completely
randomized design until an assignment is found which achieves an acceptable covariate distribution according
to the balance criterion. The properties of re-randomization procedures have been studied in Li and Ding
(2017, 2020), Li et al. (2018, 2020), and Cytrynbaum (2024). It follows from Corollary 3.7 in Cytrynbaum

(2024) that Assumption 4.1 holds for re-randomization designs, under appropriate assumptions. B

We now present an efficiency bound for the parameter 6, introduced in Section 2. Formally, we char-
acterize the bound via a convolution theorem that applies to all regular estimators of the parameter 6.
Following the definition on page 365 of van der Vaart (1998), by a regular estimator, we mean an estimator

whose asymptotic distribution is invariant to “local” perturbations of the data generating process:

= Prym,
V(0 — 0Py sz ) ——5 L
where P,/ s o represents a “local” perturbation of the distribution P along a “path” with “score” g. We leave
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the precise definition of regularity and related assumptions to Appendix A.2. In the paragraph following the

statement of the theorem we provide some more details on the nature of our result.

Theorem 4.1. Suppose Assumptions 2.1, 3.3(b), and 4.1 hold, as well as Condition A.1 described in Ap-
pendiz A.2. Further suppose V, < oo. Let 6, be any regular estimator of the parameter 6y in the sense of

(5.16) in Appendiz A.2. Then,
Vi, —60) S I,

where
L=N(0,V,)* B,

for V. in (11) and some fized probability measure B which is specific to the estimator 0,.

Given Theorem 4.1 we call V, = Var[¢*(X;, A;, R;, 0p)] the efficiency bound for 6y, since our result
shows that this is the lowest asymptotic variance attainable by any regular estimator under our assumptions.
Indeed, it follows from Anderson’s lemma (Lemma 8.5 in van der Vaart, 1998) that the asymptotic loss of any
regular estimator is bounded below by the loss under N(0,V,) for any “bowl-shaped” loss function (including,
in particular, square loss). We note that our assumptions on the assignment mechanism preclude us from
immediately appealing to standard semi-parametric convolution theorems (see, for instance, Theorem 25.20
in van der Vaart, 1989). Instead, we proceed by justifying an application of Theorem 3.1 in Armstrong (2022)
combined with the convolution Theorem 3.11.2 in van der Vaart and Wellner (1996) to each dy-dimensional
parametric submodel separately, and then arguing that the supremum over all such submodels is attained
by Var[i)*]. A key observation is that in order to apply Theorem 3.1 in Armstrong (2022) to argue that the
likelihood ratio process is locally asymptotically normal, the conditional information needs to settle down in

the limit, which is guaranteed as long as Assumption 4.1 is satisfied.

Remark 4.1. Following similar arguments as those in Remark 3.2, we can deduce that our efficiency bound
agrees with well-known bounds for common parameters (like those presented in Examples 2.1-2.3) in the
setting of i.i.d. assignment. For example, we have noted in the case of the ATE (Example 2.1) that (17)
matches the efficiency bound under i.i.d. assignment derived in Hahn (1998). See Rafi (2023) and Armstrong
(2022) for related results in the context of stratified and response-adaptive experiments. Straightforward
calculation also implies that, for the quantile treatment effect (Example 2.2), the efficiency bound is given
by

g 1F1(60(1)|X3) (1 = Fi (60(1)]X3)) n 1 Fo(60(0)|X;) (1 — Fo(60(0)| X))

" F1(80(1)? L= fo(60(0))
Fi(60(1)|X;) — 7 B Fo(00(0)|1X;) — 72
+< f1(60(1)) fo(60(0)) > ] ’

which matches the efficiency bound under i.i.d. assignment derived in Firpo (2007) when the propensity

score is set ton. M

Remark 4.2. The efficiency bound in Theorem 4.1 is attained by finely stratified experiments as in Theorem
3.1 if no additional covariates are available for estimation beyond the set of covariates X; used in the design.

In practice, researchers may consider adjusting for additional baseline covariates in order to improve efficiency.
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Suppose additional covariates W™ are available and Assumption 3.1 is modified such that
(R™ (1), R™ (0), w™) 1L A(")‘X(") .

It can be shown that the efficiency bound, allowing for additional covariate adjustment based on X; and W;,
is

V. = n(1 = )M~ E[Var[Blg;| X;, W] X)(M ™)' (20)
where g; = m(X;, 1, Ri(1),00) — m(X;,0, R;(0),60y). Then, as in Remark 3.3, the potential gain in efficiency

from exploiting W; in addition to X; is proportional to
E[R? x w (9, Xi, W;) Var[g;| Xi]]

where
Var[Elg;| X;, W;]|1 Xi]

Var|g;| X;]

R;,X,W(giﬂ Xi, WZ) =

is the nonparametric R? from regressing g; on X; and W; conditional on X;. As a result, the scope for
improving efficiency by adjusting for additional covariates is limited if R; x,w is small. In the case of
estimating the ATE,

+ )
U L—=n
so the scope for improvement depends on how much additional variation in the weighted potential outcomes

can be explained by W; beyond X;. B

Remark 4.3. Here, we comment on how Theorem 4.1 relates to prior efficiency bounds in experiments with
general assignment mechanisms. For the case of estimating the ATE, Armstrong (2022) derives an efficiency
bound over a very large class of assignment mechanisms, including even response-adaptive designs, and
shows that the bound is attained when units are assigned to treatment (control) with conditional probability
proportional to the conditional standard deviation of the potential outcome under treatment (control). This
type of assignment is sometimes referred to as the Neyman allocation. On the other hand, our results show
that this bound may be quite loose whenever the assignment proportions are restricted to be anything not
equal to the Neyman allocation, which is, of course, unknown. For example, the bound is not informative
about what can be achieved if the assignment proportions were set to one half regardless of whether or not
the conditional outcome variances across treatment and control are equal. Such settings frequently arise in
practice due to logistical constraints or the absence of pilot data with which to estimate conditional variances
of potential outcomes under treatment and control. Furthermore, as argued in Cai and Rafi (2022), even
if pilot data is available, these quantities may be estimated so poorly that exogenously constraining the
assignment proportions to one half leads to more efficient estimates of the ATE in practice. Motivated by
such concerns, Rafi (2023) derives an efficiency bound for the ATE over the class of “coarsely-stratified”
assignment mechanisms studied in Bugni et al. (2019), where the stratum-level assignment proportions are
restricted a prior: by the experimenter. This framework, however, rules out finely stratified designs. Finally,
we once again emphasize that our analysis, unlike these other papers, applies to a general class of treatment

effect parameters, including the ATE as a special case. B

Remark 4.4. Although we focus on the case where 7;(X;) = P{A; = 1|X;} = n is a constant, the proof of
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Theorem 4.1 holds when n;(z) = n(z) for 1 < i < n, where n(x) is an arbitrary known and fixed function.

In these settings, Lemma A.5 shows that the efficiency bound equals

V. = Var[¢*(X;, 4;, R;, 6p)]
= M~H(E[n(X;) Var[m(Xi, 1, Ri(1), 60)| Xi]
+ (1 = n(X;)) Var[m(X;,0, R;(0), 60)| X]] (21)
+ Var [n(X;) E[m(X;, 1, Ri(1), 60)| X]
+ (1= n(X3)) E[m(X;,0, Ri(0),60) | X]] ) (M),

so that the only difference from (16) is that 7 is replaced by n(Xj;).

If we additionally impose that n(X;) takes on a finite set of values {n1,...,ns}, then this bound could
be achieved by separately implementing a finely stratified experiment over each set {i : n(X;) = ns} for
1 < s < S. In other words, separately within each stratum defined by the units for which n(X;) = ns,
employ the assignment mechanism described in Assumptions 3.1-3.2 with ¢/k = 7,. For more general
functions 7n(-), we conjecture one could employ the local randomization procedure in Cytrynbaum (2023b).
|

4.2 The Necessity of “Fast-Balancing”

In this subsection, we provide conditions under which the fast-balancing condition described in (14) is a
necessary condition for efficient estimation of 6y “by design.” As a supplement, we also provide necessary
and sufficient conditions for an asymptotically linear estimator to be regular (in the sense of (S.16) in
Appendix A.2) for a large class of treatment assignment mechanisms. Concretely, given an assignment

mechanism, suppose 0, is an asymptotically linear estimator for 8y in the sense that

1

V(6 — 6o) > (X, Ay, Riy00) + op(1) (22)

\/ﬁ 1<i<n
where E[(X;, A;, R;,00)] = 0 and Var[¢)(X;, A;, R;,6p)] < co. The results in this section derive necessary
and sufficient conditions for 6, to be regular, and further demonstrate that in order for 6,, to be regular and
efficient, either ¢ = ¢* or a fast-balancing condition involving v (-) needs to be satisfied. Therefore, finely
stratified designs are not only sufficient to guarantee efficiency when estimating 6y using the naive method

of moments estimator, but their fast-balancing property is also necessary.

In order to study the behavior of the estimator under local alternatives, we will impose the following

3

high-level assumption on the “imbalance” of the treatment assignments. To describe the assumption, let p

denote any metric that metrizes weak convergence.

Assumption 4.2. The treatment assignment mechanism is such that for any square-integrable function
v :R% — R% with E[y(X;)] =0,

(Ai = n)y(X,), N(0, V™)

1

. n)y} £
p( X >—>0
\/ﬁgign
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for some deterministic variance Vvlmb.

In the following examples, we discuss Assumption 4.2 in the context of some common treatment assign-

ment mechanisms.

Example 4.6. Revisiting Example 4.1, let A(™ be assigned i.i.d., independently of X (™ such that P{A; =
1} = 7. Then, by verifying the conditions of the Lindeberg-Feller CLT conditional on X (") it can be shown
that Assumption 4.2 is satisfied with V;mb =n(l —n) Var[y(X;)]. =

Example 4.7. Revisiting Example 4.2, suppose treatment status is assigned using stratified block random-

ization, which is a special case of covariate-adaptive randomization where A is such that

S AI{S =5} = {n > I{Sis}J :

1<i<n 1<i<n

with all such assignments being drawn uniformly at random and independently across strata. It follows from
Theorem 12.2.1 in Lehmann and Romano (2022) combined with a subsequencing argument that Assumption
4.2 is satisfied with VI™> = (1 — n) E[Var[y(X;)|S;]]. =

Example 4.8. Revisiting Example 4.3, suppose treatment is assigned using the covariate adaptive random-
ization procedure described in Ma et al. (2024). Then it follows from Theorem 3.6 in their paper that, under
appropriate assumptions,
1 d ~
75 2 Ai-m(X) S NOY)
1<i<n

for some variance V. Note, however, that this result is not conditional on X ™) and thus does not immediately
imply Assumption 4.2. We conjecture that a similar result could be established conditional on X (™ and

thus Assumption 4.2 would be satisfied. ®

Example 4.9. Revisiting Example 4.4, suppose n is even and we assign treatment using a matched pairs
design. It then follows by arguing as in the discussion following Theorem 3.1 that for any square-integrable

Lipschitz function ~(-),

Var [Vlﬁ 1; (4 — n)v(Xi)‘X(")] 5o.

Therefore, by Markov’s inequality, Assumption 4.2 is satisfied with ijb = 0. By approximating square-
integrable functions by square-integrable Lipschitz functions as in Lemma C.5 in Cytrynbaum (2023b), it

can be shown that the convergence holds for any square-integrable function (). H
Example 4.10. Revisiting Example 4.5, we note that, following Corollary 3.7 in Cytrynbaum (2024), we
do not expect Assumption 4.2 to hold for re-randomization designs in general. M

We are now ready to state a theorem that characterizes all regular asymptotically linear estimators and

establishes the necessity of the fast-balancing condition for efficient estimation using 0,.

Theorem 4.2. Suppose the treatment assignment mechanism satisfies Assumptions 2.1 and j.1-/.2. Suppose

0y, is an asymptotically linear estimator for 0y in the sense of (22). Then, 0,, is reqular if and only if
w(x7 a, T, 90) = ¢*(I7 a,T, 00) + q/jL (I, a, 00) )
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for some function 1+ such that E[y+(X;, A;, 00)|X:]) = bt (X5, 1,00) + (1 — n)+(X;,0,00) = 0. Further-

more, if 0,, is reqular, it attains the efficiency bound if and only if

T2 3 (A B LR (1), 80) = (X0, 0. Ri(0). ) X = 0 (1) (23)
1<i<n

To further understand condition (23), note that E[¢*(X;, 1, R;(1))|X;] = E[¢*(X;, 0, R;(0))| X;], so
(Ai - n)EW)(XH 1, Ri(l)v 00) - "/}(sz 0, Ri(0)7 6‘0)|XZ]
(Ai = m)(@* (X3, 1,60) — $*(X5,0,60))

wL(X'La Aiaeo) )

1<i<n

where the last equality follows from the fact that E[1)(X;, Ai,00)|Xi] = 0. As a result, (23) holds either
when the treatment assignment mechanism groups units with similar values of ¥ (X, 1,6p) — v (X;,0,6p),
or when the estimator is based on the efficient influence function, so that 1= = 0. Recall that as an
intermediate step in the proof of Theorem 3.1, we showed in (12) that for the naive method of moments
estimator 0, ¥(-) = —M~m(-), so (23) coincides with the fast-balancing condition in (14). We can thus
conclude from Theorem 4.2 that the fast-balancing condition is necessary to achieve efficient estimation based
on the naive method of moments estimator, when the class of assignment mechanisms satisfy Assumption
4.2.

Example 4.11. Revisiting Example 2.1, recall 6,, estimates the ATE based on the moment conditions in

(4). Direct calculation shows that for 6,,,

pi(z) | po(z)
wL(J},a,eo) = (CL - 77) (T + ]1777) .

As a result, Theorem 4.2 demonstrates that 6,, does not achieve the efficiency bound, unless

1 o pmXi) | po(Xa)) _
\/ﬁlggn(/lz n)( p + 1—77) p(1),

which is indeed the case in finely stratified experiments when the treatment assignment mechanism satisfies

Assumption 3.2. ®

5 Simulations

In this section, we illustrate the theoretical results in Sections 3 and 4 through a simulation study. Through-
out this section, we set n = 1/2, and compare the mean-squared error (MSE), bias, the length of the
confidence interval and its coverage rate for the following combinations of treatment assignment mechanisms

and estimators:
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— i.i.d. treatment assignment and the naive method of moments estimator
— i.i.d. treatment assignment and covariate adjusted estimators

— Matched pairs, i.e., a finely stratified design with (¢,k) = (1,2), and the naive method of moments

estimator

— Matched tuples, i.e., a finely stratified design with (¢,k) = (2,4), and the naive method of moments

estimator

In Section 5.1, we present the model specifications and estimators for estimating the ATE as in Example
2.1. In Section 5.2, we present the model specifications and estimators for estimating the LATE as in

Example 2.3. Section 5.3 reports the simulation results.

5.1 Average Treatment Effect
In this section, we present model specifications and estimators for estimating the ATE as in Example 2.1.

Recall that in this case the moment function we consider is given by

ViA;  Yi(1-Ay)
n 1—n

m(XZ,Rl,AZ,O): -0 5

with R; =Y;. For a € {0,1} and 1 < i < n, the potential outcomes are generated according to the equation:
Yi(a) = pa(Xs) + €, (24)

where po(X;) = Zl§l§8 wy (Xi,l + %(Xﬁl — 1)) for w = (2,1,1,0.5,0.01,0.001, 0.0001, 0.00001), u;(X;) =
0.2 + po(X;), € ~ N(0,4), (X;,¢), 1 <i <mn areiid., and for each 1 < i < n, (X;,¢;) are independent.
In each of the simulations to follow, when forming pairs/tuples or performing regression adjustment, we use

only a subvector of the covariates X; consisting of the first T covariates, for T € {2, 4, 8}.

We consider the following three estimators for the ATE:

Unadjusted Estimator )

qunadj __
on -
n

Y (VA - Yi(1 - Ay)) .

1<i<n
Adjusted Estimator 1

B = ST (2440 — A (X0) 201 — A)(Yi - A (X)) + Y (X)) — i (X))

1<i<n
where /1Y (X;) is the linear projection of Y; on (1, (X, X?,:1<1<T))in the subsample with A; = a.

Adjusted Estimator 2

012 = S (24,00 — Y (X0) 201 — AV — i (X0) + Y (X0) — A (X))

1<i<n
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where 1} (X;) is the linear projection of Y; on on (1, (X;;, X2, X; I{X;; > #;} : 1 <1 < T)) in the

3,00

subsample with A; = a, where {; is the sample median of X, 1<i<n.

The first estimator éfln"dj is the naive method of moments estimator given by the solution to (6). The
second and third estimators 241 and égdﬂ are covariate-adjusted estimators which can be obtained as
two-step method of moments estimators from solving the “augmented” moment equation (8) described in
the discussion at the end of Section 2. 6241 and #2432 differ in the choice of basis functions used in the con-
struction of the estimators fi,(x). Note that by the double-robustness property of the augmented estimating
equation (8), it can be shown that the adjusted estimators 6241, §243-2 are consistent and asymptotically
normal regardless of the choice of estimators fi,(x), but consistency of [i,(x) to u.(x) would ensure that
92dj’17 é';‘ldj’Q are efficient under i.i.d. assignment (Robins et al., 1995; Tsiatis et al., 2008; Chernozhukov et al.,
2017).

5.2 Local Average Treatment Effect

In this section, we present the model specifications and estimators for estimating the LATE as in Example

2.3. Recall that in this case the moment condition we consider is given by

m(Xi,Aiv Ri7 9) =

Vid;  Yi(1-A;) 0 <DiAi ~ Di(1- Az))
" I " l1—n ’

with R; = (Y;, D;). The outcome is determined by the relationship ¥; = D;Y;(1)+ (1 — D;)Y;(0), where Y;(d)

is again given by (24). In addition, the take-up decision is determined as D; = A;D;(1) + (1 — A;)D;(0),

where

DZ(O) = I{Oé(] + (Xz) > 51,1'} y

Dl(l) _ I{Oél + « (XL) > 6272‘} if Dz(O) =0 7
1 otherwise

where g = 0.2, a1 = 4, a(Xi) = 213138 (Xi,l =+ %(XZZ — 1)), 8171‘,52’1‘ ~ N(0,4), (Xi76i7€1,i;€2,i)7 1 S 7 S n

are 1.i.d., and for each 1 <14 <n, (X, €¢;,e1,4,€2,) are independent.

We consider the following three estimators for the LATE:

Unadjusted Estimator:

S A - Y- Ay))

1<i<n

> (DiAi — Di(1 - Ay)) .

1<i<n

qunadj __
0, =

Adjusted Estimator 1:

D A — iy (X3)) = 2(1 — A)(Yi — fig (X2)) + i} (X2) — fag (X4))

1<i<n

D (AD: — i) (X3) = 2(1 = A)(Di — i (X)) + it (Xi) — fig) (X))

1<i<n

padj,l _
On
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where i} (X;) is the linear projection of ¥; on (1, (Xj;, X2, : 1 <1 < T)) in the subsample with 4; = a,
and P (X;) is estimated using from a logistic regression model with the same set of regressors in the

subsample with A; = a.

Adjusted Estimator 2: As in Adjusted Estimator 1, but in 4} (X;) and 42 (X;) the regressors are
instead (1, (Xi,l,Xﬁl,Xiyll{Xi’l >4} :1<1<T)), where {; is the sample median of X, 1<i<n.

Similarly to Section 5.1, éflnadj solves (6) for the moment condition given in (5). The second and third esti-
mators are covariate adjusted estimators which can be obtained as two-step method of moments estimators
=4

from solving an “augmented” version of the moment condition (5) (see, for instance, Chernozhukov et al.,
2018; Jiang et al., 2022a).

5.3 Simulation Results

Table 1 displays the absolute value of the bias for each design and estimator pair computed across 4000

Monte Carlo replications. We find that all estimators have fairly low and comparable bias.

Table 2 displays the ratio of the empirical MSE for each design/estimator pair relative to the MSE of
the unadjusted estimator under i.i.d. assignment, also computed across 4000 Monte Carlo replications. As
expected given our theoretical results, we find that the empirical MSEs of the naive unadjusted estimator
under a matched pairs/tuples design closely match the empirical MSEs of the covariate adjusted estimators
under i.i.d. assignment; this feature is particularly noteworthy given that the adjusted estimators are in fact
correctly specified, and the correct specification would be unknowable in practice. We note that the MSE
improvement of the unadjusted estimator with a matched pairs/tuples design relative to i.i.d. assignment
is typically worse with 2 or 8 covariates than with 4 covariates: this phenomenon stems from the fact that
the first 4 covariates are much stronger predictors of the control outcome than the last 4 covariates, which
are almost uninformative. Although we have found in prior work (Bai et al., 2024c¢) that the matched
pairs design delivers a lower MSE than the matched tuples design when the potential outcomes depend on
the covariates linearly, we do not find that this is the case here with a nonlinear model. However, we do
consistently find that the MSE with 8 covariates is smaller for the matched pairs design than the matched
tuples design. This comparison illustrates that, although as discussed in Remark 3.1, our theoretical results
imply matched pairs and matched tuples designs are not distinguishable asymptotically, their finite-sample
properties may differ, especially when the number of covariates is large. In particular, note Assumption 3.2

is more stringent for matched tuples, for which k& = 4, than matched pairs, for which k = 2.

Table 3 reports the coverage and average length of confidence intervals constructed using the estimator
described in Section 3.1, again computed across 4000 Monte Carlo replications. We find that the confidence
intervals have appropriate coverage at all sample sizes and for any number of covariates. The average
length of the intervals follows a pattern similar to what was observed for the MSE, again because the first 4
covariates are much stronger predictors of the control outcome than the last 4 covariates, which are almost
uninformative. Although we found in Table 2 that the MSE of the matched tuples design was worse than
that of matched pairs with 8 covariates, this does not seem to translate to longer confidence intervals for

matched tuples: this may be due to the fact that the matched tuples variance estimator is a “within block”
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estimator, as described in Section 3.1. Similar findings have been reported by Bai et al. (2024c) for related

problems in factorial designs.

Table 1: Absolute value of bias of estimators for different designs and estimators

i.i.d. assignment Matched pairs Matched tuples
# of covariates (T') Unadjusted Adjusted 1 Adjusted 2 Unadjusted Unadjusted
n = 100
2 0.0083 0.0065 0.0051 0.0212 0.0068
ATE 4 0.0083 0.0090 0.0090 0.0073 0.0124
8 0.0083 0.0134 0.0131 0.0010 0.0209
2 0.0905 0.0436 0.0396 0.0341 0.0076
LATE 4 0.0905 0.0276 0.0264 0.0301 0.0427
8 0.0905 0.0401 0.0376 0.0264 0.0297
n = 200
2 0.0075 0.0068 0.0074 0.0084 0.0081
ATE 4 0.0075 0.0052 0.0067 0.0040 0.0040
8 0.0075 0.0045 0.0055 0.0145 0.0051
2 0.0545 0.0326 0.0339 0.0361 0.0328
LATE 4 0.0545 0.0182 0.0217 0.0123 0.0144
8 0.0545 0.0159 0.0180 0.0447 0.0216
n = 400
2 0.0001 0.0011 0.0009 0.0041 0.0055
ATE 4 0.0001 0.0001 0.0001 0.0001 0.0016
8 0.0001 0.0006 0.0006 0.0056 0.0041
2 0.0142 0.0064 0.0059 0.0179 0.0198
LATE 4 0.0142 0.0012 0.0015 0.0004 0.0020
8 0.0142 0.0021 0.0019 0.0129 0.0064
n = 1000
2 0.0021 0.0037 0.0039 0.0014 0.0025
ATE 4 0.0021 0.0021 0.0022 0.0020 0.0006
8 0.0021 0.0021 0.0023 0.0023 0.0027
2 0.0118 0.0120 0.0123 0.0019 0.0083
LATE 4 0.0118 0.0055 0.0057 0.0051 0.0007
8 0.0118 0.0054 0.0058 0.0057 0.0059
n = 2000
2 0.0013 0.0010 0.0010 0.0011 0.0025
ATE 4 0.0013 0.0015 0.0015 0.0003 0.0021
8 0.0013 0.0015 0.0015 0.0001 0.0014
2 0.0062 0.0035 0.0035 0.0018 0.0050
LATE 4 0.0062 0.0037 0.0038 0.0011 0.0055
8 0.0062 0.0038 0.0037 0.0008 0.0032

Note: Entries report the absolute bias of each estimator under different sample sizes, designs, and covariate adjustment
strategies. Results are averaged across 2000 replications.
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Table 2: MSE ratios relative to unadjusted estimator under i.i.d. assignment

i.i.d. assignment Matched pairs Matched tuples
# of covariates (T)) Unadjusted Adjusted 1 Adjusted 2 Unadjusted Unadjusted
n = 100
2 1.0000 0.7691 0.7809 0.7608 0.7253
ATE 4 1.0000 0.7166 0.7356 0.7123 0.6853
8 1.0000 0.7527 0.8102 0.7619 0.8083
2 1.0000 0.7550 0.7664 0.7527 0.7069
LATE 4 1.0000 0.6991 0.7165 0.6941 0.6682
8 1.0000 0.7209 0.7781 0.7312 0.7676
n = 200
2 1.0000 0.7598 0.7619 0.7500 0.7254
ATE 4 1.0000 0.7084 0.7154 0.7016 0.7213
8 1.0000 0.7256 0.7420 0.7586 0.8042
2 1.0000 0.7562 0.7581 0.7219 0.7056
LATE 4 1.0000 0.7021 0.7095 0.6806 0.7068
8 1.0000 0.7081 0.7238 0.7317 0.7811
n = 400
2 1.0000 0.7427 0.7441 0.7473 0.7698
ATE 4 1.0000 0.6828 0.6880 0.6936 0.7372
8 1.0000 0.6904 0.7013 0.7526 0.7986
2 1.0000 0.7420 0.7436 0.7528 0.7769
LATE 4 1.0000 0.6792 0.6845 0.6928 0.7379
8 1.0000 0.6864 0.6974 0.7501 0.7950
n = 1000
2 1.0000 0.7526 0.7531 0.7853 0.7338
ATE 4 1.0000 0.6846 0.6862 0.7178 0.7123
8 1.0000 0.6889 0.6934 0.7722 0.7969
2 1.0000 0.7532 0.7537 0.7841 0.7318
LATE 4 1.0000 0.6842 0.6859 0.7145 0.7119
8 1.0000 0.6879 0.6925 0.7653 0.7916
n = 2000
2 1.0000 0.7509 0.7512 0.7367 0.7316
ATE 4 1.0000 0.6926 0.6932 0.6847 0.6788
8 1.0000 0.6933 0.6934 0.6975 0.7253
2 1.0000 0.7501 0.7504 0.7377 0.7337
LATE 4 1.0000 0.6915 0.6922 0.6858 0.6788
8 1.0000 0.6914 0.6916 0.6966 0.7223

Note: For each specification, the MSE of the unadjusted estimator under i.i.d. assignment is normalized to one, and the
other columns report the ratios of MSEs relative to this baseline.
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Table 3: Coverage rates and lengths of 95% confidence intervals based on unad-
justed estimator for matched pairs and matched tuples

Matched pairs Matched tuples

# of covariates (T)) Coverage CI length Coverage CI length
n = 100

2 0.9403 2.3191 0.9490 2.3224
ATE 4 0.9465 2.2744 0.9485 2.2830
8 0.9487 2.3532 0.9395 2.3672
2 0.9590 6.4075 0.9590 6.3865
LATE 4 0.9620 6.3184 0.9615 6.3176
8 0.9610 6.5497 0.9527 6.5311

n = 200
2 0.9495 1.6401 0.9497 1.6418
ATE 4 0.9485 1.5990 0.9440 1.6049
8 0.9503 1.6529 0.9425 1.6617
2 0.9550 4.4046 0.9563 4.4264
LATE 4 0.9557 4.3315 0.9530 4.3381
8 0.9597 4.4833 0.9503 4.5038

n = 400
2 0.9487 1.1602 0.9483 1.1614
ATE 4 0.9497 1.1255 0.9455 1.1285
8 0.9495 1.1609 0.9445 1.1667
2 0.9530 3.0955 0.9493 3.0963
LATE 4 0.9547 3.0122 0.9517 3.0110
8 0.9555 3.1284 0.9505 3.1239

n = 1000
2 0.9485 0.7349 0.9550 0.7352
ATE 4 0.9500 0.7086 0.9505 0.7102
8 0.9417 0.7285 0.9430 0.7318
2 0.9507 1.9468 0.9560 1.9452
LATE 4 0.9515 1.8836 0.9507 1.8857
8 0.9467 1.9469 0.9463 1.9480

n = 2000
2 0.9490 0.5194 0.9530 0.5193
ATE 4 0.9483 0.4998 0.9485 0.5004
8 0.9505 0.5121 0.9483 0.5139
2 0.9495 1.3714 0.9530 1.3721
LATE 4 0.9493 1.3250 0.9483 1.3258
8 0.9533 1.3663 0.9505 1.3658

6 Recommendations for Empirical Practice

We conclude with some recommendations for empirical practice based on our theoretical results. Overall,

our findings highlight the general benefit of fine stratification for designing efficient experiments: finely
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stratified experiments “automatically” perform fully-efficient covariate adjustment for a large class of inter-
esting parameters. This finding generalizes similar observations made by Bai et al. (2022), Bai (2022) and

Cytrynbaum (2023b) for the special case of estimating the ATE.

Our simulation evidence suggests, however, that finely stratified experiments may produce less precise
estimates than (correctly specified) covariate adjustment when the the dimension of X; is large relative to
the sample size. For this reason, we recommend that practitioners construct their blocks using a subset of
the baseline covariates that they believe have the highest explanatory power in terms of the nonparametric
R? in (19); the pre-treatment measure of the outcomes of interest, for example, is typically believed to be one
such covariate (see, in particular, Bruhn and McKenzie, 2009). The experimental data can then be analyzed

efficiently using an unadjusted method-of-moments estimator.

If one wishes to perform covariate adjustment with additional covariates beyond those used for blocking,
then this can be done ex post. As discussed in Remark 4.2, the scope for improvement from covariate
adjustment is limited by the nonparametric R? from the regression of the moment functions on the additional
covariates, conditional on the ones used for matching; if one has already matched on the covariates with the
highest explanatory power, then the potential gain in efficiency from adjusting for these additional covariates
may be limited. We further caution that care must be taken to ensure that the adjustment is performed in
such a way that it guarantees a gain in efficiency: see Bai et al. (2024a) and Cytrynbaum (2023a) for related
discussions. Recent work has developed such methods of covariate adjustment for specific parameters of
interest (see, for instance, Bai et al., 2024a,b, 2025a; Cytrynbaum, 2023a), but we leave the development of
a method of covariate adjustment which applies at the level of generality considered in this paper to future

work.
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A Proofs of Main Results

A.1 Proof of Theorem 3.1

First note (10) follows from (9) and Lemma A.6. In particular, the second component of the decomposition
therein is zero because E[¢*|X, A] = E[¢*|X]. To show (9), we first establish (12), i.e.,

\/ﬁ(én —by) = —M71% Z m(X;, A;, R, 6p) + op(1) .

1<i<n

By the proof of Theorem 5.21 in van der Vaart (1998), to show (12), it suffices to show
i\ P
Ln(6n) =0, (25)

where L, (0) = (LY (6), ..., L) (6))" for

1
L&) (9) = = > (mo(Xi, Ai, Ry, 0) — Eplmy(Xi, A, Ri, 0)))
1<i<n
1
- — Z (ms(Xi, Aiy Ry, 00) — Ep[ms(Xi, Ay, Ri, 00)]) -
Vn 1<i<n

To accomplish this, we study Lgf) (0) for 1 < s < dy separately. It follows from Assumption 3.3(c)—(d),
Proposition 8.11 in Kosorok (2008), and the arguments to establish (48) that

sup  [LEYO) = sup  [LPO)]
0€O:||0—00]| <5 0€O*:||0—0||<d

Therefore, since 6, = 0 by Lemma A.8, to show (25) it suffices to argue that for every ¢ > 0 and every
sequence 0, | 0 (p.89 of van der Vaart and Wellner, 1996),

n—00 0€O*:||0—00 || <dn

lim P{ sup L&) (0)] > e} =0. (26)

Following the arguments in the proof of Lemma A.8, we decompose Lgf)(e) = ]LELS)1 (0) + Lgi%(ﬁ), where

n 1<i<n
— E[m(X;,1,R;(1),6) — ms(X;, 1, Ri(1),00)])
s 1
Lip(0) = —= > (1= A)(m(X:,0, Ri(0),0) — ma(Xi,0, Ri(0). o)
1<i<n

- E[ms(Xiv 0, R1(0)7 9) - mS(X’i’ 0, Rl(o)’ 90)]) .
Define
pq(0,60) = Eq(ms(X,a, R(a),0) —ms(X,a, R(a), b))
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— Eq[my(X, a, R(a),0) — my(X, a, R(a), 6,)])°]'/* .
Note by Assumption 3.3(c) that pg(8,6p) is continuous in 6, i.e., as ||§ — 6| — 0,

pQ(8,60) < Eql(ms(X, a, R(a),8) — my(X, a, R(a), 6))°]'/* = 0.

Fix any sequence 4, | 0. For every n, there exists n/ such that {§ € ©* : ||§ — 6| < .-} C {0 € ©*
pq(0,680) < 3, }. By Proposition C.1 in Han and Wellner (2021),

1
Bl sw  mRONE| sw oo 3 n (X1 R).0)
pQ(6,60)<dy, pq(0,00)<6y \/ﬁ 1<i<n

— ms(Xi, 1,Ri(1), 90) — E[(mS(XZ, 1, Ri(l), 9) — ms(Xi, 1, Rz(l),eo)])H — 0.

where the convergence follows from Assumption 3.3(e) and Corollary 2.3.12 in van der Vaart and Wellner
(1996). We then obtain (26) by Markov’s inequality.

Finally, we derive (9) from (12). Note that

’ITL(XZ, Ai, Ri, @0)

<n

Si-

~.

1<

Si-

Z nEm(X;, 1, Ri(1),00)|X:] + (1 — n)E[m(X;,0, R;(0), 00)| X;]

+ I{A; = 0}(m(X;, 0, R;, o) — E[m(X;, 0, R;(0),00)] Xi])
+ (4; —n)(Em(X;, 1, Ri(1),600) — m(X;,0, Rz‘(o)a@o)\Xi])) .
Let Q(X;) = E[m(X;,1, R;(1),6p) — m(X;,0, R;(0),60)|X;] and note that by Assumption 2,
Bl = 3 (4= na(x)

1<i<n

X(”)} =0.

Recall Q0*)(X;) is the sth component of Q(X;). Next, it follows from Assumption 3.1, 3.3(f), and equation
(12.3) in Lehmann and Romano (2022) that for 1 < s < dp,

Var | —— A — Q@ (x) x| = 1 (k= 1)
S w0 =

1<i<n

s —(s)
ST -0y

-1
1<j<n/k =y

ok —0)1
SO Y max X - X

lgjgn/ki,i'e/\j
where ﬁgs) = %ZZ e, Q) (X;), and so the conditional variance converges in probability to zero under

Assumption 3.2. It then follows from Markov’s inequality and the fact that probabilities are bounded and
hence uniformly integrable that

% ISiSn(Ai ~ M) =orll)
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Therefore,

1 1
~M ' — " m(X, Ay, Riy0p) = —M T — m*(Xi, Ai, R, 00) + op(1)

N .
1<i<n 1<i<n

3

which, together with (12), implies the desired result in (9). B

A.2 Proof of Theorem 3.2
By assumption ]\//.Tn M. Therefore, it suffices to show that

S D%y (27)
zA32,n i 22 ) (28)

where

X1 = nVar[m(X;, 1, Ri(1),60)] + (1 — n) Var[m(X;, 0, R;(0), 6o)]
22 = —7’}(1 — ’I]) Var [E[m(XZ, 1, Ri(l), 90)|XZ] — E[m(XZ, 1, Ri(1)7 90)]
— (E[m(X;,0, R;i(0),60)|X:] — E[m(X;,0, R;i(0),60)])] -

In what follows, we will show (27). The proof of (28) will follow from similar steps, but with the calculations
below replaced by the ones in the proof of Lemmas C.2-C.3 in Bai et al. (2024c), along with Assumptions
3.4-3.5. To that end, we show for 1 < s < dy,

1 A S
= — 3 mo(Xi, 1, Ri,0,) D Elmy(Xi,1, Ri(1),00)] =: it (29)

n
mL 2,

and similar arguments will establish the results for a = 0 as well as for the second moments and therefore
(27). For 0 € O, define
1
An®) = — Y mi(Xi,1,Ri,6) (30)

n
mL s,

and note ﬂgsgl = [Lgsi(én) Suppose (29) doesn’t hold. Then, there exists a subsequence {nj}r>1 and

€1, €2 > 0, such that
lim P{lags, - > a) = e (31)

Because énk Ei 6o by Theorem 3.1, there exists a further subsequence, which we still denote by {ng}r>1
by an abuse of notation, along which énk — By with probability one. Along that subsequence, Lemma
A9 implies that ﬂgszl R Mgs), in contradiction to (31). Therefore, (29) holds, and the theorem follows as

discussed above. B
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A.3 Proofs for Section 4.1

Recall that P, denotes the distribution of the observed data (X () A(M) R(”)), and ) denotes the marginal
distribution of the vector (R;(1), R;(0), X;). Note that any treatment assignment mechanism A(™ satisfying
Assumption 2.1 can be represented as a function of X and some additional exogenous randomization
device U,, € R. Let pU» denote the density function for U,, with respect to a dominating measure uY. In
what follows, we consider a family {Q; : t € R%} of marginal distributions indexed by ¢, and let ¢;* denote
the density function for X; with respect to a dominating measure p*~ qtR (a)‘X(r|x) denote the conditional
density of R;(a) given X; with respect to a dominating measure pf!. With some abuse of notation, continue
letting P; ,, denote the distribution of (Un,X("),R(”)). We require that Qo = @ and Fy , = P, and define

a R(a)| X
)|X:q0()|

g% = g and s . As a consequence, the density function of P, , is given by

H qt H H R(a)\X (R;| X; )I{Az a} (32)

1<i<n 1<z<n ae{0,1}

Un

Because the density p,,» does not depend on ¢, and in general we will only concern ourselves with the ratio

of likelihoods at different values of ¢ (so that pU» in the ratio will cancel), in what follows we suppress the

dependence on n and simply denote the distribution P; ,, by F;.

We consider parametric submodels {P; : t € R%}, where Py = P, such that the following holds for some

g= (g%, gR(1)|X7gR(O)|X)7 each component of which is a dyg-dimensional function:

(a) Ast — 0,
2
/ ﬁ (@@~ ¥ @)~ S @) (@) () 5 0. (%)

(b) For a € {0,1}, as t — 0,

R X a 1 a a 2
TG // @OIX () 1/2 _ gR@IX ()12 _ 5qR( X (r] )1/ 24 g )|X(r|x))
x dp(r)g™ (z)dp™ (z) = 0. (34)
In what follows, we will index a parametric submodel by its associated function g, denoted by P, 4, to empha-
size the role of g. Similarly we denote the density of Q; 4 by g¢4. When writing expectations and variances,

we suppress the subscripts P and Q whenever doing so does not lead to confusion. For completeness, we

document the following properties of score functions which satisfy (33)—(34):

Lemma A.1l. For a parametric submodel {P, , : t € R%} with Py , = P that satisfies (33)—(34),

(a) Elg™(X)g¥(X)'] < co.

(b) Elg¥(X)] = 0.

(c) E[gM@IX(R(a)|X)g™@IX(R(a)|X)'] < 0o and hence I™IX (X)) < oo with probability one under Q.

(d) E[gH@IX(R(a)|X)|X] = 0 with probability one under Q.

32



PRrROOF. (a) and (b) follow from Lemma 14.2.1 in Lehmann and Romano (2022). (c) follows from the same

lemma. In order to show (d), fix ¢, — 0. Note (34) and Markov’s inequality imply that along a subsequence

tnka

1 R(a)| X a I R a 2
e [ (a7 1) = X )2 = SR )21, O 1))
Nk

x dpf(r) =0

for Q-almost every x. Along that subsequence, another application of Lemma 14.2.1 in Lehmann and Romano
(2022) implies (d). ®

Define the information of X as I* = E[g*(X)g*X(X)’]. Define the conditional information of R(a) given
X =zas
IR () = Blg™ ¥ (R(a) | X)g™ ¥ (R(a) | X)'|X = a] .

Further define I = IX +nE[TFMWIX (X)]4+(1—n) E[I7OIX(X)]. We restrict ourselves to parametric submodels
that satisfy (33)—(34) for a g that satisfies the following conditions. These submodels exist by Lemma A.2

below.

Condition A.1. The function g satisfies that

(8) Elg*(X)] = 0 and Var[gX (X)] < oc.

(b) For a € {0,1}, E[¢g"9IX(R(a)|X)|X] = 0, and Var[g®@IX(R(a)|X)] < co with probability one.

(c¢) I is nonsingular.

Lemma A.2. For any g that satisfies Condition A.1, there exists a parametric submodel {P, 4 :t € R}

such that (33)—(34) hold.

PROOF. We use a vector version of the construction in in Example 25.16 in van der Vaart (1998). Let k(x)
be any strictly positive function that is bounded from above and away from zero with a bounded derivative
such that k(0) = k’(0) = 1; for example, take k(z) = 2(1 4+ e~2%)~1. Define

g () = C)g™ (2)k(t'g™ () ,

where C(t) = ([ ¢~ (m)k(t'gx(a;))dux(x))_l, so that ¢;¥ (x) is a probability density function. Differentiating
both sides of C(t) [ ¢~ (z)k(t'g™ (z))dp™ (z) = 1 at t = 0, we get that Z|,_ C(t) = 0. It can then be verified
through direct calculation that

B
Il 1 X — X )
7|, ogq; (z) =g" (v)

The quadratic mean differentiability requirement in (33) follows from Lemma 7.6 in van der Vaart (1998).

Next, for each 2 € R%, we define

qf(1)|X(r|x) _ C(t)qR(l)|X(T|x)k(t/gR(1)|X(’r‘x)) .
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As above, it can be verified through direct calculation that

0
a7l a7 (rlw) = g ()
t=0

To show (34) for a = 1 (and symmetric arguments apply for a = 0), we modify the arguments in the proof
of Lemma 7.6 in van der Vaart (1998). Define s;(r|z) = ¢; (1)|X(7"|9c)1/2 and denote the fth component by
sg)(r|x) for 1 < ¢ < dy. By the mean-value theorem, we have s;(r|z) — s(r|z) = fol t'$ue(r|2)du, where

S = %st, so that it follows from Jensen’s inequality that
[I¢]12 // se(rla) — so(rl) — t's0(r|2))® du™(r)g™ (x)du™ ()

< s [T @atr1a) = sotrie)? dua 01 @ )
g//0 6w (7|2) — S0(r|x)||2dudp’(r)q™ (2)dp™ (z) 35)

where the first inequality follows from Jensen’s inequality and the second by Cauchy-Schwarz. It then suffices
to show (35) goes to zero as t — 0. Analyzing componentwise, it suffices to show that for 1 < ¢ < dy, as
t— 0,

/] / (rl) — 50 (rle)Pdud® (r) g (2)dps™* () = 0. (36)

The integrand in (36) obviously converges to zero as t — 0 by continuous differentiability of ¢;. Recall that
f Syl (r|x)2dptt(r) = %[Iﬁ(l)lx(m)](w), where Iﬁ(l)lx(x) is the conditional information for a = 1 given x at

Put7g. Therefore, it follows from Fubini’s theorem that

JJ[[ 460w auan o1 i @) = i JUEO @)y @) 2)

/// (1) dudp(r)g* (@) // O (@) 0.0y dug™ () dp™ () -

To apply Vitali’s theorem (Proposition 2.29 in van der Vaart, 1998), it suffices to show that

/A w o)) dug™ (@)dp™ () _>/[Ié%(l)lx(x)](e,e)qx(x)dux(x)

as t — 0. To do so, we fix any arbitrarily small § > 0 and note that at least for ¢ small enough, ||ut| < ¢ for

u € [0, 1], so we can apply the dominated convergence theorem with

[T (@ )] g,y < sup [IR(l)‘X(x)](z,e) ;
[IRh]|<é

as long as

1
/ / sup (IO (2)] 0.y dug™ (z)d™ ()
0 [hlI<o
= [ sup O @)y (@) (@) < oo

Ihll<s
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To show (37), we calculate the conditional information as

500 | K(Wg™ N (RWIX) mo :
E|:<ahc(h) +k(h/ggR(1)|X( ()|X)) )lX( (1)|X))

X =

Note that &k’ is bounded above and k is bounded below, C'(h) is continuously differentiable with C'(0) = 1,
and so is bounded for ||h|| < §. Therefore, an application of the Cauchy-Schwarz inequality implies the
previous expectation is bounded by a constant plus a constant multiple of [Ié?’ (1)‘X(x)](u). The desired

conclusion in (37) then follows because E[IR(l)lX(X)] < 00, and the proof is complete. B

For t € R%, the log-likelihood ratio between P, Jvm,g and Py = Pis

NNGO) @) iy (BiIX)
i g ,L 1 t g i i
Lin(g) = Z log —Y19 " XX, + > ) I{Ai=a}log O RIX,)
1<i<n 1<z<n ac{0,1}
The following lemma establishes an expansion of the log-likelihood ratio and local asymptotic normality of
{P t/ \/ﬁvg}‘
Lemma A.3. Suppose the treatment assignment mechanism satisfies Assumption 2.1 and the path satisfies
(33)—(34) for g satisfying Condition A.1. Then,

1 1
Lin(g) = n D tsg(Xi, Ay, Ri) — it/IXt
1<i<n

—% S A= at TROX (Xt 4 op(1)

1<i<n a€{0,1}

where
sg(x,a,7) = g~ () + H{a = 1}g" ¥ (r[x) + I{a = 0}g" O (r[2) (38)

and I = IX +nEg[ITWIX(X)] + (1 —n)Eq[I*OIX(X,)]. If in addition the assignment mechanism satisfies
Assumption 4.1, then, under Py, .
Lin(g) N( - St t’It) ,

PROOF. The first result follows from Theorem 3.1 of Armstrong (2022). The second result follows from
Lemma A.6 given Assumption 4.1 and the assumption that each component of [ R(a)‘X(J;) is integrable,
noting that Efs,(X,1, R(1)) — s4(X,0,R(0))|X] =0. =

We emphasize that Lemma A.7 implies

sg(XivAi»Ri)

1<i<n

is the sum of n identically distributed, although possibly dependent, random variables. Therefore, in what

follows, quantities like Ep[s,] are well defined.
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Let (P) € R% be a parameter of interest. Further suppose that there exists a dg x 1 vector of functions
¥* € L?(P) such that for each g satisfying Condition A.1, for all t € R% as n — oo,

V(O(Py) ymg) = 0(P) = Ep[§syt] . (39)

In Lemma A.5 below, we provide explicit conditions which guarantee this is possible when 6(P) is defined
by (3).

We call an estimator 6,, for 8(P) regular if for all ¢ satisfying Condition A.1 and t € R%

~ VAN
Vi(n, —0(P, ) —% L (40)

for a fixed probability measure L.

The following lemma establishes a convolution theorem for regular estimators:

Lemma A.4. Suppose 0 satisfies (39). Let 6, be a regular estimator for 8. Further suppose that ¢* = s
for some function g satisfying Condition A.1. Then,

L= N(0,Ep[¢*y*])* B ,
where B is a fixed probability measure.

ProoF. In what follows, for each g satisfying Condition A.1, we consider the linear subspace given by
M, ={t's, : t e R} .

Note that t's, appears in the expansion of the log-likelihood ratio between P, /vm,g and P. To align our
setting with Theorem 3.11.2 in van der Vaart and Wellner (1996), we first characterize the adjoint map
(viewed as a mapping into M) of the function v — E[t)*v] € R%  where v € M,. To that end, implicitly
identifying each b € R% with the functional b* : R% — R given by = + b'x, we construct a w(b) € R% such
that

VEp[)*syt] = Eplw(b)'sys,t]

for all t € R% where we note w(b)'sy € Mgy, and is thus the output of the adjoint map when applied to the

/

y] is invertible, we immediately obtain

functional b*. Because E[sys
w(b) = E[sgs;]*lE[sgw*’]b )

Here we use the assumption that I is nonsingular. It then follows from the local asymptotic normality
established in Lemma A.3 and Theorem 3.11.2 in van der Vaart and Wellner (1996) that

L=N(0,V,)* By,
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where By is a fixed probability measure and b'Vyb = E[(w(b)’s,)?], so that we have
Vy = Ep[v"sy] Eplsgsy] " Elsgv™] .

Furthermore, by a standard projection argument, in particular the fact that the second moment of ¥* —
Ep[y*sy|Eplsysy]~'s, is positive semi-definite, it can be shown that Vj is maximized in the matrix sense
when s, = ¥*. Note this maximum is attained by our assumption that 9* = s, for some g satisfying

Condition A.1. The conclusion then follows. ®

To apply Lemma A .4 to the setting in Section 4.1, we we establish the form of ¥* in (39) for the parameter
0o = 0(P) defined by (3). Define n(X;) = P{A; = 1|X;}. Note that

(41)
= Eq[m(X, 1, R(1),6(P))n(X)] + Eq[m(X,0, R(0),0(P))(1 - n(X))] .

Lemma A.5. Suppose the treatment assignment mechanism satisfies Assumptions 2.1 and j.1. Fiz a func-
tion g that satisfies Condition A.1. Suppose (33)—(34) holds. Fizt € R and consider a one-dimensional
submodel {P,, s ,} such that

Eq,, ~Im(X,a, R(a),6(P))*] = O(1) (42)
Eqx [EQS%X [m(X,a, R(a),0(P))*|X]] = O(1) (43)
EQﬁﬁ[EQR(anx[m(X,a, R(a),08(P))*|X]] = O(1) (44)

asn — 0o and 0(P,) /) is uniquely determined by (41). Then, 0(P,; /m ;) defined by (41) satisfies

Vn(0(P,) m.g) — 0(P))
— M~'Ep[m(X;, Ai, Ri, 0(P))(g™ (X))

+ 1{A; = g OX(R|XG) + 1{A4; = 03g" O (R |X5)) ']t
= Ep[¢*(Xi, Ai, R;, 0(P)) (97 (X)

+ I{A; = 1}3¢" WX (Ri| X,) + T{A; = 0}g" O (R, X)) ]t

where
V" (Xi, Ais Ri, 6(P))
= — M~ (0(X) Eqlm(Xi, 1, Ri(1), 6(P)) | Xi]
+ (1 = n(X3))Eq[m(X;, 0, R;(0), 0(P))| X]
+ H{A; = 1}(m(Xi, 1, R;, 6(P)) — Eq[m(Xi, 1, Ri(1),6(P))| X))
+ I{A; = 0H(m(X;,0, Ri, 0(P)) — Eq[m(X;, 0, :(0), 0(P))| X)) -

PROOF. In what follows, we only use the property that the quadratic mean derivative of Py,  / is given

by syt. Therefore, for ease of notation we consider a generic one-dimensional submodel {P, : v € [—¢, €]}
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ROIX | gR(0)|X)

that satisfies (33)—(34) for some g = (9%, ¢ , each component of which is a one-dimensional

function. (41) implies

0= [ mle L 6RO (rle)du® (1)) ()™ (o)
4 [0, 0Pl sl (1) 1~ n(a))a (o) (o)

Note that
/m(x,l,rﬁ( Nar W (rlz)dp® (r)n(z) g (2)du™ ()
*/m(%1,7%G(P))qR(”'X(r\x)duR(T)n(x)qX(x)dux(x)
=n) +7E) +3@) +ul),
where

— [ e 1 0P (20X ()72 = RO (0]2)12) g EOX () 2 )
< p(2)g (2)dp* ()
120 = [ mla, L 6P A (1) = RO (1)) O (1) )
< p(@)g (2)d* ()
= [ mla L 6P (o))
< (@) (g (@)72 - g% (@)2) g (@) 2 (a)
— [ mla L 6P (o))

x (@) (g5 (2)'/? = ¢ (2)?) ¢ () 2dp™ () .

It follows from the Cauchy-Schwarz inequality that

Lalw /mx,l,re DA O (r]0)dya ()

n(x)zg (@)q™ (2)'? x ¢* (2)"2dp™ (x)

1/2
</ <m<x,1,r,e< D240 (rl) R (e )%X(x)duX(x))

< ( [ O o)

< (@ @) — ¥ (@) -

1 1/2

50 @ @) (@)

—0

by the assumption that Ep[m(X,a, R(a),0(P))?] < oo, the facts that 0 < n(z) < 1, [ ¢ DX (r|z)duf(r) =
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1, and (33). Similar arguments implies as v — 0,

L) = [ mla 1 6(P) 3g" X rfa)g " O (o) () ()i 1) 0

because Ep,[m(X,a, R(a),0(P))?] = O(1) as v — 0. The limits of v5(v) and v3(v) can be derived following

similar arguments using (43)—(44). Combining all previous results yields

%Epy m(X. AR OP))|
= Eq[m(X,1, R(1), 0(P))(g™ (X) + 9R(”'X(R|X))n(X)]
+ Eq[m(X,0, R(0),0(P)) (g™ (X) + g™ (R1X)(1 — n(X))]
(X

= Ep[m(X, A, R,0(P))(9” (X) + [{A = 1}9 WIX(R) + H{A = 0}g" X (R))] .

On the other hand, by definition

0
M=—F X, AR, 0 .
o6’ plm( ) 0=0(P)
The formula for the derivative therefore follows from the implicit function theorem (in particular, because
we have assumed the existence of (P,) along the path, it follows from the last part of the proof of Theorem
3.2.1 in Krantz and Parks (2013)). The second equality follows from Lemma A.7 together with Condition
Al m

Finally, to prove Theorem 4.1 we require the following additional regularity condition:

Assumption A.1. For every function g satisfying Condition A.1 and every ¢ € R% there exists a submodel

Py /m,q for which (42)—(44) hold as n — oo, and (P, /) is uniquely determined by (41).

This assumption guarantees that every element satisfying Condition A.1 has a corresponding path for
which we can apply Lemma A.5. A similar assumption appears in Chen and Santos (2018) (see their
Assumption 4.1(iv)). Note that a simple sufficient condition for the first part of Assumption A.1 is that
m(z,a,r,0(P)) is a bounded function in (z,r) on the support of (X, R(a)). The second part of Assumption
A.1 can be verified easily in specific examples (see, for instance, Examples 2.1-2.5 in the main text). Al-
ternatively, Assumption A.1 could be avoided by assuming that we can differentiate under the integral in
the final step of the proof of Lemma A.5, from which we would immediately obtain the expression for the
pathwise derivative. See, for instance, Newey (1994) and Chen et al. (2008).

PROOF OF THEOREM 4.1. First note 6 satisfies (39) because of Lemma A.5 and Assumption A.1. The result

then follows from Lemma A.4 upon noting that ¢* = s, for some g that satisfies Condition A.1. m

To study regular estimators, we need the following lemma.

Lemma A.6. Suppose the treatment assignment mechanism satisfies Assumptions 2.1, /.1, and }.2. Let
f(x,a,7) be a vector-valued function such that E[f(X,A, R)] =0 and E[f*(X,a, R(a))] < co for a € {0,1}.
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Then, )
— F(Xi, A, Ri) 5 N(0,V5)
\/77, 1<i<n
where Vi = Vi ¢+ Vo 5 + V3 ¢ for
Viy = Var[E[f(X, A, R)|X]] = Var[pE[f (X, 1, R(1))|X] + (1 — n) E[f(X,0, R(0))| X]]
Va.r = VE[FX.1R(1)) - £(X.0.R(0)] X]

Va.p = ElnVar[f(X, 1, R(1))|X] + (1 — n) Var[f (X, 0, R(0))|[ X]] .

PROOF. Note that

C,, = % 1<ZZ<nf(Xi7Ai, R)=Cin+Cop+Cs,
where
1
(Cl,n = % 1§iSnE[f(Xi7 Ai, Rl)|Xl}
1
=— (Ef (X, 1, Ri(1)|Xa] + (1 = n)E[f(X5,0, R;i(0))] X:])
\/’ﬁ 1<i<n
Com = — 3 (A — ) ELF(Xi, 1, Ri(1)) — £(X,,0, Bi(0)| X,
Vin 1<i<n
Con = % X (A0 1 Bi1) = BIFCK 1 R()IXD

+ (1= A)(f(X;,0, Ri(0)) — E[f(X;,0, R;(0))|X,])) -

Note that C;, has zero mean because E[E[f(X;, Ai, R:)|X:]] = E[f(Xi, 4i, R;)] = 0. Further note that
Cy., = E[C,|X™], Cq,, = E[C,|X™, AM] — E[C,|X™)], and C3,, = C,, — E[C,,|X™, AM]. Tt follows
from the central limit theorem and E[f?(X,a, R(a))] < oo that

(Cl,n i> N(O, Vl,f) .
Next, it follows from Assumption 4.2 that

p(Can, N(0,Va,1)|X™) Ly 0.

For Cs , it follows from Assumption 4.1 that

Var[Cs | X ™, AM] 25 v

As a result, one can verify the Lindeberg condition conditional on X (™) and A(™ as in the proof of Lemma
S.1.4 of Bai et al. (2022), and obtain

p(Cs., N(0, V5, 1)| X, AMY Ly
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The proof can then be completed by the subsequencing argument at the end of the proof of Lemma S.1.4 of
Bai et al. (2022). ®

PROOF OF THEOREM 4.2. Recall from Lemma A.3 that L, ,(g) is also asymptotically linear. Because the
treatment assignment mechanism satisfies Assumptions 2.1, 4.1, and 4.2, the path satisfies Condition A.1,
and hence ¢ and s, jointly satisfy the conditions in Lemma A.6 (in particular, note that E[s,(X,1, R(1)) —
55(X,0, R(0))|X] = 0),

Valn 0P _ (5 Dasisn WX Au R 0P)Y (0
Lin(9) I Y icicn t'sg(Xi, Aiy Ry) AL r

are jointly asymptotically normal. Because E[sq(X, 1, R(1)) — s4(X,0, R(0))|X] = 0, the covariance in the

second term in the joint variance in Lemma A.6 vanishes, and thus the overall covariance is given by

E[E[y|X]g™ (X))t

+nE[($(X, 1, R(1),0(P)) — B[ (X, 1, R(1),0(P))|X])g" V¥ (R(1)|X) ]t

+ (1= n)E[($(X,0,R(0).0(P)) — E[$(X,0,R(0),0(P))|X])g"™ " (R(0)| X)']¢
= E[ysyt .

It then follows from Le Cam’s third lemma that under P, 5 o, Vn(0, — o) converges in distribution to a

normal distribution with mean E[¢s]t and the same variance as in the limit under P. At the same time,
\/ﬁ(én - G(Pt/\/ﬁ,g)) = \/ﬁ(én —0(P)) — \/ﬁ(a(Pt/\/ﬁ,g —0(P)) .
Therefore, (40) holds if and only if
Els,|t = E*s]t .

Furthermore, 6,, is regular if the equality holds for all ¢ and all ¢ satisfying Condition A.1, if and only if
E[(¢ —¢")sg] =0
for all g satisfying Condition A.1. Note that

E[(¢ — ")s]
= B[E[)(X, A, R,0(P)) — (X, A, R,0(P))| X]g™ (X)]
+ E[Ai(¢(X, 1, R(1),0(P)) — " (X, 1, R(1),6(P))
— E[Y(X,1,R(1),6(P)) — " (X, 1, R(1),6(P))|X])g" ¥ (R(1)|X)']
+ E[(1 = A) (4 (X, 0, R(0),0(P)) — ¢"(X, 0, R(0), 6(P))
— E[Y(X,0, R(0),6(P)) — v*(X,0, R(0),6(P))|X])g™ ¥ (R(0)|X)] .

) =
(

By setting g®MIX =0, gROIX =0, and ¢¥(X) = E[\(X, A, R,0(P)) — ¢*(X, A, R,6(P))| X], we get that
ElY(X, A R,0(P))|X] = E[Y"(X, A, R,0(P))|X] . (45)
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Setting ¢X (X) = 0 = g®OIX and g"WIX = (X, 1, R(1),0(P))—¢* (X, 1, R(1),0(P))—E[(X,1, R(1),0(P))—
P*(X,1,R(1),6(P))|X], we get

— E[p(X, 1, R(1),0(P)) — (X, 1, R(1),0(P))|X] = 0,
which implies that (X, 1, R(1),0(P)) — ¢v*(X,1, R(1),0(P)) can only be a function of X. Denote it by
Y (X, 1). Similarly, (X0, R(0),0(P)) — ¢*(X,0, R(0),0(P)) can only be a function of X. Denote it by
¥ (X,0). We have

P(X, A, R, 0(P)) = Ap(X, 1, R(1),0(P)) + (1 — A)p(X, 0, R(0),0(P))

= A(*(X,1, R(1),0(P)) + 9~ (X,1,0(P)))
+ (1= A)(W*(X,0,R(0),0(P)) + ¢ (X, 0,0(P)))
=" (X, A, R,0(P)) + v (X, A,0(P)) ,

and it follows from (45) that E[i)+ (X, A,0(P))|X] = 0. Finally, to show that 6,, is efficient if and only if (23)
holds, we apply Lemma A.6 with f = . If (23) holds, then Vi, = Vi 4 + V3 4 = Vy» because Vi 4 = Vi -,
Vs = Va.g+ and Vo - = 0. On the other hand, if 6, is efficient, then V., = 0, so (23) holds by Markov’s
inequality combined with the fact that probabilities are bounded and thus uniformly integrable. B

A.4 Auxiliary Lemmas

Lemma A.7. Suppose (2) holds and Pr{A; = 1|X; = z} as a function is identical across 1 <i <mn. Then,
(Ri(1), Ri(0)) UL A;| X . (46)

Moreover, (X;, A;, R;) is identically distributed across 1 <1i < n.

PROOF. Fix a € {0,1} and any Borel sets B € R% x R4 and C € R,

E[Pr{(Ri(1), Ri(0)) € B, A; = a| X;}I{X; € C}]
= E[E[Pr{(R;(1), R;(0)) € B, A; = a| X"} X;]I{X; € C}]
= E[E[Pr{(Ri(1), Ri(0)) € BIX™}Pr{A; = o|X ™} X;)I{X; € C}]
= E[Pr{(Ri(1), Ri(0)) € B|X;}Pr{4; = a|X;}I{X; € C}]

(
(

where the first equality follows from the law of iterated expectations, the second equality follows from (2),
the third equality follows from the law of iterated expectations as well as the fact that @, = Q™. The first

statement of the lemma then follows from the definition of a conditional expectation.

To prove the second statement, fix units ¢ and i’. Clearly X; and X, are identically distributed. Condi-

42



tional on X;, for any Borel set C' € R4 and a € {0,1}, it follows (a) that
PI‘{Rl S C, A, = a|Xi} = PI‘{Al = a|Xl}Pr{Rl(a) S C|XZ} .

The conclusion then follows because Pr{A4; = 1|X; = x} is identical across 1 <i <n and @, = Q". B

Lemma A.8. Suppose the treatment assignment mechanism satisfies Assumptions 3.1-3.2 and the moment

functions satisfy Assumption 3.3. Then, 0,, i O.

PROOF. It follows from Assumption 3.3(a) and Theorem 5.9 in van der Vaart (1998) that we only need to
establish for each 1 < s < dy,

sup

1
(USC)

n
1<i<n

To begin, note it follows from Assumption 3.3(d) and the dominated convergence theorem that if mg(x, a,r, 0,,)
— mg(z,a,r,0) as m — oo for {0,,} C ©F, then Ep[ms(X;, A;, Ri,0)] = Ep[ms(X;, Ai, R;, 0)]. Here, the
dominating function exists by Problem 2.4.1 in van der Vaart and Wellner (1996). Assumption 3.3(c) then

implies

LY (i Au i)~ Eplmn (X Au )|

sup
pco |1 1<i<n
1
= sup |= Y (ma(Xi, A, Ri,0) — Ep[m(X;, Ai, Ri, 0)])| , (48)
fcox |1 1<i<n
which is measurable. Next, note that
and it follows from Lemma A.7 that
Ep[m(XZ‘, Ai, Ri, 9)] = 7’}EQ [m(XZ, 1, }%1‘(1)7 9)] + (1 - U)EQ [m(Xi, 0, Ri(O), 9)] 5 (50)

from which we obtain that

1
E[Sgg lén(ms(XiyAiyRiye)EP[ms(XiaAi,Riag)])H
1
= ELsg@p* - 1;n(ms(X¢,Ai,Ri,0) - Ep[ms(Xi,Ai,Ri,@)})H
§E{sup 1 > Ai(ms(Xi,l,Ri(l),G)nE[ms(Xi,l,Ri(l),G)])H
geor |1, 52,
+E[esu(§> = > (lAi)(ms(Xi,O,Ri(O),@)(1n)E[ms(Xi,O,Ri(O),f))DH
€0 1<i<n
ELSg@p* % > Ai(ms(Xi,l,Ri(l),G)E[ms(Xi,l,Ri(l),H)])H

1<i<n
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+E[eseuel))* % Z (1= A;)(ms(X;,0, Ri(0),0) —E[ms(Xi,O,Ri(O),G)DH
SE[s 1Y 0 1 R.0) - Blm (X1, 2.0
—|—E[9seug* % Z (ms(Xi,0,R;(0),6) _E[ms(XiaO;Ri(O)ae)])H —0.

1<i<n

where the first equality follows from (48), the first inequality follows from the triangle inequality, the second
equality follows because Y .., A = nnp and >, (1 — A;) = n(l —n), and the last inequality follows
from Proposition C.1 in Han and Wellner (2021). The convergence follows from Assumption 3.3(e) and an
application of the backward submartingale convergence theorem (see, for instance, Theorem 12.30 in Le Gall,
2022), as detailed in the proof of Theorem 3.1 in Han and Wellner (2021). The desired result in (47) then
follows by Markov’s inequality. ®

Lemma A.9. Suppose the treatment assignment mechanism satisfies Assumptions 3.1, 3.2, and 3.4, and
the moment functions satisfy Assumptions 3.3 and 3.5. Then, for each deterministic sequence 6, — 6,
AL (0,) D> pf) for pf® in (29) and @5°)(6,) in (30).

PROOF. The conclusion could follow from similar arguments to those in the proof of Lemma A.8 but we
provide a different proof because it will apply generally to other components of the variance estimator. It

suffices to prove that

N0 (51)
By ke (52)

The desired result in (51) follows from similar arguments to those in the proof of equation (S.27) in Bai et al.

(2022), where the uniform integrability condition is replaced by Assumption 3.5(a). To show (52), note

E[a$)(0,)] X ™, AM] — )
1

= Z A;E[ms(X;, 1, Ri(1),0,)|X;] — E[ms (X4, 1, Ri(1), 00)]

7771 1<i<n
1 1
=— Y AEm(X;, 1, Ri(1),60)[X:] — = > E[my(X;,1,Ri(1),6,)|Xi] (53)
nm 4 n <
1<i<n 1<i<n
1
1<i<n

The difference in (54) converges in probability to zero by Assumption 3.5(b) and because E[m(X;, 1, R;(1),0,)]
— Em(X;,1, Ri(1),60p)] from 6,, — 6y and Assumption 3.3(c). Next, note the absolute value of (53) can be

written as

‘ > nkZA( [ms(Xi, 1, Ri(1), 60,)| X;]

1<j<n/k 1EN;

44



1
- 3 Bl (XL R (0),0,)1%01)|
i’E)\j

k 1
S0 op 2 A Blms (X 1 Ri(1),00)|XG) = Bl (Xir, 1, Rir(1), 00)] X
1<j<n/k €N
1 ,
Suo 2 maxIXe-Xel? S0,
1<j<n/k

where the inequality follows from the uniform Lipschitzness condition in Assumption 3.5(c) and the conver-
gencef follows from Assumption 3.2. Therefore, (51) holds. B
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