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Abstract

This paper establishes that the availability of instrumental variables enables the identification and
the consistent estimation of nonparametric quantile regression models in the presence of measurement
error in the regressors. The proposed estimator takes the form of a nonlinear functional of derivatives
of conditional expectations and is shown to provide estimated quantile functions that are uniformly

consistent over a compact set.

1 Introduction

There is currently substantial interest in the development of estimation methods based on quantile restric-
tions (among others, Chesher (2003), Chernozhukov, Imbens, and Newey (2006), Chernozhukov and Hansen
(2005), Angrist, Chernozhukov, and Fernandez-Val (2006), Abadie, Angrist, and Imbens (2002), Matzkin
(2003)). These methods offer the advantage of describing not only averages of possible outcomes but their
entire distribution as well. Quantile methods also exhibit robustness to outliers since quantiles of the depen-
dent variable are always defined even when some of its moments may not exist. Finally, in multi-equations
settings, quantile-based models enable a natural treatment of nonseparable (i.e. nonadditive) disturbances
(for instance, Chesher (2003), Chernozhukov, Imbens, and Newey (2006), Matzkin (2003)).

This paper extends the applicability of quantile methods to the common situation where the covariate is

measured with error. We thus consider the following quantile restriction model

Ply<Q-(2")[z"] =1 (1)
z=a"+ Ax (2)

where the function of interest, @, (z*), is the 7 quantile of y conditional on z*, the true unobserved value of
the explanatory variable, while « is its observed counterpart, contaminated by a measurement error Az. OQur

aim is to describe how the availability of an instrument vector w enables the identification and the consistent
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estimation of such a model. In the spirit of quantile analysis, which imposes no specific functional form
on the distribution of the dependent variable, the proposed approach makes no functional form assumption
regarding the quantile function @, (z*), thus enabling a full characterization of how the distribution of the
dependent variable varies as a function of the covariates.

Although a number of powerful approaches have been developed to handle nonseparable disturbances
(e.g. Chesher (2003), Chernozhukov, Imbens, and Newey (2006), Chernozhukov and Hansen (2005), Matzkin
(2003)), these methods are unable to handle endogeneity of the specific form associated with the presence of
mismeasured regressors. The basic problem is that when the above model is cast into the form y = h (x,¢),
there is no way to define an appropriate disturbance ¢ so that the assumptions traditionally made in the
nonseparable error literature hold. First, since € must depend on Az and since Az is correlated with =z,
methods relying on independence between x and e are not applicable (e.g. Matzkin (2003)). In addition,
the disturbance ¢ is, in general, not independent from the true value z* and therefore cannot reasonably
be assumed to be independent from an instrument for z*, thus violating the most crucial assumption em-
ployed in existing endogenous quantile regression methods (e.g. Chernozhukov, Imbens, and Newey (2006),
Chernozhukov and Hansen (2005)).

To see this second point, consider a case where y is generated according to y = g (z*,n) where, for
simplicity, the nonlinear function g (-, -) is monotone both in the scalar 2* and in the scalar disturbance 7. If
x* is measured with error, there exist many possible equivalent models of the general form y = h (z, €), where
h(z,e) is a function of a scalar z (the observed but mismeasured value of z*) and some scalar disturbance
€. We will now illustrate that instrumental quantile methods cannot handle this model for any function
h(x,¢€) (so, in particular, for the desired function h (z, ) that would happen to exhibit the same dependence
on x as g (z*,n) has on z*). Let hZ!(z,-) denote the inverse of the function h (z,-) for a fixed value of
z. It can be verified by direct substitution that, for any h (z,¢) that is strictly increasing in ¢, the model
y = h(z,€) generates the same distribution of y if the scalar disturbance ¢ is set to hZ! (z, g (x — Az, 7)), or
equivalently, to hZ! (z* + Az, g (z*,7)). Since the disturbance e explicitly depends on z*, it is, in general,
impossible to find an instrument that would be correlated with z* while being statistically independent from
€. As a result, the model cannot generally be cast into a form that satisfies the assumptions traditionally
made in the quantile instrumental variable literature, except in special cases, such as when g (z*,n) is linear
in both of its arguments.

Despite their wide applicability, approaches based on triangular systems of equations (Chesher (2003),
Imbens and Newey (2003)) are also unable to handle mismeasured covariates. These methods require that
the effective number of distinct unobservable variables! is equal to the number of equations, which is not the
case in errors-in-variables models, since there are three unobservables (z*, Az, n) but only two equations

(y=g(z*,n) and z = z* + Az). Including an instrument equation does not help, since it also increases the

1Strictly speaking, Imbens and Newey (2003) allow for multiple disturbances per equation. However, as they point out on
p-4, they do not have the “ability to identify effects corresponding to particular elements” of the multivariate disturbances,
which is crucial for errors-in-variables models.



number of disturbances by one.

To our knowledge, the study of the effect of general forms of measurement error on quantile methods
has so far been limited to the development of approximate expressions for the bias, resulting from classical
measurement error, that become exact in the “small errors” limit (Chesher (2001)). While this approach
provides very helpful insight into the nature of measurement error-induced distortions, there remains consid-
erable interest in devising exactly consistent quantile estimation methods based on instrumental variables.?

This paper adapts the instrumental variable identification result for conditional means found in Schennach
(2006) to quantile restrictions. In particular, since quantile restrictions take the form of expectations of
bounded step functions, their special form enables considerable simplifications in terms of identification,
thereby facilitating the derivation of a corresponding nonparametric estimator and allowing for the use of
more primitive regularity conditions. We also provide a uniformly consistent nonparametric estimator based
on this new identification result, thus paralleling the treatment found in Chernozhukov, Imbens, and Newey

(2006) for a complementary class of endogenous models.

2 Identification

It is clear that @, (z*) in Equation (1) will be nonparametrically identified over some compact interval X if

it is possible to identify conditional expectations of the form
E[S(y—q)la”] (3)

for z* € X C R and ¢ € R, where
S@w)=1=<0), (4)

and where 1 (A4) denotes the indicator function of some event A. Indeed, in this case, @, (z*) for given values
of z* and 7 would simply be the solution ¢ to the equation E[S (y — ¢) |x*] = 7, which we assume to be

unique.

Assumption 1 The equation E [S (y — q) |z*] = 7 has a unique solution ¢ = Q (z*) for each x* € X and
T €[0,1].

The problem is, of course, that x* is not directly observed, only its error-contaminated counterpart x
is. In this section, we show that the availability of an instrument vector w enables the identification of

expectations of the form (3).The instrument is assumed to satisfy the following restrictions.

2When repeated measurements of the mismeasured variables are available, the identification of quantile-based models with
measurement error follows directly from Schennach (2004a) for parametric models and from Schennach (2004b) in nonparametric
settings, although a proper analysis of the asymptotic properties of the corresponding estimators would require a separate
treatment due to the nonsmooth nature of quantile restrictions.



Assumption 2 Let Az* = z* — E [z*|w]. For any y, =*, w, Az* and Ax in the support of their respective

densities (denoted by f with the appropriate subscripts),

fazw (Az™|w) = faz- (Az™) (6)
E[Azlw,y] = 0. (7)

The first part of the assumption basically means that the instrument does not give any information about
the dependent variable that the true regressor does not already provide, which is a fairly standard exclusion
restriction. The second part states that the “prediction error of the instruments” Az* = z* — F [x*|w] and
the instruments w are independent. This assumption has been previously used in Newey (2001), Hausman,
Newey, Ichimura, and Powell (1991), Hausman, Newey, and Powell (1995), Wang and Hsiao (1995) in the
directly related context of instrumental variable estimation of nonlinear conditional mean regressions in
the presence of mismeasured regressors. Outside of the measurement error context, similar relationships
between a regressor and an instrument are extensively considered in Chalak and White (2006) and White
and Chalak (2006) in their systematic classification of types of instruments. Intuitively, this independence
assumption presumes that variations in z* are “caused” by variations in w and unrelated additive random
factors through an instrumental variable equation of the general form * = Z (w) + Az* where Z (w) is some
nonlinear function. For instance, if * is cognitive skills during adulthood (imperfectly measured through an
IQ score ), the instrument vector w could contain parent’s education level and income, number of siblings
and availability of reading material during childhood, etc.

In practice, the plausibility of this independence assumption can be tested by regressing x on w and
verifying whether the residuals are independent from w. This test is not perfect, because it tests the
independence of Ax+Az* from w, instead of merely Az* from w. However, if the hypothesis of independence
is not rejected, this can be regarded as strong support for the validity of this assumption. In fact, an example
of an application relying on the same assumption in the IQ score example mentioned above can be found
in Schennach (2006) (Section H), where the above test was clearly found not to reject the hypothesis of
independence.

The measurement error Az only needs to satisfy a weak conditional mean assumption (thus allowing
for heteroskedasticity). Although one might be critical of our somewhat classical assumption regarding the
measurement error Az, it is worth mentioning that most approaches devised to handle measurement error
require the stronger assumption of independence between the measurement error and the true regressor,
including the only existing study of the effect of measurement error in quantile regressions (Chesher (2001)).

The fact that the independence assumption we need involves instrumental variables rather than the main
variables of the model can be viewed as advantageous. In a given application, researchers rarely have the
freedom to choose their regressor and their dependent variables. However, they have the ability to select

the instruments without changing the main relationship of interest. Hence, researchers can simply explore



various instruments in search for the ones such that the independence assumption is plausible, according to
the test described above.
It is convenient to define a scalar-valued random variable z that summarizes the predictive power of the

instruments:

z = Ez%|w] = E[z|w]. (8)

The second equality, which shows that z can be expressed solely in terms of observable variables, follows
from F [z|w] = E [z*|w] + F [Az|w] = E [z*|w] since F [Az|w] = E [E [Az|w, y] |[w] = 0 by Assumption 2.
The implementation of this approach and the requisite regularity conditions are best expressed in terms

of the following quantities and associated Fourier transforms.

Definition 1 Leti=+/—1,

6(0) = B || ©)
ela) = (e (@) +e () (10)
ci(@) = _lim E[S(y—q)l (1)
c(9) = _lim E[S(y—q)l] (12)
and, for k=0,1,
S (7,9) = E|(z=2)"(S(y—q) —cla)]a] (13)
OF |(z— )" S (y - a)|o"]
Stoe- (2%,0) = — (14)
s (20) = E|z—2)" (S —a) —cl0) ] (15)
OF (=~ )" S (y — q) |2
ko (2,9) = . (16)
O g+ (<7q) = /Skx* (:E*a(D ei(z*dx* (17)
T (1) = [ s (07, 0) (18)
R N (19)
oko- (C,q) = /Skaz(Z,Q)eicde- (20)

(By convention, integrals without explicit bounds are taken over the whole real line.) Let Q be a set containing

the set {Q (z*) : 2* € X, 7 € [0,1]}.



To ensure that the above Fourier transforms are well-defined we require the following assumption.
Assumption 3 The distributions of x* and z are supported on R.

Fourier transforms are integrals over the whole real line that therefore demand the existence, over the
whole real line, of the quantities to be transformed. Fourier transforms of probability distributions pose
no problem because, even if a distribution has compact support, it is still defined outside of the support
— it just happens to be zero. Conditional expectations are a different story, however, since they are not
defined outside of the support of the conditioning variable. Hence, 3 is used ensures that Fourier transforms
of expectations conditional on z* or z are well-defined. The assumption on z* is included for clarity, but is
actually redundant, since having f, (z) supported on R actually implies that f,« (z*) is also supported on
R (under Assumption 2). Assumption 2 implies that f, (z) is supported on R as well, although we do not
make use of that fact. It is important to note that none of the remaining variables, i.e. Ax, Az*,y or w,
need to have distributions supported on R.

Clearly, all quantities that involve x* or Az* are not directly observable. However, quantities involving
z, such as o, (¢, q), ora- (¢,q) and c(q) are observable, and our goal will be to express E [S (y — q) |z*] in
terms of these observable quantities.

We first need to make few primitive assumptions.
Assumption 4 (i) ¢ () # 0 for all { € R and (ii) for all ¢ € Q, 0po. (,q) # 0 for almost any ¢ in R.

The assumption that various Fourier transforms be nonvanishing is widely used in the deconvolution
literature (e.g. Fan (1991), Fan and Truong (1993), Liu and Taylor (1989), Li and Vuong (1998)). The
only common distributions that are excluded by the requirement that ¢ (¢) # 0 are the uniform and the
triangular distributions. The normal, ¢, x?, gamma, and double exponential distributions all satisfy this
assumption. Note that the restrictions on oo, (¢, q) are even weaker, thanks to the “almost everywhere”
refinement, allowing oos, (¢, ¢) to cross zero at isolated points, perhaps infinitely many times. Assumption
4(ii) is only violated in cases where 05, (¢,¢) = 0 vanishes over an interval, which is highly unusual. The
only simple example of such a function would be a polynomial, but E [S (y — ¢) |z] cannot be a polynomial
since it is bounded (except for the uninteresting case of E[S (y — q) |z] constant).

We also need to impose weak constraints on the behavior of the tails of various functions.
Assumption 5 E[|Az*|] < cc.

Assumption 6 (i) There evist B < 0o and 3 > 0 such that sup,co [0E [S (y — q) |[2*] /0z*| < B (1 + |lz*[) 277
for all z* € R and (ii) the density of Ax* is bounded.

Intuitively, Assumption 6(i) imposes a minimum amount of smoothness and prevents the tails of E'[S (y — q) |z*]
from oscillating too much as |z*| — co. Since most economic models yield conditional quantiles that either

diverge towards +oo or reach a constant limiting value as |x*| — oo, this assumption is very likely to be



satisfied in most applications. This assumption can perhaps best be understood when phrased in terms of a
restriction imposed on the behavior of y as a function of x*. For simplicity, consider the case when y has a
homoskedastic distribution centered on g (z*) conditional on a*. (We further assume that the density of y

given x* is bounded and that g («*) is differentiable.) In this case, there are two alternative situations:

1. If limg« o0 g (2*) is finite, then Assumption 6(i) requires that dg (z*) /0z* = O (<x*)_2—/3) as |z*| —
0.

2. If g(z*) diverges as |z*| — oo, then Assumption 6(i) requires that the density of y given z* has

sufficiently thin tails and/or that g (z*) diverges sufficiently rapidly as |z*| — oo. Specifically, we

need that f. (g (z*))dg (z*) /0z* = O ((x*)%*ﬁ) as |z*| — oo, where f. (-) denotes the density of

y—g(z*).

As shown in Lemma 1 in the Appendix, Assumption 6 implies three important facts. First, it implies
that the limits of E[S (y — q) |[z*] as 2* — +o0 or * — —oo are well-defined. It implies that the limits
of E[S(y—q)|z] as z — 400 or z — —oo exist as well, so that the ¢(¢) in Definition 1 is well-defined.
This assumption also guarantees that all Fourier transforms considered exist as ordinary functions. The
term “ordinary function” is used here to describe a Fourier transform that is entirely defined by the value
it takes at each frequency, in contrast with generalized functions (e.g., Schwartz (1966), Lighthill (1962)),
which contain singular entities such as Dirac delta functions that need to be defined through the limit of a
sequence of functions. The fact that all Fourier transforms involved remain ordinary functions in the present
setup represents a considerable simplification over the treatment found in Schennach (2006) and will enable
the construction of a natural nonparametric quantile estimator in the next section.’

Under these assumptions we can obtain a closed-form expression for E[S (y — q) |z*] (or, equivalently,
Soz+ (2*,q)) and an expression for the quantile function @, (z*) in terms of observable quantities. Note that
our identification result holds for general stationary processes, since it is expressed in term of the marginal

distributions of individual observations.

Theorem 1 Under Assumptions 2-6, for any q,4 € Q,

s (0°20) = 5 [ P (21)

_ “i010- (£,0)
6 (C) = exp ( | e df) . (22)

Under the additional Assumption 1, the solution Q, (x*) to Soz~ (x*,Qr (x*)) = T gives the conditional T

where

quantile function for any T € [0, 1].

3The use of delta functions cannot be avoided in Schennach (2006), because Fourier transforms of unbounded functions are
necessary in that more general setting. However, merely applying the results of Schennach (2006) in the present context does
not automatically yield a method that is free of delta functions — additional techniques are needed, as will be explained below.



While a formal proof of this result can be found in the Appendix, an outline of the proof can be given as
follows. First, Assumption 2 enables us to relate the observable quantity E [S (y — q) |2] to the unobservable

quantity of interest E [S (y — q) |«*] through a simple convolution operation

ES( /E y—q)|z* =z —u] fag (—u)du. (23)

To facilitate further manipulations (such as Fourier transforms), we consider the derivative of this expression
with respect to z because is exhibits the property that it decays to zero as |z| — oo under our regularity

conditions:

SEs-al - [ | g e

This expression cannot merely be inverted to establish identification since we have two unknown functions
OFE S (y — q) |z*] /0z* and fag~ (u) on the right-hand side. We need another equation. Fortunately, As-

sumption 2 also implies, in a similar fashion, that

Sl su-ol = [|[FEEE] g e (25)

We now have two functional equations in two unknown functions OF [S (y — q) |«*] /0z* and fa.~ (u) and
we can solve for the unknowns using Fourier transform techniques.
Since both expressions (24) and (25) involve convolutions, their respective Fourier transform take the

form of a product of Fourier transforms (by the Convolution Theorem)

0002 (C,q) = 0ooe~ (€,q) 9 (C) (26)
i010: (C,q) = dooa ((0) 0 (C), (27)

where we have used Definition 1 in conjunction with the fact that the Fourier transform of iufag- (—u) is
do (¢) /d¢ = ¢ (¢). Taking the ratio of Equations (27) and (26), we obtain a simple differential equation in

¢ (C),

ic102 (¢, q) _ ¢(<) (28)

000z (Cu Q) ¢ (C) ’
which can be solved for ¢ ({) to yield Equation (22), after exploiting the known initial condition ¢ (0) =

fan: du—l

Next, we use a version of Equation (23) that is centered by the constant ¢ (q)

E[S(y—q) /E —q) —c(q)|z* =z — u] faz~ (—u) du.

Thanks to the centering by ¢ (q), the corresponding Fourier transforms can be shown to be ordinary functions

and we can write the Fourier transform of this espression as

00z (Ca Q) = 00zx* (Cz Q) ¢ (C) s

in which og.+ (¢, q) can be isolated in term of the observable oy, ({, ¢) and the quantity ¢ (¢) which we have

just identified. Equation (21) then follows, after an inverse Fourier transform and the Theorem is proven.



Solving for the quantile of interest @, (z*) at some given z* numerically will typically require calculating
S0z~ (¥, q) through Equation (21) for various trial values of ¢. In contrast, the quantity ¢ in Equation (22)
can be held fixed throughout the estimation process. Naturally, it will be advantageous to select a value of
¢ that minimizes the statistical noise, e.g. that is such that o, (£, §) goes to zero slowly as || — oo.

It is interesting to point out two key steps that circumvent the potential problem that Fourier transforms
often do not exist within the space of conventional functions. First, we rely on the fact that the Fourier
transform of a centered step function (e.g. 1(z > 0) —1/2) is an ordinary function, even though the original
step function is not absolutely integrable. A consequence of this fact is that subtracting the constant term
¢(q) in the expression of s, (z,q) in Definition 1 implies that the corresponding Fourier transform o, (¢, q)
exists as an ordinary function. In a sense, our identification result relies on a form of “identification at infinity”
(Heckman (1990)) to determine the constant term. However, unlike in the conventional “identification at
infinity” scheme, it is relatively common that the constants c_ (¢) and cy (¢) are known to be exactly
equal to 0 or 1 based on known limiting behavior of the economic model considered. This occurs whenever
|Qr (z*)] — o0 as |z*| — oo for any given 7 € 10, 1].

A second way we can ensure the existence of all Fourier transforms as ordinary functions is through our
use of derivatives of conditional expectations (which can reasonably be assumed absolutely integrable) for
some of the terms, so that the corresponding Fourier transforms (oxs, (£, q) for k = 0,1) are guaranteed to
be bounded and continuous.

Another useful consequence of Theorem 1 is that Equation (22) provides the characteristic function of
—Axz* in terms of observable variables. Since x* = z+ Az*, where Axz* is independent from z by Assumption

2, the characteristic function of z* is given by
E {ei(m*} —E [eigz] E {ei(AI*] - B [eig“z} b (=0), (29)

where the right-hand side is expressed solely in terms of known quantities. Hence, the distribution of z* is
fully identified. This, in conjunction with the possibility to identify E [S (y — q) |«*] for any g, implies that
the joint distribution of y and z* is identified.

A multivariate extension of Theorem 1 that, in addition, allows for correctly measured covariates r is
straightforward. The multivariate analogues of Equations (21) and (22) are

—q) —¢(q,7) |z, 7] €S ?dz
¢ (C,7)

where the constant ¢ (g, r) is selected so that [ E[S (y — q) — ¢(q,r) |z, 7] €'*#dz is an ordinary function® and

o et e L [JES it
BISW—0) ~ 20 7] = s / @© @)

where z*, z = E[z*|w] and ¢ now take values in R’ and 7 is a vector of correctly measured regressors (if

any) that can be discrete and where ¢ ({,7) = H;-le b; (Cj, r) with

[ (OB[(zj —25) S (y — @) |2, 7] /0z)) €97 dz; dé) (31)

; (¢j,r) = exp (/0 JOE[S (y— q) |2,7] |0z;) €57 dz;

*For instance, (g, ) = imp, —oo (1M, oo ([, <y <ry B[S @ = ) 2:71d2) / ([ <z <y 92) |



where x and ¢ also take values in R”. The above result holds under the additional assumptions that the
“prediction errors” z — E [x;‘ |w] are mutually independent® (for different values of j) conditional on 7. Note
that the integrals over vectors in Equation (30) stand for J nested integrals, while all integrals in Equation

(31) remain univariate.

3 Estimation

We will now formally establish that a consistent estimator of @, (z*) can be obtained by substituting
estimates of E[S (y —q)|z] and E[(z — x) S (y — q) |2] into Theorem 1 and inserting various trimming pa-
rameters. For estimation purposes, we consider iid settings, although an extension to serially dependent data

is clearly possible.
Assumption 7 (y;,z;,w;) fori=1,...,n is an iid sample of observations of the random variables (y,x,w).

The first step in the estimation is to construct the scalar-valued variable z from the instrument vector

w, which is accomplished by a standard least-squares projection. We consider the case where z* is related
to w through

¥ =Z (w,a) + Az™, (32)

where Z (w, @) is a known function of an unknown parameter o and where Az* is independent from w, and

may be assumed to have zero mean, without loss of generality, by including an intercept in the function

Z (w, ). The parameter « can be estimated from a nonlinear regression of & on w, since
z =7 (w,a)+ Az* + Az, (33)

where F [Az* + Az|w] = E [Ax*] + E [E [Az|w, y] jw] = 0. The following Assumption collects all the stan-

dard regularity conditions traditionally used to show consistency of the first-step estimator & in iid settings.

Assumption 8 Let A be a compact set under some norm |||, such that
(i) o* = argminge 4 F [(w - Z (w, a))2] is unique,
(1t) E |supyea |Z(w,a)|2] < oo and E [2?] < oo,

(1ii) Z (w, ) is continuous in o for o € A under the norm |-||,

5The mutual independence assumption can be avoided at the expense of employing higher-dimensional nonparamet-
ric quantities. Instead of writing the joint characteristic function of the vector z* — E(z*|w) as a product of marginals,
o (¢ r) = H},:1 o; (Cj, r), the joint characteristic function can be directly obtained as a path integral from 0 to (:

S
stcr)=ew ([ pten i),
where the vector p (€,7) is a ratio of multivariate Fourier transforms:
€n if (VzE [(z—2)S(y—49) |, r]) eiCzdz
K T = ~ 2
’ T (VIE[S(y— 7)) e2dz

and where it should be noted that the numerator is vector-valued but not the denominator. The operator V2 denotes
02/022 4+ ... + 02/02%. Note that first derivatives in Equation (31) are replaced here by second derivatives, because the
latter admit a natural spherically symmetric extension to multivariate settings, unlike first-derivatives. The proof of our iden-

tification result can be straightforwardly adapted to allow for second derivatives, provided Assumption 6(i) is replaced by
—2_
supgeo |V E[S (y — q)|a*]] < B(1+ ||2*|)) 7>

10



Note that Assumption 8 covers not only the case where Z (w,«) is parametrically specified, but also
allows for a nonparametric first step, provided that it is plausible to assume that o* belongs to a compact
set under some norm ||-|| ,. Newey and Powell (2003), for instance, propose that functions can be assumed to
belong to a compact set if one is willing to assume that the “tails” of these functions follow a parametric trend
while their “middle” portion is fully nonparametric but satisfies Lipschitz constraints. With an estimate &
in hand, we define

zi = 7 (w;, &)
for each observation ¢ in the sample. Since the parameter « is estimated, it is necessary to consider a-
dependent counterparts of the quantities defined in Definition 1 for the purpose of obtaining asymptotic

properties.
Definition 2 For any q € Q and a € A, let
s (2,0.0) = B |(Z(w.0) =) S(y—q)|Z (w,0) = 2]
st0: (7.4,0) = OE[(Z(w,0) =2)" S (y—0)|Z (w,0) = 2] /0
and let soz~ (2%, q, @) and ¢ ((, ) respectively denote the value of so.- (z*,q) and ¢ (¢) obtained from Theorem
1 when setting z = Z (w, a).

A consistent estimator of E'[S (y — ¢) |x*] can be obtained by substituting kernel estimates of E [S (y — ¢) |#]
and E[(z —z) S (y — q) |2] into Theorem 1 and inserting various trimming parameters.
Let hy, Z,, and (,, be sequences such that h,, — 0, z, — oo and (,, — oo as n — oo and define the

following quantities. First, let K (z) be a standard bias-reducing kernel of order Nk:

Assumption 9 The kernel K (z)satisfies (i) [ K (z)dz =1, (i) K (2) = K (—z2) (ii) [ K (2) 27dz =0 for
j=1,....,Nk—1 () [|K (2)| |2|™ dz < 0o and (v) K (2) is differentiable.

Definition 3 Let’

§ * 1 e A —ic¢z*
S0x* (ZE 4, a) = 2_ _ O0z* (Cv q, Oé) € ¢ d¢ (34)
u 7(71
~ ~ ~—1 ~
T0x* (ga q, Oé) = 00z (Cv q, Oé) (b (<7 q, Oé) (35)
(-1 ¢ 6102 (£, @)
9 ~7 « = €X - ~ ’ ~, d 36
¢ (C 1 ) P ( /O 000z (§7Q7a) § ( )
where § € Q is some constant and
b0 (60.0) = [ 0c (sug,0) e (37)
a'06,2 (57 q, a) = / ‘§08z (Z7 q, a) eiézd'z (38)
&laz (Ca q, Oé) = / '§182 (Z7 q, OZ) eiCzdz (39)

6 Operations involving complex numbers should not pose implementation problems, as most modern computer languages can
handle them directly.
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and where the integrands are trimmed kernel estimates, i.e., for k =0,1,

R L0 (nhy) I (Z (wi0) — )" S (g — @) K (b (Z (wi,0) — 2))

Skax (2,q, ) = 1(|2| < zp) = — 40
nh,) 1S . — —1 w;, o) — 2

e (rg.0) = 1(e] < ) D) _Timg S DK o) - 2) ()

(nh) ™ S0 K (ha* (Z (wi, ) = 2))
i (@) 1(2 > Z0) +eo (@) 1(2 < —Z,) —c(q),

where ¢4 (q), c— (q) and c(q) are given in Definition 1.

Since our estimator involves Fourier transforms of conditional expectations (and derivatives thereof), it
is necessary to establish uniform convergence results over the whole real line. While this is not possible
in general, it becomes possible when the “tails” of these quantities have a known behavior, so that the
kernel estimate in the region |z| > Z, where few sample points lie, can be trimmed and replaced by a
constant. In the case of §x5. (2, ¢, ), Assumption 6 implies that the appropriate constant is zero. In the
case of 3o, (z,q, @), the appropriate constants are c_ (q) = lim,_,_, E[S (y — ¢)|2] and for z < —Z, and
et (q) = lim,oo E[S(y — q) |7] for z > Z,, which necessarily exist by Assumption 6 and Lemma 1 in
the Appendix. These limiting values are often known exactly. For instance, a very common case is when
c— (q) = 0 and ¢4 (¢) = 1, occurring whenever Q, (z*) — —o0 as * — —o0 and Q. (z*) — 00 as z* — 00
for any 7 € ]0, 1[. If these constants are not known, they can be replaced by consistent estimates, such as

) Y S — 1 (2 (w, &) > z,)

Ct+ (q) - 22:1 1 (Z (wi; d) Z Zn) (42)
o S Sl (Z () < 2)
- S (2 (006) < ). )

while ¢(q) is replaced by ¢(q) = (é+ (q) + ¢- (¢)) /2 in Equation (41). Our asymptotic analysis given below
trivially allows for these estimated quantities since fluctuations in these quantities simply translate into
fluctuations in $o,+ (z*, ¢, &) of the same magnitude. Hence, we only need to establish that ¢, (q) 2 ¢ (¢)

and that ¢_ (¢) 2 c_ (g), uniformly in g. A simple sufficient condition is that”

nmin {E[1(Z (w;, ) < =2,)], E[1(Z (w;, ) > Z,)]} — o0, (44)

since it ensures that the averages in Equations (42) and (43) are taken over a number of observations going
to infinity. The convergence is uniform in ¢ and «, since the summand is bounded and continuous with
probability one.

Next, we also need fairly weak boundedness assumptions.

Assumption 10 There exist M < 0o and j1 > 0 such that sup,e 4 Sup,cg |Skoz (2, ¢, )| < M (1 + |z\)_2_”
for k=0,1 and for all z € R.

TIf the tails of the distribution of Z (w;, ) are thin, then Equation (44) can be satisfied by having 2, grow sufficiently
slowly with sample size. The trade-off is that a slowly growing z,, would cause a larger truncation bias, making the last line of
Assumption 13 below more difficult to satisfy. This would only be a problem if we simultaneously have three issues:

(i) the constants c4 (¢) and c— (g) need to be estimated;

(ii) the tails of the distribution of Z (w;, ) are thin;

(iii) E[S (y — q) |2] approaches its limiting value slowly as |z| — oo (implying that the truncation bias is slowly decaying).

12



Assumption 11 ForY =1,5(y —q),(Z (w,a) —2) S (y — q),
sup sup sup |0’ (E[Y|Z (w, o) = 2] p (z])) /827 | < o0,
qeEQ ac A z€R
where p (z|a) denotes the density of z = Z (w,«) for j =1 or j = Nk, where N is as in Assumption 9.

Assumption 12 sup,c 4 Sup,cg [ ‘825096* (z*,q,) /O (z*)*| dz* < .

In order to determine sequences for the trimming parameters (,, and z, and smoothing parameter h,,

suitable for consistent estimation, we first define various bounds on the quantities defining the model.

Definition 4 Let

- ’dln(é((,a)
¢, = sup sup |—
a€Al¢|<C, g
- inf inf z a~7
T Jnf | dnf looos (¢, 4, )
= inf inf ,
2, aEA\cwsanC )
= inf inf
L= e, p Gl
T, = maX{Sup SUP/ S0z (2,¢,0) +¢(q) —ct (@) 1 (2 2 0) —c— (q) 1 (2 < 0)|dz,
acAqeQ J|z|>z,

d
12%?(1 /|Z|>Zn |3k82 (Zaqaa)‘ Z}

The existence of sample size-dependent lower or upper bounds (such as g,,, Qn or ¢,, above) on various
Fourier transforms over an expanding interval is commonly assumed in the deconvolution literature (e.g.,
Fan (1991), Fan and Truong (1993), Li and Vuong (1998), Schennach (2004b)). Typically, these bounds take
the form of some power or some exponential of the interval length ¢,, and are determined by the asymptotic
behavior of the various Fourier transforms as ( — oco. Smooth functions that admit a finite number of
derivatives lead to bounds g,, and ¢ = of the form ¢ * for some k € N , while so-called supersmooth functions
imply bounds of the form exp (—z fb) for some k € N. The corresponding bound ¢,, would typically be of the
form In¢,, or ¢ ’;, in the smooth and supersmooth cases, respectively. Lower bounds on densities (such as Ll)
over an expanding interval are common in the nonparametric and semiparametric estimation literature (e.g.
Andrews (1995)). Bounds on tail-trimming terms (such as T;,) are also frequently used in semiparametric
estimation involving nonparametric estimates defined over the whole real line (e.g. Hardle and Stoker (1989),
Lewbel (1998)).

The constraints on the sample-size dependent parameters can then by expressed in terms of the quantities

found in Definition 4 as follows.
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Assumption 13 As n — oo, we have h,, — 0, z, — 00, (,, — 00,

-2 -

n*l/Qh;Q;—" (1+hni;1) ;"f” —~ 0
- E

WY (L) S22
L)
727

Tn;"ﬂ - 0
Tn

Zn

One can readily recognize some familiar terms in the above expressions. The terms n~!/ 2h2 and hVx—1
are the uniform rates of convergence over a fixed interval for the standard deviation and bias, respectively,
of kernel estimates of derivatives of conditional expectations (see Andrews (1995), Theorem 1, specialized to
the i.i.d. case®). The penalty term Z,/ Ll accounts for the use of an expanding interval of length 2Z,, over
which the density of z is bounded below by in The 1+ h,, L:l term is also a correction to the convergence
rates that is needed when an expanding interval is used.” The bias due to trimming everything outside that

expanding interval is T,. Finally, the term (Zi&n) / (gbngn) is the worst-case scenario noise amplification

resulting from plugging the kernel estimates into the nonlinear functional defined in Theorem 1.

Although it is beyond the scope of this paper to devise data-dependent selection rules regarding the
optimal trimming parameters ¢, and %, and smoothing parameter h,, a few helpful guidelines can be
given. First, a reasonably good value for the bandwidth parameter h,, can be obtained through standard
cross-validation rules applied to the estimates of the intermediate nonparametric quantities sg. (z,q,a) or
Skoz (2,9, ). Second, the trimming parameter z, can be optimized by looking for a region of values of z
where §i. (2, q, @) seems to level-off. Then, z,, should be set so as to include as much as possible of this flatter
region, while excluding any noisy “spikes” lying beyond. Naturally, different trimming parameters can be used
for positive and negative z, although our notation does not allow for that, for simplicity. It may be necessary
to alternate between the optimization of Z,, and h,, a few times for best results. Once satisfactory estimates
of si. (2,q,) or sa. (2,q,a) have been found, the frequency cutoff {,, can be optimized by identifying
the largest frequency such that the ratio §14, (€, 4, ) /Fos= (€, 4, ) is roughly decaying in magnitude for

e [0, Zn] In other words, ¢,, should be such that large spikes in 615, (£, 4, @) /Goa (§,d, @) are avoided.

n
It should be noted that the Fourier space trimming parameter (,, and the reciprocal of the bandwidth h;,*
play a very similar role in that they both determine an effective frequency cutoff. Hence, for a given type of
kernel, the product ¢, h, will not differ much between different samples.

Our estimator also relies on a user-specified value of ¢. Typically, this value would be chosen so as to
minimizes the statistical noise, e.g. chosen such that ogg, (£, ¢, ) (or, in practice, its estimate 6o, (£, q, &))

goes to zero slowly as || — oco. It may sometimes be beneficial to average the estimates obtained with

different values of ¢ in order to improve efficiency. Our proof of consistency will directly imply that such a

8 Different rates have also been obtained in the literature, under slightly different assumptions (e.g. Lemma 8.10 in Newey
and McFadden (1994)).

9For fixed interval, £, is constant so that hni;I = O (hn) = o(1) and this correction term would be asymptotically
negligible.
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procedure is consistent as well, since an average of consistent estimators is necessarily consistent.
To ensure consistency of our estimator in the presence of a plugged-in first step estimate &, we rely on a

standard continuity condition (under the norm ||-||,, used in Assumption 8).
Assumption 14 sg.- (z*,q, @) is continuous in a for a € A and uniformly for (z*,q) € X x Q.

Consistency also demands that the behavior of the quantile function be suitably constrained. Following
Chernozhukov, Imbens, and Newey (2006), we impose a Lipschitz constraint that implies compactness of the

space of candidate functions.

Assumption 15 Q, € L, where, for some given C > 0, L = {Q : R — R such that |Q (z1) — Q (z2)] <
C'|xy — z2| for all x1,29 € X and such that Q (xz1) € Q for all x; € X.}.

A nonparametric estimator Q. (z*) can be obtained from
Q cagpin, [ Gor (@07.Q, (07).0) = o (45)
T NS

)

where the use of the symbol “€” instead of “=" allows for the fact that the minimand may not be unique, as
is commonly the case in quantile approaches. Simple tie-breaking rules can be implemented to pick a single
QT among the set of possible minimands, such as taking QT (z*) so that it lies in the “middle” of the set of
possible values of QT (z*) at «*. Our proof of consistency will hold no matter which rule is used to select a
specific function Q.

In practice, the minimization over a set of functions defined in Equation (45) can be carried out in a

number of computationally convenient ways. One would typically consider a “sieve” method (Grenander

(1981)) where the set of allowed functions £,, increases with sample size n:
O, € arg min / (Bour (27, Qs (), &) — 7)% dar”, (46)
QT ELn r*eX
where £,, satisfies standard denseness condition.

Assumption 16 L, is a sequence of compact sets such that, for each n, there exists Q- € L, satisfying

limy, o0 SUP xc x |QT,n (z*) — Qr (z*)| = 0.

For instance, one could solve for ¢ in $p.~ (x*,q,&) = 7 on a grid z* = z7,...,z* that becomes denser
with increasing sample size and employ a linear interpolation between grid points. Alternatively, one could
represent Q) (z*) by a series with a number of terms that increases with sample size. Note that, thanks to the
fact that smoothing parameters have already been introduced to deal with all nonparametric quantities, this
sieve approach in our context is purely a numerical convenience aimed at representing an infinite-dimensional
quantity in a necessarily finite computer memory. Our method is consistent for any sup norm-convergent
approximation scheme £,, and even without the use of a sieve (£, = £). One advantage of using a sieve is

that, for reasonable choices of the grid z7,...,z%, (that is, not too fine) or a reasonable number of terms in
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the series, the Lipschitz constraint on £, will rarely be binding in practice and can therefore typically be
ignored in the implementation of the estimator.

Our main consistency result, shown in the Appendix, can now be stated as follows.

Theorem 2 Under Assumptions 1-15, Q, given by Equation (45) satisfies sup,«cx Q- (z*) — Qr (%) 20
for any T € [0,1]. Under the additional Assumption 16, the same conclusion holds for QT given by Equation

(46).

The ability to obtain uniform consistency should prove useful in applications because the quantile function
is often “plugged in” into some functional F' aimed at obtaining some summary aggregate value. Continuity
of such a functional F' in the sup norm, which implies that F' (QT) is consistent, is typically easy to show.
Note that, while this consistency result only holds uniformly over z* in a compact interval X, this does not
imply that the random variable * must be compactly supported.

It should be possible to extend Theorem 2 to obtain uniform convergence of Q, over an expanding
interval, although it is beyond the scope of the present paper to do so. A consistency result for multivariate
x* based on Equations (30) and (31) is also conceptually straightforward to obtain, although it is beyond
the scope of the present paper to give the detailed regularity conditions needed.

As a by-product of obtaining our consistency result, we obtain uniform convergence results for families of
nonparametric kernel estimates of conditional expectation, and derivatives thereof, over expanding intervals
(see Lemma 4, in the Appendix), cases apparently not covered by existing results (e.g. Andrews (1995)).
Another noteworthy aspect of the proof of Theorem 2 lies in Lemma 6 in the Appendix. The quantity
0oz (€,q, ) and its estimated counterpart 6, (,q,«) diverge at the rate ¢~ when ¢ — 0, because the
Fourier transform of a centered step function is — (i¢ )71. This appears to cause a problem in Equation (35),
since the noise in the estimation of <Aé71 (¢, q, ) is magnified by the explosion in ¢, (¢, ¢, @) near the origin.
However, the noise in the estimated g?)_l (¢, q, ) happens to be proportional to ¢ as ( — 0 and the factors
¢~ and ¢ nicely cancel each other to yield a finite noise that decreases with sample size.

Finally, an interesting alternative application of our result arises if one exchanges the role of the dependent
variable and the regressor. In this different setup, the dependent variable would satisfy a standard conditional
mean assumption and the measurement error would satisfy a conditional quantile restriction.'? This is a very
plausible form of nonclassical measurement error that cannot be handled with any existing method. This
form of nonclassical measurement error with nonzero conditional mean but with zero conditional median has
been observed in a validation data study by Bollinger (1998). Of course, this alternative setup does require
monotonicity assumptions regarding the regression function, to ensure that it is one-to-one, unlike our main

model.

10The model could have the form:
z=g(y*)+Az E[Az|ly*]=0
y=y*+ Ay Median (Ayly*) =0

and the assumptions made throughout the paper would have to hold with z* = g (y*).
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4 Conclusion

Given the prevalence of measurement error in economic data and its impact on inference based on conditional
quantiles (Chesher (2001)), the ability to obtain consistent estimates of a conditional quantile function in the
presence of measurement error in the covariates considerably expands the range of datasets that can be ana-
lyzed via models based on quantile restrictions. The proposed method nicely complements powerful existing
instrumental quantile methods (Chesher (2003), Chernozhukov, Imbens, and Newey (2006), Chernozhukov
and Hansen (2005), Angrist, Chernozhukov, and Fernandez-Val (2006), Abadie, Angrist, and Imbens (1998))

which are not applicable to the specific form of endogeneity resulting from measurement error.
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A Proofs

All lemmas and associated theorems given below make use of the definitions provided in the main text.

A.1 Identification
Lemma 1 Assumptions 2 and 6 imply that (i) img« o E[S (y — q) |2*] and limg«_, 100 F [S (y — q) |2*] ex-

ist, (it) thatlimy~_, oo E[S(y — @) |2*] = lim,_ oo B[S (y — q) |2] and limg« 1o E[S (y — ¢) |2*] = lim, 4 o0
E[S(y—q)|z] and (i) that ooz (C,q) is an ordinary function.

Proof. First, limgz«— 100 B[S (y — q) |2*] is well defined because E[S (y — q) |[* =] for i« = 1,2,... is
Cauchy sequence, as it can be verified that for 7,7 € N with 5 > ¢ and some B’,B” < oo we have
E[S(y—q) " =4]-ES(y—qle* =il =[] O[S (y - g) [2*] /0z*) dz*| < [] [0E[S (y — q) |#*] /02*| da”

; J
which, by Assumption 6(i), is bounded by [’ B (1 + l2*) P da* = [B’ (1+ |x*\)_1_6]4 <B"i717P =0
7

as ¢ — oo. A similar reasoning shows that lim,-_,_o E'[S (y — q) |=*] is well defined.
Second, we will show that limy«— 1o E[S (y — ¢) |2*] = lim,— 400 E[S (y — q) |2] = ¢4 (¢). Assumption
2 implies that
EISw-ald = [ ES (-l =2+ 50" farr (As") d (A7),

By the Dominated Convergence Theorem (since E [S (y — ¢q) |«*] is bounded by construction and Assumption

6(ii) states that fay« (Az*) is bounded),

lim E[S(y—qld] = / lim B[S (y—q) 2" = 2 + Az"] fae (Aa)d (Az”)

z—+00 z—+00

/ ( lim B[Sy q) m) fae (Ac®)d(Ac)

r*——400

(i BB -le]) [ far (Aa)a(aa)

T*— 400
= lm B[Sy -l

a limit just shown to exist. Hence, the statement c; (¢) = lim,_ 4 E[S (y — ¢) |7] is well-defined and we
also have ¢y (¢) = limg+— 100 E[S (y — q) |2*]. We can similarly state that lim,«_,_o E[S (y —q)|z*] =
lim. .o B[S (y — q) |2] = c- (q).
Third,
[IBIS W= ala) - H@)lde <o )

where H (z*) = c4 (¢) 1 (z* > 0) + c— (q) 1 (z* < 0), since

0 . R 0 T TOE[S (y — q) o .
[ wse-opr-neae = [ lews [ [ SUZOE e )
0 J—
< / / [ Q)x]} duda®
0 z* - 0
< / / B(1+|u)*" duda —/ B (14" )" da < B
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and similarly for [°|E[S (y — q)|2z*] — H (2*)| dz*. Hence, Equation (47) implies that E[S (y — q) |z*] —

¢ (q) can be written as the sum of the function H (x*)—c (q) whose Fourier transform is (¢4 (¢) — ¢ (q)) / (—i¢),
and a function that is absolutely integrable, whose Fourier transform is necessarily bounded. In follows that
o0z (¢, q) is an ordinary function. |
Proof of Theorem 1. We first note that, Assumption 2 implies that fy .« . (y|2*, 2) = fy-+ (y|2*) and that
faz|> (Az*|2) = fae~ (Az*). Hence, the quantity E [S (y — q) — ¢ (q) |2] can be related to E [S (y — q) — ¢ (q) |z*]

as follows:

ElS(y—q —clglz] = / (S(y—a) —c(a) fy: (ylz) dy (48)
=[S0 = c@) [ fyrrs e = 02) fare (culydudy (49)
= [Sw=0=c@) [ fyrs Gz = w2 far C)dudy  (50)

where we have used the change of variable u = —Ax*, to make the innermost integral look like a convolution.

Next, we can write

E[S(y—q) —clg)|d = / ( / (S(y— ) — (@) Fyjarx (07 — 1, 2) dy) v (—w)du (1)

-/ ( [0 -c@) fye - dy) Jaee (—u)du (52)
- / E[(S(y—q) —c(@)]a” = 2 — ] far- (—u) du, (53)

where we have used Fubini’s Theorem to interchange the integrals after noting that, since |S (y — ¢q) — ¢ (q)|
is bounded by 1 (as S(-) is an indicator function and c(q) € [0,1]) and since densities are positive,
ff |S(y - Q) - C(q)| |fy\1:*,z (y‘z —u, Z)} |fAz* <_u)| dUdy < fffylm’*,z (y|z —u, Z) fAI* (_u) dUdy = ffy\z (y|z) dy =

1. Differentiating with respect to z on each side yields:

SIS0 = [ |0l

where the interchange between integration and differentiation is allowed since JE[S (y — q) |z*] /0x* is

fAz* <_u) duv

r*=z—u

bounded by Assumption 6(i) and since fa.~ (u) is absolutely integrable. Similarly, using the fact that As-
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sumption 2 implies that £ [Az|y, z] =0, and fy |- . (y|7*, 2) = fyj- (y|z*), we have

El(z=2)S(y—q)l4 (54)
= E[SWy—qlz]-E["S(y—qlz] - E[AzS(y —q) |2] (55)
= E[S(y—qld - E["S(y—q)le] - E[E[Azly,z] S (y — q) |2] (56)
= E[S(y—qlz]-E["S(y—q) 7] (57)
= E[(-Az")S(y—q)l7] (58)
=[S0 [ £y s = w2) ufareiz (~ulz) dudy (59)

_ / S(y—q / Ly (]2 — W) ufas- (—u) dudy (60)
([ 30000 =0 ) ufre (- (61)

. /E 1S (y — q) 2" = 2 — u] wfase (—u)du, (62)

where we have used Fubini’s Theorem again, since [ [[S (y — q)| fy+ (Y2 — w) [u| fae (—u) dudy < [ [
fyle W]z — ) [u| fae (—u) dudy = [|u| faz- (—u) du < co by Assumption 5. Differentiating with respect to

z on each side yields:

%E[(z —2)8(y—q)lz] = / [315 [S (gx: q) |2*]

where interchange of the integral and differential are allowed since OE [S (y — q) |2*] /0z* is bounded by

Ufaz (—u) du,

r*=z—u

Assumption 6(i) and |u| faz~ (u) is absolutely integrable by Assumption 5. Applying a Fourier transform to
Equations (53) and (62) enables us to use the Convolution Theorem (i.e. the Fourier transform of a convo-
lution of two functions is equal to the product of their respective Fourier transforms) and a generalization
of the Moment Theorem (which implies that the Fourier transform of iufa,~ (—u) is d¢ () /d¢). Equations
(53) and (62) then become

000z (Cv Q) = 000z* (C) q) ¢ (C) (63)
io1a. (Cv Q) = 000z* (C’ q) ¢ (C) ) (64)

where these quantities are given in Definition 1 and where dots denote derivatives with respect to . Note
that all Fourier transforms in Equations (63) and (64) exist as ordinary functions because they are the
Fourier transforms of absolutely integrable functions by Assumptions 6(i) and 5. After taking the ratio of

Equations (64) and (63) we obtain '
10 (Ga) _ 3(0)
000 (C;a)  ¢(¢)

The ratio io19. (¢, q) /o0s= (¢, q) is almost everywhere defined because ogg, (¢,q) # 0 almost everywhere

(65)

by Assumption 4(ii). Under Assumption 5 and 4(i), the right-hand side is bounded and continuous in (.

Hence, at any ¢ where the left-hand side is undefined due to a division by zero, the numerator must be
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simultaneously zero and the limiting value of io1, ({, q) /o0 (¢, q) at the undefined point is well-defined and
bounded. Hence, if we take the convention that ic1. (¢, q) /00- (¢,q) = lime_¢io1. (§,q) /o0- (&, q), Equation
(65) holds for all ¢ € R. After integration of Equation (65) with respect to ¢ and observing that ¢ (0) = 1

_ “i019: (£,9)
6(C) = exp ( | et d§> . (66)

we obtain:

Since this holds for any ¢, it holds in particular for ¢ = g, thus establishing Equation (22) of the Theorem.

Now, starting from Equation (53) and applying a Fourier transform, we obtain

00z (Cu q) = O00x* (C? Q) (b (C) . (67)

Lemma 1 establishes that og.« ({, q) is a conventional function (it contains no “delta functions”), even though
E[S(y — q) |z*] — c(q) is not absolutely integrable. Since ¢ (¢) is also an ordinary function, so is o, (¢, q).
We can multiply each side of Equation (67) by ¢~ * (¢) and obtain

ooz (€ q) = 002 (¢, q) /¢ (C) (68)

Finally, Equation (21) merely states that so,- (z*, q) is the inverse Fourier transform of oo, (¢, q) given by
Equation (68). |

A.2 Consistency

Lemmas 2-6 will be used in the proof of Theorem 2.

Lemma 2 Given functions Y (W, ) and X (W,8) of some random vector W and some parameter vec-
tor B belonging to some set B, let p(z|3) denote the density of = = X (W,) and let'! Ggﬁi) (z,8) =
ON(E[Y (W,B)|X (W,B) = 2]p(2|8)) /0z% for d € N. Let W; for j = 1,...,n be an iid sample of realiza-
tions of the random vector W. Under Assumption 9(i)-(iv), if K (z) is d times differentiable (with d < N )
and if Supgep (E {|Y (W, B)|2D < 00 and SUPgep SUD,eRr )Gng’“) (z,ﬂ)‘ < o (for Nk as in Assumption 9),
then

sup sup ‘C;’gfl) (z,8) — Ggfl) (z, B)‘ =0, (n71/2h;17d) +0 (hf:’K*d)
BEB zeR

where

¥ (.8) = dZY W;, B) K@ () = 2) /hn)
and where z; = X (W}, 8) and K9 (z) = 07K (2) /32 .
Proof. Note that supgcpsup, e Ggfi) (2,0) — Ggfi) (z,ﬁ)‘ < R+ B, where

R = supsup )égﬁi) (2,8)— E {égﬁi) (z,ﬂ)] ,
BEB z€R

B = supsup E{ (z ﬂ)] (z,ﬁ)’

BEB z€R

HBy convention Gg)) (,8) = Gy (z,8).
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Using the Convolution Theorem, a kernel estimate of Ggf) (z,8) can be written as

G§9) (Zaﬁ>:/ nC 712}/ ]’B lCZJe lCde

where & (¢) denotes the Fourier transform of K (z). Subtracting the corresponding expected value, differen-

tiating this expression with respect to z and using the moment Theorem yields the following expression for

R

R= e (0 (1 (0 )65 B [ 01, 98]
—d d -1 = ez _ g iCz;
< h; ;gé/hna 1 ()| | g W;,B) ¢ — E [y (W), 8) <)) | dc.
We then have
_d d -1 S iCz; ) iCz;
E[R] < h; ;gg/mnc 1 (hnC)| E g W;,B)ei<s — B[V (W), 8) e ])]dc
] o7\ 1/2
< sup/|hn<\ & (haQ)| | B | |n™" D (Y (W, 8) €% — B [Y (W), B) €%]) d¢
j=1
= hitsp / el |5 ()] (" E[(Y (W, 8) €55 — E [¥ (W), 8) €] x
x (Y (W;,B) e % — B [Y (W), B) e % ])])/2d¢
= h;dn‘1/221€12/|hn4dH(hnC)l( (Y (W), B) € — E [Y (W, B)e'¥]) x
X (Y (W, 8) 7% — B[V (Wy, B) e ])])!/2d¢
<

hy0n 21212 sup (E[Y* (W,

BeB

0 (n71/2h517d> ’

M [ttt

hy ‘1221 sup (B [Y* (W;. ) )/ / || 15 (hn€)| dC

|k ()] dC

where, on the third line, we have used the fact that, for any bounded variance complex-valued random 1i.i.d.

sequence a;,

Y (e
j=1

n

n2 Z Z E {(aJ
j=1j'=1
n~? i



where | denotes complex conjugates. On the fourth line, we have used the fact that

E(Y (W), 8) ¢ — E[Y (W;,8)]) (Y (W}, 8) e — E[Y (W, 8)¢])]

= B[V (W;,8) ™Y (W, B)e “CZJ]— [V (W5, 8) = E Y (W), 8) e ] +
—E[E[Y (W;,8) e ]Y (W;,8)e %] + E[E[Y (W;,8) ¥ ] E[Y (W), 8)e™*]]

= E[Y*(W;,0)] - E[Y (W;,B)e ‘%} [Y (W;,8) e=i¢%]

< EY*(W;p8)]+E[Y?(W;,5)]

= 2E[Y*(W;,B)].

Since B[R] = O (n~"/?h;'~7), it follows that R = O, (n~"/?h;'~¢) by Markov’s inequality.
Next, by integration by parts,

B = supsup|FE {Ggﬁi) (2,6)} — Ggﬁi) (z,ﬁ)‘
BEB z€R

/h;lK (ha'0) (G372 +0,8) = G (2, 8) ) dv

= supsup
BEB zeR

By a Taylor expansion,

Ny —d
B = supsu h,, Gdﬂ) —l—GN’“ 5 8) —— | dv| forz e z,z4+v
e [ (5 ) =y b
Ny —d
= supsu KoUK (B o) UV z, A
5egze§/ w (B 0) Gy 6)(Nk*d)!

by Assumption 9(iii). Then, by a change of variable,

Nk—thk—d
B = supsu /K N’”) ,Buindu
PeB 2eh N
1 _
< w ! (swpsup |6 (2,8)] ) 1 / K ()] [ul™ " du| = O (hy*~)
BeB Z€R Ny!
by Assumptions 9(iv) and the assumed boundedness of Gg/N’“) (z,8). |

Lemma 3 Given a sequence of sets T,,, two sequences of functions a,, b, and two sequences of random func-
tions iy, by each mappmg T, toR , lete and % be deterministic sequences such that sup,er |an (£) — an (t)] =

and let d, = infier, |b, (t)| and Ry, = supser, |an (t) /by ()].

a b
-0, <2—”> +0, (Rn%> .

n

Ifeb/d, — 0, then

n )

Oy (¢%) and sup;er, ) =

an (1)  an (t)

sup
teT,,

Proof. After simple manipulations, we have
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which implies that

()0 ) (o0 (3))

-1

The conclusion follows by noting that €% /d, — 0 implies that (1+ O, (¢}/d,)) ~ = (1+o0, (1))~ =

140, (1). ]
Lemma 4 Let Assumptions 7, 9, 10 and 11 hold. If in as in Definition 4 satisfies L:l =0 (nl/th) +
0 (h;Nk) then, for k =0,1,

sup sup sup |Ska. (2, ¢, @) — Skaz (2,¢, )] = O, ((1 + hnigl) _;1n_1/2h;2> +
qeEQ acA|z|<z,

+0 ((1 +hni;1)i;1hfyrl)

sup sup sup |%o; (2,¢q,®) — so; (2,¢,0)] = O, (L:lnflmh;l) +0 (L:lhfzvf() .
1€Q aEA |z|<z,

Proof. First observe that under the assumptions made, all the hypotheses of Lemma 2 hold for 8 = (¢, a')’,
B=0xA W= (y,z,w), X (W,5) =Z(w,a), for d =0 or d =1 and for Y (W, §) set to either S( —q),
(Z (w,a) —x) S (y —q) or 1. Let é@ (2,8) and G(d)( ,B) be defined as in Lemma 2. Let e be such

that maxy supgepg sup),|<,

C;’;l) (z,08) — d) (z,5) ’ = ( nd)> (where the maximum over Y is taken over

Y=8y—q), (Z(w,a)—x)S(y—q) or 1). We bound the estimation error in 5. (2, ¢, @) as follows.
~ G ( ) GY (Z, B)
Skoz (ZaQ7a) — Skoz (z,q7a) (é ( ) Gl (Zvﬁ)>
_ (W Eh e (GrEnEl 8 Gy (286 (:8)
-\ Giip  Gi(zp) G (2,

_ (N Ep e\ e (6P e,
Gi(z,8)  Gi(20) ;

B
Y (z8) (Gjy (6) Gy (z 5))

B)
- Gy (58 Gy (B) (G (=B 6B
G (2, B) Gy ( ’

z, 5) Gl (Z, B)

where Y = (Z (w,a) — z)* S (y — ¢) for k = 0,1. By Lemma 2, e = n~Y2ht + hN® and it follows that
L:le%o) — 0 since L:l = sup|, <z, (G1 (2,8))"" is assumed to be o (n'/2h,) + o (h;M*). We can therefore
use Lemma 3 to bound each difference of ratios after noting that |Gy (z,8) /G1 (2, 8)| = |ske= (2, ¢, @) is
bounded by Assumption 10 and ‘ng (z, 6)) is bounded by Assumption 11, for j = 1. We obtain

sup sup sup |$ka: (2,4, @) — Skaz (2,4,0)| = O, (L:lggzl))_FOP (i;lggll))—FOp (f )—I—O (f (0 )5(1)> .

9€QacA|z|<z,

By Lemma 2, el = =n~12p =4 4 pNe=d and it follows that

sup sup sup [Sxo: (2, ¢, @) — sk (2,¢, @)
9€Q acA|z|<zn

= Oy (£, 1070 ) + O (L) .0y (£,2074 0, ) + 0 (4,200
= Oy (1 mat,?) £ o) 40 (1 g, ) £, 100N

26



We proceed similarly for Y (W, 8) = S (y — q) and for d = 0, noting that

§Oz (27Q7a) — 50z <z’q7a) = ?;:((Zz’g)) - 211/((':75))

By Lemma 2 we then have

sup  sup sup Gg/ (2,8) — Gy (2,6)’ =0, (n_l/zhf) + O (hi:’K) ,
Y=1,5(y—q) BEB |2|<2,

which implies that sup,c o SUPyec 4 SUP|. <z, |90z (2, ¢, @) — 502 (2,4, )| = Op (L:ln*l/Qh;l) +0 (i;lhgf()

by Lemma 3. n

Lemma 5 Under Assumptions 7, 9, 10, 11, 13, we have, for k = 0,1,

sup sup sup |69z (¢, ¢, @) — ko= (€, ¢, )

Op (14 haf") 2 202 7) +
geQ (R ac A - -

+O (14 hnf) 2ahd< 1Y) +O(T)
Oy (20 20 £1) +0 (2l 1) + O (T,).

Sup sup sup |&02 (Z, q, CY) — 00z (27% 04)|
qeQ (ER acA

Proof. Observe that

Sup sup sup |a'k8z (C»‘L 04) — 0koz (C»‘L 04)|
qgeQ (ER acA

= supsup sup ‘/ 8r0= (2,¢,0) — spas (2, ¢, @) €7dz
qeQ CER ac A

IN

sup sup sup +

geQ CER ac A

/ '§k82 (Zv q, OZ) — Skoz (Zu q, OZ) ei(zdz
|Z|§5n

-+ sup sup sup
q€Q (ER ac A

/ §k62 (Za q, CV) — Skoz (Za q, 0[) eiCZdZ
|z|25n

IN

Sup sup / \§kaz (2,4, a) — 8ka2 (2,4, a)| dz + sup sup / |O — Skoz (2, q,a)| dz
q€Q ac A J|z|<z, q€Q acAJ|z|>z,

2zp sSup sup |'§k6z (Z7 q, Oé) — Skoz (Zv q, a)' +0 (Tn)
geEQ acA

Op (14 haf") 2 2021 ) + O (1 haf ) 2ahh5 1) 4+ O(T)

IA

by Lemma 4 (since Assumption 13 and the fact that z@i&n / (Qngn) — 0o imply that L—Ll has the appro-

priate order of magnitude for Lemma 4 to apply'?) and we have used the definition of 7T,, given in Definition

4. The second conclusion of the Lemma follows similarly. ]
12This can be seen as follows. The first two conditions in Assumption 13 are equivalent to

- =273 — —
i;l (n*1/2h52 + hf:]Kfl) (1 + h"igl) ZTdZC—TZn — 0. Moreover, aniqﬁn/ (ijngn) — oo by construction and

<1+hni;1) cannot go to zero. Hence, this condition can only be satisfied if i;l (n_1/2h52+hg1<71> = o(1), ie.,
if i;l =o0 (nl/Qh% + h;NKJrl) =o0 (nl/zhn + h;NK> hn. Since hn, = o(1), having i;l =o0 (nl/zhn + h;NK> hy, implies
that i;l =o0 (nl/zhn + h;NK)7 which is the hypothesis of Lemma 4.
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Lemma 6 Under Assumptions 7, 9-13,

sup sup sup |Sog+ (T*, ¢, &) — Soz+ (2%, ¢, )| = 0, (1)
z*ERgEQ ac A

Proof. We first establish that og. ({, ¢, @) is bounded by & max (|C|_1 , 1) for some & > 0. As in the proof of
Lemma 1, part (iii), Assumption 10 implies that sg, (z, ¢, @) for given values of ¢ and « can be written as the
sum of the function H (2) = ¢4 (¢)1(z > 0) +c_ (¢) 1 (2 < 0) — ¢(g) and an absolutely integrable function.
Hence, the Fourier transform oy, ({, g, @) can be written as the sum of the Fourier transform of H (z) (which
is equal to (¢4 (q) — c— (¢)) / (—i¢)) and the Fourier transform of an absolutely integrable function, which is
necessarily bounded. It follows that |0y, (¢, ¢, )| < & max (|C I, 1) for some ¢ > 0 that does not depend
on ¢q or « since the bound in Assumption 10 is uniform in ¢ and a.

Lemma 5 provides the rates of convergence of the following quantities:

5511) = Sup sup sup max {‘5—082 (Ca q, Ol) — 000z (Ca q, OZ)‘ ) ‘5—182: (Ca q, a) — 010z (C) q, O[)|}
(ER geQ acA
el® = supsup sup |60. (¢, q, @) — 00: (C.q. )] -

(ER gEQ ac A

We can then bound the estimation error as follows:

2T ‘§Ox* (ZL'*,(]) — SQx* (I*aQN

e ¢ i _
/;_ 6’02 (C,Q,Oé) exp (—/0 Md£> e‘icw*d<+

&Oaz (5) q,«

n

Zn C i q i * . *
_[, 002 (€, q, @) exp <_/0 Mcﬁ) e~ice dC—/C>< 0oe (¢, g, ) €77 d¢

000z (57 (ja «

n

IN

Ri+ Ry + R3

where

En ¢ 6 q ¢ q -
R = ‘ [ " a0 G <exp (— /0 %d&) _exp (— /0 %%))e“ dc

n

3 §
Z:n R ¢ ia’l@z f,q, a) ¢ 10152 (qua Oé)
2 (6,4, xXp | — ———d{| —exp | — ——d¢ || d
< /cn 602 (¢, g, )] |e p( /0 Fon: E.0.0) 1 | ~oxP /0 on: 0.0 5 |4
Z C on ~ C s ~
n A(O) _ 10152 (é., q, Oé) o o 10192 (5? q, Of)
< [ " (Il gl +2) exp< | et dé) exp< | ettt | ac

d¢

Il IA
.,
ERA
/N /N
Qi Qi
B B
sV Qo
B ®
—
~ ~
[ay ,‘_.
— —
N———— N———
+ o+
m> m)>
CE S L

_ ¢ i51az (gu d» OZ) . . ¢ ialaz (57 Qa Oé)
o ( |, seiae) o (- | e
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d¢

IN
|-
S

—
—
o
/N
QI
:
[
I

L
7_‘
N—

+

oy

¢ fana ~ . ~
O oo (- [ (Gt - i) ) -
< ot [ (ama (07 1) 0 o (0 2u205) 1]

by Lemma 3. Next, since Assumption 13 implies that the argument of the exponential goes to zero for

I¢| < ¢,, and since exp () — 1 =n + o(n), we have, for some C,C’ > 0 and for n sufficiently large,

mo< oot [ i (7mes (J¢ 1) + &) [¢] 6,20 de

Cn
g, / : (Fmax(1,1¢)) + 20 Ic]) 6,20 e, dc

< 209" (7max (1,8,) +0C,) 0,20 0
< V8.0 ar!

Similarly for Ry, we have

Cn c. ~ B
Ry = ‘/_( (602 (¢, q,0) — 002 (¢, q, @) exp <_/O %dﬁ) o—ice dc

z—n . *
‘/_4 (60: (€ ¢:) = 002 (¢, q,0)) ¢ (G, @) €717 dC

Cn
< /__ |6Oz (C7q7a) — 00z (Caqu Oé)| M)(Cva)'il dC
2.
< e, g
/g" o Ln
= 20,870,

Finally, by Assumption 12, oo.+ (¢,q,a) = O (C_2) uniformly in ¢ and « as |(| — oo, thus implying that

Ry = /  o0e (Cgya) e dC
[¢1>¢,,

<[ o Cawldc=o(.
[<I>C,,
It follows that
z*€R geQ ac A - -n

©

n) and éle) from Lemma 5 and using Assumption 13 establishes

Substituting the orders of magnitude of &

that the right-hand side is o, (1). |

Proof of Theorem 2. The proof consists in verifying the assumptions of Theorem 2.1 in Newey and

McFadden (1994). Write

€n = Sup sup |8oz+ (%, ¢, &) — oz~ (2%,¢,0")| < R1 + Ry (69)
T*EX qEQ
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where R; and Ry are bounded as follows:

Rl = sup sup |§Ox* ($*a q, OA‘) — S0x* (ZL'*, q, é‘)|
T*EX qEQ

< sup sup sup |Soz+ (2%, ¢, @) — S0z~ (¥, ¢, )] = 0, (1)
r*eX qeQ €A
by Lemma 6 and

RQ = Sup sup |501:* (x*a q)d> — S0z* (ZIJ*, q, Oé*)| = Op (1>
T*EX qEQ

since (i) Assumptions 7 and 8 imply that & % o* and (ii) sou~ (z*,¢,a) is continuous in a uniformly for

x* € X and ¢ € Q, by Assumption 14. We now show that the functional

F (QT) = /*e)( (§Om* (LE*, Q'r (ZIJ*) ’ d) - T>2 dz*

converges to the functional
FQ)= [ (o 00 (0)0) — 1)t
z*eX

in the sense that supg o, ‘F (Q:)— F(Qr)

= 0, (1). Indeed,

sup |F(Q-) - F(Q-)
QreL

= sup / ((éoﬁ (", Q, (z¥),&) — 7')2 — (80z* (%, Qr (z¥) ,a™) — 7)2) dx*
Q-eL |Jarex

< s |f @G0 0.0 @) =)+ ) do

<

/ (265 + 5%) dz*
r*eX

< Be, =0,(1)

for €, as in Equation (69) and for some finite B since |sp.+ (2*,Q, (2*),a*)| < 1, 7 € [0,1] and the set X is
a compact interval.

By Assumption 1, sg. (z*, ¢, @*) is a continuous function of ¢ for any ¢ € Q and z* € X and since Q
and X are compact, the continuity is uniform in ¢ and z*. Hence for any 1 > 0 there exists a § > 0 such
that sup,.cx ’QT (z*) — Q. (z*)| < & implies sup,. ’801* (x*,Qr (z*),a*) — Spu= (x*, Qr (z*) ,a*)
We can then write for Q. and Q, such that SUD,«cx ’QT (z*) — Qr (z%)

= [ (o @ @) =7 = (0 (7.0 @) = 7)) o

[ o Q0 @) =)+ oP) da
rz*eX
< Bn.

<1

<4,

@) -F(Q)

IN

Hence, the functional F'(Q;) is a continuous mapping from £ to R, when £ is endowed with the sup
norm. This norm also makes the closed set £ compact under Assumption 15, by the Arzela-Ascoli Theo-

rem. Finally, F (Q) is uniquely minimized at the true @, by Theorem 1. By Theorem 2.1 in Newey and
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McFadden (1994), it follows that any Q, satisfying Q, € arg minQTELF(QT) is consistent in the sense
that sup,.cx Q- (z*) — Qr (z*) %, 0. Under the additional Assumption 16, the same conclusion holds for

Q. € argming._cr, F(Q,), by Lemma Al in Newey and Powell (2003). |
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