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Abstract

We introduce a nonparametric regression estimator which is consistent in the presence of measurement
error in the explanatory variable when one repeated observation of the mismeasured regressor is available.
The approach taken relies on a useful property of the Fourier transform, namely, its ability to convert
complicated integral equations into simple algebraic equations. The proposed estimator is shown to be
asymptotically normal and its rate of convergence in probability is derived as a function of the smoothness
of the densities and conditional expectations involved. The resulting rates are often comparable to
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investigated through Monte-Carlo experiments.
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1 Introduction

1.1 DMotivation

The bias resulting from the presence of measurement error in the explanatory variables is a common problem
in regression analysis. While numerous solutions to this problem have been derived for parametric regression
models, the corresponding problem in nonparametric specifications has remained relatively unexplored.

Some aspects of the nonparametric errors-in-variables problem have been previously investigated. The
problem of estimating the density of an unobserved variable when this variable is measured with error
and when the density of the error is known has received considerable attention in the literature. In this
setting, the so-called kernel-deconvolution estimator (see, for instance, Carroll & Hall (1988), Liu & Taylor
(1989), or Carroll et al. (1995) for a review of the large literature) has been shown to reach the optimal
rate of convergence (Fan (1991b)). The problem of the nonparametric estimation of a regression function
when the independent variable is measured with an error drawn from a known distribution has also been
studied. In this case, a kernel regression estimator based on kernel deconvolution is known to achieve
optimal convergence rates (Fan & Truong (1993)). A more challenging problem is the estimation of densities
and regression functions when the independent variable is measured with an error drawn from an unknown
distribution. Thanks to an identity due to Kotlarski (see Rao (1992), p. 21), the identification of the density
of an unobserved random variable is possible when the joint density of two error-contaminated measurements
of that variable is known. Li & Vuong (1998) showed that the empirical version of this identity leads to a
consistent estimator with known convergence rates.

In contrast to the nonparametric density estimation problem, the nonparametric estimation of conditional
expectations under similar conditions has so far remained unsolved. This is the gap our paper intends to
fill by extending the traditional Nadaraya-Watson kernel regression estimator to allow for the independent
variable to be contaminated with an error of an unknown distribution. We show that the availability of two
error-contaminated measurements of the independent variable is all that is needed to achieve identification
The usefulness of this result stems from the observation that while distributional assumptions are often not
appropriate in applications, thus precluding the use of kernel deconvolution estimators, repeated measure-

ments can frequently be found in data sets (Ashenfelter & Krueger (1994), Hausman et al. (1995), Morey &



Waldman (1998), Bowles (1972), Borus & Nestel (1973), Freeman (1984)!). For instance, a given quantity
may be repeatedly measured over time, or the same quantity may be reported by different people, such as
different family members or an employer and an employee. The error on one of the measurements does not
need to have zero mean, thus expanding the set of valid repeated measurements to more general indicators,
or to repeated measurements which exhibit a systematic drift.

Our analysis not only derives the convergence rate of the proposed estimator, but also provides its
asymptotic distribution. The asymptotic properties of the estimator are analyzed through various analytical
examples while its finite-sample properties are investigated through Monte-Carlo simulations that illustrate

the bias-correcting power of our estimator. All proofs can be found in an Appendix.

1.2 Background

In order to understand the difficulties faced in nonparametric estimation in the presence of measurement
error, it is instructive to recall the well-known solution to the simpler problem of finding the density of an

unobserved variable z* given an imperfect measurement z (see Carroll et al. (1995) for a review):

z=a"+ Az (1)

The measurement error Az is usually assumed to be independent from z* and to be drawn from a known
density. It is well known that the density of z is given by the convolution of the density of z* with the density
of Az. Thanks to the Convolution Theorem, this relationship can be concisely expressed using characteristic

functions:
m(v) = ¢ (V)¢ (v) (2)

where ¢ (v), m (v), and ¥ (v), respectively denote the characteristic functions of x*, z, and Az. We can

therefore identify the characteristic function of interest, ¢ (v), through:

¢ (v) = 3)

where m (v) can be estimated by the Fourier transform of a nonparametric estimator of the density of z, such
as a kernel estimator. The problem with this procedure arises from the fact that, under mild assumptions

(such as assuming that the density of Az is continuous), ¢ (v) vanishes as ¥ — oo, so that this operation is not



well defined for all v. Hence, merely replacing m (v) by a consistent estimate 7 (v) may not yield a consistent
estimate of ¢ (v), because small errors on m (v) are magnified by the arbitrarily large factor 1/t (v). This
is the well-known ill-defined inverse problem that occurs when one tries to invert a convolution operation.
The so-called kernel-deconvolution estimator (Carroll et al. (1995), Fan (1991b)) addresses this problem by
estimating m () using a kernel whose Fourier transform, x (), is compactly supported. This ensures that
the estimated characteristic function  (v) is also compactly supported, which in turn guarantees that the
numerator of Equation (3) will vanish well before the denominator causes the ratio to diverge.

It is clear that truncating the characteristic function of z in this fashion introduces a bias. In order to
obtain a consistent estimator, the support of « (v) is allowed to expand as sample size grows in such a way
that the total integrated noise over all frequencies in the support of « (v) decreases. The faster ¥ (v) — 0 as
v — 00, the slower the support of x (v) can expand with sample size and the slower the convergence rate.
This is the fundamental difficulty associated with nonparametric estimation in the presence of measurement
error. As the smoothness of the density of the measurement error increases, the characteristic function 1 (v)
goes to zero increasingly rapidly as ¥ — oo and the convergence rate worsens. The smoothness of the density
of z* also plays a role in determining the convergence rate. The bias introduced by the truncation of m (v)
at a finite frequency is a function of the magnitude of the rate of decay of m (v) as v — oco. The smoother
the density of *, the faster its Fourier transform m (v) decays as v — oo, and the faster the bias decreases
as the kernel bandwidth shrinks.

The literature focusing on kernel-deconvolution estimators typically describes the smoothness of a density
in terms of the asymptotic rate of decay of its Fourier transform as frequency v goes to infinity. The basis
for such a description is that the number of derivatives of a density that are continuous is directly related
to the asymptotic behavior of its Fourier transform as v — oo. This leads to the traditional distinction
between “ordinarily smooth” functions (which admit a finite number of continuous derivatives and whose
Fourier transform decays as |v|”, v < 0) and “supersmooth” functions (which admit an infinite number
of continuous derivatives and whose Fourier transform decays as exp (a |1/|/3 ) ,a < 0,8 >0). Examples
of ordinarily smooth functions are gamma, uniform, and double exponential, while normal and Cauchy are

supersmooth functions.



The kernel deconvolution estimator exhibits a wide variety of convergence rates depending on the smooth-
ness of the densities involved. Whenever the densities of z* and of Az are ordinarily smooth, the kernel-
deconvolution will exhibit a rate of convergence of the form n~¢ for some ¢ > 0 where n is sample size.
The situation degrades significantly when the density of Az is supersmooth while the density of z* remains
ordinarily smooth. The convergence rate is then of the form (Inn)~“ for some ¢ > 0, which is slower than
any negative power of n.

The problem solved in this paper is more challenging than the one described above. First, we focus on
a kernel regression estimator rather than a kernel density estimator. Second, we assume the density of the

measurement error to be unknown.
2 Estimation Procedure
Our task is to find a function g (z*) : R — R such that
y =g (z*) + Ay where E [Ay|z*] = 0. (4)

We consider z* to be a scalar to simplify the exposition, although a multivariate extension is clearly possible.?
When both y and z* are observed, a natural candidate for this task is the well-known Nadaraya-Watson

kernel estimator of g (Z*) at a given point Z*

n Y uKy (xf — &)
n=tYL ) Ky (af —3%)

g(@*,h)=
where z; and y; for [ = 1...n denote the datapoints and the kernel Kj, (-) is of the form
Ko (ot) = 3 (5 (©
PETERE A

and h is the bandwidth parameter. The problem we are facing is that x*is not observed. As shown in

Schennach (2004) the availability of two repeated measurements of z*

x = "+ Az (7)

w
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5+ Az, (8)



provides enough information to identify any moment of the form E [u (y, z*)] for any function u (y,z*). Since

the probability limit (at constant bandwidth h) of the Nadaraya-Watson kernel estimator is the ratio

ElyKy (¢* —37)]

TR

(9)
a similar technique can be applied here, setting u (y, 2*) = y* K}, (z* — #*), for k = 0, 1. The extension of the
existing results to a nonparametric setting nevertheless requires additional steps in order to handle the fact
that we need to characterize an infinite family of moments, indexed by Z*. Fortunately, this complication
can be elegantly handled by observing that the convolution operations involved in computing the Nadaraya-
Watson estimator are converted into simple products through the Fourier transform operation, enabling the
whole family of moments to be estimated in a single operation. The formal result that permits identification
is summarized in the following set of assumptions and associated Theorem. Throughout the paper, we will

take the convention that integrals without explicit bounds are taken over the whole real line.

Assumption 1
E [Ay|z*, Az] =0,
E[Azx|z*,Az] =0, (10)
Az andz* are mutually independent.

Assumption 2 E[|z*|], E[|Az|] and E [y|] are finite.
Assumption 3 E [y*h7'K (h7! (z* — &*))] < oo for all &*, any h > 0 and k =0, 1.

Theorem 1 Under Assumptions 1, 2 and 3, and provided |E [e’fz]’ > 0 for any finite £, the function,

B yh 'K (b (a" —&))]
E[h=1K (h=1 (z* — 2%))]

g9z h) = (11)

for z* € R and h > 0, can be expressed solely in terms of moments that involve the observable variables y,

and z:
ey My (&7, h)
90 = 3y ) -
where, for k=0,1,
. 1 -
M (@) = 5 [ R (h) 6 (€) ex (i) g (13)

and where ¢y, (€) = E [y* exp (i€x*)] is given by?
B S img ()
¢0 (g) = €exp ( 0 my (<> dC) (]‘4)

ma (§)

1 (&) = (&)




where t = v/—1 and k (§) is the Fourier transform of the kernel K (z*) and
me (&) = Efaexp (iz)] fora=1,x,y. (16)

Note that knowledge of the moments m,, (§), for a = 1,z,y, which involve observable variables only, is
sufficient to identify g (Z*,h). Since the moments m, (§) can be estimated from the corresponding sample

averages, we propose the following estimator.

Definition 1 Let (x;,y:,2;), for i = 1,...,n denote a sample of size n. For a given Z* € R and some

sequence of bandwidths h,, — 0, let

Ml (SE*’ hn)

g(T* hy) = o (5 F) (17)
where, for k=0,1,
N 5 1 A o
0 (5 ) = 5 [ ) 61 (6) exp (i) e (18)
bow) = ew( [ Z=lac) (19)
o _ 1y (Q)y
) = FLEh W), (20)
and where, for a =1,x,y,
o (Q)=n""Y ajexp (iz). (21)
j=1

An interesting property of this estimator is that it reduces to the Nadaraya-Watson estimator in the ab-
sence of measurement error (i.e. when z = z = z*). Indeed, in that case, 1, (¢) = 7, (¢) = n~! > i1 2 exp (Czj) =
diny (¢) /d¢ and Equation (19) can be integrated analytically to yield ¢, () = m; (v), thus implying that
Equation (20) becomes ¢, (v) = My (¢). With these equalities in mind, Equation (18) then defines the

Fourier representation of the numerator and the denominator of the Nadaraya-Watson estimator.

To ensure that the proposed estimator is well-behaved, we need to make the following assumption.

Assumption 4 The Fourier transform of the kernel, k(£), is (i) bounded and (i) compactly supported

(without loss of generality, we consider the support to be [—1,1]).

The boundedness of & (£) is a very weak requirement since any kernel K (z) violating it would necessarily

fail to be absolutely integrable. The assumption of compact support of k(&) is commonly made in the



derivation of the asymptotic properties of kernel deconvolution estimators (Fan & Truong (1993)). The need
for this assumption arises from the fact that the estimator involves a division by an asymptotically vanishing
characteristic function. Under very mild smoothness requirements, characteristic functions decay to zero
as frequency increases towards infinity. A compactly supported kernel (in Fourier representation) explicitly
makes the frequency range considered in a given sample finite, ensuring that the divergence is kept under
control.

The restriction of compact support (in Fourier representation) poses few problems in practice, since one
can take any given kernel K (z*) and construct a modified kernel K (z*) that exhibits most of the properties

of the original kernel, while possessing a compact support in Fourier representation. This is achieved by

computing the Fourier transform & (€) of the original kernel K (z*) and multiplying it by a “windowing”
function W (§) that vanishes beyond a given frequency:
R (&) =W (&) k(£ (22)

Judicious choice of a windowing function will ensure that the modified kernel & (£) keeps most of the properties

of the original kernel. For instance, a windowing function such as

1 if €] <€
W (€) = (1+exp((1—é) ((1—\§I)_1—(I£\—E)_1)))7 i£1>|¢ >E forany€€]0,1] (23)
0 it e > 1

will leave the order of the kernel unaffected, since the windowing function is constant in the neighborhood
of the origin. The fact that this windowing function is infinitely many times differentiable will guarantee
that the modified kernel K (2*) decays faster than any power of * as |*| — oo (provided that the original

kernel K (x*) had this property).
3 Asymptotic Properties

This section is organized as follows. To facilitate the analysis of the asymptotic properties of the proposed
estimator g (Z*, hy,), we first provide a linear representation of this estimator, denoted g (Z*, h,,), that will
be shown to be asymptotically equivalent to §(z*,h,). This linearization serves two purposes. First, it
will enable the derivation of convergence rate of the estimator using techniques that are analogous to the

standard bias and variance decomposition used in the context of conventional kernel estimators. Second, a



linear representation is essential to establish the asymptotic normality of the estimator.

3.1 Linearization

In this section, we will provide very general results that summarize the properties of a linearized estimator
g (z*, hy,) that will be used to establish the asymptotic properties of §(Z*,h,). The form of the estimator
prompts for two levels of linearization. First, as is commonly done in the analysis of nonparametric condi-
tional expectation kernel estimators, the ratio of Mj (Z*, h,,) and My (&*, hy,) in Equation (17) is expanded
in a Taylor series up to first order. Second, unlike the usual Nadaraya-Watson estimator and kernel de-
convolution estimators, My (Z*, h) and M, (Z*, k) themselves take the form of nonlinear functionals of the
data generating process. It is thus convenient to carry out the linearization a step further by calculating the
Fréchet derivative of My (2, h) and M (Z*, h) with respect to the estimated moment 7, (¢) for a = 1,z,y in

the vicinity of 7, (¢) = mg (¢). The following definition gives a linearized version* g (Z*, h) of the estimator
g (z*,h).

Definition 2 For 2* € R and h > 0, let

— (% _ fﬁ* 1 \ /1 .i?* _ .i?* _ Ml (5*5 O) \ fﬁ* _ fﬁ*
90 = 9 (57 A) + gy (Vi (37— M (5 ) = i (W (3 4) = Mo (1) 21
where, for k= 0,1, My (Z*,h) is given by Equation (13),
My (&, h) = My, (&, h) + Y [ UF(¢Eh) (g (Q) = mu (€) d¢ (25)
l=1,z,y
. iAo (¢, %, h) my (€)
ud(¢,ith) = ——2 - 26
(o) (1 (0) 20
0 ok iAo (¢, Z%,h)
Ux (Cvx ah) - my (C)
U, (¢, ,h) = 0
1 ~ % ZAl (Caj*ah) My (C) Cl (Cvi*ah)
» L ah = D)
SR () 1 Q)
Lo 1AL (G, T4 h)
1 ~ % CU (Caj*vh)

(27)

1 oo . .
Ay (G, 7 h) = { (2m) fC exp (—ivi*) k (=hv) ¢, (v)dv  if ¢ >0

(2m) " fgoo exp (—iva*) k (—hv) ¢, (V) dv  if ( <0
Cr(¢,3",h) = (2m) exp (=i¢a") 5 (=hC) 61 (€)



The advantage of the linear representation provided by Definition 2 is that it is possible to decompose

the error g (Z*,h) — g (£*,0) into well defined “bias” and “variance” terms, as given by the following Lemma.
Assumption 5 [y;, z;, z;, xF, Ay;, Ax;, Az for i =1...n, is an iid sequence.
Assumption 6 F {y%j |z|J] <oo, E {x%j |z|J] < oo, for j =0,1.
Assumption 7 The density of * is nonzero at x* = T*.
Lemma 1 Under Assumptions 1-7, for * € R and h > 0,

g(@* h)—g(*,0) =b(z*, h) +v(Z*,h) (28)
where the bias term b(Z*, h) and the variance term v (Z*,h) are given by

b(z*h) = g(&",h)—g(z",0) (29)

v(z"h) = g(&* h)—g(@",h) (30)
and where v (Z*, h) satisfies E [v(Z*,h)] =0 and
E [(v (:z*,h)ﬂ — 0710 (%, h)

where

Q@ h) = X1 (27, h) " Mg (2%, h) Yoo (2", h) o Mi (27, 1) Tno (27, h) (31)
T (Mo (3, h)? (Mo (&, h))* (Mo (&, h))*

2lc1k2 (.’17 h =n Z Z //Ukl Cv‘r h lila (Cag) ((Jllz2 (57‘%*7 h)>T dCd§ (32)

Li=lzylo=1,z,y

for ki, ke = 0,1, where UF (¢, 7%, h) is given in Definition 2, where My, (Z*,h) for k = 0,1 is given in Theorem

1, and where t denotes complex conjugation, while

Viie (6,8) = my,) (C = &) —my, (C)mu, (=€) forly,le =1,z,y. (33)

Under our assumptions, the expectation and the variance of g (Z*,h) — g (Z*,0) are well-defined, even
though the corresponding moments of § (Z*, h) — g (Z*,0) may not exist. As long as the remainder § (Z*, hy,)—
g (Z*, hy,) can be shown to be asymptotically negligible in probability, the mean and the variance of g (Z*, h)

can be interpreted as the mean and the variance of the limiting distribution of § (Z*, h), whether or not the

10



first two moments of § (Z*, h,,) are bounded. This situation is not unique, as these observations apply to any
estimator involving ratios of random quantities. In order to ascertain that the linear approximation g (Z*, hy,)
is appropriate, the following Lemma provides the order of the remainder of the linearization of § (Z*, h,), as
well as the order of the statistical fluctuations in g (Z*, h,,). This result is included for completeness but it is

not essential for the reader to master it in order to understand the main results of the subsequent sections.

Lemma 2 Let Assumptions 1-7 hold and let, for ¢, (C), ¢1 (¢) and my (¢) as in Theorem 1,

iy — o (A |60 Q1Y [ L

U (hn) = /| 1 ()l ;((u%w /<| (=ha&)l 16 (O dE + [ (=hnQ)l 1 (O] | dC (34)
_ o |9 (€))] ol ()1

Mhn) = (1+hn ) ¢e[—hatna'] 9o (&) 56[7h7711),hr71]| 1) (%)

for® ¢ (€) = doy (€) /dE. If the sequence h,, is such that (i) My (Z*,h,) — My (2%,0) for k = 0,1, (ii)

U (hy)n='? = 0 and (iii) X (hy)n~"?t¢ — 0 for some € > 0, then

33 ) =9 (@ h) = Oy (U (ha)n'7) (36)

G ) =G (@ ) = Op (U (hn) ™2\ () n /27 (37)
If, in addition, (iii) ((Z*, hn)) "2 U (h) A (hn) n=Y/2t€ = 0, then

9@ hn) =g (&% hn) = (g (27 hn) = g (27, hn)) (1 + 0, (1)) - (38)

The quantity U (h,,) is defined so that it bounds any of the quantities defined in Equations (26) that
enter the expression of the asymptotic variance of the estimator, while A (h,,) bounds the remainder terms
from the linearization performed in Definition 2. As expected, the above stochastic expansion is written
in terms of successive powers of n~1/2, with the exception that the second term is proportional to n=11¢
instead of n~!, because bounding the second remainder term involves uniformly bounding various random
functions, which slows the rate down by a factor nc.

In the proof of our convergence rate and asymptotic normality results, we will subsequently verify that
the hypotheses of Lemma 2 are implied by more primitive regularity conditions. The first conclusion of the
Lemma (Equations (36) and (37)) will be sufficient to obtain the convergence rate of the estimator. Indeed,

if it can be shown that X (h,,) n~'/?*¢ — 0, the convergence rate is then simply given by O, (U (hn) n*1/2).

11



Since O, (U (hp)n=Y 2) is an upper bound on the convergence rate, which may or may not be binding,
the second, slightly stronger conclusion of Lemma 2 (Equation (38)) will be needed to obtain the limiting
distribution of the estimator. The basic intuition behind the additional condition (iii) is that, in order for
the O, (U (hy) n=Y/2X (hy) n=1/2+€) nonlinear remainder to have no effect on the limiting distribution, it
must be asymptotically negligible relative to the exact standard deviation of g (z*, h,,) — g (Z*, hy,), which is

given by (Q (z*, ho))? 712, by Lemma 1.
3.2 Regularity Conditions

We now provide primitive regularity conditions which will enable us to derive explicit convergence rates.
These regularity conditions take the form of smoothness restrictions imposed via constraints on the tail be-
havior of various Fourier transforms. To specify the regularity conditions, we employ the following convenient

notation.

Definition 3 An expression of the form f(¢) = g (¢) for f,g : R — R indicates that there exists a constant
C > 0, independent of ¢, such that f () < C g (¢) for all { € R (and similarly for =). Analogously, a, = by,
for two sequences ay, b, indicates that there exists a constant C independent of n such that a,, < Cb,, for all

n € N.

The literature focusing on “kernel-deconvolution estimators” (see, for instance Carroll et al. (1995)) and
related estimators (Fan & Truong (1993)) traditionally distinguishes between “ordinarily smooth” functions
(whose Fourier transform decays as |¢|7, v < 0 as |[¢| — 00) and “supersmooth” functions (whose Fourier
transform decays as exp (a |§|B) , @ <0,8>0as|¢|] = o). For the benefit of conciseness, our regular-
ity conditions are given in terms of expressions of the form (1 + |¢])” exp (a IC |B ), thereby simultaneously

covering the ordinarily smooth and supersmooth cases.

Assumption 8 The functions ¢, (¢) = E [e"""], ¢( (¢) = doy (€) /dC, ¢4 (¢) = E [ye’*™" | and mq ({) =
E [eicﬂ satisfy

¢ ()
¢ (¢

\ <1+ (39)

~—
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for some v, > 0 and

max{|¢g ()] 161 ()} = (1 +1¢)™ exp (s IcI**) (40)
ma (O = (1 1) exp (e I ) (41)

Jor some 7,7, €R, ay <0, ayy <0, B, >0, B, >0 such that v,6, > 0 and v,,,3,, > 0.

A few remarks are in order. While the rate of decay of ¢, ({), the characteristic function of a*, is
entirely determined by the smoothness of the density f (z*) of z*, the rate of decay of ¢, (¢) is governed
by the smoothness of f (z*) E [y|z*]. Verifying Equation (40) would first involve finding bounds on |¢, (¢)|
and |¢; (¢)| individually before taking the most slowly decaying term. Regrouping ¢, (¢) and ¢, ({) in a
single assumption is possible without loss of generality, because both quantities enter the expression of the
estimator in a similar fashion. This grouping is also notationally convenient, as it will reduce the number
independent orders of magnitude that have to be considered when determining the convergence rates of the
estimator.

As is always the case in deconvolution-type estimators, one quantity (here my (¢)) needs to be bounded
below (in Equation (41)), instead of above, because it appears in a denominator in the expression of the
estimator. Note that Equation (41) is implied by separate lower bounds on the modulus of the characteristic
functions of * and Az sincem; (() = E [eigz] =F [ei@”*] E [eiCAZ]. The grouping of £ [ei@”*] and [eiCAZ]
is also aimed at reducing the notational burden. While the constraint on the ratio ¢ (¢) /@, (¢) imposed by
Equation (39) may appear unusual, it is clear that it is implied by a more familiar upper bound on ’¢' (§)|
and a lower bound on |¢ ({)|. The absence of a term of the form exp (ozT |C|ﬁ*) in Equation (39) results in
very little loss of generality, because all common ordinarily smooth and supersmooth functions are such that
Equation (39) holds for v, = 1.

Before we can derive the convergence rate of the estimator, we also need to characterize the type of kernel
K (z*) used. While most studies of measurement error in nonparametric settings focus either on finite order
kernels (Fan (1991b), Fan & Truong (1993)) or on infinite order kernels (Politis & Romano (1999), Li &
Vuong (1998)), we will consider both finite and infinite order kernels. The traditional finite-order kernels we

consider are defined in Assumption 9 below.

13



Assumption 9 [ K (z*)dz* =1 and, for some integer ~y,, >0

/(:p*)jK(x*)dm* = 0forj=1,...,7v,—1 (42)
/ (@) K (z°)dz* £ 0 (43)
/|x*\j K (2)|d2* < oo forj=1,...,7, (44)

We also consider the following class of “infinite order” kernels:

Assumption 10 The Fourier transform of the kernel, r (§), is such that k(&) = 1 for €| < € for some

£>0.

Assumption 10 allows for a kernel of the form

K (z*) = , (45)

which is particularly suited to the Fourier representation, since its Fourier transform is 1 in the [—1,1]
interval and zero elsewhere. This type of kernel has previously been used in other Fourier-based estimators
(Li & Vuong (1998)), and amounts to truncating the Fourier transform above a given frequency. When both
E [y|z*] and the density of z* are infinitely many times differentiable, an infinite order kernel will guarantee
that the bias goes to zero faster than any power of the bandwidth. The bias could then, for instance, be an

exponentially decaying function of the inverse bandwidth h~".

3.3 Rate of convergence in probability

The procedure to determine the asymptotic rates of pointwise convergence in probability can be outlined as

follows.

1. Bound the bias of the linearized estimator in terms of the bounds given in Assumption 8.
2. Bound the variance of the linearized estimator in terms of the bounds given in Assumption 8.

3. Find the sequence of bandwidths h,, that makes the order of the bias squared and of the variance equal
and verify that the higher-order terms are asymptotically negligible, so that the asymptotic properties

of the estimator g (Z*, h,,) can be obtained from the properties of its linearization g (*, hy,).
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Step 1: Calculation of the bias g (Z*, h,) — g (2*,0). We distinguish two cases, depending on whether
the kernel used satisfies Assumption 9 or 10. In the following two Lemmas, recall that the parameters
V4> @y and B, defined in Assumption 8, describe the smoothness of the density f (x*) of z* and of the
conditional expectation F [y|z*] by specifying that their Fourier transforms both decay at least as fast as

(7% exp (oz¢ \C|B¢> as frequency ¢ — oo.

Lemma 3 Under Assumptions 1-8, if the kernel is of order v,,, as defined by Assumption 9, then the bias

satisfies
9@ ) = 9@, 0) = O (") exp (e (1) ™)) = 0 ("))

where o, = 0, B, =0 and

Vb smallest v, € Z such that v, > —v,, and v, > v, +1 ifas=0 ~

Lemma 4 Under Assumptions 1 through 8, if the kernel satisfies Assumption 10 for some constant €, then

the bias satisfies

19 (7, hn) — g (,0)] = O ((hT_Ll)’Yb exp (ab (hgl)ﬁb)> (47)
where
a = a¢gﬁ¢ (48)
By = 5¢> “9)
T = Vet L (50)

In short, when a finite order kernel is used, the rate of decrease of the bias is controlled either by the
order of the kernel «,, or by the smoothness of f (z*) and E [y|z*], whichever is more limiting. In particular,
when both f (2*) and E [y|z*] are supersmooth, so that ay # 0, it is the order of the kernel that determines
the rate of decrease of the bias. When an infinite order kernel is used, only the smoothness of f (z*) and
E [y|z*] matters. Note that the bias term is identical to the one of a traditional kernel estimator that would
be used if 2* were perfectly observed, since, via Equations (12) and (13), the bias can be expressed entirely
in terms of ¢, (¢) for k = 0,1 and the kernel, which are nonrandom measurement error-free quantities.

Step 2: Calculation of the order of the variance term g (Z*, h) — g (Z*, h).
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Lemma 5 Under Assumptions 1 through 8, the variance term satisfies

§(3 ha) = g (& 1) = Oy (/2 (") exp (o0 (") ™)) (51)

where
Yo = 247% = Ymt (52)
@B = { o tal ) A (53)

Note that the order of the variance term is determined not only by the smoothness of f (z*) and F [y|z*]
(through 74, ag, B4 and 7,.), but also by the smoothness of the density of the measurement error Az (through
the terms 7,,, am and f,,). It is important to point out that the variance term increases much faster as
h — 0 (at constant n) than the one of a standard kernel estimator with perfectly observed variables (whose
variance term is O, ((hnn)_l/ 2)) Combined with the fact that the bias term is unchanged, as indicated in
Step 1, this implies that the achievable convergence rates will generally be slower than for a conventional
kernel estimator.

Step 3: Determination of the rate of decrease of the bandwidth that offers the best trade-off between bias
squared and variance. In order to obtain explicit rates of convergence, we need to distinguish various cases,
based on the values of (3, which characterizes the rate of convergence of the bias term as the bandwidth
shrinks, and 3, which characterizes the rate of divergence of the variance term as the bandwidth shrinks
(at constant sample size). Both 8, and j3, represent an “exponent of supersmoothness”, i.e. the constant 3

in an expression of the form (h;l)V exp (a (h;l)ﬁ).

Theorem 2 Under Assumptions 1 through 8 and either Assumption 9 or 10, the optimal bandwidth choices
and the corresponding convergence rates in probability of the estimator can be expressed in terms of the
constants ap, By, Yps Cw, By, Ve defined by Lemmas 3, 4 and 5. Let € > 0 be arbitrarily small, let C1,Cy be
some positive constants and let T* be given.

Case 1. If 3, > 8, >0

ht = (01 Inn+ Cy (lnn)ﬁb/’B”)l/ﬁv (54)
nn ﬂb/ﬂv
(6" ) =9 (*,0) = O, <exp (<ab +9 (5m) )) . (59
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Case 2. If 5, >0 and 8, =0 (with ap, =0 and v, <0)

hil = (Cilnn+ Cy lnlnn)1/6“ (56)
(53" ha) = 9(@,0) = O, (mn)™/*). (57)
Case 3. If B, =0, #0
hol = Cy (Inn)Y/P (58)
(33" hn) = g (&, 0)) = O, (ne/Coe20)5) (59)

Case 4. If B, =B, =0 (with ap = o, =0 and v, < 0)

hot = Cynt/ 7 =27) (60)

(53", hn) = (#,0)) = O, (n70/10=20)) (61)

A few remarks are in order. First, it can be verified (see proof of Theorem 2 in the Appendix) that the
bandwidth sequences given above are such that condition (i) and (ii) of Lemma 2 hold, thus implying that
the nonlinear remainders are indeed negligible and that our simple bias-variance decomposition is justified.
Second, the arbitrarily small ¢ was introduced in order to drastically simplify the calculations and the
statement of the results at the expense of a very small loss in precision. Third, it is impossible to have

Bb > /Bv because Bb = ﬁg{)a ﬁv = /Bm and

1Y

A+ 1) exp (ag ) = 100 (Q)] = [ [ ]| 2 B[] || B [e524)] (62)

Y]

B[] | = fma (Q)] = (1+1¢)" exp (o ¢ -

The convergence rate of the proposed estimator varies substantially as a function of the smoothness of
the densities and the conditional expectations involved. An important trend to observe among these rates
is that large values of 8, (indicating a rapidly decreasing bias as h — 0) and small values of 3, (indicating
a slowly increasing variance as h — 0) are desirable. The convergence rates obtained are typically slower
than the one of the Nadaraya-Watson kernel estimator used when the variables are perfectly observed. This
limitation is not an artifact of our estimation procedure: It has also been observed in the simpler Fan and

Truong’s estimator, which is known to be optimal under stronger assumptions than ours (see Fan & Truong

17



(1993)). The different cases will be discussed — and compared to Fan and Truong’s findings — in more
detail in Section 4.

Although we have focused on pointwise convergence rates, our results also provide information regarding
global convergence rates. The upper bounds on the pointwise bias and variance (and of the nonlinear
remainder terms) are in fact independent of Z*. If the density of 2* is bounded away from zero over some

finite interval [a, b], it is straightforward to show that

b 1/p
( / 6. (" ) — g<az*7o>1’w<az*>d5c*> (63)

converges to zero in probability at the same rate as the pointwise rates derived above for any bounded
weighting function W (z*) and any p € [1,2]. However, rates of uniform convergence in probability do not

follow directly from the results presented above.

3.4 Asymptotic Normality

To establish the asymptotic normality of the proposed estimator, we need to introduce a few additional
assumptions. First, we need assumptions that are commonly made whenever a central limit theorem for
triangular arrays is invoked (see, for instance, Theorem 2 in Hirdle & Linton (1994) and Assumption A in

Andrews (1991)).

Assumption 11 There exists C > 0 such that® E [|x|2+5 |z} <C, FE {\y|2+5 |z} < C, Var[z|z] > C and

Var [y|z] > C for all z.

The remaining assumptions are used to ensure that the condition (Q (&, k) "2 U (hn) A (hn) n=1/2+¢ —
0 in Lemma 2 holds, so that the higher-order remainder terms are asymptotically negligible relative to the
standard deviation of the linearized estimator g (Z*, h,). The main obstacle to overcome is the necessity to
find a lower bound for the variance Q (*, h,,) of the estimator. The difficulty of obtaining such a result was
noted by Fan (1991a) in his study of the limiting distribution of the kernel deconvolution estimator. Fan’s
solution to this problem was to simply assume that the tail of the various Fourier transforms entering the
estimator are not only bounded by some function of the form ¢” exp (a |C\’6 ) but are asymptotically equal
(as |¢] — o0) to such functional form, thereby limiting the set of allowed functions. Our solution to this

problem is similar in spirit to Fan’s, but considerably expands the range of possible behavior towards infinity
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by employing the concept of functions that are “well behaved at infinity”, as described by Lighthill (1962).

The following Definition formalizes this notion.”

Definition 4 Let W be the set of all functions ¥ : R — R such that (i) ¥ () is absolutely integrable in
every finite interval and (i) f\C\>T [ (¢) — ¥ (¢)]d¢ < oo for some T € Rt and some function W (¢) that
can be written as a finite linear combination of finite products of functions of the form |<\C+, sgn(€) \C|C+,

In [¢], sin (c(), cos (cC), exp (c¢”) with ct € RT, c€ R and v € NT.

Assumption 12 For a given *, the functions v, () = di(Ulk (¢, 2%,0), fork=0,1 and !l = 1,2,y and for

UF (¢, 7%, h) given in Equation (26), belong to W.

For simplicity, we do not state Assumption 12 in terms of elementary quantities such as m; () and
¢ (), but it is clear that Assumption 12 is only a few algebraic manipulations away from being a primitive
condition. We need to constrain the derivative of Ul’c (¢,2*,0), in order to rule out counterexamples where
the density of z arbitrarily far away from the point of evaluation £* could have a nonvanishing influence on
g (z*, hy,) asymptotically, making it difficult to characterize the behavior of the variance as n — oc.

The following condition requires the distribution of z to be supported on R, which is usually the case in
deconvolution problems, since distributions that have a nonvanishing characteristic function (as imposed by

Equation (41) in Assumption 8) rarely have compact support.
Assumption 13 f(z) > 0 for all z € R.

Finally, we need to impose a few constraints that would be very difficult to state in a more primitive
fashion. However, these assumptions are not very restrictive, since the counterexamples violating them are

somewhat contrived.
Assumption 14 Var[§(Z*, k)] = maxe—1,q,y maxz—o1 Var [ [ UF (¢, %, hy) ae*Zd(].

This Assumption merely states that the variance of the estimator is of an order no less than any
term in its asymptotic representation. This constraint can only be violated if two or more of the terms
JUE (¢, &%, hyy) ae’®*d¢ happen to cancel out asymptotically, which is unlikely, since each term depends on

different random quantities.
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Assumption 15 For Cy (¢,%*,hy,) as in Equation (27), fcoo |Cy (&, 3%, hy)| dE = ‘fcoo Cr (&,7*, hy) dE| for

k=0,1, for all ¢ € R* and alln € N.

This assumption requires that fcoo |Ck (&, 2%, hy)| d€ and ’fcoo Cr (£,3%, hy) df’ be of the same order. It
precludes Cy (§,Z*, hy,) from having an oscillatory behavior (as £ varies) such that a precise cancellation
would occur between the values of Cj (§,2*, h,) at different ¢ during the integration. The cancellation
would have to occur for all ¢ and n sufficiently large and be such that the order of [ COO Ck (&,2*, hy,) d€ would
be affected.

Assumptions 12-15 imply condition (€ (z*, hn))_l/2 U (hp) A (hy)n~ Y2t — 0 in Lemma 2, thus estab-
lishing the required asymptotic negligibility of the nonlinear remainder terms. If it is possible to calculate
(Q (2%, hn))_1/2 U (hy) X (hyn) n= /%€ directly and verify that it goes to 0 asymptotically, then Assumptions

12 through 15 can be avoided altogether.® We are now ready to state our asymptotic normality result.

Theorem 3 Under Assumptions 1-8 and 11-15, for any given T* and any sequence h,, satisfying

hit < n=ipl/G+27,=27m) if the density of z is smooth (3,, =0)
1/Bm, 64
ht < ((7(21%2)) 1nn) if the density of z is supersmooth (3,, # 0) (64
for some n > 0, we have,
n!/ Q@ ) (@ (5 ha) = g (3°,0) = b(3, b)) 5 N (0,1) (65)

where Q (Z*, hy,) and b(Z*, hy,) are given in Lemma 1.
4 Examples

Section 3.3 derives the convergence rates of the proposed estimator under very general conditions. We now
focus on specific examples that will allow us to compare these convergence rates with the ones derived for
the estimator proposed by Fan & Truong (1993), which is the most closely related to ours. Fan and Truong’s
estimator extends the standard kernel-deconvolution estimators used for density estimation in the presence
of a measurement error drawn from a known distribution to the case of nonparametric regressions. The
estimator presented here accomplishes a more difficult task than Fan and Truong’s, because it considers the

density of the measurement error to be unknown, relying instead on two error-contaminated measurements of
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the unobserved regressor. Hence, it would come as no surprise if the kernel-deconvolution rates were better.
The comparison is nevertheless instructive, because it quantifies the precision loss incurred by relaxing the
distributional assumptions regarding the measurement error.

We consider four examples. We first study the “difficult” deconvolution problem that consists of estimat-
ing an ordinarily smooth conditional expectation (E [y|z*]), when the density of both the true regressor z*
and the measurement error Az are supersmooth. This problem is difficult because a supersmooth measure-
ment error strongly damps out the high frequency components of F [y|z*] and of the density of z*. Inverting
this operation involves the amplification of these damped out components, an operation which necessarily
causes a substantial magnification of the statistical noise. In standard kernel-deconvolution estimators, this
situation gives rise to extremely slow convergence rates and it is instructive to verify if the situation does
not degrade further when the distribution of the measurement error is unknown. The second example shows
that this slow convergence problem is avoided when the conditional expectation F [y|x*] is supersmooth as
well. The third example assumes the density of the measurement error to be ordinarily smooth, a situation
which avoids the slow convergence problem for the kernel-deconvolution estimator but, as we will see, not for
our estimator. The final example completes the analysis by showing that when all quantities are ordinarily
smooth, the slow convergence problem is avoided.

Table 1 summarizes the assumptions made in each of the four cases considered. A few remarks are in
order. In each case, we assume that the order of the kernel is sufficiently large so that the smoothness of
E [y|z*] and of the density of * (and not the order of the kernel) is the factor limiting the rate at which
the bias goes to zero. We also assume that Equation (39) holds with 7, = 1. Table 1 also summarizes the
convergence rates obtained by applying Theorem 2 in each of the four examples considered. We will now
discuss the significance of these results.

In Example 1, the rates are entirely comparable to the ones obtained by Fan & Truong (1993) for

)k/ﬂ

kernel-deconvolution estimators. They found rates of the form (Inn where k is the number of continu-

ous derivatives that g (z*) possesses. Since a function whose Fourier transform behaves asymptotically as
C—(k+1+e)

necessarily has k continuous derivatives, it is clear that the rates are comparable. The rates differ

by €, because Fan and Truong formulate their regularity conditions in terms of derivatives while we formu-
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late them in terms of the asymptotic behavior of Fourier transforms. Formulating our regularity conditions
in terms of derivatives would yield results identical to Fan and Truong’s. It is remarkable that under the
assumptions leading to the worst-case convergence rates for kernel-deconvolution estimators, the assumption
of a known measurement error distribution can be relaxed, without bringing the convergence rate further
down.

Example 2 shows that the slow convergence rate problem can be alleviated if the unknown regression
function g (z*) is supersmooth, and if an “infinite order” kernel is used. This situation ensures that the bias
term goes to zero faster than any power of h, which is sufficient to convert a convergence rate of the form
(Inn)” to a rate of the form n” for v < 0. More generally, relatively fast convergence rates can be achieved
with infinite order kernels whenever case 3 of Section 3.3 applies. Caution is, however, advised when using
high-order kernels. They are known not to perform as well in finite samples as their asymptotic properties
would suggest (see Hérdle & Linton (1994)). The origin of the problem is that a high-order kernel must
necessarily take negative values over a portion of its support, which makes it likely for the denominator of
the Nadaraya-Watson kernel estimator to approach zero, even at a point where the true density is bounded
away from zero.

In Example 3, making the density of the measurement error Az ordinarily smooth instead of supersmooth
does not improve the convergence rates, relative to example 1. This is in sharp contrast to the behavior of
kernel-deconvolution estimators whose convergence rates are of the form n* under the same assumptions.
The reason for this distinction is that the only characteristic function appearing in the denominator of a
kernel-deconvolution estimator is the one of the measurement error Az, while in our estimator, it is the
characteristic function of z which appears in the denominator. The density of z is supersmooth, if either
the density of the true regressor x* or of the measurement error Az is supersmooth. Hence, a supersmooth
density for z* will also cause our estimator to converge slowly.

In Example 4, it is seen that when the density of z* is made ordinarily smooth as well, the slow convergence
problem is avoided, as expected. The resulting rates are not necessarily identical to the ones of Fan and
Truong’s kernel-deconvolution estimator, but the rates at least take the form of a negative power of n,

indicating that the distributional assumptions regarding the measurement error can be relaxed, without an
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undue increase in the statistical noise.
5 Monte-Carlo Simulations

We now investigate the finite-sample properties of the proposed estimator through various Monte Carlo
simulations. The designs are chosen so as to illustrate the examples of Section 4, summarized in Table 1, which
cover the most common combinations of smooth and supersmooth distributions and conditional expectations.
As an example of a supersmooth distribution, the normal distribution with variance o2 naturally comes to
mind, whose characteristic function has a tail of the form exp (—"72 < |2> As an example of an ordinarily
smooth distribution, we consider the Laplace (or double exponential) distribution with mean p and variance

0% denoted by L (,u, 02) and defined as

%ﬁ exp (fa [t — pl \/5) (66)

for any ¢ € R. The tail of the characteristic function of a Laplace density is of the form |¢| 2.

Our example of a supersmooth regression function is the error function

Ey|z*] = % /OI e dt = exf (z*), (67)

having a Fourier transform decaying at the rate |¢|™" exp (f% IC |2)as |¢| — oo. Finally, our example of

an ordinarily smooth regression function is a piecewise linear continuous function with a discontinuous first

derivative
-1 ifz*< -1
Elylz* =S (") =< «* ifz*e[-1,1] , (68)
1 ifz*>1

whose Fourier transform decays as | |72. To simplify comparisons, both function are normalized to have
the same range and a similar general shape, so that any difference in the results can be attributed to
their difference in smoothness. All simulations proceed by drawing 500 samples of 1000, 2000, or 8000
observations from the distributions given in Table 2. Table 2 also provides the theoretical convergence rate
in each case, obtained by substituting the appropriate smoothness parameters in the expressions of Table
1. The distribution of Ay is never altered, because it has little impact on the asymptotic properties of the

estimator, except for a trivial scaling of some of the components of the asymptotic variance. For each sample,
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the variables x,y, z are constructed through

y = Elyle’l+Ay (69)
x = ="+ Ax (70)
z = ="+ Az (71)

The variables (y,z,z) are used as an input for our estimator, while the variables (y,z) are fed into the
Nadaraya-Watson estimator. We also construct an (infeasible) Nadaraya-Watson estimator from the variables
(y,x*) for comparative purposes. For all three estimators, an infinite order kernel whose Fourier transform
is given by Equation (23) with £ = 1/2 is used. In this fashion, the kernel is never the factor limiting the
convergence rate. For each sample, we keep track of the value of the estimated function at a given point (here,
2* = 1) and use it to calculate the bias squared, the variance and the sum of the two, the mean square error.
A set of bandwidths ranging from 1.0 to 2.5 are scanned in increments of 0.05 in search of the bandwidth
minimizing the mean square error.’ Of course, this method of locating the optimal bandwidth relies on our
knowledge of the true regression function. While this is appropriate for the purpose of investigating the
properties of an estimator, a feasible bandwidth selection rule would be a useful tool to develop.

Tables 3 through 6 compare the bias squared, the variance and the mean square error of the three
estimators considered as a function of bandwidth for a sample size of 1000. For conciseness, only a subset of
the bandwidths considered are shown. The rightmost column gives all quantities evaluated at the optimal
bandwidth (which may lie between two of the bandwidth listed in the previous columns). A few important
features can be consistently observed throughout the four examples considered.

In comparison with the Nadaraya-Watson estimator, our estimator is clearly very effective at reducing
the bias. More specifically, it is clear that the bias of the Nadaraya-Watson does not converge to zero with
decreasing bandwidth but instead settles to a nonzero value. In contrast, the bias of our estimator decreases
by orders of magnitude over the range of bandwidths sampled, as the bandwidth decreases. Our estimator’s
residual bias is attributable to the fact that we are performing a nonparametric estimation, so that a fully
unbiased estimation is impossible. In fact, it can readily be seen that, at a given bandwidth, the bias of our
estimator is very close to the bias of the infeasible Nadaraya-Watson estimator using the uncontaminated

regressor x*, thus indicating that our estimator does not appear to introduce additional bias at the sample
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size considered. Of course, since the variance of our estimator is larger than the infeasible Nadaraya-Watson
estimator, a larger bandwidth must be used and the resulting bias, evaluated at the optimal bandwidth, is
slightly larger than in the error free case.

The bias reduction made possible by the proposed estimator comes at the expense of an increased variance,
relative to the Nadaraya-Watson estimator based on mismeasured regressors. However, the decrease in the
bias more than offsets the increase in the variance, so that the mean square error we obtain is still better
than for the Nadaraya-Watson estimator.

It is instructive to observe how the estimator’s behavior as a function of the smoothness of the various
densities and conditional expectations considered. The asymptotic theory presented earlier predicts the
convergence rate, which can be directly compared with the change in the mean square error at the optimal
bandwidth, as a function of sample size for each of the examples considered (see Table 7). The fifth column
of Table 7, labelled “MSEsgoo0/MSEqqpp”, reports the ratio of mean square error at a sample size of 8000
relative to the mean square error at sample size 2000. We focus on these sample sizes because the differences
between the various examples are more readily seen at large sample sizes. In Examples 1 and 3, where the
convergence rate should be slow (i.e. a negative power of the log of sample size), convergence is indeed much
slower than for Examples 2 and 4, where the convergence rate should be fast (i.e. a negative power of sample
size). Moreover, the decrease in mean square error predicted by asymptotic theory (obtained by squaring
the rates given in Table 2 and shown in the last column of Table 7) is an excellent predictor of the actual
decrease in three out of the four examples. Note that the systematic changes in bandwidth as a function of
sample size are difficult to distinguish from the inherent simulation noise, because bandwidth variations are
much smaller than the changes in mean square error, as predicted by Theorem 2.

Monte-Carlo simulations can also be used to verify the applicability of the asymptotic distribution in a
finite sample. The designs described in Table 2 are again used, with the mean square minimizing bandwidths
given in Tables 3 through 6 and a sample size of 1000. For each sample, we keep track of the value of the
estimated function at a given point (z* = 1.0) and the estimated variance at that point obtained with
Equations (31) and (32) by replacing all expected values by sample averages. The point estimates are then

standardized, that is, demeaned by the average of the point estimates and normalized by the average of the
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estimated pointwise variance. Figure 1 shows the empirical cdf of the standardized point estimates p; for
i =1,...,500, obtained by sorting the p; in increasing order and by joining the points (p;, (i — 1) /499) by
lines. The resulting empirical cdf (jagged lines in Figure 1) agrees very well with the normal cdf predicted

by asymptotic theory (shown as a smooth line in Figure 1).

6 Conclusion

This paper presents a new kernel-based nonparametric estimator that extends the conventional Nadaraya-
Watson kernel estimator to cover the case of an error-ridden regressor. We show that identification is
achievable when one repeated measurement of the error-contaminated regressor is available. One remarkable
property of our estimator is that it requires no knowledge of the distribution of the measurement error,
contrary to the popular kernel-deconvolution estimator. The convergence rate as well as the asymptotic
distribution of the proposed estimator are derived. A series of examples illustrates the main factors deter-
mining the convergence rate and enables us to compare the convergence rates we obtain with the ones of
earlier estimators. Various Monte-Carlo simulations are used to investigate the finite sample properties of

the estimator.
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A  Proofs

Proof of Theorem 1. The result can be shown by direct substitution. Assumption 2 ensure that all
expectations are well-defined. First, observe that Equation 14 indeed provides the value of ¢, (£), by using

Assumption 1:

oo ([ i)

/§ iF [xexp (i€z)] dC) (72)

- TP Bl (c)]
¢ Efiz* exp (iCz*) exp (iCAz)] + iE [Az exp (iCz*) exp (iCAz)]
E exp (iG2°) oxp (iCA7) dC) ™
C e ¢ Efiz* exp (iCz*)] E [exp (iCAz)] 4+ iE [E [Az|z*, Az] exp (i{z*) exp (iCAz)]
v B [exp (iGa)] B lexp (iCA2)] dC) ™)

C e ¢ Eliz* exp (iCz*)]
= o [ o (e ‘“) (%)

I
@D
M
o
N N T NN T N N
O\

1
= exp A%lnE[exp(i{x*)}dC) (76)
= Elexp (i€2”)] /E[1] (77)
= ¢ (§)- (78)

Letting f (z*) be the density of z*, one can then show that M; (Z*, h) and My (Z*, h) , respectively, provide the
numerator and the denominator of the Nadaraya-Watson estimator. In what follows, we use the independence

between x* and Az and the fact that

Elyexp(i€z)] = E[Eylz", Az]exp (i6x”) exp (i€A2)] (79)
= E[E[g(z")|2", Azl exp (i€x”) exp (i€Az)] (80)
= Elg(«")exp (i§z”) exp (i6Az)] (81)
= Elg(a")exp (i€x")] E [exp (i£Az)] (82)
= Elyexp (i§27)] E [exp (i€Az)] . (83)
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M, (F,h) = %/n he) éy (€ exp(—ig:z*)dg
- % i (h) E [exp (iga™) %e@(m*)dﬁ
: ;/n EOE S
= o [ () Blyep (iga) exp (i) de
= o /  (h) BB [yl*] exp (i€2*)] exp (~i€i) d
= 5 [ w0 (/ 1] £ 0" ex () o ) exp (i)
- / WK (Y (2* — ) (B yle”] £ (%)) da” by Parseval’s Identity
— B (@ - 2) Bl
B[R () o - 3]
My (Z*,h) = —/ (h&) @ (&) exp (—i€x™) d€

Proof of Lemma 1.

Eling (Q)] =n~' 37, Ea

= %/m h§) </f z* eXp(%x*)dm*) oxp (—i€&*) dé

= /hilK (! (z* — 2*)) f (z*) dz* by Parseval’s Identity

= E'K(h (= —i)].

The fact that E [v(Z*,h)] = 0 follows from Equation (25) and the fact that

jeiczf] =F [ajeiczf] =m, (¢) for a = 1,z,y. Finally, to calculate F [v

we note that, by Equation (25),

E [(My, (&

- E [(M,ﬁ(

1xyl2

*7 h) - Mk1 (i*v h‘)) (Mkz (j*v h) - Mkz ('%*7 h))]
“ h) = My, (3, 1)) (My, (3, h) — My, (g*c*,h))q

> [ vk a B G, © -, ©) G (€)= mi (©)] %

1,z,y

x (Ul’;2 (€, 5", h)) d¢de

1 z,y lo=
= E161162 (:B

//Ulljl G2 h) Vi, (¢ 6) (Ul’z2 (f,i*,h))fdgdg

1l,z,y
h)
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where Vi, (¢, €) = B (1, (€) = mu, (©)) (g (€) = mu, (€)1 = B [1iu, (¢ i, (€)] = muy (), (€) =
E [lljlgjeiczfeﬂ'@j] —my, (€) m}z (&) = m,u,) (€ — &) —my, (¢) My, (—§). Equation (31) then follows directly
from squaring Equation (24), taking its expectation and using the expression for X, g, (Z*, h) just derived.

Lemma 6 If a; and z; are sequences of id real valued random wvariables such that E [aﬂ < oo and

Elaj||z]] < oo, then, for any u,U >0 and € > 0,

sup g (€)= ma (Q)] = 0 (n1/2+) (102)
Ce[-Un¥,Unv]

where g (¢) =n~! Z?Zl aj exp (i€z;) and mq (() = E[aexp (i(z)].

Proof. See Lemma 6 in Schennach (2004). =
Proof of Lemma 2. In order to compute the Fréchet derivative of M, (Z*, hy,) for k = 0,1 with respect
to the estimated moment M, (¢) for a = 1, z, y in the vicinity of 7, (¢) = mq (¢), we first note a few simple

results. A ratio of two random functions 7, (¢) for a = 1,2,y and 1y ({) can be ezactly written as:

a 6 7 a ~
T e — (0401 0) (103)

where dmg (€) = Mq () — mq (), ¢4 (¢) = % and where g, (¢) can be written in two alternative ways:
Either

oy [T ma Q)8 (Q) ( by <<))1

0da (C) = -

4(©) ( m1 (C) (m1 (O)? ) M (104

or

6Ga (¢) = 61Ga (¢) + 024a (C) (105)
. _ d1ia (¢) Mg (€) 01 (¢)
51Qa (C) - my (C) m ( ))2 (106)

(
. o oma(Q) (a1 () g (O drina () d1ia (¢) g (Q)\
5282 Q) = <><m1<o) t m1<<>> . (©) 71 (0 <”ml<c>) - (207)

Similarly, for Q. (§) = 05 1::; Ld¢, 6Q)., &)= 06 Z::f gc)) f()§ l:nl; (((C d¢ and some random function 6Q, (¢)

such that \5@1 (5) < }5Qm (f)},

exp (@2 (6 + 60, ) = exp (@ (€ (1400 (O + 3w (60:(9) (52 ©) ). (108)
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Substituting expansions (103) and (108) into

N, R myk(g)ex S irng (C) _myk(g)eX Simg (€)
My, (27, hn) Mk(x,hn)—%/ (m&)(ml(@ p(o ml(odc> i (©) p(/o m({)d@‘))ds

(109)

for k = 0,1 and keeping the terms linear in 677, (C), 670, (C) or 817, (C), gives the linearization of My, (Z*, h,),

denoted My, (Z*, hy,):

MO ('%*) hn) - MO (5"*3 hn)

1 myr (§) $imy () C o, (Q)  img () drn (¢)
_ %/m(hnf)TeXp<o S d()/o (ml(o - (ml(c))g >d<d§+ (110)

1 Oty (§)  mye (01 () ([ ima (C)
/ i) <m1 (m1 (€))° ) p</ ma (€) dC) *

to [ r09) (L Sy @ - 218 (0)) .

By making use of the identity ffooo j(ff(g,g) d¢dé = fooo jc‘”f(g,g) dede + f_ooo f{‘”f(g,g) d¢d¢ for any

absolutely integrable function f, we obtain

My (7%, hn) — My (5%, h) = /Ak (6,5 ) ("ZI(S) - imzsi)(‘sgg(f))d& (112)
o [t T Bae - [ o) 2B
_ UF (6, h) S (6) de. (13)

I=l,zy

The order of n=1/2 (My, (2*, hy,) — My (%, hy,)) (in probability) can be found through its variance Sy, (Z*, h)

given by Lemma 1:

Sk (2%, h)

Z Z //Ull <7x h 1112 (g f) (Ul2 (5; ))TdCdf (114)

=l,z,ylo=1,2,y

Z Z //!Uzl )| Vi (O UL (6,8, h)| ddé (115)

=l,z,y lo=1,z,y

IN

where, by Assumptions 5 and 6,

|V1112 (ga V)‘ = ‘m(hlz) (C - 5) — myy (C) my, (_§>‘ (116)

(i(C—6)z

IA

E [|zlzg|

|+ EQule )] B [l e < 1. (117)
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It follows that

Sew (F0) 2> Y //\Ul’j(c,i*,h)\]U[;(g,i*,h)]d(dg (118)

h=lz,yl=1zy

( > /|Uﬁ (C,:E*,h)|d() (119)

I=1,zy

and therefore that

My, (%%, hy) — My, (3, h) = O, (n1/2 > /|Uﬁ (C,i*,h)|d() =0, (n*I/QU(hn)), (120)

I=1,2,y
where U (h,), given in the statement of the Lemma, has been explicitly constructed to bound any of the
J }Ul’f (¢, z*, h)| d¢ terms (up to a multiplicative constant). By Equation (30), Equation (120) implies Equa-
tion (36) in the statement of the Lemma, provided that Assumption 7 holds.

To establish Equation (37), we substitute expansions (103) and (108) into

. i ¢ i
M )~ M (5 h) = [ () ( 2ot ey ( / mféﬂ%) 6 (5)) € ()

for k = 0,1 and remove the terms linear in 67, (¢) for a = 1,z,y. We then find that My, (£*, hy)— My (2*, hy)

can be written as ‘Mk (*, hy) — My (%, hy)

= 22:1 R; where

> ¢

R, = /0 |5 (ha&)] |61Gyx (€)] 61 (6] (/0 161Gz (§)|d§> d¢ (122)
°° ¢

R = [ e[y @162 ) [ 1610 (O] dcde (124)
* 3

Ry = /0 |k (hn©)] |aye (€)] 191 ()] /O |02, (¢)| d¢de (125)
* 3

Re = [ et 3 @116, O [ thade €)1 -

R¢ = /0 |k (&) |gye ()| 161 (6] %exp (16Qz (€)|) </0 164, (C)] dC) dé (127)

Ry = /0 | ()10, (€)] |61 (6)] %exp(|5(2z ©)]) (/0 164 (C)dg‘) de. (128)

These terms can then be bounded in terms of A (h,), U (h,) (given in the statement of the Lemma) and

@y, = MaXp=1 0,y SUP e [_pt 7] |7, (¢) — my, (¢)], where the supremum can be taken over [—h,*, b t] since

k (h,&) vanishes outside that interval. By Lemma 6, d, = O, (n_1/2+6) for any € > 0. Also, we note that
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SUDce[_pzt prt] Do/ Ima () =X @ (yy

OOK_/ 1 ’myk(f)‘
/|(hn£>|<|m TR 1(”) NG (/ 914 (¢ |d<>d5

Ry

1) = n=1/2%ex (h;') = 0, (1). Now, for k = 0,1, we have

<
< A(h) / I
[ [
_ /\(hn)tbn/o/(
<

< A(hn) @20 (hn)

A(hn><i>%/0°°/:°

hnf)| (H"”“( )|’>¢0 (/ 161G, (¢ dc>d§

[ ( n§< | ()|’>|¢0()|d€|51ij(C)|d<

[k (hn&)| (10 ()] + |k ()]) d€ 161G (O)] dC

(
(

)| 1
)I) Ima ()]

5 )] 60 (O] + o €)) de 1+ 1 &

The remaining terms can be similarly bounded:

Ry

Bs

A

PN

PN

IN

|mk 1
JA nf‘ \lm Lo, ()7 +

[y (€))]
A () @3 1+ 0p (1 /Iff hné)| 1(5)‘|m"1 +1

zi)i 11+ o0p (1)|_1

Ima (&)

|90 (£)] d§

3]

A(hn) 2 |1 + 0, (1) (/OOO Md@r[m Md§>

ma (§)] Ima (6]

A (h) @20 (hn) (14 0, (1)

Ry =

() &, / 1 ()] [Sdye (©)] 1660 (6] de

= A (hn) (i)nRg = 0p (1) R2

Ry

[

< A(hy) @2 |1+ o0,

13
()] 165 O) / 1626, (O)] dCde

L n§||¢k )| de
)| / — dc

1

= A(hy) @2 (140, (1)) T (hy)

+}mk C|

> 1
[ e <|m1 @]

R 1 ¢
)‘I’n|1+0p(1)_ |0 (5)\/0 102G (C)] dCdg

ma (€)1

(129)

(130)

(131)

(132)

(133)

(134)

|0 ()] d€ (135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)

(144)

(145)

2 h:ll Ty k §
M) @140, [ e () (1+ b 8') 60(©)] [ 15202 ()] e

A (hn) o, 11+ op (1)‘_1 X

0o 13 o] £
( / 1 () 160 (€)| / 162y (O)] dCE + / 1 () |65 (©) / 6241(C)d<d£> (146)

A (hn) (i)n (1 +o0p (1)) Ry =o0p (1) Ry
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N

o0 1 £ & ?
Ro < [ Il @5 em ( / |5qx<<>|d<> ( / |5qx<<>|d<> e (143)
1 oo 3 . 3 .
30, (0) [ Ir ()6, (€) (/ |6qz<<>|d<> (/ |6qz<<>d<> o (149)

L exp (0p (1)) A () 82 1+ 0, (1)] " x

2
<[ el o ¢ (/ <|m1<g>|+|m1<o|2>d<>d§ (150)

- §exp(0p(1))A( n) 7 [L+0, (1) x

/ / 1 () |3 (€ |ds< 1()+|m1(C)I2>dC (151)
- () A (hy) 92T (hy) (152)

/mm(hnm(l ()’>A Yo 14+ 0 (1) [ ()] X
£
<3 exp ( / 18, (¢ |d<> ( /0 18, (¢ |d<> (153)

A (hy) @, |1+op(1)\ X

o ] ( (())|’>|¢o exp</ 160 (¢ |d<> (/ 600 (¢ |d<> e (154)
A(hn) &0 [1+ 0, (1)] " / I ()] [ 6 ()] exp (/ |6q;<<>d¢> (/ |6q;<<>d<) de

R o ¢ ¢ 2
+AN () By [1+ 0, (1)) /0 1 ()] |65 (€)] exp ( /0 6qx<c>|dc> ( /0 |6qx<c>|d<> dg55)

< A () B 11+ 0, (1) " R (156)

IN

IA

Ry

IN

PN

PN

= 0,(1)Rg (157)

It then follows that [Mj, (3%, hn) — My (3%, hn)| < A (hy) @2U (hn) = Op (A (hn) U (hy) n=1+9) for some & >
0. By a standard Taylor expansion of the ratio M (&*, hy) /Mo (2%, hy) around My (8%, hy) = My (2%, hy)

for £k = 0,1, we have

9@ h) =g (@ k) = I - (15%)

@) <M @) (o) oG b))
My Mg

for some M, lying between My, (2*, hy,) and My, (2, hy). Since (i) we have just shown that M, (Z*, hy,) 2

My, (2, hy) and My, (2, hy) 2 My, (2%, hy), (i) My (%, hy) — My (£*,0) by assumption and (iii) M (Z*,0)
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is bounded and M (#*,0) is bounded away from zero by assumption, it follows that My ' and M, /Mg
converge in probability to finite quantities and therefore g (Z*,h,) — g(Z*,hy,) is of the same order as
M, (*, hy) — My, (%, hy), thus implying Equation (37).
To establish the second conclusion of the theorem, we note that, since n'/? (Q (z*, hn))fl/2 (G(Z* hy) — g (25 hy)) =

O, (1), we can write,

(G (2" hn) — g (2", hn))

= 0,(1)0, (U(hn)n_l/z)\(hn)n_l/2+€) (160)
= n'/? (Q (ﬁ*, hn))71/2 (g (z", hn) —g(z*, hn)) Op (U (hn) n~l/2) (hn) n_1/2+6) (161)
= (G ) = (@ h) Op (@ 1))~ T () A () n /25 (162)

Then,

g (i'*v hn) -9 (i'*v hn)

= (@ hn) = 9 (@ ) + (3 (F n) = 7 (5 hn) (163)
= (@ hn) — g (@ hn)) + (7 (E hn) — g (E,hn)) Oy ((Q (&, b)) 2T (h) A (hn)n—1/2+6)164)
= (@ h) =9 (@ 1)) (140 (@@ 1) ™2 0 () A () 025 ) ) (165)
= (G ha) = g (@ b)) (140, (1) (166)

since (Q (&, 7)) "2 U (hn) A (b)) n=1/2+€ — 0 by assumption. m
Proof of Lemma 3. First, by Equation (13), we have, for £k =0, 1,

Mi (@) = M3 (57,0) = 5 [ (6(0) = 1)y (¢)exp (~ic") e (167)

Expanding the Fourier transform of the kernel in a Taylor series up to order v, we obtain

| My (2%, hy,) — My (2%,0)]

]2 [ = r ) o @ e icr) ds‘ (168)

2 [ <Z 50 0 () + 235 (8) (hno”) 01 (6) exp (—i€a") de| for some & € [0,€] (169)

i=1

Now let the order v be chosen as follows. If oy (defined in Assumption 8) is nonzero, then let v = ~,;, the

order of the kernel. If oy = 0, then let v be the largest integer such that v <+, and v < —v, — 1. With
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this choice of 7, Equation (169) simplifies to

[ My, (2%, h) — My (27, 0) = hy,

2 /O 5 (8) €01 © exp (—ita") d&] (170)

since all terms where ¢ < v vanish, by the definition of the order of a kernel. Furthermore, we have

M) - @ 0] < i [ ()16 16 (@) de (17)
< w1 (max s (€)]) [T1en 1001 (172

where maxg g }&(7) (é)’ is finite by Equation (44) of Assumption 9. The term [ |£]” ¢y (€)|d€ is finite
as well, since our choice of v guarantees that the integrand decays to zero faster than 571. Then, by
a standard Taylor expansion of the ratio My (Z*, hy) /Mo (Z*, hy,) around My (2*,h,) = M; (Z*,0) and

My (Z*, hy,) = My (2*,0), the convergence rate of g (Z*, hy,) — (2%,0) is O (k7)) as well. =
Lemma 7 For(>0,ifv>0,a<0,8>0o0rifyeR, a=p=0, then
oo
[ s e (a) de = 1+ exp (af”) (173)
¢

Proof. The case where « = § = 0 is trivial. If @« < 0 and 8 > 0, Lemma 4.2 in Li & Vuong (1998)
shows that, for v > 0 and ¢ > 0, fgoo &7 exp (aﬁﬁ) d¢ = O (§1+77ﬁ exp (aﬁﬁ)>, thus implying the result
since £ P exp (afﬂ) < " exp (afﬁ). [

Proof of Lemma 4. From Equation (167), we have

My (3, 1) — My (5°,0)] = ]2 JAENIENCEES df] (174)
~ Je [T 0 nnepoc@ e (-igntyag (173

Eh—1
< 2 / (1 -+ 1 (hE)]) o, ()] de (176)

Eh—1
=< /_OO |y ()| d€ by the boundedness of & (h¢) (177)

Eh—t

< /Zhl (1+6)% exp (ase® ) d (178)
< (1+ Zh71)7¢+1 exp (a¢ (Zh71)5¢) (179)

Then, by a standard Taylor expansion of the ratio M; (Z*, hy,) /My (Z*, hy,) around My (2, hy,,) = My (2%,0)
and My (Z*, h,) = My (£*,0), the convergence rate of g (¥*, h,,)—(3*,0) is O ((1 + h’l)ﬂy“’+1 exp (a¢ (Eh*1)5¢)>

as well. m
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Lemma 8 For ¢ >0, if 3 >0 and if (1+&)” exp (a§B> is increasing in &,
¢
[ o e (a?) de = (14 exp (ac”) (150)
0

Proof. foc (1+&)" exp (a{ﬁ) dé < ¢(1+4¢) exp (a(’@> <140 exp (a(’@) (]

Proof of Lemma 5. By Lemma 2, the order of the variance term is Oy, (U (hs,) n_l/z), where

N @1\ < "
U(hn>—/\ L(©) ;((ww()@)/d 1 (—Bn)] 165 (€)] i + 5 ( hnoum(cn) i (181)

where, for £k =0,1,

ent [ R Crlde©lde < emt1(c <) / o () de (182)
¢ ¢
< a(<n ) { [ e (agle)ach s
= 1l < A7) A+ 1D exp (ag ¢l (184)
and
(2m)™ I (=hO) 64 (€)1 < 1 (1) < B) (1 [¢) ™ exp (s (612 (185)

It follows that

On) = [0+ exp (~anlc™) ; (@+ 1™ (¢ < hrt) A+ 1D exp (s [ ) +
+1(¢] < ) (4 1) exp (ag[¢)? ) ) dc (186)

<[00 < by @ 1D T e (g I = ) de (187)

< (L4 Ry T e (%hﬁﬁ‘b - amhgﬁm) . (188)

Hence, g (Z*, hy) — g (T*, hn) = O, (n‘1/2 (1+ h;1)2+7¢+%_’y’" exp (ozqgh;ﬁ‘b - amhﬁﬁ’")) . n

Proof of Theorem 2. We make use of the order of the bias g (Z*, h,,) — g (Z*,0) provided by Lemmas 3
or 4 and of the order of the variance term g (£*, h,,) — g (Z*, hy,) provided by Lemma 5. In order to check that
the higher-order term § (Z*, h,,) — g (Z*, hy,) does not affect the rates obtained by considering the first-order
terms only, we observe that, by Lemma 2, the upper bound on g (Z*, h,,) — g (&*, hy,) provided by Lemma 5
holds for § (#*, h,) — g (¥*, hy,) also, as long as we can show that A (h, ) n~(1/2)+€ = o (1) for some e.

We consider each subcase of the Theorem separately. Let R,, be such that g (Z*, hy)—g (Z*, hy) = Op (Ry).

Throughout the proof, let €, €1, €a, ... denote arbitrarily small positive numbers.
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Case 1: 8, > 3,. If the bandwidth h,, is chosen to be

)" = (

| +2 |
nn ) N (ap + 26) ( nn

2 (ay +€)

(qy + €)

2 (ay + €

Bu/B.
)

(189)

for some €,, €, > 0, the bias and the variance are of the same order and the convergence rate is

Ry,

PN

IA

PN

(h_l)% exp (ab (h;l)ﬁb) +n 12 (h_l)% exp (av (h;l)ﬁ”)

exp ((ab +e) (b, ) ) 42 exp ((Ozv +e) (hgl)ﬁv>

exp | (ap + €) I -
P b 2 (o + €y) (o + €

1 (ab — €b)ﬁ”
)

By/B
1 Inn bf
~1/2 z _mn
+n exp<(21nn) + (ap + 2¢€p) <2(04v+€u)) )

A

Inn

= exp ((ab+6) (M

Now, in order to check the negligibility of the higher order terms, we verify that  (

some suitably chosen €; > 0. Noting that 3, = 3,

A (hy) n~1/2He

exp ((ab + 2¢) <2< e

+n /2 exp L —lnn (ap + 2€p) e
2 2 v+ €v)

/31:/[3
= 2 2 -
exp | (ap + 2€p) <2 oot +exp | (ap + 2¢p) <2 (@

Inn Bo/Be
= 2€Xp ((Ozb + 2617) (m)

By/By
) for some € > 0

PN

PN

IA

PN

v

I ab/ﬁ

+

2 (ay + €)

Inn
+ €y

/B Bu/ By
Inn

(190)

(191)
Bu/B,

(192)

(193)

Bu/By
>> ) (194)

(195)

(196)

hy)n~ Y2t = o(1) for

and oy, = —ayy, if 5, > B, we have

(1+ h;l)l—i_%_v’” exp (fozm (h;l)ﬁ’") n~l/2+a (197)
exp ((,am + €2) (h;l)ﬁ’"’) n~V2T4 for any €3 > 0 (198)

(—am + €2)lnn 124

—_— € 199
P ( 2 (ay + &) " (199)

(—am+e)Inny 4

—_ € 200
exp (ot elnn) (200)
n~@ /212 4 for some €5 > 0 (201)
ne1—es (202)
o(1) if €1 < e3. (203)
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Case 2: 3, =0 (and 7, < 0) and 5, > 0. For some €, > 0, let

(hil)ﬁ” _ Inn Yy Inlnn
" 2(ay te)  (ay+e€y)
Then,
R, = (h;l)% +nl/2 (hT—Ll)’M exp (av (hT—Ll)ﬁv)
< ()" 2exp (@ + ) (0 ") ™)
Inn vblnlnn o/B —1/2 1
-1 Inl
(2 (@ + ) (Ozv-l-ev)) +n exp 2nn+'ybnnn
Inn 'yblnlnn /By
< + (1 )
- (2 (ay + €0) (av+ev)) (Inn)
< (hln)%/ﬁb
and

A(hp)n~H/2 < exp ((—am + €2) (h;l)ﬁ’") n~Y/2+e for any €5 > 0

Inn
=< _ 71/24’61
o (( am+62)2(av+€v)>n
= o te) Inn | n~t/%a
2 (—am + €)

< /2244 for some €3 > 0

= o(1) if g < es.

Case 3: 8, =, # 0. For some € > 0, let

. n 18,
"\ 2(a — g Fe) '
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(205)
(206)

(207)

(208)

(209)

(210)
(211)
(212)
(213)

(214)

(215)



Then,

Case 4: 3,

IA

PN

PN

PN

PN

PN

(h;l)% exp (ab (h71)6b> +n /2 (h;l)% exp (av (hfl)ﬁb>

exp ( p + €) ) ) +n" Y2 exp ((% + €,) (h;l)ﬁb)

( ( arra)) e (e (s )

exp +61 Inn —|—n_1/2exp L
O‘vfoéb 2( v

ab/ 200, —20p)+€1 +TL_1/2 ay /(200 —2a,)+€2
nab/(20¢,u72ab)+q _’_nab/(Qozvaozb)Jreg

nov/ (ov=200)te for some € > 0

«
Ay — Oy

] +62) lnn) for €1,e2 >0

A(hp)n =¥ < exp ((—am +€2) (h;l)ﬁm) n~1/2% for any e > 0

(=
2(ay —ap +€)

Qm + 62) lnn) n—1/2+€1

2 (g —am — gy +€)
(

(
( (—am +€)lnn
(

2 (—am +¢)

1/2764 71/24’*61

) n71/2+61

—au, + €2) lnn> n—1/24e

= n n for some €4 > 0if eg < €

— €1 —€4
n

= o0(1) for some €; < ¢4.

=83, =0 (and oy, = o, = 0 and 7, < 0). Let h;,! = n'/(27=27) Then,

Rn j (h’gl)’)/b +n—1/2 (hgl)wv
< /(27 =27) 4 =124,/ (27, —27)
j n'Yb/(2'7v_2’Yb)
M) /24 = (14 gty T

PN

1+’Yr —Tm
(nl/(2%—2’vb)) n=l/2+ea

= 07 =7m)/ (27, =27) g —1/24€
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(216)
(217)
(218)
(219)
(220)
(221)

(222)

(223)
(224)
(225)
(226)
(227)
(228)

(229)

(230)
(231)

(232)

(233)
(234)

(235)



Noting that v, > v, +1, v, =2+ 74 — ¥, + 7, and v, <0, the exponent of n can be written as

1 — 1 1 — 1
(147, vm)__+€1 _ (L4 —Ym) S (236)
27, — 1) 2 20247 = Vm T — 1) 2
1 — 1
I+ —7m) 1
— — 238
2B+ 7 —Tm) 2 (238)
< 0 for ¢ sufficiently small. (239)

Lemma 9 Let K,, (2) be a sequence of real-valued nonrandom functions of a real variable, let aj, and z; be
itd sequences with a; satisfying E [a]2»+6|zj = z] < C for some C,6 > 0 for all z and Var [a;|z; = z] > C for
some C > 0 and for all z and let

ou = (B[2K2 ()] - (Blay K ())?) (240)

Ifinf,,>n 0 > 0 for some N € Nt and sup, g }ch'l’—‘z(z) =0 (n(3/2)*5) for some § > 0, then

o, n 2 Xn: (a;Kn (2) — Ea;Kn (7)]) % N (0,1) (241)

Proof. Let Z,; = a;K, (z;). The proof consist in verifying that Z,; satisfies the hypothesis of the
Lindeberg-Feller Central Limit Theorem for triangular arrays. Indeed, the Z,1, ..., Z,, are iid by assumption

and it remains to be shown that the Lindeberg condition holds: for all £ > 0,

lim 0,%E [1 (|an\ > Eann1/2> Z?LJ} — 0. (242)

n—oo

First, noting that 1 (ab>c¢) <1(a >¢c7)+1(b> ¢'™") for any a,b,c € RT and any 5 € ]0, 1[, we can write

0 2B 1 (las Ko (2)] = c0um'?) | K ()] < T+ Ty (243)

where
T = 0.2B[1(laj] = o0/ lay Ko (=) (244)
T = 0,2B[1 (1K, ()] 2 & 10) m0072) oK, ()] (245)
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Then, T1 = 0,,%E [E [1 (|aj| > 6’7027177/2) a?\zj] | K, (zj)ﬂ <0,%E {(6770'27177/2)75 | K,

E [a3"°|z; = z] < C. Noting that

(25) ?| sincel®

on = E[aK; (z)] - (Bla;Kn (2)) (246)
= E[B[a3]2] K2 (23)] — (Bla;Kn (2)])’ (247)
= E|(Bladl] - (Blajlzi))?) K2 (2)] + B [(Blagl2)) K2 ()] — (BIE [a]25] Ko (2)))(248)
= E[Var[aj|z] K2 (2;)] + Var [E [a;|2] K, (25)] (249)
= B[K2(z)] + Var [E [a;]2] Ky (2)] (250)
= B[K; ()] (251)
we have Ty < (B [K2 ()" B [(n0mn?) " K2 (z)] = (enomn/) ™" (B [K2 ()]) 7 B [K2 ()] =
(e70mn/2) ™" 5 0. Also, Ty = 03,2E [E [a2]2] 1 (|K (2)] > e~ m(=1/2) K2 ()] <
Co?E [1(|Kn (2)] 2 €' 770y 0/2) K3 ()] 2 E (1 (1Kn (2)] 2 €' 70 ml=172) K2 (2)].

dK,(z)
dz

Let s, = sup,cp ‘ ’ For a given value of E [K2 (z;)] the maximum value of E [1 (| Ky, (2;)] > C) K2 (2;)]

for some C' > 0 is obtained when the support of K, (z) is inside the support of the distribution of z and

when K, (z) is triangular

_ 0 if |z| > 1,
Kn(2) —{ o (I — |2l) i |2 < I (252)
2 2\\1/3
where I, = (302/ (2s2))". Then,
L = / 11w (2)] 2 70k 002 K () () de (253)
ln
bl /1 (‘Kn ()| > 517770};7771(1771)/2) | K, (Z)|2 dz = 20;2 max {A ey SiszZ, 0}(254)
eonn Sn
6 2 4 (1—m) P . (1—n)
5% 3 (5503 n3/2) 2 (ssannd/Q)
= 302 max{ (ln - - = ,0p =max{ [1— 3e. ,0 (255)
where
2 (630nn3/2)(17n) 2 (83077,7’1,3/2)(177])
35y, = 3G/ (256)
253(1*”)0511_")71(3/2)*5/2
= 3,672 forn=24¢ (257)
= 553(17”)05}7”%5/2 — 00 (258)

and it follows that I,, — 0, as desired. m
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Lemma 10 If+ € W, then lim ;o p(2) = 0, where p(z) is the inverse Fourier transform of 1 ().

Proof. This result is Theorem 18 in Lighthill (1962) with the trivial modification that the Fourier
transform is replaced by the inverse Fourier transform and with the slight extension that allows the tail
behavior of the function 1 (¢) to be exponential (see Definition 4). This extension is straightforward because
Lighthill’s proof proceeds by writing % (¢) = ¥ (¢) + (¢ (¢) — ¥ ({)) where (¢ (¢) — ¥ (¢)) can be handled
using the Riemann-Lebesgue Lemma. By the assumption that ¢ € W, the function ¥ ({) can be chosen
such that its inverse Fourier transform, p.. (z), can be calculated analytically and be shown to satisfy
lim|;| o0 Poo (2) = 0. All that is needed to allow for more flexible choices of tail behavior than initially
employed by Lighthill is to find functions ¥ (¢) whose inverse Fourier transform can be calculated analytically
and have the appropriate tail behavior. Using the techniques described in Gel’fand & Shilov (1964) (p. 169,
Example 5) the inverse Fourier transform of exponentials of the form exp (¢¢”) for ¢ € R and v € NT can be

shown to be

i (ic)" 609 (z) (259)

Jj=0 j! 7
where §(*) (¢) denotes the k-th derivative of Dirac’s delta distribution. This distribution clearly vanishes
as |z| — oo, as required. Note that, while such a distribution does not belong to the class of the so-called
tempered distributions, it does belong to the wider class of distributions that forms the dual of compactly
supported infinitely differentiable test functions (i.e. the so-called “Type K” distributions of Gel’fand and
Shilov). m

Proof of Theorem 3. According to the second conclusion of Lemma 2, in order to have § (Z*, h,) —
g (F hn) = (G (&, hn) — g (F*, hn)) (1 + 0, (1)) we need to show that (2 (F*, hn)) "2 U (hy) A (hy) n= 22 -

0 for some € > 0. We proceed by finding a lower bound on Q (Z*, h,,) and relating it to U (h,,). First, by

Assumption 14, Var [g (Z*, h,)] = Q(Z*, hy) = Mmaxg=1 5,y Maxg—0,1 Var [Ty qn], where Tj 4, for k = 0,1,
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and a = 1,z,y, is given by

Thain / UF (6,57, hn) g (C) dC (260)
= /Uﬁ(g,:z*,hn) n—liajei% d¢ (261)
j=1
= niliajl(k,a’n(zj) (262)
j=1

where
Kyam (2) = / Uy (¢, &%, hy) €% dC. (263)

Then,
Var(a;Kpan ()] = B |03 (Kian (2))°] (264)
— /(Kk,ayn ()’ E [a®|2] f (2) dz (265)
> / (Kiam ()2 E [a2]2] f (=) dz (266)

z€1la K

for any finite interval I,  not reduced to a point. By Assumptions 11 and 13, inf.¢;, , E [a2|z} fz)>C>0

and we have

Var [a; Ko (2))] = / L U ()% dz. (267)

We now show that fzeR\I (Kran (2))? dz remains bounded as 7 — oo, thus implying that [ (Kj.a., (2))° dz
. 2 . . - . .
diverges at the same rate as szI . (Kkam (2))°dz. First, limy, oo Kan (2) = Kjaoo(2) is the in-
verse Fourier transform of U¥ (¢,%*,0) and, by the Moment Theorem, the inverse Fourier transform of
d%Ulk (¢,%%,0) is 12K} 4,00 (2). Since d%Ulk (¢, 2*,0) belongs to W by Assumption 12, we can apply Lemma
10 to conclude that lim|;|_ [2] |Kk,a,00 (2)| = 0. Therefore, there exist constants A,C > 0 such that

K2 e (2)

< Alz| %for|z| > Cand k =0,1and ! = 1,,y. It is therefore impossible for fzeR\Ia,k (Kk.an (2))*dz

to become unbounded as n — oo if I, i is chosen to be [—C, C]. We can then write:
Var [a; Ky an (25)] = /(Kkﬂm (z))2 dz (268)
By Parseval’s identify and the fact that UF (¢, #*, h,,) vanishes for [¢| > h,1, we have
[ Fran @ = [10F . n dc (269)

= / 124 (C,:E*,hn>\2d< (270)
[CI<hy?
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2
By the Cauchy-Schwartz inequality, (ﬁ(lgh;l \UF (¢, &%, hy)| dC) < (I\C\Shil UE (¢, 3, hn)|2 dg‘) (fmgh;l 1d<),

which becomes, upon rearrangement,

%

</<|§hn1 1d<> </|<|§hn1 R (Qj*’hn)}dC) .

2
= 2h, (/ llUl’“(C,j*,hn)|d<> : (272)
[CI<hn

Collecting Equations (268), (269) and (271), we have

/ UF (6,3 )2 dC
I¢|<hy*

2
QT hy) = by ( max max /(<h1 |UF (¢ &%, )| d§> : (273)

a=1,z,y k=0,1

We then observe that, by Equation (34) and Assumption 15,

i) = [ |m1<<>|12<(1+'m1“)|') /°°|ck<<,:z*7hn>|ds+|ck<<,5c*,hn>|)dc (274)
k=0

O/ Jie
< [ |m1<c>|‘1§<(1+'|2j8|'> :ck«,fc*,hn)ds+|ck(<,:f*,hn>|>d< (275)
< max max méh;l}Ul’“(g‘,i*,hn)\dg‘. (276)
Combining Equations (273) and (274) yields
(@ ko))" = /2T () (277)

thus implying that h}l/ ) (hn)n_l/ 2+e 5 0 for some € > 0 is a sufficient condition for the asymptotic
negligibility of the higher-order terms, which we can now verify.

If cvy = 0, then 7t/ 2\ (hy) n—Y/2+e = (1+ h;l)l/2 (L+hyt) (L4 Ryt Tm p=1/24e =
(1 + h;1)3/2+fvr—’vm n=1/2+e < (n—nnl/(3+2%—2ym))3/2+7r—vm n=1/24e < p=nB/247, = V) pe = o(1) for € >
0 sufficiently small.

If o # 0, then 2t/ (R )yn=tTe < (1+ h;1)3/2+w_7’" exp (—am (h;l)'g’") n~1l/%e <
exp (*am (1+e2) (hﬁl)ﬁm) n=l/2e < exp ((a"u;;—i(lm) 1nn) n~l/2te = pozletninelpe — o (1) for
some €3 > 0 and for € > 0 sufficiently small.

We have now shown that the limiting distribution of § (Z*, h,) is the same as the one of §(z*, hy,). To

obtain the limiting distribution of § (Z*, hy,), we note that g (Z*, hy,) — g (Z*, hy,) is a finite linear combination

of the kernel-type estimators T}, 4., defined in Equation (262) using the kernel K}, ., (2) defined by Equation
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(263). The asymptotic normality of Tj 4, can be shown using Lemma 9, provided that we can show that

dKk,a,n(2)
SUp,er ’ dz

=0 (n(g/ 2)= ) for some § > 0. By the moment theorem, this requirement is satisfied if
J ‘Uf (¢, z*, hn)| [¢ld¢ =0 (n(3/2)_5) for k =0,1 and a = 1, z,y. Using the same techniques as in the proof
of Lemma 5, we have,

/ UE (¢ 3" ha)| Il dC = (1+ hi?) T exp (a (n1)”) (278)

where v =3+, —7,, +7, and

_ (7O‘M7ﬁm) lfﬁ </Bm
(“’5)‘{ (y — s Br) i By = B (279)

If apy, =0, then o = 0 and we have,

/ UF(C&* ha)|IC1dC =< (B )" e (280)
< ( —nn1/<3+zwr—2wm))3*”‘”’“” (281)
= B ) g (3 =T 72)/ (B+27=27) — () (282)

since (i) (3474 — Y +7,) > 0 because 74 > —,, and ~, > 0 and (ii)
34Vt Y 3 F20 m 2 Ve ItV e T T T Ve (283)

If oy # 0, then
/‘Uf((,i*,hn)ﬂg\d( = exp(a—l—e4 ) for some €4 > 0 (284)
(1
< exp ( at 64 late)U+m) In n) (285)
200, — 1 +n) )

=< ex In 286
< o () (256)
< exp((14€5)Inn) < n'* for some e5 < 1/2. (287)

Hence, the hypothesis of Lemma 9 are verified and the T} 4, are asymptotically normal. The expectation

and the variance of g (Z*, h,) can then be calculated as in Lemma 1. m
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Notes

1Freeman’s dataset (the January 1977 Employer Employee Matched Sample, Current Population Survey) contains wages

reported by employers and employees, which are perfect examples of repeated measurements.

2As in any nonparametric regression, the well-known “curse of dimensionality” of course limits the number of dimensions

that can be handled in practice.

3Equation (14) is similar to an identity derived by Kotlarski (see Rao (1992), p. 21), but our proof of this result requires

weaker independence assumptions. In particular, we do not require independence between Az and z* and between Ax and Az.
4The calculation of the Fréchet derivative can be found in the proof of Lemma 2, in the Appendix.

5Note that the ratio |} (¢)| / |¢¢ (¢)| entering the definitions of X (hy,) and U (hy) can equivalently by written as |my (¢)| / |m1 (¢)|
me(q _ [Plee®]| _ [Blates ]| [plate ]| |plete]]  [Bletef | s
m1 (O] = B[] G ES Bl [B[eae]] =[BT ] - %@l

since ||

6The familliar condition E [|K (:r*)|2+5] < 00, which is helpful to show the asymptotic normality of standard kernel estima-
tors, is of no use in establishing the asymptotic normality of our more complex estimator. In any case, Assumption 4 implies

that E [|K (m*)|2+5] < o0.
"We expand Lighthill’s definition by allowing for exponential tails, which is essential to handle supersmooth functions.
8And the term n'/(3+27-=27m) in Equation (64) can be replaced by nl/(2+27r=27m),

9For less than 0.5% of the samples drawn, numerical issues associated with near division by zero in Equation (19) and (20)
were observed for a few of the smallest bandwidths sampled. To simplify the reporting of the results as a function of bandwidth,
these draws were discarded and new draws were made so that the total number of samples kept remains 500. Of course, when
studying any given sample, practioners would simply never chose such a small bandwidth. The problem only occurs because

we are performing Monte Carlo simulations and wish to report averages over replications as a function of bandwidth.

N\ O
05 [1(las| > ¢)a?|z] < B [1 (la| > ) (%) a§|z]} < B 1 (a5 > ) a20z;] < P B [a2H]5] e
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Table 1: Convergence rates obtained under given regularity assumptions. Note: v (¢) = E [exp (iCAz)].
Example Assumptions Bandwidth choices / Rates

ep(a0ld) < loo@l = ew(aold”)
1 exp a¢\C|> = Q)] = exp(a¢,|C|ﬁ) Op(lnn('hﬂ)/ﬁ)
6 QI = (4l
exp (aoldl”) = Io0 (@l = exp(aoldl”)
8 8 ht= C(lnn)l/’g
2 €xXp a?ﬂ‘q ) = |?/1 (C)| = exXp (O[w|<| ) 19) (n—al/(2o¢o+2&¢)+e)
P
00O = exp (o))
exp (aoldl”) = 160l = e (a0ldl’) ot = o aun)?
3 T+E)™ = W@l = L+ p(lnn) )
6 (Ol = (+]h™
(<1+||<||)>j° = \rbo(<<)>|| 2 (<1+||<||)>j° 1 ot/ ()
4 L+[C)™ = (] = A+I¢h™ (H+1/(=270—74+m
6, = (14" ( )

Table 2: Monte Carlo simulation designs
Example xz* Az, Az Ay Elylz*] Convergence Rate

1 N(0,1) N(0,1/4) N(0,1/4) S(z*) O, ((mn)*l/“"
2 N(0,1) N(0,1/4) N(0,1/4) erf(z*) 0, (n=2/5+¢)
3 N(0,1) L(0,1/4) N(0,1/4) S(z*) O, ((1nn)_1/2
4 L(0,1) L(0,1/4) N(0,1/4) S (z*) 0, (n=1/%)

Table 3: Monte Carlo Simulation Results for Example 1.

Fourier (optimal)
Bandwidth 1.0000 1.2500 1.5000 1.7500 2.0000 2.2500 2.5000 2.0500

Bias squared 0.0004 0.0039 0.0053 0.0125 0.0284 0.0592 0.1073 0.0331

Variance 0.4696 0.1978 0.2514 0.0995 0.0211 0.0030 0.0017 0.0133

Mean Square Error 0.4700 0.2018 0.2567 0.1120 0.0495 0.0623 0.1091 0.0464

Nadaraya-Watson
Bandwidth 1.0000 1.2500 1.5000 1.7500 2.0000 2.2500 2.5000 1.4000
Bias squared 0.0853 0.0815 0.0829 0.0903 0.1089 0.1399 0.1820 0.0820
Variance 0.0237 0.0043 0.0024 0.0017 0.0013 0.0012 0.0010 0.0030
Mean Square Error 0.1090 0.0858 0.0853 0.0920 0.1102 0.1411 0.1831 0.0850

No Measurement Error
Bandwidth 1.0000 1.2500 1.5000 1.7500 2.0000 2.2500 2.5000 1.1000
Bias squared 0.0027 0.0045 0.0054 0.0109 0.0274 0.0598 0.1078 0.0037
Variance 0.0043 0.0021 0.0018 0.0015 0.0011 0.0010 0.0008 0.0027
Mean Square Error  0.0070 0.0066 0.0073 0.0124 0.0285 0.0608 0.1086 0.0064
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Table 4: Monte Carlo Simulation Results for Example 2.

Fourier (optimal)
Bandwidth 1.0000 1.2500 1.5000 1.7500 2.0000 2.2500 2.5000 2.1500
Bias squared 0.0056 0.0012 0.0007 0.0001 0.0042 0.0183 0.0461 0.0111
Variance 0.5137 0.1919 0.2399 0.0958 0.0202 0.0028 0.0016 0.0049
Mean Square Error 0.5194 0.1931 0.2406 0.0960 0.0244 0.0211 0.0476 0.0159
Nadaraya-Watson
Bandwidth  1.0000 1.2500 1.5000 1.7500 2.0000 2.2500 2.5000 1.4500
Bias squared 0.0346 0.0309 0.0313 0.0357 0.0470 0.0668 0.0948 0.0310
Variance 0.0306 0.0042 0.0022 0.0015 0.0013 0.0011 0.0010 0.0025
Mean Square Error 0.0651 0.0351 0.0335 0.0372 0.0482 0.0679 0.0958 0.0335
No Measurement Error
Bandwidth 1.0000 1.2500 1.5000 1.7500 2.0000 2.2500 2.5000 1.7500
Bias squared 0.0002 0.0006 0.0007 0.0000 0.0038 0.0186 0.0463 0.0000
Variance 0.0037 0.0024 0.0018 0.0014 0.0010 0.0009 0.0008 0.0014
Mean Square Error  0.0039 0.0030 0.0025 0.0014 0.0049 0.0195 0.0471 0.0014
Table 5: Monte Carlo Simulation Results for Example 3.
Fourier (optimal)
Bandwidth 1.0000 1.2500 1.5000 1.7500 2.0000 2.2500 2.5000 1.7000
Bias squared  0.0045 0.0016 0.0044 0.0098 0.0258 0.0576 0.1050 0.0082
Variance 0.1569 0.2382 0.0164 0.0080 0.0033 0.0019 0.0015 0.0093
Mean Square Error 0.1614 0.2397 0.0208 0.0179 0.0291 0.0595 0.1065 0.0175
Nadaraya-Watson
Bandwidth  1.0000 1.2500 1.5000 1.7500 2.0000 2.2500 2.5000 1.4500
Bias squared  0.0569 0.0625 0.0626 0.0716 0.0925 0.1260 0.1705 0.0619
Variance 0.0289 0.0078 0.0025 0.0017 0.0013 0.0011 0.0009 0.0028
Mean Square Error 0.0858 0.0703 0.0651 0.0734 0.0938 0.1270 0.1714 0.0647
No Measurement Error
Bandwidth 1.0000 1.2500 1.5000 1.7500 2.0000 2.2500 2.5000 1.3500
Bias squared 0.0027 0.0044 0.0052 0.0107 0.0272 0.0595 0.1074 0.0045
Variance 0.0059 0.0032 0.0025 0.0015 0.0010 0.0009 0.0008 0.0029
Mean Square Error  0.0086 0.0076 0.0077 0.0122 0.0282 0.0604 0.1082 0.0075
Table 6: Monte Carlo Simulation Results for Example 4.
Fourier (optimal)
Bandwidth 1.0000 1.2500 1.5000 1.7500 2.0000 2.2500 2.5000 1.4500
Bias squared 0.0140 0.0033 0.0046 0.0397 0.0990 0.1691 0.2410 0.0017
Variance 0.1450 0.0198 0.0076 0.0037 0.0022 0.0015 0.0011 0.0091
Mean Square Error 0.1590 0.0231 0.0123 0.0434 0.1012 0.1706 0.2421 0.0108
Nadaraya-Watson
Bandwidth  1.0000 1.2500 1.5000 1.7500 2.0000 2.2500 2.5000 1.1000
Bias squared  0.0925 0.0966 0.1172 0.1531 0.2005 0.2544 0.3105 0.0921
Variance 0.0038 0.0025 0.0018 0.0014 0.0011 0.0010 0.0008 0.0030
Mean Square Error 0.0963 0.0990 0.1191 0.1545 0.2016 0.2554 0.3113 0.0951
No Measurement Error
Bandwidth 1.0000 1.2500 1.5000 1.7500 2.0000 2.2500 2.5000 1.4000
Bias squared  0.0098 0.0032 0.0047 0.0400 0.0993 0.1693 0.2410 0.0002
Variance 0.0047 0.0035 0.0022 0.0014 0.0010 0.0008 0.0007 0.0026
Mean Square Error  0.0145 0.0067 0.0069 0.0414 0.1003 0.1702 0.2417 0.0029
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Table 7: Monte Carlo Simulation Results as a Function of Sample Size.

Sample Size

1000

2000

8000 MSESOOO/MSE2000

Theory

Example 1
Bandwidth
Bias squared
Variance
Mean Square Error

2.0500
0.0331
0.0133
0.0464

1.5500
0.0072
0.0061
0.0133

1.5500
0.0061
0.0024
0.0084

0.631

0.721

Example 2
Bandwidth
Bias squared
Variance
Mean Square Error

2.1500
0.0111
0.0049
0.0159

1.8000
0.0003
0.0028
0.0031

1.7500
0.0000
0.0009
0.0009

0.290

0.330

Example 3
Bandwidth
Bias squared
Variance
Mean Square Error

1.7000
0.0082
0.0093
0.0175

1.5500
0.0058
0.0062
0.0120

1.6500
0.0078
0.0021
0.0099

0.825

0.721

Example 4
Bandwidth
Bias squared
Variance
Mean Square Error

1.4500
0.0017
0.0091
0.0108

1.4000
0.0002
0.0055
0.0057

1.4000
0.0002
0.0013
0.0016

0.280

0.500

ol



Figure 1: Comparison between the finite-sample and the asymptotic distributions of the estimator (see text

for details). The abscissa is Z = (Var [§ (0.5, 2)})71/2 (9(0.5,2) — E'[g(0.5,2)]).
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