Online Appendix to “Inference for Treatment Effects Conditional
on Generalized Principal Strata using Instrumental Variables”

Appendices C, D, E contain additional examples and details of the simulation study and
the empirical application, and can be found at https://github.com/edward-vytlacil/
STRATA-ATE/blob/main/.

A.4 Proof of Theorem 4.3

PROOF OF THEOREM 4.3. Suppose P € PJ. Then, it follows that 6y, € OF(P,QY), so
there exists a Q@ € QY (P, Q%) such that 6y = %¥(Q) and Q{R € R',W € W'} > 0. Recall
Q € QY(P,QV) if and only if @ € Q¥ and P = Q(T")~!. Since Q € QV, it satisfies both
Assumptions 4.2 and 2.2. Because P = Q(T")™!, we can conclude that

Q{Z =2z, W =w} = P{Z =2, W =w} (49)

for all (z,w) € Z x W. Moreover, since P{Z = z, W = w} > 0 for all (z,w) € Z x W for
any P € PY, Q satisfying Assumption 4.2 and P = Q(T™)~! imply that

PY =y, D=d|Z =2,W =w}=0Q{Y(d) =y,
= Q{Y(d) =

Hence, results (49) and (50) together with Q{W = w} = P{W = w} imply that
PlY=y,D=dZ=2,W=w}x P{W =w}=Q{Y(d) =y,D(z) =d, W =w} . (5])

Next, let ¢ be a column vector with [R| x |[W)| elements indexed by (r,w) € R x W, where
the (r,w) coordinate of ¢ equals ¢(r,w) = Q{R = r,WW = w}. Then note result (51) and
the definitions of AY and %(P) imply that the first |[M"| rows of A%q equal the first | M"Y
rows of g%(P). Moreover, result (49) and Q{R € R} = 1 by definition of QJ (P, Q") imply

ZQ(T’w):ZQ{RZT’WZUJ}:Q{W:w}:P{W:w}7 (52)

reR reR

and therefore it follows that the |[M™| + 1 through |[MY| 4+ [W)]| rows of A%q equal the
|M¥| + 1 through |[M™| 4+ V| rows of S%(P). Finally, because 6, = 6%(Q) by hypothesis,
the definition of the conditional expectation yields that

Eolg(R,W)I{R € R\,W € W]
Q{RER.W e W} ’

b0 = (53)
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where we recall Q{R € R/, W € W'} satisfies Q{R € R',W € W'} > 0. Rearranging the
expression in (53) we obtain that Eg[(g(R, W)—6y)I{R € R', W € W'}] = 0 or, equivalently,

>, (g(r,w) —bh)a(r,w) =0.
reR! weWw’

Thus, it follows from the definition of A™ that the |[M™| + |[W]| + 1 row of A¥q equals the
|IM™| + |[W| + 1 row of 3%(P). Hence, we can conclude that Py C Py = {P € PV : AVx =
p¥(P) for some x > 0}, which establishes the first claim of the theorem.

Next, we establish the second claim by showing PY C clpw(PY) whenever Py # 0. To
this end, fix any P € f’BV and note AVq = BW(P) for some ¢ > 0 due to P € Pg. Since
P € P implies that P{Z = 2, W = w} > 0 for all (z,w) € Z x W, it follows that we can

define a finite measure Q on the sample space R x Z x W according to
QIR=7,Z =2, W =w} = q(r,w)P{Z = 2|W = w} . (54)

Next, note that the |M™| + 1 through [MY| + |W| rows of A¥q being equal to the corre-

sponding rows of % (P) further allow us to conclude that

S>> ZQ{RZT,Z:z,W:w}: >y P{W =wYP{Z = 2|W =w} =1,

2€Z weW reR 2EZ wEW
which implies that Q is a probability measure. Moreover, by construction, B 1L Z |W
under ) and Q{R € R} = 1, which implies that Q € Q. Similar arguments yield that
Q{Z = 2, W =w} = P{Z = 2,W = w} for any (z,w) € Z x W, while the first |[M™| rows
of A¥q being equal to the first [M¥| rows of % (P) imply that

PlY =y, D=d|Z=2W=w}= 3 H{y(d) = y,d(z) = d} = q(r, w)

reR m
B Q{R zW—w}
= Q{Y(d)=y,D(z)=d|Z = z,W = w} : (55)

where in the second equality we used the definition of @, and in the third that Z5{W =w,/ =
2} = Q{W = w, Z = z}. Since (55) holds for any (y,d, z,w) € MY and P{(Y,D,Z, W) €
M¥} =1 due to P € P¥, it follows that P = Q(T™)~'. Furthermore, we also have

EQ[(Q(R, W) —600)I{R € R W € W’}]
_ Z Z (r,w) — ) I{r € R',w € Wlq(r,w) =0, (56)

reR wew



where the first equality follows by definition of @, and the second from the final row of A%gq
being equal to zero.

On the other hand, because P§ # (), there exists Q* € QW, hence satisfying Assumptions
4.2 and 2.2, such that Q*{R € R',W € W'} > 0 and 6%(Q*) = ;. Moreover, we have

Q{R=rZ=2,W=w}=Q{R=rW=w}Q{Z = 2|W = w}
because Q* satisfies Assumption 4.2 due to @* € Q. Finally, we define a measure ) by
QIR=rZ=2,W=w}=Q{R=r,W=w}P{Z = 2|]W =w},

and note that @ € Q% because Q* € Q“. Furthermore, Q{R =r,W =w} =Q{R=r,W =
w} for all € R and w € W, which implies Q{R € R',/W € W'} > 0 and 6%(Q) = 6,. To
conclude, we let P = Q(T™)™, P, =n"'P+ (1 —n"Y)P, and Q, = n~'Q + (1 — n~H)Q.
Since P{Z = 2|W = w} = P{Z = 2|W = w} for any (z,w) € Z x W, it is straightforward
to show that P, = Q,(T%)"! and that @Q,, satisfies Assumptions 2.2 and 4.2. Moreover,
Q{R e R\,IW € W} > 0, 6¥(Q) = 6y, and result (56) yield that 6¥(Q,) = 6. We thus
obtain that 6y € ©F (P,, Q") for all n. Since P, € P¥, it follows that P, € P} and, because
P, — P as n — oo, that P € clpw(PY) as desired. m

A.5 Proof of Theorem 5.1

In this appendix, we first establish Theorem 5.1 and subsequently show that the result
continues to hold if we remove linearly dependent restrictions from Aj, and 5. (P).

Before proceeding with the proof, we first introduce some additional notation. Given the
sets R C YIPI x DIZl and R’ C YIPI x DIZl we define, for any r, € DIZl, the sets

Ro(rs) = {ro € VP : (ro, 1) € R}
R (r) = {ro € VP : (ro,r) € R'} .

Recall B, = [lgep Beyayr € Y'P! for any ¢, = (c,(d) : d € D) € LIPI and M, is defined as
the set of realizations for (IL, D, Z) that is compatible with the response types R belonging
to R (see (24)). To define the matrix Ay we introduce a binary variable x € {0,1} and for
any ¢, = (¢,(d) : d € D) and ry = (d(2) : z € Z) we set

Be, N R (r) if x =1

y<coa T't, X) = X
{Rom) N (B \Ry(r)) i x =0

Note that because R. (r;) C R,(r:), the set V(co, 71, 0) U YV(co, 74, 1) is non-empty if and only



if B.,, N R,(r;) # (). Using this notation we define the set of indices
T = {(co,r1,x) € LIP x D15 {0,1} : V(eo, 7, x) # 0} (57)

We can finally define A;, as a matrix with |[Mj|+ 3 rows and |Z| 4 2 columns. We index
the first [M | rows of Ay by (¢,d,z) € My, the first |Z| columns by (c,, ¢, x) € Z, and set

AL,(f,d,Z),(co,rt,X) = I{Co(d) = é’ d(Z) = d}

AL My 41 (comx) = 1 -

We also set the (|]Mp| +2) X (co, 74, x) and (JMp| 4+ 3) X (¢, 7, X) elements of Ap to be

AL7|ML|+27(Co7Tt7x) = ( sup g(rmrt) - 90) X
r0€Y(CosTt,X)

AL7|ML|+37(CO7H7X) = ( inf g(TmTt) - 00) X -

ro€Y(Co,Tt,X)

Finally, the (]Mp|+2) x (JZ]+1) element of Ay is given by —1 and the (|JM|+3) x (|Z|+2)
element of Ay, is given by 1. All other elements of A, are set to equal zero.

Given the introduced definitions, we next prove Theorem 5.1.

PROOF OF THEOREM 5.1. First note that R, (r;) C R,(r;) implies that B, NR,(ry) # 0 if
and only if Y(c,, 7, 0) UV(co, 74, 1) # 0. Therefore, the definition of Z, R C YIPI x DIZl| and

{Be,}e,cciml being a partition of Y'PI by assumption allows us to conclude that

U Oleorx) x{n})=R. (58)

(cosrtsX)EL

Similarly, we also note that by the same arguments and the definition of )(c,, r¢, x) we have

U (V(coyre,1) x {r}) =R". (59)

(co,rt):(co,rt,1)ET
To show Py C Pg 1 we first suppose P € Py. Then, there exists a @ € Qo(P, Q) such
that 6y = 0(Q) and Q{R € R’} > 0. Letting q(co, ¢, X) = Q{Ro, € V(co, 74, x), Ry = 14} for
any (co, 7, X) € Z we then obtain from @ € Qo(P, Q), result (58), and Q{R € R} = 1 that

P{Y € By, D =d|Z =z} = Q{Y(d) € By, D(z) = d, R € R}
= 3 e )I{co(d) = 6,d(z) =d} . (60)

(co,rt,x)ET



Collect the probabilities g(c,, 7, X) into a vector ¢ = (q(co, 7, X) : (Co, e, X) € Z) and define

a= Y ( sup g(ro,m—eo)q@o,n,l)

(co,rt):(co,rt,1)ET ro€Y(co,rt,1)

£ = — Z ( inf  g(ro,m) — 90> q(co, 1, 1) .
(corrt): (comre, 1)ET ro€Y(co,rt,1)

Next, note that since 6(Q) = 0y by hypothesis and Q{R € R’} > 0, it follows that @) satisfies

Egl(g(R) — 6p)I{R € R'}] = 0. In particular, by result (59) we obtain that

—& < Egl(9(R) =) {Re R} =0<& .

Setting x = (¢, &1,&)" we then note that x > 0. Moreover, it follows from (60) and the
definition of Ay that the first |[M| rows of Apz equal the first | M| rows of 5. (P). Also
note that result (58), the definition of ¢, and Q{R € R} = 1 allow us to conclude that

Z q(co, T, X) = Z Q{R, € YV(co,1t,X), Re =1} =Q{ReR}=1.
(cosre,x)ET (cosre,x)ET

In particular, it follows that the |[My| 4+ 1 row of Apx equals the M|+ 1 row of S.(P) by
definition of Ay and [ (P). Finally, we note the M|+ 2 and |My| + 3 rows of Apz equal
the |My|+ 2 and M|+ 3 rows of 5,(P) by definition of &, &, A and S (P). Therefore,
we have shown that Py C Py, ={P € P: Apz = ,(P) for some x > 0}.

To establish the second claim, we proceed by contradiction and assume there is a P €
limsup; . Por with P ¢ clp(Py). Since P ¢ clp(Py), Lemma B.13 implies that

/ AP =1, / FdP' <0 for all P' € Py satisfying P, = Py (61)

for some continuous and bounded function f : F — R for F =Y x D x Z and Pz denoting
the marginal distribution of Z under P. Since the function f : F — R is continuous and Y
is compact by Assumption 5.1(i), it follows that the function f is uniformly continuous on
F. For any n > 0 there therefore exists a § > 0 such that f satisfies
max  su d.2)— fy,d, 2)| <n. 62
2B SUP [y, d,2) = fy',d,2)] < (62)
Moreover, by Assumption 5.1(iii) there is a Ly < oo such that max;<,<y diam{By .} < d for
all L > Ly. Since in addition P € limsup;_,., Py implies that P € Py for some L > Ly,
we can conclude that there is some L < oo such that

PePy;, and max diam{B,.} <9 . (63)

1<¢<L



Next define A to be a vector of dimension |[M| + 3 whose last three entries are zero, and
each of its first | M| entries, which we index by (¢,d, z) € My, is given by

>\(€7 d7 Z) = Ssup f(y7d’ Z)P{Z = Z} :

y€By, L,

Also observe that P € Py, implies 8.,(P) = Apz for some x > 0 belonging to RZ+2, In-
dex the first |Z| entries of x by (c,,rt,x) € Z. For each (c,, ¢, X) € Z we select an arbitrary
75 (Co, 7, X) € Y(Co, 71, x) and define a finite measure Q7 with support {(r3(co, 7¢, X)s 7t) }eore )€z
by setting Qr{(Ro, Rt) = (ri(co, 74, X),7t)} = (0,7, x). Also note that by definition of Q'
and the M|+ 1 row of Apz being equal to one we have that

Y. Qrl(Ro,Ry) = (r(co,ri, X))} = D wlco,m,x) = 1,

(co,rt,X)EL (co,rt,X)EL

which implies @', is a probability measure and, since 75(c,, 74, X) € V(Co,Tt, X), that

Z QIR{(RmRt) € (y(coafth) X {Tt}>} = 1 . (64)

(Coﬂ”tvx)ez

Moreover, since the last two entries of Ayz equal (0,0) because Apz = f1(P), and in addition
Qr{(Ro, Ry) € (V(co, 11, 1) x {re})} = x(co, 14, 1) by definition of @', we obtain

> < sup  g(ro,mi) — 90) X Qp{(Ro, Re) € (V(coy1,1) x {1})} > 0

(corrt):(corre, 1) €T \To€YV(Co,rt,1)

3 ( it g(ro,r) - eo) X Qd (Ros R) € V(e 1 1) % {r)} <0 (65)
(corrt):(comrs1)ex \oEY(Corts1)

Setting Q' = Qs X Pz and letting P’ = Q'T~!, then note Arx = S1(P), the definition of

Q. and the manipulations in (60) (applied with P’ and @ in place of P and @) imply

Br(P) = Br(P'). Therefore, using that f satisfies condition (62), L was chosen to satisfy

max; <<y diam{ By} < 0 in (63), the definition of A, and P{(LL, D, Z) € M} =1 gives

/fdpg S P{YeBy.D=dZ=z:}x sup f(y,d,z2)

(t,d,z)eMy, yEBe L

= XBu(P) = XBu(P) < [ faP'+ . (66)

On the other hand, @, satisfying the restrictions in (64) and (65) implies by Lemma B.12
that there is a distribution Qg for R such that Q = Qg x Py satisfies Esl(9(R) —0o)I{R €
R} =0, Q{R € R} =1, and for which the induced distribution P = QT ! satisfies

/ F(dP' — dP) < 27 . (67)



Finally, let Po(P) = {P € Py : P, = P;} and note that Lemma B.14 implies Po(P) is
not empty. Pick any Py € Po(P) and note that Py = Qo7 for some Q, € Q satisfying
Qo = Qo.r X Pz for some distribution Qo for R. For any 7 € (0,1], it then follows that
Q-=(1-7)Q+7Q0 = {(1 —7)Qr + 7Qor} X Pz satisfies Fg_[(g(R) — 6o)I{R € R'}] =
0, Q{R € R} =1, and Q. {R € R’} > 0 because Qo{R € R’} > 0. In particular,
it follows that P, = Q,T~' € Py(P). Moreover, since f is bounded, we also have that
| [ f(dP — dP;)| < 27| f|lso. Therefore, setting 7 < 1/(2||f||s) allows us to conclude that

[raP < [ fap-+n<n, (68)

where the final inequality holds by (61) and P, € Py(P). Combining results (66), (67), and
(68) finally yields [ fdP < 4n, which contradicts (61) for n sufficiently small. Hence, we
conclude that there is no P € limsup;_,. Py satisfying P ¢ clp(Py). m

We next show that the conclusion of Theorem 5.1 also holds if we remove linearly redun-
dant restrictions from Ay. To this end, recall that the first |[M| rows of Ay and S (P) are
indexed by (¢,d, z) € M. For each z € Z we select an arbitrary (¢,,d,) € M, (as defined
in (23)), let A3 and S5 (P) denote the matrix and vector obtained by removing the rows
((¢,,d,,2): z€ Z) from Ay and B (P), and define the set of probabilities

Py, ={P € P: Ajx = 3 (P) for some z > 0} .

Our next lemma establishes that Po ;, = Pg ;, which implies that the conclusion of Theorem

5.1 continues to hold if we replace Ay and (1 (P) with A5 and /35 respectively.

Lemma A.3. Let P denote the set of all distributions of (Y, D, Z) satisfying P{(L, D, Z) €
M}y =1 forall L and P{Z =z} >0 for all z € Z. Then, it follows that Py = Pj ;.

ProOOF OoF LEMMA A.3. The proof follows similar arguments to those used in Lemma A.1.
First note that any x satisfying A,z = [B.(P) also satisfies Ajx = [} (P), and therefore
Py C P .. For the reverse inclusion select an arbitrary (Coy7,X) € Z and z € Z. Since
V(o 1, x) # O for any (c,, 74, x) € Z and R’ C R, it follows from the definition of Y(c,, r¢, )
that there is a r = (r,,7;) € R such that r, = (y(d) : d € D) and r; = (d(2) : z € Z) satisfy
r, € Be,. By definition of M, it follows that there exists an (¢, d) € M . such that

1= Hy(d) € Bir, d(z) = d} = I{c,(d) = ¢, d(z) = d} , (69)

where the second equality follows from r, € B, . Noting that, for any (¢,,r;), the indicator
I{c,(d) = ¢, d(z) = d} can only equal one for a single (¢, d), we obtain from (69) that

Z AL,(Zvdvz)7(007Tt7X) = ]' (70)
(ezd)EML,z



for any (co,7,x) € Z and z € Z. Hence, letting Ay 4., denote the (¢,d, z) row of the
matrix Ay and using the definition of Ay a4, |41, and that the final two columns of Ay g4.)..

and Ap |41, equal zero, we obtain from result (70) that for any z € Z

> Apwas, =AMy, - (71)
L, dyeMy, .

Next select an arbitrary P € P and note that by definition there exists an zo > 0
satisfying Ajxog = (5 (P). Since the system Ajzg = F5(P) still contains the adding up
constraint Ay ja,|41,.%0 = 1, result (71) allows us to conclude for any z € Z that

1= Z AL ,d,2), To = Z Bre.a)(P) + AL 0. 4. 2), o, (72)
(Zrd)EML,z (Zvd)eML,z\{(szdz)}

where in the second equality we used that A}z = £7(P) implies A 1.4.2).%0 = B, 04,2 (P)
for any (¢,d) € My, \ {({s,d.)} because those constraints remain in A5. Moreover, since
P{Z=z}>0forall z€ Zand P{(L,D,Z) € My} =1 due to P € P, we have

Z 5L,(€,d,z)(P) = Z P{Y - Bg’L, D= d|Z = Z} = 1. (73)
(Z,d)GML,Z (f,d)EML,z

Combining (72) and (73) we obtain that Ay 4. .).%0 = Br, 0.4, (P) for any z € Z. It
follows that Apzg = L (P) and, since x5 > 0, that P € Py 1, as desired. m

A.6 Proof of Corollary 5.1
PROOF OF COROLLARY 5.1. Setting g =1, 6y = 1, and R’ = R, we have

{1} ifQo(P,Q)%@)'

0 otherwise

@0<P7 Q) =

Therefore, Py = {P € P:1 € 0¢(P,Q)} = {P € P : Qo(P,Q) # 0}. For this choice of g,
0y, and R’, because the last two rows of the equation Apx = (1 (P) are always satisfied, we
have Py = Py . Theorem 5.1 then implies {P € P : Qo(P, Q) # 0} C Py 1, as well as the

last statement of the corollary. m

Appendix B Auxiliary Lemmas

Lemma B.1. If Assumptions J.1(i)-(iii) hold and log®(|M|)|M|/n = o(1) then Assumptions
4.1, 4.2, 4.8, 4.4(v), and A.1 of Fang et al. (2023) are satisfied for the test defined in (18)
with a, = log(|M|)\/|M|/n and M3y = /| M].



PROOF. Assumption 4.1(i) in Fang et al. (2023) is equivalent to our Assumption 4.1(i), while
their Assumption 4.1(ii) holds with a,, = log(]M])\/|2Z|/n by Lemma B.3 and Assumption
4.1(ii). Next note that Assumptions 4.2(i)(ii) in Fang et al. (2023) hold by Lemma B.7(i)(ii),
their Assumption 4.2(iii) holds with M; ¢ = \/M by Lemma B.7(iv), and their Assumption
4.2(iv) holds due to Q(P) being diagonal. Further observe their Assumption 4.3(i) holds due
to the first | M| diagonal entries of Q(P) being non-zero and the final two rows of (V, P)
being zero. In turn, Assumptions 4.3(ii) and 4.4(v) in Fang et al. (2023) hold by Lemma
B.7(v) and Assumption 4.1(ii). Finally, we note that Assumption A.1 in Fang et al. (2023)
holds with a,, = log(|M])/|M|/n by Lemma B.5. m

Lemma B.2. Suppose Assumptions 4.1(i) and j.1(iii) hold, log(|M|)|M]|/n = o(1), and
for v(V, P) as in (41) let X(P) = Ep[yp(V, P)Y(V, P)']. Then, it follows that
(i) There exists a Gaussian vector G(P) ~ N(0,%(P)) satisfying uniformly in P € P

(n)y/IM|
7 .

(7i) There exists a Gaussian vector G*(P) ~ N(0,X(P)) that is independent of the sample
{Vi}r, and satisfying uniformly in P € P

N log®/?
[Pyt (via(h, - 8(P) —c(P))||_ = 0r ( & (74)

. log®/? M
Py (Vi - ) - G(P)| :op( 5y ‘). (75)

NG

Proof. First note that Lemma B.3 allows us to conclude, uniformly in P € P, that we have

(Vi P)} e = O (W) (76)

o0

12(P) {v/n{B. — B(P) \/—Z
To establish the lemma, we next apply Theorem 1 in Massart (1989) to couple the vector
> w(Vi, P)//n to a Gaussian variable G(P). To this end, we let {U;}?; be an i.i.d. sample
with U; ~ Unif][0, 1]. We also divide [0, 1] into | Z| disjoint intervals, denoted C,(P), satisfying
P(U; € C,(P)) = P,. We further subdivide each interval C, into disjoint subintervals,
denoted Cq,(P), satisfying P(U; € Cyq.(P)) = P,q. for any (y,d) such that (y,d,z) € M.

In what follows, we will assume that (Y;, D;, Z;) are generated from U; according to

vn

Y, =y, Di=d, 7 =z} = I{U; € Cpg.(P)} , (77)

which we note is without loss of generality in that the distribution of (Y;, D;, Z;) is still P
in this probability space. Next, let S denote the class of all intervals contained in [0, 1].

Because all intervals are convex, S satisfies the uniform Minkowski condition in Definition



2 in Massart (1989). Moreover, since S is a VC-class, it follows that S satisfies assumption
H(¢) in Massart (1989) with ¢ = 0. Defining G,, € *°(S) by

G, (S) Z[{U €eS}—-PUEeNS))

\/_

for any S € S, we then obtain from Theorem 1 in Massart (1989) that there is a Brownian
bridge W satisfying
Cov|[G,(S), G, (S")] = Cov[W(S), W(S")] (78)

for all S,S" € § and such that for some constants K, A, and § depending only on S we have

P {sup G.(S) — W(s)| > V8 Klog(n))} < Aexp(—6t) (79)
Ses vn

for all t > 0. In particular, by setting ¢ to be large enough in (79) we obtain that

log™*(n)
sup |G, (S) —W(S)|=0p | ——=— . 80
up 6.(5) ~ W(S)] = O 1" (50
To conclude, define a Gaussian vector G(P) of dimension |[M| + 2 by letting its last two
coordinates equal zero and its first | M| coordinates, indexed by (y,d, z) € M, be

1 P,q.
Gya.(P) = ?W(Cde(P)) - ;Z

W(C.(P)) - (81)

Similarly, by (77), definition of ¢(V, P), and the construction of C,4.(P) and C,(P) we have

T bV P) = - Cu(Cua(P) — 2EC(C.(P)) (52)

In particular, results (78) and (82) imply that E[G(P)G(P)'] = X(P) as desired. Moreover,
by definition of Q(P), Assumption 4.1(iii), and (81) and (82) we also have that

) {;ﬁzw P) - G(P)}

ik Ly Vi, P) — Gq.(P
(ydz)e/vl P1/2<1 Pyd\ )1/2 nizzll/}ydz( 2 )_ ydz( )
P1/2 1 d
< z _
ydze/vt P1/2 ( P2 ) X i}ég|Gn<S) W(S)|
log™?(n)/|IM|
=0 83
" ( NG ’ (83)
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where the final result holds uniformly in P € P by Assumption 4.1(iii) and result (80). The
first claim of the lemma therefore follows from (76) and (83).
In order to establish the second claim of the lemma, we first define the vector G, by

T 2007 P) = (Y. P) (59

J=1

1
n
Given this notation, then note that Lemma B.4 implies, uniformly in P € P, that

. . N log(|M M
H(Q<P>>*{¢ﬁ{ﬁ;:—ﬁn}—Gn}um=op( al %W) | (85)

Applying the same construction based on Massart (1989) conditionally on {V;}* , implies
that there is G(P) satisfying G(P) ~ N(0, Var{#(V, P)}) conditionally on {V;}7, and

P{HGn 6P > o Klog<n>>]{m?:1} <Aew(-0) (50

for some C} < oo not depending on {V;}!,. Further let B denote the Borel o-field, and
for any B € B denote its e-enlargement under || - ||oo by B¢ = {b : infyep ||b — b||s < €}.
Defining 8, = 2C, K log*?(n)|Z|/y/n and setting t = C,, we then obtain from result (86)
and Strassen’s Theorem (see, e.g., Theorem 10.3 in Pollard (2002)), that

sup Ep [sup {P {Gn € B‘{Vi}?:l} - P {G(p) e Bion
PeP BeB

{vi};;l}}] < Nexp{-6C5)  (81)

for n sufficiently large. Since the right hand side of (87) can be made arbitrarily small by
setting Cy sufficiently large, we obtain from Theorem 4 in Monrad and Philipp (1991) that
there exists a random variable G(P) with distribution N (0, Var{«(V, P)}) conditionally on
{Vi}®, and such that uniformly in P € P it satisfies

R B 0a®2(n,
16, - 6(P) = 0p (5T 59

Moreover, result (88), the definition of 2(P), and Assumption 4.1(iii) yield that
1(2(P){Gn = G(P)}|e
P. V2o A log™?(n)/|M|
< sup ( . )> 1Gn = G(P)]loo = Op ( (89)

wdzyem \ Pyajz(1 — Py NG

uniformly in P € P. However, since (Q(P))!G(P) ~ N(0, (Q(P))Vars{v(V, P)}(Q(P))")
conditionally on the data, we may apply the arguments in Lemma A.7 in Fang et al. (2023)
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(see in particular their equation (A.57)) and Lemma B.6 to conclude that there is a G*(P) ~
N(0, (Q(P))IVarp{y)(V, P)}(Q(P))T) that is independent of the data, and satisfies

_ _ log (| M M
||<Q<P>>*G<P>—G*<P>||oo=op( el J%V' ') (90)

uniformly in P € P. Finally, let G*(P) = Q(P)G*(P) and note that G*(P) is independent
of the data, because G*(P) is, and G*(P) ~ N(0, Varp{s)(V, P)}) because the columns of
Varp{¢)(V, P)} are in the range of Q(P). The second claim of the lemma then follows from
results (85), (89), and (90). m

Lemma B.3. Let Assumptions 4.1(i) and 4.1(iii) hold and 1 (V, P) be as defined in (41). If
log(|JM|)|M|/n = o(1), then it follows that, uniformly in P € P, we have

N log (| M Z
1(Q(P)){v/n{ B, — B(P) \/—Z¢ Vi, P)Hloo = (W) .

PRrROOF. We first note that by Lemma B.10(iv), min ¢z P, > 0 with probability tending to
one uniformly in P € P. Therefore, the first | M| coordinates of 3, — 8(P) have the following
structure for some (y,d, z) € M with probability tending to one

A

P, P,

dz sz 1 - dz ;S ~
; _%:F<Pydz_Pydz)_;2 (Pz_Pz)+fdeZ7

where

) R 1 1\ Pg./(1 1)\ -
Vydz:(Pydz_Pydz)<A_P>_Py)<ﬁ—P>(Pz—PZ).
pp

Since the final two rows of {3, — )} are identically zero, the definition of Q(P) implies

H(Q(P))* {vith, o} - 2= 3w }H

P, V2
= max z
(y,d,z)EM (P a-(1 — P, d|z)> Vi

Y Y

|Z|? d,2)eEM

M2
<((58) * mu, vkl . O

where the inequality follows from Assumption 4.1(iii). Next note Lemma B.10 implies that

N 1 1
max ‘(Pydz — Pydz) <p — P) ’

(y,d,z)eM o
R 1 1 Z|?
max |P,q. — Pyq:| x max |P, — P,| x max =5 X Op(1) =Op log(IMDIZ (92)
= i = <z P IM]|Z]
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uniformly in P € P. Similarly, Lemma B.10 and Assumption 4.1(iii) also yield that

Pu (1 1\,-
———)(.-P

< ax
~ (y,d,z)eEM PZ3 z€Z

2= PP 0 = 0p (ELEED) (o

uniformly in P € P. The claim of the lemma then follows from combining results (91), (92),
and (93). m

Lemma B.4. Let Assumptions 4.1(i) and J.1(iii) hold and 1 (V, P) be as defined in (41). If
log(JIM])|M|/n = o(1), then it follows that, uniformly in P € P, we have

i P}l — O (mguMDm) |

NG

PRrROOF. The proof follows similar arguments to those employed in the proof of Lemma B.3.
We first note that by Lemmas B.10(iv) and B.11(iv), min,cz P* A P, > 0 with probability
tending to one uniformly in P € P. Therefore, the first | M| coordinates of B;’; — B, have the
following structure for some (y,d, z) € M with probability tending to one

3\*—‘

QP V{5, = B} — \/— Z

N N
Pydz_Pydz_ > > P,

1 * dz [ Px > A%
P p e P = Ty (B P (o4
where N
o 1 1\ Ba(1 1), 4 =
i = = P (5= ) 25 (= ) 2= ) %)

Since the final two rows of { BA:; — Bn} are identically zero, the definition of Q(P) implies

1(QP) (V{8 — B} — Z¢ Vi, P) s

p 1/2
= max K ny,
(y,d,z)eM | (P d-(1 — P, d|z>> Vs

Y Y

, (96)

1/2
(MY
~A\JZ|? (y.d,z)EM
where the inequality follows from Assumption 4.1(iii). Next note that Lemma B.11(iv) yields

. A 1 1
P —Pu) | —— =
o~ (3 )

1 1 Z|?
P,q.| x maX|P — P.| x max = X Op(1) =Op log(IMDIZ (97)
2 P2 M| Z]

max

(yd )€M| ydz

z

uniformly in P € P, where in the final result we used Lemmas B.11(i)(ii), Lemma B.10(iv),
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and Assumption 4.1(iii). Similarly, applying Lemmas B.10(iii)(iv) and Lemma B.11(iv)
yields, uniformly in P € P, that

Po(1 1\ ~ 4
max gd = T = (P:—Pz)
wd=em| P, \Pr P,

< max
T (ydiz)em P3 z€Z

A B2 _ 1Z2]*1og(]2])
Pr — P xop(1)_op< Ain (98)

where the final equality used Lemma B.11(ii) and Assumption 4.1(iii). Hence, we obtain

NG

uniformly in P € P, by results (96), (97), and (98). Next, note that for any (y,d, z) € M

N log(| M Z
1(QUP) {/n{ B — Ba} — Z¢ V', P)}Hloo = O (W> (99)

A 1 A jj 2 % A
Uy (Vi P) = F(I{Y* =y, Df =d, Z} = 2} — Pp.) — }Z—Z(I{Zi =2} —P.), (100)

and therefore
wde(Vi* A) (wydz V* n s Z wydz

- (; - ;) (1Y =4, D} =d, 2} = 2} — Pya.) - (]; - ];) (1{z; ==} - P.).

Therefore, the definition of 2(P) and Assumption 4.1(iii) together allow us to conclude that

n

P = 3007 P) = = S0 P) = 3 (V. P}

P\ 1 1\ ,- . Pu. Pu)/nn -
< - — = — | (P, — Pya.) — [ 2= — 22 ) (PF—P.) ¢l
() (7 7) G o (- ) (-2
(101)

Next, observe that Assumption 4.1(iii) and Lemmas B.10(ii)(iv) and B.11(i) imply that

P\ 11 R
Z — - P — P,
(yglggM‘(Pd'Z) vn (P Pz> ( ydz — Lyd )

Y z

JnlM| P, — P, f oA log(|M])/|Z]
< X max | — X max [P, — Py =0p | ——F——| (102)
|Z| €2 | p.p, (ydz)em Y vn
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uniformly in P € P. Moreover, Lemmas B.10(ii)(v) and Assumption 4.1(iii) also imply that

max | Pyd‘zpz|
(y,d,z)EM

. . log(| M)
< max_{|P — Pyu:|P. + Pyl P — P2} = Op | Y———] (103)

T (y,d,2)EM /nlz‘

uniformly in P € P. Therefore, result (103), Assumption 4.1(iii), and Lemmas B.10(iv) and
B.11(ii) yield

Pz 2 pydz Pydz - -
A - P* - PZ
(y,g}z%)e(/\/l ‘ (P d|z> \/ﬁ < P2 P2 ( z )

z

\/nM Py.P, — Py P, R R log(|M|)y/|IM

< M| X ydlz W22 % max | Pr— P = Op s(MDYIM] (104)
| Z| (yd,z)EM P.P, €2 Vn

uniformly in P € P. The claim of the lemma then follows from (99), (101), (102), and (104).

Lemma B.5. Let Assumptions /.1(i) and 4.1(iii) hold, and let ||Cl|s,00 = supjqy..<1 [/Ca/l00
for any p x p matriz C. If log(|M])|M|/n = o(1), then it follows that ||Q(P)}(€, —
QP00 = Op(\/log(|/\/l|)|/\/l|/n) uniformly in P € P.

PROOF. For any constant ¢ > 0, we have |¢ — 1| = |/c — 1]|\/c + 1| and therefore that
|\/c — 1| < |¢ — 1|. Therefore, employing the definitions of Q(P) and Q, yields that

R PY2(1 — Py )2 pl/2
12P) (20 = AP oo = max ) 72 L
(y? ,Z)E z Pyd|z(1 — Pyd‘z)
Pa.(1— P,y P2
< max | " ) « e —1 (105)
(y,d,z)eM Pz Pydz<]- Pyd\z)

Next, note that (a* —b?) = (a—b)(a+0b), Lemmas B.10(ii)(iv) and Assumption 4.1(iii) imply

P2
A |
p2

max
z€EZ

1 log(|2])| 2]
< max — X max |P, — P|><n1aX]P +P,|=0p | —F (106)
€2 P27 ez vn

uniformly in P € P. Similarly relying on Assumption 4.1(iii) and Lemma B.10(v) yields

1— Py, P — P log(|M])| 2
max 7yd|) — 1 = M — OP M (107)
(y,d,z)eM (1 — Pyd|z) (y,d,z)eM (1 — Pyd|z) \/ﬁ

uniformly in P € P. The lemma then follows from (105), Lemma B.10(iii), and results (106)
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and (107). m

Lemma B.6. Let Assumptions /.1(i) and 4.1(iii) hold, ¥(V, P) be as defined in (41) and
for any k x k symmetric matriv M let ||M||, denote its largest absolute eigenvalue. If

62 = log(JIM|)|M|/n satisfies 8, = o(1), then uniformly in P € P it follows that

1(Q(P)) (Varp {9 (V, P)} = Varp{e:(V. P))(QP)!]|o = Op (,)  (108)
1((P) Varp {e:(V, P)}Q(P)')2 — (QP) Varp{:(V, P)}AUP)) 2|l = Op (82) . (109)

PROOF. First define the vector ¢, (P) = 3, ¢(V;, P)/n for notational simplicity. Next, note

that for any unit-length vector v (under || - ||2), the Cauchy-Schwarz inequality implies

2
_ _ _ _ _ 12
0PVl PY ol = [GaPLlGnPY o) < WP = 3 (53 a))
(y,d,z)eEM =1
where the final equality follows from the definition of ¢)(V, P). Therefore, since Lemma B.7(i)
implies that Ep[¢(V,P)] = 0 for all P € P and the sample {V;}, is ii.d., Assumption
4.1(iii) and the definitions of Q(P) and ¥ (V, P) yield the bound

sup Ep [P 6, (P ] < sup {H@(P))*Hz <1 Y Be[Uv, P>}}

(y,d,2)eEM

Pz 1 Pydz P2dz |M’
< sup {( max X > (Pf +%23 < — . (110)

peP | (y,d,2)eEM Pyd|z(1 - Pyd\z) n (y,d,z)EM n

Next, set M;(P) = (QUP)) (¥(Vi, P)(V;, P) — Ep[p(V, P)w(V, P)])(Q(P))T/n, and note
result (110), the triangle inequality, and Markov’s inequality yield, uniformly in P € P, that

(2P Vo (V. P}~ (V. PP o < 13 81k Op (11) a0

Moreover, for any unit length vector v (under || - ||2) the Cauchy-Schwarz inequality implies

[ (V, Py (V, PYvllz < [ (V, P)I3

1 Pydz 2
(yvde)EM z z

=2 > <1I{Y D = ay+ Fue
— lgla‘X 72 = y, fry 1

2 yayaem \ Lz P

1 P2,

< 2max — -+ 2max Z ydz
- z 2 z 4

€21 €2 ardnem Lz
S12P, (112)
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where the first equality follows by definition of ¢(V, P) and the final inequality from As-
sumption 4.1(iii) and Y, 4).(y.a,:em Pog. < 1. Hence, the definitions of Q(P) and M;(P),
the triangle inequality, result (112), and Lemma B.7(ii) imply

M (P)llo < Tll{H(Q(P))TIIiIW(V, P)(V, P)'llo + [(QP)) Ep[(V, Py (V, PY1(Q(P)) |}

§1< sup PZP ><|Z|2+O(1)>:O<W|>. (113)

n (ydz)eMP d)=(1 = Pyap2) n

Next, observe that the definition of 2(P), result (112), and Assumption 4.1(iii) yield that

/ PZ 2
IQP)V; PV PY@P) o S max 5y x [0V, PIBS IMI (114

Hence, the triangle inequality, { M;(P)}?_, being i.i.d., Lemma B.7(ii), and result (114) imply
I3 B2 (Pl < - {IER@P) V. Pyuv. Py @) L, + o) £ P
i=1
(115)

Results (113) and (115) allow us to apply Bernstein’s inequality for matrices (see, e.g.,

Theorem 1.4 in Tropp, 2012) to conclude there is a C' < oo such that for all ¢ > 0 we have

{HZM Nlo >t} < IMlexp{—CWrzit)} : (116)

Evaluating the bound in (116) at ¢t = K /| M| log(|M])//n for K sufficiently large implies

1og<\M|>|M|) -

IIZM HO—OP( NG

uniformly in P € P. Result (108) then follows from (111) and (117).

In order to establish (109), let N(P) and N(P) denote the null spaces of the matri-
ces Q(P)Varp{(V, P)}Q(P)" and Q(P)IVarp{y)(V, P)}Q(P) respectively, and note that
the null space of Varp{¢)(V, P)} being a subset of the null space of Varp{(V, P)} with
probability one implies N(P) C N (ﬁ) with probability one. On the other hand, Weyl’s Per-
turbation Theorem (see, e.g., Corollary I11.2.6 in Bhatia (2013)), the positive eigenvalues of
Q(P)'Varp{y(V, P)}Q(P)! being (weakly) larger than one for all P € P by Lemma B.7(iii),
and result (108) imply that the dimension of N'(P) is (weakly) smaller than the dimension of
N(P) with probability tending to one uniformly in P € P. Since, as argued, N(P) C N(P)
with probability one, we can therefore conclude that

liminf inf P{N(P) = N(P)} = 1. (118)

n—oo PecP
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Next set AT(P) and A™(P) to be the smallest strictly positive eigenvalues of the matrices
Q(P)Varp{e(V, P)}Q(P)" and Q(P)"Varp{y(V, P)}Q(P)" respectively. A second applica-
tion of Weyl’s Perturbation Theorem, Lemma B.7(iii), and results (108) and (118) then
imply

liminf inf P{A"(P) > 1/2} = 1. (119)

n—oo PEP
In particular, results (118) and (119) imply the event Ey(P) = {N(P) = N(P) and A*(P) >
1/2} occurs with probability tending to one uniformly in P € P. Under Ey(P) we can apply
Theorem X.3.8 in Bhatia (2013) (on the subspace orthogonal to N(P)) to conclude

I(Q(P) Varp {&:(V, P)}Q(P)T)2 — (QP) Varp{:(V, P)}Q(P)") 2],
< S IQUP) (Varp{0(V. P} = Vars {9V PIDE(P) Ly (120
and therefore (109) holds due to (120) holding with probability tending to one and (108). m

Lemma B.7. Let Assumptions 4.1(i) and 4.1(iii) hold, log(|IM])|M|/n = o(1), ¥(V, P) be
as in (41), and X(P) = Ep[v(V, P)Y(V, P)]. Then, it follows that

(i) ¥(V, P) satisfies Ep[i(V, P)] = 0;

(ii) The eigenvalues of Q(P)TS(P)Q(P)" are uniformly bounded in P € P;
(iii) The nonzero eigenvalues of Q(P) S (P)Q(P)! are weakly bigger than one for all P € P;
(iv) U(V, P) = |Q(P)1(V, P)||s satisfies suppep Ep[|U(V, P)])] < |M|?/?;

(v) (Ba—=B(P)), (5% —p,) € range(S(P)) with probability tending to one uniformly in P € P.
(vi) The null space of X(P) has dimension |Z| + 2 for all P € P.

PROOF. In order to establish the first claim, recall that the first | M| entries of ¥(V, P) are
indexed by (y,d, z) € M and have the following structure

1 Pya.
Y =y D=dZ=z}~ WETE 7 = o)

¢ydz(vv P) = P2

By direct calculation, Ep[t)yq.(V, P)] = Pyq. — Pyq- = 0 and, since the final two coordinates
of ¥(V, P) are identically equal to zero, the first claim of the lemma follows.

To establish the second claim, we first characterize the covariance matrix %(P) by noting

0 if 2#£2
Cov[tya= (V; P), tygs(V, P)] = § — Doz if 2 — 2 and (y,d) # (. d) - (121)
PP it (y,d,2) = (5,4, 2)

Also observe that the last two rows and columns of ¥(P) are zero because the final two

rows of (V, P) equal zero. Since 2(P) is a diagonal matrix in which the first | M| entries
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have the structure (Pyq,(1 — Pyqp.)/P.)"? for some (y,d,z) € M and the final two entries
equal to zero, result (121) implies that Q(P)"X(P)Q(P)' is block diagonal and the final two
columns and rows equal zero. In particular, there are | Z| blocks, which we denote by I',(P)
for z € Z. Letting a.(P) be a vector with coordinates { P, yd| (y,d, z2) € M}, b,(P) a vector
with coordinates {(1 — Pyq.) "2 : (y,d, z) € M} and diag{b.(P)} denote a diagonal matrix
with diagonal b, (P), it then follows by direct calculation that each I',(P) satisfies

[.(P) = diag{b.(P)}(I - az(P)a.(P))diag{b.(P)}, (122)

where I is the identity matrix. Since ||b.(P)| s is uniformly bounded due to P,q. being
uniformly bounded away from one by Assumption 4.1(iii), the second claim of the lemma
follows from (122) and Q(P)'E(P)Q(P)T being block diagonal with blocks I',(P).

For the third claim, set M,(P) = (I —a,(P)a.(P)’) and let A\g > 0 be any strictly positive
eigenvalue of I',(P) and z( denote its corresponding unit norm eigenvector. By result (122)

and M,(P)M,(P) = M,(P) due to M,(P) being a projection matrix, we then obtain

diag {b.(P)}M.(P) M. (P)diag{b.(P) o = Aoao. (123)

Next set vg = M, (P)diag{b.(P)}zo and note that result (123) implies that [Juo]|3 = o

because ||zg||a = 1. Moreover, by direct calculation we can also conclude that

Vo

. . Lo Yo
M. (P)(diag{b.(P)})>M,(P)——= = M, (P)diag{b,(P)}".(P)——= = \——, 124
(P)(ling{0.(P) P ML(P) e = ML(PMling{b-(PIT(P) T = Do, (120
which implies )q is an eigenvalue of the matrix M, (P)(diag{b.(P)})?>M,(P). Also note

min o' M, (P)(diag{b.(P)})*M,(P)x

lzll2=1, (z,a-(P))=0
1
= min o (diag{b,(P)})?z > min —— >1 (125
llzll2=1, (z,a-(P))=0 ( g{ ( )}) o (y,d,z)EM 1— Pyd|z - ( )
where the equality follows from the definition of M, (P) and the inequality from the definition
of b,(P). In particular, since a,(P) spans the null space of M,(P)(diag{b.(P)})*M,(P),
result (125) implies that the positive eigenvalues of M, (P)(diag{b.(P)})?*M,(P), and hence
of I',(P), are bounded below by one. Since Q(P)TS(P)Q(P)' is block diagonal with blocks
I'.(P), the third claim of the lemma follows.
For the fourth claim of the lemma, use the definitions of ¥(V, P) and Q(P) to obtain

|

12(P) T (V. P) o

Pz 1 sz
v | =Y =y D=d Z =21 -2y _,
(ydz (\/ yd\) Pz{ Yy } PzQ { }
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VP, 1 P
< max X max |— + v
(y,d,z)EM \/Pydlz(l —_— Pyd|z> (y,d,Z)GM PZ PZ

S VIM|

where the final inequality holds uniformly in P € P by Assumption 4.1(iii).

Turning to the fifth and sixth claims, note that by Lemma B.10(iv), the event E, =
{min, ¢z P, > 0} has probability tending to one uniformly in P € P. We next argue that
(B, — B(P)) € range(X(P)) whenever the event E, occurs. To this end, note that by result
(121), ¥(P) is block diagonal with |Z| blocks we denote by A,(P), and has the final two
rows and columns equal to zero. To examine the null space of A,(P) note that a vector
a, = (ayq: (y,d, z) € M) satisfies A,(P)a, = 0 if and only if it satisfies the equality

0 = Varp ( > ayd(;I{Y oy D=d 7=z} — ];__y;;zf{z - z})) . (126)
(y,d):(y,d,2)EM z z
Defining a function f of (Y, D) by f(y,d) = ayq, condition (126) may be equivalently ex-
pressed as f satisfying (f(Y,D) — Ep[f(Y,D)|Z = z|)I{Z = z} = 0. However, by Assump-
tion 4.1(iii) such an equality can only hold if f, and hence a, is constant. Given the structure
of 3(P), we thus obtain that the null space of 3(P) has dimension |Z| 4 2 and its basis is
given by: (a) |Z] vectors whose final two coordinates equal zero and first |M] coordinates
equal a vector a = (ayq» : (y,d, z) € M) satisfying a,q. = I{z = 2} for some zp; and (b)
The coordinate vectors for the last two coordinates. Because the final two coordinates of
(Bn — B(P)) equal zero and in addition 3>, 4 ]Syd\z = X (y.d) Pya- = 1 whenever the event
Ey occurs, it follows that (Bn — B(P)) is orthogonal to the null space of ¥(P) and hence
belongs to its range because »(P) is symmetric. Identical arguments further imply that

(6% — f3,) € range(2(P)) with probability tending to one uniformly in P € P. m

Lemma B.8. Let Assumptions 4.1(i) and j.1(iii) hold, e; € RMI*2 has its j™* coordi-
nate equal to one and all other coordinates equal to zero, and v, € RMIF2 has its (y,d, 2)

coordinate equal to one for all (y,d,z) € M and all other coordinates equal to zero. Then:

(i) If log(|M|)|M|/n = o(1) and the null space of A’ is a subset of the span of the vectors
{v: 1 2 € ZY U {ejmj41; emi+2}, then it follows that Assumption 4.1(ii) holds.

(7i) If | M| is fized with n and Assumption 4.1(ii) holds, then it follows that the null space
of A" is a subset of the span of the vectors {v, : 2 € Z} U {ejm)+1, €jmj+2}-

PROOF. For notational simplicity we set V' to equal the span of {v. : 2 € Z}U{epm|+1, emi+2}
null(A’) to denote the null space of A’, and for any vector space H we let H' denote its
orthogonal complement (i.e., H+ = {h': (h,h') =0 for all h € H}).

20



For the first claim, first note that set inclusion implies that V4 C [null(A’)]*, and Theorem
6.6.3 in Luenberger (1997) therefore allows us to conclude that

V+ C range(A). (127)

Next define the event Ey = {P, > 0 for all z € Z} and note that under E, we have (v., (3,) =
1 for any z € Z. Since (v,, 3(P)) = 1 for any z € Z and (5, — B(P), ;) = 0 for j € {{M| +
1,| M| + 2} by construction, it follows that under the event E, we have (3, — 3(P)) € VL.
Therefore, result (127) and Ey occurring with probability tending to one uniformly in P € P
by Lemma B.10(iv) imply that Assumption 4.1(ii) holds when null(A") C V.

For the second claim, fix any P € P and let ¢(V, P) be defined in (41). Then note that
Q(P)QUP) (B, —B(P)) = (B, — B(P)) and Q(P)Q(P)ip(V, P) = 1(V, P) due to the last two
coordinates of (3, — 8(P)) and ¥(V, P) being zero, which imply that

Iv/n{ B, — B(P) W (Vi, Pl

IZ
< |QP)|Io[IP) {v/n{ B, — B(P) f Zw Vi, P)}la = op(1) (128)

where the final result follows from Lemma B.3 and the dimension | M| being fixed. Setting
Y(P) = Ep[y(V, P)yp(V, PY] and G(P) ~ N(0,%(P)), it then follows that v/n{3,—B(P)}
G(P) by the central limit theorem and result (128). We therefore obtain that

1 = limsup P {\/E(Bn — B(P)) € range(A)} < P{G(P) € range(A)} (129)

n—o0

where the equality follows from Assumption 4.1(ii) being satisfied by hypothesis, and the
inequality by the Portmanteau Theorem (see, e.g., Theorem 1.3.4(iii) in van der Vaart
and Wellner (1996)). Next note that since G(P) ~ N(0,%(P)), Theorem 3.6.1 in Bo-
gachev (1998) and result (129) imply that range(X(P)) C range(A) or, equivalently, that
[null(3(P))]* C [null(A")]* by Theorem 6.6.3 in Luenberger (1997). Therefore, by set inclu-

sion we can conclude that if Assumption 4.1(ii) holds, then we must have
null(A") C null(X(P)). (130)

Finally, note that ¢(V, P)'v = 0 for any v € V' by definition of ¢)(V, P). Hence, ¥(P)v = 0 for
all v € V and, since the dimension of V' is | Z| +2, Lemma B.7(vi) implies that null(3(P)) =

V. The second claim of the lemma therefore follows from result (130). m

Lemma B.9. For each z € Z select a (y.,d.) € M., let (V,P) be as defined in (41),
3 (V, P) equal the vector obtained from removing the rows ((y,,d,, z) : z € Z) from ¢(V, P),
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Y3(P) = Ep[y*(V, P)y*(V, P)'], and Q®(P) be a diagonal matriz with (j,j) entry €5 ;(P)
equal to (%, ;(P))Y2. If Assumptions 4.1(i) and j.1(iii) hold, then it follows that
(i) The eigenvalues of Q°(P)TL3(P)Q(P)' are uniformly bounded in P € P.
(ii) The nonzero eigenvalues of Q5(P)T¥(P)QS(P)' are bounded from below by w(|Z]/|M|)
for all P € P and some constant m > 0 not depending on |M| or |Z|.
(iii) The range of Q3(P)TE5(P)Q(P)T equals all vectors with the final two coordinates equal
to zero for any P € P.

PROOF. For the first part of the lemma note that Q(P) S (P)Q(P)Tis a (JM|+2) x (|M|+
2) matrix whose first |[M| rows and columns can be indexed by (y,d,z) € M. Since
O5(P)'2s(P)Q¥(P)' equals the matrix obtained from removing every row and column in-
dexed by ((y.,d,, 2) : z € Z), part (i) of the lemma follows from Lemma B.7(ii) and Cauchy’s
Interlacing Theorem (see, e.g., Corollary II1.1.5 in Bhatia (2013)).

For the second part, note that Q5(P)T¥5(P)Q%(P)' is a block diagonal matrix containing
|Z| blocks and whose final two rows and columns equal zero. Letting b3 (P) denote a vector
with coordinates ((1 — Pyg.) ™" : (y,d) € M.\ {(y:,d.)}), ai(P) denote a vector with
coordinates (Pyl(;é/(l — Pya)"? ¢ (y,d) € M, \ {(y.,d.)}), and diag{bs(P)} denote the
diagonal matrix with entries b3(P), it then follows from direct calculation that

[3(P) = diag{b3(P)} — a3(P)ai(P)". (131)

z

Let m = ¢1/cs for ¢; and ¢y the constants in Assumption 4.1(iii) and define ¢* = 7(|Z|/|M]).
Then note that, because of the block diagonal structure of Q5(P)"¥5(P)Q3(P)T, in order to

establish part (ii) of the lemma it suffices to show that for any = we have

2'(diag{b3(P)} — I — a(P)ai(P)")x > 0, (132)

z

where I denotes the (M| —1) x (]JM,| — 1) identity matrix. Also note that all coordinates
of b5(P) are larger than one, which implies that the matrix diag{b%(P)} — ¢*I is invertible
because ¢* < 1. Hence, using the Cauchy-Schwarz inequality allows us to conclude that
(¢'az(P))* = («/(diag{b3(P)} — ¢'I)"*(diag{bi(P)} — ' 1)~ a%(P))”
< (2/(diag{b2(P)} — c'I)x)(aZ(P) (diag{b(P)} — c"[)"'al(P)) . (133)

Moreover, by direct calculation and using that (1 — Pyg.) < 1 and ¢* < 1 we obtain

S 3 S E3 — S sz
P g (P} — D AP = Y e
(y,d)eEM\{(y=,dz)} yd|z
Pd| 1—P d.|z
< yalz YzQz <1 134
S D I S mara e (£ 1)

(y,d)eM\{(yz,d=)}
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where the final inequality follows from c¢* < P, for all (y,d,z) € M and P € P by
Assumption 4.1(iii). The second part of the lemma then follows by noting that results (133)
and (134) imply that (132) is satisfied.

The third claim of the lemma is immediate from the block diagonal structure of the matrix
Q3(P)TS3(P)Q(P)T and each block I'$(P) being full rank by result (132) and ¢* > 0. m

Lemma B.10. Let Assumptions 4.1(i) and j.1(iii) be satisfied. If in addition the condition
log(JIM])|M|/n = o(1) holds, then it follows that uniformly in P € P:
(i) maxazem | Py = Pral = Op(y/log(IM])//| Mln);
(ii) maxez | P — P.| = Op(y/log(12])/ /| ZIn):
(i) max(y,a.yem | Pyaz/ Pyaz = 1| = Op(y/log(|IM[)| M| /v/n);
(iv) max.ez |P./P. — 1| = Op(y/log(|Z|)| 2| /V/n);
() max(yazent | By — Pl = Op(y/log(|M])| 2] /n).
PRrROOF. First note Bernstein’s inequality (see, for example, Lemma 2.2.9 in van der Vaart
and Wellner, 1996) allows us to conclude that

P{|Pyd2_Pyd2| >x} < Zexp (_QW—i—w) ’
n 3n

where the inequality holds for all (y,d,z) € M and P € P. Therefore, Lemma 2.2.10 in
van der Vaart and Wellner (1996) and the norm inequality || - |[1 < || - ||, yield

log(IM])

log(|M])
Py (1— PN/
n + (yfj{lj}éﬂ/{( yd ( yd ) NG

Next observe Pyg,(1 — Pyg,) S 1/| M| uniformly in (y,d, z) € M and P € P by Assumption
4.1(iii). Therefore, result (135), Markov’s inequality, and log(|M|)|M|/n = o(1) imply

log(!M|)>
y [Mn

uniformly in P € P, which establishes the first claim. Moreover, by identical arguments

log(\Z\))
VIZIn

uniformly in P € P, which establishes the second claim. For the third claim, note that

E[ max | Pyq. —Pydz|] < (135)

(y,d,2)EM

max  |Pyg. — Pya.| = Op ( (136)

(y,d,z)eEM

max |P, — P,| = Op ( (137)

A

B ! A log (M) M
-1 < P,g.— P,.| =0 , (138
Pydz ' o (yyg}za)}é/\/l Pydz % (yvlf’iI}Z%)E(M | vd vd ‘ P ( \/ﬁ ( )

max
(y,d,2)eEM
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where the equality holds uniformly in P € P by Assumption 4.1(iii) and result (136). The
fourth claim of the lemma follows by identical arguments to those employed in (138) by
relying on (137) instead of (136). To establish the final claim of the Lemma, note that

A

P, P, . p.—P
max vz T < max — max  |P,g. — Pyg.| + max P, X max |A72|
(y.d2)eM| P, P, £ * wdnem (y.d.2)EM €z PP,

o) o ) o o)

where the equalities hold uniformly in P € P by parts (i), (ii), and (iv) of this Lemma and
Assumption 4.1(iii). m

Lemma B.11. Let Assumptions 4.1(i) and J.1(iii) be satisfied. If in addition the condition
log(IM])|M|/n = 0( ) holds, then it follows that uniformly in P € P:
(i) max(yamer | 2. — Pyl = Op(yflog(IM])/1/IMIn);
(i1) max.cz | P2 = P| = Op(y/log(|2])//|Z|n);
(i) max(y.a.em | Pyaz/ Pya: — 1] = Op(y/log(IM])| M| /v/n);
(iv) max.ez |27/ P, — 1| = Op(y/log(|Z])| 2/ /n).

Proor. We follow similar arguments to those used in the proof of Lemma B.10. First define

P, 1
=1 <=y,
P, )

which we note is a function of {V;},. Therefore, the law of iterated expectations yields

A

Pydz
Pydz

1

< — and max
2 ZEZ

A, = { max
(y,d,z)eM

P {(yglza)we(M | Pz = Fya:| > x}

< Ep

Pl s, P = Pl > o)1 b 1A} | + LAt o)

for any x > 0. Next, note that Bernstein’s inequality (see, for example, Lemma 2.2.9 in
van der Vaart and Wellner (1996)) allows us to conclude that

{vi}z }<2 ! -
Rl B WY RCEY S

n 3n

{| ydz_Pde| > X

where the inequality holds for all (y,d, z) € M. Therefore, Lemma 2.2.10 in van der Vaart
and Wellner (1996) and the norm inequality || - ||; < || - ||y, yield that

log(| M) n
n

{vi}:-u] A} <

EP[ max | ydz de|

max e
(y.d,z (yd2)em  YE vn
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Next observe that Py, < 1/|M| uniformly in (y,d,z) € M and P € P by Assump-

~Y

tion 4.1(iii). Therefore, result (141) together with Markov’s inequality and the condition
log(JM])|M|/n = o(1) yield for any constant K > 0 that

P{(max 1B~ Byl > A |{V} }I{A}

y,d,z)EM

1

Ep S=. (42

Hence, since suppcp P{AS} = o(1) by Lemmas B.10(iii),(iv), results (140) and (142) yield

log(|M
max | ydz yd2|:OP (M) (143)

(y,d,z)eM /’M‘n

uniformly in P € P, which establishes the first claim. Moreover, by identical arguments,

log(\ZD>
VIZIn

uniformly in P € P, which establishes the second claim. For the third claim, note that

max|P: — P| = O ( (144)

P 1 log(|M|)| M|
max |2 -1/ < max ——x max |P oz P,.| = Op , (145)
(wd2)eM| Py, Wd)eM Py, (nd2)eM Vn

where the equality holds uniformly in P € P by Lemma B.10(iii), Assumption 4.1(iii), and
(143). The fourth claim follows by identical arguments to those employed in (145) but relying
n (144) instead of (143) and Lemma B.10(iv) instead of Lemma B.10(iii). m

Lemma B.12. Let Assumption 5.1 hold, diam{By 1} < 0 for some 6 >0 and all1 <{¢ <L,
P{Y,D,Z)eYxDxZ}=1,and f: Y x D x Z — R be a function satisfying

max sSup |f(y7 d7 Z) o f(y/7 d? Z)‘ =7 (146>

dED zEZ Iy y ‘<26

for some n > 0. Define T = {(co,7s,%x) € LIPI x Ry x {0,1} : V(co, 71, %) # 0} and suppose
P = QT where Q = Qr x Py for Py the marginal distribution of Z and Qg satisfying

> Qr{(Ro, Ry) € (V(cor,x) x {r})} =1 (147)

(cosrt,X)EL

> ( sup  g(ro, 1) — 90> X Qr{(Ro, Rt) € (V(coy1i,1) x {1 })} >0 (148)

(co,rt):(co,rt,1)ET To€Y(Co,rt,1)

( inf  g(ro,r) — 90> X Qr{(Ro, Rt) € (Y(co,1e,1) x {r})} <0 . (149)
(co,rt):(co,re,1)ET

Toey(CmThI)
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Then, there is a distribution Qg of R satisfying Qr{R € R} = 1, Eg [(g(R) — 00)I{R €
R'Y] =0, and such that P = QT " with Q = Qg x Py satisfies [ f(dP — dP) < 2.

PROOF. The proof proceeds by constructing a discrete measure Qp satisfying the desired
properties. We distinguish multiple cases depending on whether the inequalities in (148) and
(149) hold strictly or with equality. In what follows, it will be helpful to note that P = Q7!
and R being independent of Z under ) allow us to conclude that

P{Y € Byy,D=d, 7 = 2}
= > Qr{R, € B.,, Ry = ri}I{c,(d) = £,d(z) = d}P{Z = z}

co€LIPIrERy
= > Qr{Ro € V(co,r1,X), R =ri}{co(d) = ,d(z) = d}P{Z = z}, (150)
(co,re,X)ET
where the final equality follows from the definition of Y(c,, 7, x) and Qg satisfying (147).
Moreover, the same equality holds if we replace P and Q with P and Q because of Q r{R €
R} =1 and result (58).
Case 1. First, suppose that the inequalities in (148) and (149) both hold strictly and define

V= ® y(CO,Tt,:l) .
(Co,Tt):(Co,’r’t,l)EI
Note that the set V is connected because Y(c,,1¢,1) = B, N RL(r:) is connected for all
(€o,1¢) such that (c,, 7, 1) € Z by Assumption 5.1(iv). Further write any element v € V as
v = (v(co, 1) € Y(Coy74,1) i (Coy11, 1) € T) and define the function

F(v) = Z (9(v(co,11),7) — o) x Q{(Ro, Ry) € (Vo 71, 1) X {1:})} -
(corre):(corr,1)ET
Note that F': V — R and that inequalities (148) and (149) holding strictly imply there are
v,v € V satisfying F'(v) < 0 < F(v). Since F': V — R is continuous and V is connected, it
follows that F'(V) is connected as well; see, e.g., Theorem 23.5 in Munkres (2000). Therefore,
we conclude that there is a v* € V such that F(v*) = 0. Finally, define a discrete measure

Qr to have support points (s(co, 7, X) : (Co, 71, X) € Z), where

(v*(Cor74),7t) if xy=1

S(covrbX) =
any (ro,1¢) € (V(co, 12, x) x {re}) i x=0.

Note that such a definition is possible because Y(c,, 74, x) # 0 for any (c,, 14, x) € Z. We
assign probabilities Qr{(Ro, Ry) = 5(Co, 7, X)} = Qr{(Ro, Re) € V(Co, 71, X) X {r:}} for any
(CoyTe,X) € L. Since $(co, 71, X) € (V(Coy1e,x) X {ri}) and V(co, 1, x) X {r:} € R for all
(o, 7, X) € T by definition of Y(co, 74, ), it follows from result (147) that Qr{R € R} = 1.
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Further note that F'(v*) = 0 implies that Es [(g(R) — 0o)I{R € R'}] = 0. Next, use result
(150) and Qg satisfying the restriction (147) to conclude that

[riP< > PYeB.D=dZ=z}x sw f(y.d>)

(£,d,2)ELXDXZ yEBy, L

= > > {QR{RO € V(co,1t,X), Ry = i} I{c,(d) = £,d(z) = d}

(0,d,2)ELXDXZ (co,rt,X)EL

« P{Z =2} sup f(y,d, z)} . (151)
yEBy L

Similarl}’? QR{(Rm Rt) - S(CO7Tt7X)} = QR{(Roa Rt) S y<CO7 Tt)X) X {rt}} fOI‘ (CO)Tta X) € I

by definition of @ r and 15Z = Py allow us to obtain that

/fdﬁ’z S P{YeBy.D=dZ=z:}x inf f(y,d,z2)

B
0,d,2)ELXDXZ yeby L

= Y Y {esRe e Ri=rield) = d() = d)

(£,d,2)ELXDXZ (co,rt,x)EL

« P{Z ==} inf f(y,d,z)}. (152)

yEBy L

Results (151) and (152) together with diam{ By} < § and the function f satisfying restric-
tion (146) then imply [ f(dP — dP) < .

Case II. Second, suppose that (148) holds with equality. Let B, denote the closure of B.,
and then note that B,, N R.(r;) is compact since R/ (r;) is closed by Assumption 5.1(iv)
and By, is bounded. Then note that the definition of Y(c,, ¢, x) implies that Y(c,,r, 1) =
B.,\R.(r) # () for any (c,, r:) such that (c,, ¢, 1) € Z. Since g is continuous, it follows that
for each (c,,7;) such that (c,,7;,1) € Z, there is a v*(c,, ;) € B., N R, (r,) satisfying

sup G(ro,1t) = sup 9(ro, 1) = g(v™(Co,71), 1) - (153)
o€V (co,Tt,1) ro€Bc, MRL (1)

Note that v*(c,, r:) does not necessarily belong to B, N R/ (r:). However, since {B;, }s, ol
is a partition of Y'PI and Y/Pl is closed because Y is closed by Assumption 5.1(i), it follows

that v*(c,, ) € Bs, for some ¢, and, since v*(c,, ;) € R, (1), we also have
v*(¢o,1¢) € Bey NRL(1¢) = V(Coy 71, 1) (154)

by definition of Y(&,, 7, x). Moreover, for any d € D and v}(c,, r;) denoting the d'" coordi-

nate of v*(c,, ;) € Y'Pl we can conclude from the triangle inequality that

I{v*(co, i) € Y(Coy1i, 1)} X sup sup |y — |
YEBey(a),L ¥ E€Bsy(d),L

27



< I{v*(co, 1) € V(Coy 1, 1)} X { sup |y —vi(co, )|+ sup  |ui(co, 1) — y’|}
YEBc,(a),L Y'E€Bz,(a),L

<25, (155)

where the final inequality follows from v}(c,, ;) belonging to the closure of B, ) 1, because
0*(Co,74) € By, Vi(Coy1t) € Bayayr, and diam{ By} < 6. Finally, we let Qp be a discrete
measure with support points (s(c,, ¢, X) : (€0, ¢, X) € Z) given by

(v*(co,7e),7¢) if y=1
5(Co, 71, X) = .
any (r,,71) € (V(cos e, x) X {re}) i x=0,

and assign them probabilities Qr{(Ro, R;) = 5(Co,7¢, X)} = Yoo 118(Co, T, X) = 8(Co,
Tty X) JQr{(Ro, Rt) € Y(Co, 11, x) X {r+}}, where we use the fact that s(&,, 7, X) = s(¢o, 7, X)
implies (7, X) = (¢, x). Since (v*(co,1¢),7¢) € R' C R for any (¢,, ;) such that (c,,r,1) € Z
and in addition (Y(c,, 74, 0) x {r;}) € R for any (c,, 14, 0) € Z, it follows that Qr{R € R} = 1
due to Qp satisfying (147). Moreover, Qr also satisfies Es.l(9g(R) — 0))I[{R € R'}] = 0
because of result (153) and restriction (148) holding with equality by hypothesis. Further
note that

[rpz % 5 {QudR € Vicor), Re=rn}H{eld) = td() = d)

(6,d,2)ELXDXZ (co,re,x)ET

x P{Z =z} inf f(y.d. z)} (156)

by result (150) applied with P and @ in place of P and Q. In addition, note that s(é,, 7, X) €
(V(co, 7, %) X {re}) implies that (7, ¥) = (11, ¥) and therefore by definition of Q we obtain

QR{Ro € V(co T, X), Re = 14}
= > H{s(,ri,x) € (V(eorre, X) X {ri})}Qr{Ro € Y(Co,7e,X), R = 1¢} . (157)

Co:(Co,rt,X)EL

Furthermore, noting that s(¢,, 7, 0) € (Y(co,14,0) x {r¢}) if and only if &, = ¢,, and using
result (155) and that the function f : Y x D x Z — R satisfies restriction (146) we obtain
that for any c,, ¢, such that (c,, ¢, x), (€0, 74, X) € Z the following inequality holds

; I{Co(d) = E? d(Z) = d}[{s(éoy Tty X) € (y(coa T't, X) X {rt})} yé%EL f(ya d7 Z)

2 3 H{eold) = :d(z) = dH{5(E0, 71 X) € Dlewrrin ) » {rt})}<y inf fly.d2) - n) .
(158)
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Since in addition 3. .(c, ez 115(Cos 71, X) € (V(Cos e, X) X {1e})} = 1 for any ¢, satisfying
(€o, 7ty X) € Z, results (156)—(158) allow us to conclude that

/fdﬁ > ) 3 {Q{Ro € V(Co, e, x), B = mi}{Co(d) = €, 74(2) = d}

(£,d,2)ELXDX Z (Zo,r,X)ET

x P{Z =z} x ( inf f(y,d,z)—n)} .

yEBy, L

Therefore, the upper bound for [ fdP obtained in (151), the function f: Y x D x Z - R
satisfying (146), and diam{By} < 0 for all 1 < ¢ < L imply that [ f(dP — dP) < 2.
Case III. The third case with (149) holding with equality follows from the same arguments

as Case II. m

Lemma B.13. For any P € P let Pyp|z and Pz denote the conditional distribution of
(Y, D) given Z and the marginal distribution of Z under P. Suppose Py # (), P is convex,
PYD‘ZPZ €P forany P,PcP, P{(Y,D,Z) € Y xDx Z} =1 for all P € P, and let Q be
the set of distributions for (R,, Ry, Z) satisfying Assumptions 2.1-2.2 and clp(Py) denote the
closure of Po under weak convergence (in P). If P € P\ clp(Py), then there is a continuous
and bounded function f 1Y x D x Z — R satisfying [ fdP = 1 and [ fdP < 0 for all
P € Py satisfying P; = Py.

PRrOOF. Let V denote the linear span of P, which forms a vector space, set F =Y xD x Z
noting that P{(Y, D, Z) € F} =1 for any P € P by assumption, and define

Cyo(F)={f: F— R s.t. fis continuous and bounded}

We equip V with the weakest topology that makes the linear maps P +— [ fdP continuous
for each f € Cy(F), which we denote by o(V,Cy(F)). By Theorem 5.73 and Lemmas 2.52
and 2.53 in Aliprantis and Border (2006), (V,o(V,Cy(F))) is a locally convex topological
vector space and the relative topology on P induced by o(V, Cy(F)) equals the topology of
weak convergence on P. Next set Po(P) = {P € Py : P; = Py}, let clp(Py(P)) denote
the closure of Po(P) under weak convergence (in P), and note that Py(P) C Pq implies
clp(Po(P)) C clp(Py) and hence P ¢ clp(Po(P)) because P ¢ clp(Pgy) by hypothesis.
Moreover, setting cly(Po(P)) to denote the o(V, Cy(F))-closure of Po(P) in V| it follows
from Theorem 17.4 in Munkres (2000) that clp(Po(P)) = cly(Po(P)) N P. Therefore, since
P € P\ clp(Py(P)), we can conclude that P ¢ cly(Py(P)). Also note that since Py(P)
is nonempty and convex by Lemma B.14, Lemma 5.27(6) in Aliprantis and Border (2006)
implies cly (Po(P)) is nonempty and convex as well.

We have so far shown that P ¢ cly(Po(P)) and that cly(Py(P)) is a nonempty closed
convex subset of the locally convex topological vector space (V,o(V,Cy(F))). By Corollary
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5.80 and Theorem 5.93 in Aliprantis and Border (2006), there therefore exists a f € Cy(F)
satisfying [ fdP < 0 for all P € clv(Po(P)) and [ fdP > 0. The lemma then follows by
setting f = f/ [ fdP and using that Py(P) C cly(Py(P)). m

Lemma B.14. For any P € P let Pyp)z and Pz denote the conditional distribution of
(Y, D) given Z and the marginal distribution of Z under P. Suppose P is convez, that for
any P, P € P we have Pymzpz € P, and define Py(P) = {P ePy: Py = Pz}, If Q is the
set of all distributions for (R, Ry, Z) satisfying Assumptions 2.1-2.2 and Py is nonempty,
then it follows that Po(P) is nonempty and convex for any P € P.

PROOF. We first show Py(P) is nonempty. Because Py is nonempty, there exists P € Py
such that P = QT for some Q that satisfies Assumptions 2.1-2.2, Q{R € R’} > 0, and
0(Q) = 0y. By Assumption 2.1, R 1L Z under @ and therefore Q) = Qg x @z where Qg and
Q7 denote the marginal distributions of R and Z under Q. Next, define Q = Qr x Pz and
note that ) € Q because Q € Q, while #(Q) = 0(Q) =fyand Q{R e R’} = Q{R€ R’} >0
because Qr = Qp. Set P = QT ! and note that P = pYD|2PZ and therefore P € P by our
supposition on P because p, P € P. Hence, we obtain that P € Py(P), which shows that
Py (P) is nonempty.

Next, we show that Py(P) is convex. To this end, fix arbitrary distributions P!, P? €
Py(P) and A € [0,1]. By definition of Py(P), there then exist Q' and @Q* that satisfy
Assumptions 2.1-2.2 and P/ = Q'T', Q’{R € R’} > 0, 6(Q?) = 6, and Q}, = P, for
j € {1,2}. Defining Q = AQ' + (1 — \)Q?, it then follows that

Q=XQrxPz+(1-NQ% x P =(AQp+ (1 - NQF%) x P

and hence that ) satisfies Assumption 2.1 with Q; = Pz. In addition, for any set A we
have Q{R € A} = A\Q'{R € A} + (1 — N)Q*{R € A}, which implies Q{R € R} = 1 and
Q{R € R'} > 0. Moreover, because 0(Q') = 0(Q?) = 6, we can also conclude that

_ AEglg(R)I{R € R'}] + (1 — N Eg[g(R)I{R € R'}]
AQ{ReRY+ (1 - NQ{Re R}
C MQURER}I+(1-N0Q{ReR}
T ONQYRERI+(1-NQHReRY 7

0(Q)

Since AP! + (1 — A\)P? = QT~! and P is convex, it follows that AP! + (1 — \)P? € Py(P),

and therefore that Py(P) is convex. m

Appendices C, D, E contain additional examples and details of the simulation study and
the empirical application, and can be found at https://github.com/edward-vytlacil/
STRATA-ATE/blob/main/.
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