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Abstract: Incentive-compatible mechanisms and correlated equilibriain game theory are defined
by systems of linear incentive constraints. The duals of these linear systems yield shadow prices
for these incentive constraints which can be used to get insights into these games. Thistalk will
review and integrate two strands of the research literature in which these duals have been applied.
From the duals of the informational incentive constraints that characterize incentive-efficient
mechanisms for a Bayesian game, we get virtual utility functions that intuitively characterize the
costly signaling actions that may occur in these incentive-efficient mechanisms. This concept of
virtual utility also enables us to extend cooperative solution concepts like the core, the Nash
bargaining solution, and the Shapley value, to general games with incomplete information. Asa
application, these solutions for bargaining games with incomplete information can offer amore
robust explanation of inefficient underemployment in labor contracts, even in situations where
the employer isrisk neutral, has the only private information, and has all the bargaining power.
The duals of the strategic incentive constraints that characterize the correlated equilibria of a
strategic-form game can be used to reduce any such game to an elementary game in which the

knife-edge indifference problems of equilibrium-imperfection do not arise.
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0. Duals of resource constraints are economically important as a mathematical model of prices.
Game theory has added incentive constraints to resource constraints as essentia parts of the
economic problem that can be recognized by mathematical economic theory.

Might duals of incentive constraints have some important economic meaning?

1. Incentive-efficiency in Bayesian choice problems with infor mational incentive constraints
F=(N, G, (Tien» (Wien: P) where:

N={players}, C ={jointly feasible actions}, T,={i's possible types}, (nonempty finite sets)
T=x,.y T, ={typeprofiles}, u;:CxT-R (i's utility function), P < A(T) (probability distn).
Notation T_;= x Tj, pi(t) = Y P(tit), Pi(t,|t) =PO/pi(t), t=(t;t).

JEN-i tEeT,
Suppose each player also has a nonparticipation option that yields a payoff of 0.
Consider amechanism p:T-A(C) satisfying p(d|t) > 0VdeC, and Y p(c|t) =1, VteT.

ceC

Let Ui(u[t) = Y. Pi(ti[t) Y u(clt) ylc),

tiEeT; ceC

W is incentive compatibleiff U;(u|t) > 0 and U;(u|t) > U;(Ws

Ui(s

tl)’ VSGTI’ ‘v’tIETI, VieN.

We consider only informational incentive constraints until near the end. That is, the players can
surrender control of all actions to a mediator, who then chooses an action profilein C given
reports from each player about his or her type, but players can misreport their types.

By the revelation principle, any equilibrium of any mechanism is equivalent to an incentive
compatible mechanism, satisfying the informational incentive constraints above.

A mechanism is (weakly) incentive-efficient iff it isincentive compatible and no other incentive-

compatible mechanism yields higher expected utilities for all types of all players.



2. Lagrangean conditionsfor incentive-efficiency and virtual utility
So an incentive-compatible [ isincentive-efficient iff there exists some A = (4(t;))jen teT.) SUCh

that A;(t;) > O, VieN, Vt;eT;, withsome A,;(t;) >0, and p isaoptimal solution to the problem
ieN teT;

Given the utility weights A, this problem is actually alinear programming problem in p.
Let o;(S|t;) denote the Lagrange multiplier (or dual variable) for incentive constraint that typet;
of i should not want to pretend to be s. Them the Lagrangean for this optimization is:
Lad) = 2 2 [LOUMEH + X asUmI) - Gis ()]

eN Gely SET;

Given A and o, this Lagrangean is alinear function of u:

Lwe) = 2 2 () + 32 1) R(t 19 3 el (e

P> ; w18 L) Y. H(eltii9) u(e
=20 2 i+ X wls) R 3 nen v
P> Z i(t19) Pi(Li]%) 3 Cel) u(e(t.9)
=2 D P () + ; e4(s]4) X Hel) 4P
P> P(t)(; ei(t]5) 3 W/ u(e(t:8) Pt S)/RE16)/p®)

For any c and t, find all the termsfor player i in this Lagrangean that are multiplied by p(c|t).

We define v;(c,t,A,a), the virtual utility for player i from an action-profile ¢ with types-profilet,

to be the sum of these terms divided by the probability P(t). So the formulafor virtual utility is

viletAe) =[(Ait) + Yo ai(sHIwEd - Y ot s)uilet ;. )Pt i s)/Pit ;i [t)] /pi(t)
SET; s€T;

With this definition, we can write the Lagrangean function more simply as

Lar)= Y Pt Y pely ¥ victra)

teT ceC ieN
That is, the Lagrangean is just the expected sum of the virtual-utility payoffsto all players.



3. Characterizing incentive efficiency by the virtual-utility hypothesis

In Lagrangean analysis, the optimality conditions for a mechanism p then are:

[1 Y pel) Y vietre)=max Y victde), VteT (unconstrained Lagrange-optimality),

ceC ieN ceC ieN

[2] U;(u[t) > Ui(u,s,\ti), Vi, VteT;, VseT,; (incentive compatibility), and
[3] (s |t)(Ui(ult) - U(us|t)) =0, Vi, VteT,, VseT, (complementary slackness).

Let us say that atypet; of player i jeopardizes another type s, of player i, in the incentive-efficient
W, iff the constraint that t; should not want to imitate s, (U, (u|t;) > LAJi(p,s1 |t,)) isbinding and has a
positive Lagrange multiplier in the optimality conditions for .

When the player's types are independent random variables, we have P(t) = HjeN P, (tj) Vi,

and Pi(t_;|s) = [jen-i Ri(t) = Pi(t;;[t;), and sovirtual utility formulasimplifiesto

vietA,e) = [(A() + S; (s t))uy(ct) - s; ot [s)ui (e (t )]/ pict).

Henceforth we assume such independence.

Multiplying atype's utility function by a positive constant is decision-theoretically inessential.

So essential difference between the virtual utility v;(c,t,A,a) for atypet; of player i and the actual
utility u(c,t) isthat the virtual utility of type t; exaggerates the difference from the utilities of i's
other types that jeopardize t;.

So we have the following general proposition to help usto qualitatively understand the ex-post
inefficiencies (signaling costs) that may be incurred in an incentive-efficient mechanism:

The incentive-efficient mechanism will be ex-post efficient in terms of the players' virtual
utilities, where the virtual utility of any typet; differs fromthe actual utility by exaggerating the
difference fromthe other possible types that jeopardize ;.

In this framework, a Coasian believer in ex-post efficiency could equivalently "explain”

inefficient signaling costs by the following virtual-utility hypothesis:

In a situation of incomplete information where possible misrepresentation is problematic,
individuals may act according to their virtual utilities, exaggerating the difference fromthe

alternative types that jeopardize them.



4. Special caseswherevirtual utility issimple: independent types and utility transfers
The virtua-utility hypothesisis useful for predicting the nature of incentive-efficient signaling
costs in situations where we have a good intuition about which incentive constraints will be
binding and problematic.

For example, in an economic situation where a seller may be a good or bad type (selling high- or
low-quality goods), we may intuitively expect that the bad type will jeopardize the good type, but
not visaversa. If so, then the good type's virtual utility will differ from its actual utility by
exaggerating the difference from the bad type. So the good type may do unpleasant activities that
do not benefit anyone else, if his bad type would hate them more so that he gets positive virtua
benefits from these activities. But the unjeopardized bad type will have virtual utility equivalent
to actua utility, and so there will be no ex-post inefficiency for the bad type.

Now consider asituation where the players' types are independent  P(t) = ;- Pi(t),

the players can receive any profile of monetary transfers x= (x;),.p that sumto zero Y.\ X; =0,
and each player has additively separable linear utility for money u;((d,x),t) = U(d,t) + x;.

For any ¢ = (d,x), the sum of virtual utilitiesin any state t can be written

> viletaa) = 2 x [ + Y e(s1t) - X «it]s)]/pi(t) + (termsindependent of X)

IeN 1eN s€Ty s€Ty

Virtual ex-post efficiency of any finite vector x (constrained only ) ;. X; = 0) requires than the

coefficients [(Ai(t) + Lset i(§1t)) - Lset, «i(ti/$)]/pi(t) must be the same for al i, VteT.

We may take this constant to be 1, without loss of generality. So in this case of independent

types with linear utility for money, the vectors A and o may be taken to satisfy the equations
L)+ Y ei(slt) = Y et|s) +pi() VieN, vieT; and Y. A(s) = 1.

SeET; SeET; SeET;

These equations describe a"hydraulic” inflow to any typet;, from p;(t;) and the Lagrange
multipliers o;(s|t;) of thetypess that jeopardize t;, which must be balanced by an outflow to the
A;(t;) and the Lagrange multipliers o;(s; |t;) of the types s, that are jeopardized by t;.

When the typesin T; are ordered on aline, it may be sufficient to consider only local incentive
constraints between types that are adjacent to each other on the line. (Local IC => Global IC.)
Suppose that t; and t;+¢ are adjacent typesin T;, with e>0. Then the hydraulic equations imply
o;(ti+et) o5t ti+e) = Ys ot (R1(S)-4i(S)-

If higher types do not jeopardize lower, then «;(t;[t;+€) = 0, o;(ti+e|t;) = Zslgti (Pi(s)-Ai(s))-



5. More specialized cases wherevirtual utility issmple

Consider bargaining between seller(1) and buyer(2) where the seller has all private information.
The sdller'stypet; = tishisvaluefor an indivisible good that would be worth g(t) to the buyer.
Suppose T= T, = {A, A+e, A+2¢,..., B} consists of multiples of e>0 from A to B (A<B),

each with positive probability, and utility is linear in money.

Then the incentive-efficient frontier isflat: al incentive-efficient mechanisms can be supported
by the same A, as shown in my paper in Alvin Roth's 1985 book. The construction is as follows:
Let F(t) =) . P(s) = (cumulative probability of 1's type at t).

Let Y(t) =Y. P(9)(9(9)-1) = (2'sEU from offer to buy for t).

At each t, Y (t) is continuous from above but may have discontinuitiesin limits from below.

Let Y_(t) = Yot P(S(Q(S)-1) =lim_;; Y(7) = Y (1) - P(t)(9()-t) = Y(t-€) + F(t-¢)e.

Let Y:R-R betheleast concave function that is nonincreasing and is never lessthan Y.

Let A(t) =(Y(1)-Y(t-g))/e - (Y(t+e)-Y (1) /e = (2Y (1) - Y (t+£) - Y (t-¢))/¢,

at| t+e) = (Y()- Y (D) e,

a(t+elt) = (Y(t+e) + F(t)e - Y (1)) /e = (Y (t+e) - Y _(t+e))/e.

Then 1'svirtual values of keeping the object are

v(t) = [(A(t)+a(t+e|t)+a(t-g|t))t — a(t|t+e)* (t+e) - a(t|t-e)*(t-€)] /P(t) = o(t) VteT{A,B},
V(A) = [(AM(A)+a(A+e| A))*A - oA |A+e)* (A+e)] /P(A) = g(A) - Y(A)/P(A),

v(B) = [(A(B)+a(B-¢|B))*B - a(B|B-¢)*(B-¢)] /P(B) = g(B) + (Y (B)- Y (B))/P(B).

(The extratermsin v(A) and v(B) are because ea(A | A-¢) and ec.(B |B+¢) are missing.)

In any incentive-efficient mechanism, each incentive constraint must bind if it gets a positive
dual value « fromay >Y inequality, type B must not sell if Y(B) > Y (B),

and type A must sell for sureif Y (A) > 0 but must not sell if Y(A) <0.

If a(t+e|t)>0 and a(t|t+e)>0 then incentive-efficient mechanisms must treat t and t+e the same.
Notice Y (A)=max,.1 Y (1).

For example, suppose e=1, A=0, B=1, T ={0,1}, g(0) =1.2, g(1) = 1.4, P(0) =1/2=P(2).
Then Y (t) =0 Vt<0, Y(t) =(1.2-1)/2Vte[0,1), Y(t) = 1.3-tVi>1.

So Y()=0.6 Vt<0, Y(t) =0.6-0.3t Vte[0,1), Y (t)=0.3-t Vt>1.

All incentive-efficient mechanisms are supported by

A1(0)=0.3, 11(1)=0.7, a(0|1)=0, (1/0)=0.2, whichyield virtual values of keeping the object
v(0) = ((0.3+0.2)*0-0.0)/0.5=0, v(1) =(0.71-0.2*0)/0.5 = 1.4 for the two types of seller.
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Example: A=1, B=3, ¢ =1, ¢(t) =t+1Vvt, p(1)=0.4, p(2)=0.1, p(1)=0.5.
Y(0)=0=Y_(0),Y(1)=04,Y_(2)=0, Y(2=0.1,Y_(3)=-04,Y(3) =01, Y(4) =-09.
Y(0)=Y(1) =04, Y(2)=0.25 Y(3)=0.1, Y(4) =-009.

A(1) = (2*0.4-0.4-0.25)/1 = 0.15,

A(2) = (2¢0.25-0.4-0.1)/1 =0,

A(3) = (2*0.1-0.25--0.9)/1 = 0.85,

a(1]2) =0, «(2|1) =0.25, a(2|3) =0.15, «(3]2) = 05.
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5(b) This characterization of the incentive-efficient mechanisms for seller-buyer problems with
one-sided information uses two crucial primal-metheod lemmas:

(1) All informationally incentive-compatible mechanisms can be expressed as | otteries among of
mechanisms of the form "sell for pricer if the seller's valueis below r, otherwise do not sell" plus
some fixed monetary sidepayment. (Y (r) isthe buyer's expected payoff from this mechanism, but
where Y is discontinuous we must distinguish two mechanisms that differ by whether the
indifferent typer sells or not.)

(2) Such amechanism of selling only at pricer is not incentive-efficient if Y<Y at r, because
then we can construct a random price with expected value r such that the buyer would get strictly
a higher expected utility from the random price mechanism, and no type of seller would be worse
off from the change. See my article in Roth's 1985 book.

We may also consider a discrete Myerson-Satterthwaite (1983) bilateral bargaining problem
where the types(values) of seller(1) and buyer(2) are multiples of e>0 from A to B (A<B).

For the seller (1), let A4(B) = 1 and consider o where a4(s; |t;)>0 only when s;=t;+e (each type
jeopardizes only the next higher type). Then o4(t;+€|ty) = Zslgtl P1(sy) = F4(ty) vt,<B,

and so typet;'s virtual value for keeping the object is

V(ty) = [Fy(t) ty - Fi(t;—€) (t;-€)]/py(ty) =t; - Fy(ty—€) £/pq(ty)-

For the buyer (2), let A,(A) =1, and consider « where o.5(s,|t,)>0 only when s,=t,-e.

Then 062(t2—8|t2) = ZSZZtZ pz(SZ) =1- F2(t2_ 8), ‘v’t2>0,

and so type ty's virtual value for the object is

[(1- Foty- £)) ty - (1-Fy(ty) (t2+8)]/ Pa(ty) =ty - (1-Fy(ty)) e/py(ty).

With f;=p, /¢, these are the virtual utilitiesin M-S's 1983 characterization of U;(u|B)+Ux(u|A).

6(a) From 1973 to 1983, | searched for natural ways to generalize cooperative solution concepts
to games with incomplete information.

A critical problem was how to account for incentive constraints for subcoalitions.

(If we apply incentive constraints only to the grand coalition N that actually forms, then we lose
superadditivity. If we apply incentive constraints to a subcoalition, we find that itsincentive-
feasible set may vary discontinuously in the actions of the complementary coalition.)

Thekey, | found, was to use the virtua utility hypothesis.

| first stumbled on thisidea while searching for a generalized Nash bargaining solution, but now
let me try introducing it here in a concept of core for incompl ete-information games.



6. Virtual utility and the core with incomplete information
To formulate a generalized core with incomplete information, let us consider a game satisfying

the usual assumption of orthogonal coalitions. That is, when aplayer joins coalition S, his payoff

depends only on the actions that are chosen by the playersin S from agiven feasible set C(S).
Then the cooperative Bayesian gameis I' = (N, (C(9))s_n, (Ti)ien: (UDien: P), Where ui(ct) € R
forany ScN, i€S, ceC(9), t=(t)icy € T = Xjen Ti- Wewrite: tg= (t)ics € Tg= Xies T

Let's also assume independent types, so pg(ts) = HjeS pj(tj), P.(t_;|t) = pnoi(te) = quti pj(tj).
The core is about allocations which could not be blocked by a deviating coalition that offers
higher expected payoffsto all players when they joinit. With incomplete information, we should
allow that the identity of this blocking coalition and its actions might depend on the players
information in some probabilistic way, but this dependence must be incentive-compatible, and a
blocking coalition should only use information available to its members.

In arandom blocking rule 6, let 8(S,c|tg) denote the probability that the members of Swill form

the blocking coalition and choose ¢ in C(S), when tgin Tgis their type-profile.
Consider any allocation w = (W;(t))jcn (1, Where w;(t) denotes an ex-post payoff for player i

when the type-profileist. We say that w is strongly inhibitive iff no 6 exists such that

8(Scltg) = 0, VSN, WeeC(S), WiseTg, (and Y gq 8(Scltg) < 1, VteT)

Y X Y Pt (u(ch-wi() 8(Sclty) > 0, VieN, VteT,, with somestrict >, [-4,(t)]
t,eT,; S={i} ceC(9)

Y Y Y Pt (u(ch)-wid) (5(Sclt) -8(Sclts 1)) = 0, VieN, VteT,, VreT..

t,eT,; S={i} ceC(S)
[oo(r[5)]

Theorem The payoff allocation w is strongly inhibitive iff there exist vectors A and o such that
)"I(tl) >0 and OCI(Si|t|) > O, ViEN, theTl’ ‘v’riETi, and

> pN\S(tN\S)gS: [(A) + X o [t))wit) - Y- et 1) wit )]/ pict)

s This neT Tl
° X'I; pN\S(tN\S).XS: [((w) + XT: oi(ri[§)u(c) - XT: ot 1)) wi(e (tri)] /ict),
ascThis o vsgN,VCGCIJ(IS),VtSGTs [+ps(t98(Sclts)]

So an allocation isinhibitive iff, when we convert payoffs to some virtual utility scale and
assume that this virtual utility is transferable, no coalition could ever expect a higher sum of

virtual payoffs. Then define: core = {feasible allocations} n {limits of strongly inhibitives}.



7. Mechanism selection by an informed principal

Now suppose that player 1 can select the mechanism. He can convey information within his
mechanism itself, so we can assume without loss of generality that his selection isinscrutable.

If the other players would infer nothing about his type from his selection, then honest play in any
incentive-compatible mechanism would be an equilibrium.

But then each type might want to select a different mechanism, thus revealing the typel

We need atheory that restricts what is plausibly inscrutable, so that any other mechanism that 1
might prefer isruled out, by a perception that it gives some type of 1 less than is warranted.

My 1983 theory has been dismissed as "using techniques drawn from cooperative game theory."
But the essence of 1's problem isto co-ordinate with other possible types of himself, to induce
the other players to accept the selected mechanism as a reasonable compromise among the
different interests of all 1's possible types, such that no subset of 1's types could guarantee
themselves more by arevealing defection. Such coordination on a reasonable compromiseis
"cooperation”!

LetI' = (N, (Cien: (Tidien: (Wien: P) haveindependent types Pi(t_; |t)=][jen-i P;(t).

and suppose that each player also has a non-participation option that gives him a payoff of 0.
We will consider when an alocation w, of interim expected utilities for the principal's types
could be blocked by an aternative plan (6,0) where 6(t;) denotes the probability that the
principal would select aternative if his type weret;, and d(c|t) is the probability of the outcome

¢ under this aternative when the type-profileist.

(8,0) isaviable alternative to a utility allocation w, = (wl(tl))thTl for the principa’s types iff
8(d|t) > 0 VdeC, and Y d(c|t) = 0(t) > 0, VteT,

ceC

Y. X Pyt 4ty 8(c|t) (uy(ct)-wy(ty)) > O, V,eT,, with strict inequality for somet,,

t,€T, ceC

t; ; Py(t_1]ty) 8(c|t) (Ug(CH)-wy(ty) > IXTj Z; Py(t_1]ty) 8(c|t_1,5) (Ug(CH)-W(ty)),
s o V4ET,, VSETY,

> D P(tlt) 3(clt u(ct) > 0, VieN-1, WeT;,

t,eT,; ceC

Y X Pt sEhuct = Y Y Pt |t) d(clt .s) u(ct), VieN-1, VteT, VseT.

t,eT,; ceC t,eT; ceC
Theorem A utility allocation w, is has no viable alternatives iff there exist A and o such that
)\.I(tI)ZO, O('I(% ‘tl) > 0, VieN, VtIETI, VSGTI’ and )\.l(tl) > 0, theTl,

[(at) + X ag(syltIwaty) - D aqtylsy) walt 1,8p)]/pa(ty)

Si€Ty Si€Ty
2 ZT: Py(t 1/t) m?:XZN: [(Aict) + XT: oi(s | t))ui(ci) - ZT: oi(t| §)u(c.(t )]/ P),

vVt €Ty,



7(b)

Lemma If
[(Aa(ty) + XT: oty (S [t))w(ty) - XT: oy (ty|57) wa(t_1,8p)]/Pa(ty)
Sl Sl
> [(Aq(ty) + X; 01 (Sy | t))Wy(ty) - X; 0y (ty]S1) Wa(t 1,)]/Palty), VT,
el Sl

then wy(t;) > Wy(ty) V€T,

(Method of proof: If not, then consider the sum, over all t; such that wy(t;) < w;(t;), of the given

inequalities multiplied by p,(t;)...)



8. Neutral optimal solutionsfor theinformed principal

Let us say that a utility allocation wq = (wq(t;)) teT, for the principal’s typesis strongly
inhibitive iff it has no viable alternatives. In terms of the virtual utility hypothesis, the above
theorem asserts that a strongly inhibitive allocation w4 gives, in some virtual-utility scales, each
type of the principal avirtual payoff that not |ess than the maximal expected sum of all players
virtual payoffsthat thistype can generate.

Let us say that an allocation is inhibitive iff it isalimit of strongly inhibitive allocations.

A mechanism [ is aneutral optimum for the informed principal, in the sense of my paper in

Econometrica 1983, iff | isincentive-compatible and there exists some inhibitive allocation w,
suchthat Uq(p|ty) > wy(ty), VE;€T;.

Such p is plausibly inscrutable by the criterion that "each type t; should get at least w,(t;)", and
aninfinitesimal perturbation of this criterion rules out any other mechanism that some t; prefer.
Theorem A neutral optimum exists.

How compelling is this solution concept? | characterized it in 1983 as the smallest solution
concept satisfying certain properties (strong solutions, extensions, domination, continuity).
This minimality means to me that, if you can find a more compelling theory of informed

mechanism selection, then | expect that your theory will include my neutral optima as a subset.

Example: Suppose that 1=firm, 2=union. 14 workers are available in the union.
Thefirm has all private information, has two types T, = { high, low}.

Firm'stype Probability | Firm's profit per worker | Worker's opportunity cost
high 1/2 170 110

low 1/2 120 100
(Isomorphic to alinear transformation of earlier example.)

Incentive-efficient plane supported by A4(high)=0.3, A,(low)=0.7, A,=1, «4(low|high) = 0.2,
and a4 (high|low) = 0. Thefirm'svirtual profit per worker isthen

v(high) = [(0.3+0.2)*170 - 0*120] /0.5 = 170, v(low) = [(0.7+0)* 120 - 0.2*170] /0.5 = 100.
Maximum sum of virtual utilitiesis 14*(170-110)=840 for high, 14*(100-100)=0 for low.
[(0.3+0.2)*w(high) - 0*w,(low)] /0.5 = 840, [(0.7+0)*w;(low) - 0.2*w,(high)] /0.5=0
yields warranted claims: w4 (high)=840, w,(low)=240. These expected payoffs are achieved by
the mechanism: hire all 14 workers for $110 each if high, hire 12 workers for $100 each if low.



9. Interim bargaining and virtual equity

Consider a Bayesian bargaining problem with N={1,2} and independent types, where each player
can get 0 alone.

Let (1) and B(2) = 1-B(1) denoter elative bargaining power of players 1 and 2.

The ex ante (nonsymmetric) Nash bargaining solution would select an incentive compatible p to
maximize U, ()PM U,(u)P@, where Ui(w) = Y. pit) Ui (1)

LeT,
To study interim bargaining, let us say that an interim allocation w=(w;(t;))jcn t e 1S @ Vvector of

warranted claims iff there exist vectors A and « satisfying the following virtual-equity conditions:
A‘I(tl) >0, OCI(Si ‘tl) > 0, V|€N:{ 1,2}, VtiETi, VSiETi,

[(Ai) + Y (s it)Iwit) - Yo ol|s) wilt )]/pit)

SeET; SeET;
> B(i) XT: p_i(t) max {21:2} [ + X e(g1H)yet - Z; o (&) e. (e, 501 /By K,
tEeT ceC jef1, T, sle i

Vi 6{ 1,2} , th GTI .

In my 1984 Econometrica paper, | isaneutral bargaining solution iff p isincentive compatible

thereisalimit w of such warranted-claim vectors such that U;(u[t;) > w;(t) VieN VteT;.

That is, in some virtual-utility scale, each type of each player i has awarranted claim to at least a
B(i) share of the maximal sum of virtual payoffs that could be expected given his type.

This solution is derived from axioms, including: "If a strong solution exists for each player-as-
principal and randomizing between these two solutions is incentive efficient, then doing each i's

solution with prob'y (i) isabargaining solution.” (Also: extensions, domination, continuity.)



10. Exampleto compare ex-ante and interim bar gaining solutions
Suppose that 1=firm, 2=union. 14 workers are available in the union.

Thefirm has al private information, has two types T, = { high, low}.

Firm'stype Probability | Firm's profit per worker | Worker's opportunity cost
high 1/2 170 110
low 12 120 100

Incentive-efficient plane supported by A,(high)=0.3, A,(low)=0.7, A,=1, a4(low|high) =0.2,
and a4 (high|low) = 0. Thefirm'svirtua profit per worker isthen
v(high) =[(0.3+0.2)*170 - 0*120] /0.5 = 170, v(low) =[(0.7+0)*120 - 0.2*170] /0.5 = 100.
Maximum sum of virtual utilitiesis 14* (170-110)=840 for high, 14* (100-100)=0 for low.
Let B(1) denote the firm's relative bargaining power, f(2) = 1-B(1). Warranted claims satisfy:
[(0.3+0.2)*w; (high) - 0*w;(low)] /0.5 = B(1)* 840,
[(0.7+0)*w (low) - 0.2*w4(high)] /0.5 = B(1)*O,
w, = (2)*(840* 1/2 + 0* 1/2).
Interim warranted claims are w, (high) = 3(1)*840, w;(low) = B(1)*240, w, = (1-(1))*420.
For any (1), these interim expected payoffs are achieved by the neutral bargaining solution My p:

hireall 14 workersfor $170-(1)*60 = $110+p(2)*60 each if high,

hire 12*3(1) workers for $100 each if low.
The ex ante (nonsymmetric) Nash bargaining solution p Ap depends on (1) asfollows:

For B(1)>0.625: always hire al 14 workers for $145-40* 3(1) each.

For B(1) € [0.5, 0.625]: aways hire al 14 workers for $120 each.

For B(1)< 0.5: hireall 14 workersfor $170-p(1)* 100 if high,

hire 3(1)* 28 workers for $120 each if low.

The ex-ante bargaining solution cannot generate ex-post inefficient underemployment unless the
workers have substantial bargaining power (=>"blame the unions for unions for layoffs"),
but then it yields $0 gains for the low-type firm (which isless vulnerable to strikes).
The interim bargaining solution is better for the low-type firm, but it must signal its type by

costly ex-post inefficient underemployment, even when the firm has all the bargaining power.
Ul(uA,p\high)>U1(u,'ﬁ|high), Ul(uA,p\Iow)<U1(p|,B\Iow). Us(a p)2U1(Hy g) (= if B(1)<0.5).



10(b)

Firm'stype Probability | Firm's profit per worker | Worker's opportunity cost
high 1/2 170 110
low 1/2 120 100

Interim neutral optimum for firmis: the high type hires 14 workers for $110 each,

the low type hires 12 workers for $100 each, and so the workers break even with either type.
Ex ante optimum for the firmis: both types hire 14 workers for $105 each,

and so the workers lose $5 each with high type, gain $5 each with low type.

But only high type prefers ex-ante optimum over interim neutral optimum!

The core requires that the firm satisfy an ex-post virtual participation constraint, which implies
that the low type cannot pay more than $100 per worker.

To see why, consider the incentive-efficient mechanism in which money profits are shared
equally in each state:

the high type hires 14 workers for $140 each, the low type hires 7 workers for $110 each.
Firm's expected allocation isthen w(high) = 14*30, w(low)= 7*10.

Thiswould be vulnerable to the following random blocking plan, for any € between 0 and 1/2:
with proby € ask both, if high then 14 work for $138 each, if low then 14 work for $109 each;
with prob'y € only ask firm, if high then no block (get w), if low then firm blocks alone (gets $0).
So if asked, union expects 0.5*14*28+0.5*14*9 = $259 (> $231= 0.5* 14* 30+0.5* 7* 10).
High firm, if asked, expects 0.5*14*32+0.5*w(high) from honesty, which isincentive
compatible (> 0.5* 14* 61+0.5*0) when w(high) = 14* 30.

Low firm, if asked, expects 0.5%14*11+0.5*0, which is better than w(low) = 7* 10,

and also better than hiring for $138 (>$120) with alie.



11. Virtual utility in strategic-form games with strategic incentive constraints

Above we have considered games with informational incentive constraints (adverse selection)

but no strategic incentive constraints (moral hazard). Consider now the design of communication
mechanisms with strategic incentive constraints but no informational incentive constraints.
LetT'= (N, (C)ieny (U)ien) be afinite strategic-form game, where C, = {i's pure strategies} and
u;:C-Risi'sutility function. Notation: C=x;.\ C;, C_; =Xy, G, ©=(C_;,6).
Communication allows any correlated equilibrium p € A(C) satisfying the strategic incentive
constraints Z H(c)u(c) > Y H(ou(c_;,dp), VieN, vgeC;, vdieC,.

c;C;

Such p isincentive-efficient iff it is not Pareto-dominated by any other correlated equilibrium.

Any incentive-efficient 1 must maximize some weighted sum of the players expected utilities
Yien AiUi(), where U;(u) = Y ..c H(C)u;(c), subject to the strategic incentive constraints above.

The Lagrangean for this optimization problem can be written

L(uxoc)-E AU+ D D E 4(dle)( Y nOU© - Y ey ;)

ieN ¢eC; deC c,€C; c,;eC;

=Y MO Y vi(cAn),

ceC ieN

where v(c,A,&) = u(c) + Y oi(d [ &) (us()-ui(c_;,d)) may be called i'svirtual utility of c.
deC

i€
The Lagrangean conditions for an optimum then are

Y u© Y vilcra) = max Y vi(cA,w),

ceC ieN ceC  ieN
ai(d|c)( Y. pEu(© - Y pEu(c.;d)) =0, VieN, VceC;, VdeC,.
c,€C; c;€C;

We may say that astrategy d, jeopardizes another strategy ¢; for player i, in the incentive-efficient
correlated equilibrium p, iff the constraint that i should not be tempted to do d; when ¢; is
recommended is binding in p and has a positive Lagrange multiplier o;(d;|c;).

So the incentive-efficient p aways maximizes the sum of the players virtua utilities, wherei's
virtual utility of c differsfrom i's actual utility by exaggerating the difference from what i could
get by unilaterally deviating to other strategies that jeopardize c;.

Existence of correlated equilibrium means that the following inequalities have a solution:
Zc_iec_i H(e)(u(c) - u((c_;,dy)) > 0 Vi vgeC,; vd,eC;, p(c)=0veeC, and E oc H(0)=1.
Thisholdsiff the following dual inequalities have no solutionsin (e,f3)>0:

Bo>0. Bo+Be+ Xy Dogec (i E)U(O) - u(c jd)) =0 VeeC.

Thisimpossibility can be proving by looking at stationary distributions to the o; Markov chains.



12. Dual reduction and elementary games
Let us say that a strategic-form game I is elementary iff there exists some strictly incentive-
compatible correlated equilibrium p in A(C) such that

Y p@u©> Y p@ul(cd), VieN, vgeC, VdeC;.

c;C; c;eC;

When I' is elementary, problems of indifference in equilibrium (imperfection) vanish for almost
all correlated equilibria (in the relative interior of the correlated-equilibrium set).
By theorems of the alternative for linear systems, I' is not elementary if and only if there exists

some dual vector o« such that
o;(d|c) = 0, VieN, VvgeC;, vdieC;, with at least one «;(d;|c;) > 0,

Xh,j dZC 0 (0] ¢) (Wi (Q) - ui(c_;, ) < 0, VeeC

Given such adual vector o, each subvector «; can be interpreted as a matrix of transition ratesin
aMarkov process on C;.

This Markov process partitions C; into atransient set and digjoint recurrent communicating sets.

On each recurrent communicating set, there is a unique «;-stationary strategy o; such that

Y oigld)o(d) = Y o(di|g)ai(c), V.

c;eC, c;eC,

Now consider the a-reduced game I/« in which the pure strategies for each player i are his
o;-stationary strategiesinI'. Thisis also afinite strategic form game, with fewer strategies.
Theorem For any dual vector c, every equilibrium of I' /. is an equilibrium of T'.

(This result holds both for Nash's concept of equilibrium and for correlated equilibrium).
Theorem Any finite strategic-form can be reduced by iterative dual reduction to an elementary
game.

Dual reduction generalizes both elimination of dominated strategies and consolidation of unique

subgame equilibrium strategies.
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