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1. Introduction

We consider here the question of how to extend our definition of the core to games with
incomplete information. The coreisintuitively defined as the set of payoff allocations such that
no coalition could make all its members better off. As such, the core is the most natural
formulation of coalitional rationality in cooperative game theory, and it has a broad equivalence
with Walrasian equilibriain large market games. Thus, the question of how to extend the core to
games where players have different information seems fundamental to information economics,
and it has regularly attracted effort from economic theorists for decades. Forges, Minelli, and
Vohra[3] offer an excellent survey of the many papers which have been written on this question.
For other recent contributions in this area, see Forges, Mertens, and Vohra[4], Lee and Valij [7],
Serrano and Vohra[19], and de Clippel [1].

In defining a core for games with incompl ete information, there are three basic
distinctions that must be made about how the players information may be used. First, in
evaluating whether a coalition can make all its members better off, we must ask whether players

welfare should be evaluated at the ex ante stage, before any player learns his private information

about histype, at the interim stage, when each player has learned his own type but not the types
of others, or at the ex post stage, after all players types have become common knowledge (see
Holmstrém and Myerson, 1983). Second, in defining what a coalition can do, we might assume
that a coalition’s blocking plan can use all the type-information of all its members, leading to a
fine definition of the core, in the terminology of Wilson [23]; or we might assume that a coalition
can only use the information that is common knowledge among all its members, leading to what
Wilson called a coarse core. Third, when we assume that members of a coalition can share
information, we must specify whether their communication is verifiable, or subject to incentive
constraints that no player should have any incentive to lie about his type.

In this conceptual framework, the core concept that is developed in this paper may be
characterized as an incentive-compatible interim fine core. We concentrate on the interim stage,
because, in Harsanyi's [5] general formulation of Bayesian games with incomplete information,
each player'stypeis defined to be the random variable that summarizes all of the player's private

information at the start of the game. We require incentive compatibility, because the hardest part



of information economicsis the analysis of the difficulties that people have in trusting each
other's statements about their private information.

The core that we develop here can also be distinguished from other definitionsin that it is
ageneralized version of the inner core that is defined by Shapley's [21] method of fictitious
transfers, a method which has been used quite generally to extend cooperative solution concepts
from games with transferable utility (TU) to games with nontransferable-utility (NTU). Inthe
method of fictitious transfers, we consider rescaled versions of the game, in which each player's
utility function is multiplied by some positive weight. For each rescaled version, we identify the
allocations which would satisfy some given TU solution concept when the weighted utilities are
assumed to be transferable among the players. Then we say that such allocations are solutions
for the origina NTU game when they would actually be feasible without such fictitious transfers.

Although this method of fictitious transfers was first applied to define the NTU Shapley
value, Qin [18] and Myerson [14; 16, Section 9.8] have shown that the inner core which this
method generates can be naturally interpreted in terms of randomized coalition formation. That
is, we consider the possibility that a blocking coalition might be organized by a mediator who
does not tell the players which other players are being invited into the coalition. The players are
assumed to know the probability distribution that the blocking mediator is using to choose his
random coalition, and so each invited player can update his beliefs about who else has been
invited by Bayes rule, given his own inclusion in the coalition. Could such randomized blocking
eliminate from the core some allocations that would not be blocked without such randomization?
Qin and Myerson showed that, although the answer to this question is No when utility is
transferable, it becomes Y es when utility is not transferable. Not only does randomized blocking
yield asmaller core for NTU games, but it actually ssmplifies our analysis by linearizing the
inequalities that characterize coalitional objections against an allocation. So a straightforward
duality argument shows that these randomized blocking conditions are equivalent to the inner
core that is defined by the method of fictitious transfers. This paper extends this result to the
case of incomplete information.

With incomplete information, the role of weighted utility is taken by virtual utility, which

is defined by aformulathat takes informational incentive constraints into account. This author



has explored the use of virtual utility as a mathematical tool for understanding cooperation under
uncertainty in several earlier papers. Myerson [9, 13]considered negotiations that are completely
controlled by one player who has private information, [10] formulated a generalized Nash
bargaining solution for two-person bargaining problems, [11] formulated a generalized Shapley
NTU-value, and [15] formulated a core-like equilibrium concept for dynamic matching
problems. These past formulations are reviewed in Myerson [16, Chapter 10]. Virtual utility
arises in these solutions in a subtle and complex way that may become clearer here in the case of
the core, because the rationale for the core is simpler and more intuitive than the Nash bargaining
solution or Shapley value.

The great drawback of the coreisthat it may be empty. To get existence, we consider
balanced games with sidepayments and independent types. Balanced games are the games where
cores are nonempty in the complete-information case, and they include exchange economies with
linear utility as well as all two-person games. Transferring utility by sidepaymentsisawell-
known simplifying assumption in cooperative game theory. Any planned sidepayments here will
be required to satisfy incentive compatibility, and thus our model may be described as a game
with sidepayments, but not with fully transferable utility (when the latter is taken to mean that
any type-contingent plan of sidepayments would be feasible). Assuming independent types
simplifies our notation, but it actually makes incentive compatibility more difficult to satisfy
(because a player's type claim cannot be tested against correlated information of other players).
We are not assuming independent private values here: we allow that a player's utility payoff can
depend on other players' types.

Our existence theorem also relies on two other assumptions that enlarge the feasible set:
side-bets and severance payments. We assume that a risk-neutral mediator may offer the players
side-bets about each others' types, as long as the mediator's expected profit is nonnegative. This
possibility allows akind of weak feasibility-in-expectation. But such side-bets will be
constrained by a requirement that they must never create adverse-selection problems for the
mediator (in the sense that the players could incentive-compatibly cheat the mediator, by
deviating to a blocking coalition in type-states where the mediator would have gained from the

side-bets, so that the mediator is left with an expected |oss when the players do not deviate). We



also assume that the mediator can also promise nonnegative severance payments that would be
paid to a player who joins a blocking coalition. Such severance payments could never expand

the core of a game with complete information. But with incomplete information, a promise of

severance payment to a "bad" type who joins a blocking coalition could effectively undermine

the blocking coalition, by exacerbating its adverse-selection problems.

Such severance payments would require akind of centralization in the mediator's plan, so
that a player who claims the severance payment can then be excluded from rejoining the
cooperative coalition (see Myerson, 1995). So core allocations that rely on such promises of
severance payments may not correspond to decentralizable economic equilibriain large market
games. In this sense, the equivalence of core and competitive equilibrium may not extend to the
case of incomplete information (see also Serrano, Vohra, and Volij, 2001, and Forges, Heifetz,
and Minelli, 2001).

2. Formulation of the game

Let N denote the set of players. Welet i denote ageneric player in N, and we let S denote
a generic nonempty subset of N. For each ScN, let C(S) denote the set of feasible joint actions
for coalition S. Let T; denote the set of possible types of player i. We assume that these sets N,
C(S), and T; are al nonempty and finite.
For each possible typet; in T;, let p,(t;) denote the probability that player i istypet;. As
the players types are assumed to be independent random variables, we may write
pts) = [lies Pi(ti), VSN, Vige Tg;
p(t_;) = HjeN_i pj(tj), VieN, VteT;
p(t) = [fjen Pj(Y), VEeT.
Here we use the notation
ts= (f)ics € Ts = Xjes Ti;
L= ()jen-i € T = Tn-is
t=ty=)ien =(t) e T=Ty.
ForanytinT,any ScN, anyiinS, andcin C(S), let u,(c,t) denote the utility payoff to player i

from joining coalition Swhen S implementsits feasible actions ¢ given that all players' types are



asint. We are assuming here that, when members of a coalition S choose actions jointly feasible
for them, the actions of others outside S do not matter to them, but types of others might matter
to them. For any finite set X, we let A(X) denote the set of probability distributions over X.
A collective-choice mechanism is a pair of functions (L: T~ A(C(N)), x:T-RN). Here
H(c|t) represents the probability of choosing joint action ¢ when the players typesaret, and x;(t)
denotes the expected net monetary sidepayment to player i when the players typesaret. The
expected utility of player i under mechanism (p,x) is
Ui(x|t) = Lo et P() [%(0) + Loy HE[t) wi(cH].
If player i hastypet; but pretends to have type r; in mechanism (u,x), then his expected utility is
Ui(xn [6) = Zeer, PE3) DX + Yeec B R) ).
A mechanism (l,X) is incentive compatible iff
Ui(x|t) > Ui(uxr|t), VieN, VEeT;, vreT,.

That is, if atrustworthy mediator implemented the mechanism (u,x) by asking each player to
confidentially report his type, then honest reporting by al players would be an equilibrium. By
the revelation principle, thereis no loss of generality in restricting our attention to such
incentive-compati ble mechanisms.

The mediator's expected payoff from the mechanism (U,x) is -Y .1 P(t) Yicn Xi(1). Let

us say that a mechanism (l,x) isfeasibleiff it isincentive compatible and yields a nonnegative

expected payoff to the mediator. That is, afeasible mechanism must also satisfy the constraint
Yiet P() Eien Xi(1) < 0.

3. Incentive efficiency and virtual utility

A mechanism is (weakly) incentive-efficient iff it is feasible and no other feasible

mechanism yields higher expected utilities for all types of all players. By convexity of all

constraints, a feasible mechanism (U,x) is incentive-efficient iff there exists some vector
A= ()“i(ti))ieN,tieTi
such that A;(t;) > 0 VieN, Vt,eT;, with at least one strict inequality, and

(1) (Ux) maximizes Yo\ Leer, Ai(t) Ui(x|t) over all feasible mechanisms (,X).



The optimization problem is alinear-programming problemin (u,x). Let o;(r;|t;) bethe
Lagrange multiplier (or dual variable) for the constraint that type t; should not gain by reporting
r;. Then the Lagrangean for this optimization problem can be written
) L(XAe) = Yien Loer, (i) Uix|t) + Erer, o [6)(Ui (X [1)- Ui (uxor; [6))) -
For any joint action ¢, and types-profile t, and any vectors A and « as above, the virtual utility for

player i from action c with typest and parameters A and « is defined to be

(©) vi(c,t,A, o) = [(A(t) + ZrieTi o (1| 1)) y(c,t) - ZrieTi o (G 1) (e, (t_ )]/ pity)-
With this definition, the above Lagrangean can be rewritten
(4) L(U7X1)\n0‘) = ZteT p(t) ZCGC(N) |J-(C|t) ZieN Vi(C’t’)‘ﬂo‘)

+ Ytet PO Lien XiOIR() + ZrieTi o (1| t) - ZrieTi o (t [ )1/ pi(t).
A maximization of this Lagrangean is possible only if the coefficients of x;(t) here are constant
over al i and all t, and this constant can be set equal to 1 without loss of generality. Thus,
standard Lagrangean analysis yields the following fact.

Theorem 0. A feasible mechanism (l,x) isincentive-efficient iff there exist vectors A and
o such that:

Ai(t) = 0 and o(r;|t;) = O, VieN, V4eT;, VrieT,,
(5)  Ailt) + Lrer oi(r[t) = Lrer, o) = pi(t), VieN, VGeT;,
(6) oci(ri|ti)[Ui(u,x|ti)—Ui(u,x,ri|ti)] =0, VieN, VteT;, VrieT, (complementary slackness),
(7)  W(c[t)>0 implies ¢ € argmaXyec(ny Lien Vi(ditA,a), VEeT, VeeC(N).

Let us say that atypet; of player i jeopardizes another typer; of player i, in the incentive-
efficient mechanism , iff the constraint that t; should not want to imitate r; (U; (1, |t;) >
Ui(u,x,ri |t,)) is binding and has a positive Lagrange multiplier in the optimality conditions for .
Multiplying atype's utility function by a positive constant is decision-theoretically inessential.
So the essential difference between virtual utility v;(c,t,A, ) and actual utility u(c,t) isthat virtual
utility of typet; exaggerates the difference from the utilities of i's other types that jeopardize ;.
Thus, we have the following general proposition to help us to qualitatively understand the ex-

post inefficiencies (signaling costs) that may be incurred in an incentive-efficient mechanism:



The incentive-efficient mechanism will be ex-post efficient in terms of the players
virtual utilities, where the virtual utility of any typet; differs from the actual utility
by exaggerating the difference from the other possible types that jeopardize t;.

In this sense, a Coasian believer in ex-post efficiency could "explain” inefficient signaling by the

virtual-utility hypothesis that, when incentive constraints bind, players act according to their

virtua utilities.

Equation (5) can beinterpreted as a system of hydraulic equations, for flow in a network

that contains a node for each typet;. If weinterpret p,(t;) asflow into the network at t;, A;(t;) as
flow out of the network at t;, and «;(r;|t;) as flow from t; to r;, then equation (5) says that these
flows balance at each node. (See also Malakhov and Vohra, 2004.) Equation (5) implies

Yier, M) = Leer, () = 1,

and so some A;(t;) must be strictly positive for each player i.

4. Blocking
In the theory of the core, we think about an established plan that can inhibit players from

joining any alternative blocking coalition. With incomplete information, we should think about
an established mediator who implements a mechanism that can inhibit players from deviating to

cooperate with some other blocking mediator.

In the theory of the core, players compare a blocking plan with the established plan under
an assumption that any player who rejects an invitation to block gets his established-plan
allocation, even if others accept the blocking coalition (established payoffs are guaranteed, no
bank runs). To justify this assumption, we must assume that, if any one player rejects an
invitation to block, then all players must stay in the established plan. That is, thereisno
blocking without unanimity among all invited blockers. (Of course rgjections from players who
have not been invited do not count.)

But with incomplete information and interim coalition formation, we must also consider
the possibility that other players might accept the blocking coalition only for certain types, and so
aplayer who offered to block and was then returned by someone else's refusal would learn new

information that might enable him to find profitable opportunities to lie in the established plan.



So to justify the core assumption that established payoffs are guaranteed, we should think about
the blocking question being raised after the players have sent in their reports to the established
plan, but before they are committed to implement the established plan.

We allow that the blocking mediator may invite different coalitions according to some
known randomized plan, and so the probability of any particular coalition blocking and choosing
some joint action can depend on their information. But it may seem unreasonable to allow the
blocking coalition to depend on the information of other players outside this coalition. So we
assume that the blocking mediator can ask any random set S about their types and, based on their
responses, must either invite all of Sinto ablocking coalition or invite no blocking coalition.

To characterize such a blocking plan, for any action ¢ in C(S) and any typestgin Tg, we
may let v(S,c|tg) represent the probability that coalition S would be invited to block and do their
jointly-feasible action c if these players report the typestg. In our description of the monetary
sidepayments that a blocking mediator could offer, we only need to specify the expected
sidepayment for each possible type of each player (because the additive separability of utility for
money means that players do not care how their sidepayments are correlated with the random
coalition). So for each typet; of each player i, we may let y;(t;) denote the blocking mediator's
expected net sidepayment to player i if i would be willing to help block and report typet; to the
blocking mediator. Thus, we define a blocking plan to be any pair of vectors (v,y) such that:

yi(t) € R, VieN, vteT;,
vg(cltg) > 0, VceC(S), Vige T, and

(8) Y.seN Leec(s) Vs(Cltg) < 1, VteT.

Constraint (8) says that, given any profile of typest, the probability of forming a blocking
coalition can never be greater than one. This condition actually plays almost no role in our
analysis. Infact, we would have no loss of generality if we tightened this constraint and
considered only blocking plans that satisfy the constraint
9) Ysn Lietdceoy Vs(Clty) < 1.

With constraint (9), the blocking plan (v,y) could be implemented as follows. First, according to
the probability distribution v, the mediator chooses a random coalition S < N, arandom profile

of typestg € Tg, and arandom action cin C(S). Next the mediator asks each of the playersin S



whether he iswilling to join the blocking coalition and, if so, what histypeis. If theplayersin S
all express willingnessto join the blocking coalition and their reported types match the profile tg
then the blocking mediator forms the coalition S and implements their jointly feasible action c.
But if anyonein Srefuses to block or has atype different from his type in tg then the blocking
mediator tellsthem all to remain in the established plan. When a blocking coalition forms, the
planned monetary sidepayment to a player i in the blocking coalition could be depend on the
blocking coalitions S, their types tg, and their action ¢, according to any function §/i (c,tg) such that
Yooy Lig 1y, Leecrs Vs(CltVi(Cty = yilt).

(Here we use the notation tS = (tg_;.t;).)

L et w;(t) denote the payoff allocation from the established plan that player i would lose if
he joined a blocking coalition when the typesaret. Let o = (w;(t))jcn te1- A tenable blocking
plan must give players an incentive to accept an invitation to block, and then to report honestly to

the blocking mediator. So the blocking plan (v,y) istenable against w iff it satisfies
(10) Vi) *+ ¥, 1. P Yoogiy Leecrs) Vs(ClIUE)-wi(D) > O, VieN, wheT,
(11) Vi) * Leer, PE) Ysopiy Leecrs) Vs(CltUi(e)-wi(t)
> Vi) + e et Pt Ysogiy Yeecrs) VsClts i) Ui(C)-wi(t), VieN, VEeT;, VreT,,

(1) ~Yien Leer, Bilt) Yi(t) > 0.

Conditions (10) says that each type of each player should get a nonnegative expected gain from
accepting an invitation into the blocking coalition, and condition (11) say that no typet; of any
player i should be able to get a higher expected gain from reporting some false type r;, when all
other invited players are expected to accept the blocking mediator and report their types honestly.
That is, conditions (10)-(11) make it an equilibrium the playersto all accept any invitation from
the blocking mediator and then report honestly to the blocking mediator, when their losses from
leaving the established plan are as specified by w. Condition (12) says that the blocking mediator
should get a positive expected profit from the blocking plan (v,y). (The addition of constraint (9)
above would be without loss of generality in the sense that anything that is blocked by atenable
blocking plan that satisfies constraint (8) can aso be blocked by some tenable blocking plan that
also satisfies condition (9).)

10



5. Example 1
To illustrate such random blocking with incomplete information, it may be helpful now to

consider asimple example.

In Example 1, there are two players, with N ={1,2}. Player 1isseller of asingle good,
and player I'smay beH or L, thatisT, ={H,L}. Player 2 isthe only potential buyer, and has no
private information. We assume that player 1'stypes are equally likely, so p(H) = p(L) = /2. If
1'stypeisL then the value of the good is $1 to player 1 and is $2 to player 2. If 1'stypeisH then
the value of the good is $5 to player 1 and is $6 to player 2. Each player alone has can only
choose a"no trade" action (keeping hisinitial endowment), but together the players can also
choose to trade the good. We may normalize payoffs from the no-trade option to be 0, so

u;(no-trade, t) = 0, Vi Vt,
uq(tradeL) = -1, uy(tradelL) = 2, u,(trade,H) = -5, u,(trade,H) = 6.

If player 1 always expected to sell the good to player 2 (who always values it more), then
incentive compatibility would require that the price he gets must be independent of his reported
type. But player 2 would not pay more than the ex-ante expected value of the good to player 2,
0.5(2+6) = $4, which isless than the value of the good to 1'stype H. So incentive compatibility
and participation constraints in this game imply that the probability of trade must be strictly less
than 1 when player 1'stypeisH. Some positive probability of H not trading is necessary as a
random signaling cost.

Let us consider a specific mechanism (u,x) that might seem reasonabl e:

H(trade|L) =1, x4(L) =1.5=-x,(L), p(trade/H) = 1/9, x4(H) =5.5/9 = -x,(H).
That is, if 1'stypeisL then with probability 1 they trade at price $1.50, but if 1'stypeis H then
with probability 1/9 they trade at the price $5.50. This mechanism has the intuitively appealing
property that, whenever trade occurs, the price gives each player an equal gain from trade. With
these type-dependent prices, the probability of trade cannot be higher than 1/9 when 1'stypeisH,
because (5.5-1)(1/9) = (1.5-1)(1) so that any higher probability would tempt 1'stype L to report
H. This mechanism isincentive-efficient, and yields the expected payoff alocation:

wq(H) = 1/18 = wy(H), wq(L) =0.50 = wy(L).

It is easy to see what virtual utility would support the incentive-efficiency of this

11



mechanism. Virtual utility for player 2 is the same as actual utility, because player 2 has only
onetype. Furthermore, 1'stype L is not jeopardized by his type H, because U4 (u,x|H) >
Ul(u,x,L |H), and so a4(L|H) = 0. So I'stype L aso must have virtua utility that is the same as
actual utility. The only difference between virtua utility and actual utility isfor 1'stype H,
which isjeopardized by L. But notice that trade and no-trade each have a positive probability in
this mechanism when 1'stype is H, and so the ex-post virtual efficiency condition (7) requires
that the players' total virtual gains from trade must be 0 whent; = H. That is, when t;=H, the
virtual value of the good to player 1 must equal the $6 value of the good to player 2:

[A4(H)(B)- g (H]L)(1)] /05 =6.
The hydraulic equations (5) give us

Aq(H) - a4(H|L) =0.5, A4(L) + a4(H|L) =05, A,=1.
So the (A,a) that support this mechanism as incentive-efficient in Theorem 0 must be

aq(L|H) =0, ay(H|L) =18, A,(H)=5/8, A,(L)=3/8, A,=1.
In fact, it can be shown that these same (A,a) parameters also satisfy Theorem O for all incentive-
efficient mechanismsin this example. (See Myerson, 1985.)

Now consider the implications of the virtual-utility hypothesis, that players who are
bargaining subject to incentive constraints will act asif they were maximizing their virtual
utilities. If type H of player 1 acts according to his virtual value of the good, which is $6, then he
would never agree to sell the good for $5.50. So the virtual-utility hypothesis suggests that this
mechanism should not be in the core, even though it isincentive efficient. Of course, the reader
who feels no intellectual commitment to the virtual-utility hypothesis might be unimpressed by
this argument.

But indeed there are random blocking mechanisms that are tenable against the allocation
w that is generated by this mechanism. For example, consider the following blocking plan: The
blocking mediator always asks player 1 histype. If player 1 reports H then, with probability 8/9,
{1} blocks alone and keeps the good, but with probability 1/9, {1,2} block together, the good is
traded, player 2 pays $5.90, player 1 is paid $5.50, and the blocking mediator keeps $0.40 profit.
If player 1 reportst; = L, then the blocking mediator sends them back to the established plan.
This blocking plan can be represented by (v,y) such that

12



v(q3(no-trade|H) = 8/9, vyq 5 (trade|H) = 1/9, y,(H) =5.5/9, y, =5.9/18,

vg(c|L) =0 VS, ve.

Player 1 iswilling to participate honestly in the blocking plan, whenever invited, because it treats
him the same as the given mechanism (,x). Conditional on being invited to join the blocking
coalition, player 2 knowsthat 1'stype is H and that the blocking plan would give player 2 the
profit (6-5.90) = $0.10, which is strictly better than the expected profit w,(H) = (6-5.50)(1/9) in
the established plan. So player 2, when invited, will also be willing to participate in this blocking
plan. Ex ante, the blocking plan makes 2 worse off, but that calculation is irrelevant when player
2 isgiven the option to join the blocking coalition. The key is that the blocking plan only invites
player 2 when the random signaling cost is not applied, so that player 2 iswilling to accept a
higher price (closer to $6), thus allowing a positive profit for the blocking mediator.

Tenable blocking plans like this could be similarly constructed against any incentive-
efficient mechanism in which the price when player 2 buys the good from 1's type H would be
strictly lessthan $6. That is, any mechanism where type H of player 1 isnot paid his virtual
value for selling the good can be blocked by a randomized blocking plan. For an example of a
virtually-equitable incentive-efficient mechanism that cannot be blocked in this way, consider the
following: if 1'stypeisL then with probability 1 they trade at price $1.50, but if 1'stypeisH
then with probability 0.1 they trade at the price $6, so that no-trade has probability 0.9 when
t; = H, but player 1 never sells at a price below his virtual value of the good.

This relationship between virtual utility and the existence of tenable blocking plansis

quite general, as we show in Theorem 1.

6. Virtual utility and inhibitive allocations

We say a utility-allocation vector w isinhibitive iff there does not exist any blocking plan
(v,)y) that istenable against w. Let V,(w,t,A,) be the transformation of player i's payoffsin w
into virtual utility in state t, according to the formula (3) with parameters A and «.. That is, let

(13) Vi(w,t,A,0) = [()“i(ti)+zrieTi o (r; [ 1)) w; (1) - ZrieTi o (& i) (-] /Pi(ty) -
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Theorem 1 An allocation vector w isinhibitive iff there exist vectors A and « such that
(5) M) + Leer o(ri|t) - Leer oti|r) = pi(t), VieN, V4eT;,
(14) Yo, o Pn-9) Yies Vi@t Aa) = Lo o1 o Plty-9) Yies Vil tA,),
V&N, VeeC(S), Vise T,
Ai(t) > 0 and o(r;|t) > O, VieN, V4eT,;, VreT;,

That is, w isinhibitive iff there exist parameters A and o such that, for any coalition S, the
sum of virtual utilities that the members of S can expect with an action that is feasible for them,
given all their information, is not more than the virtual-utility transformation of what they expect

from w.

Proof of Theorem 1. Consider the following linear-programming problem:

(15) choose (v,y) tominimize ), .y Y, .1 Bi(t;) y;(t;) subject to the constraints
yl(tl) + thiETfi p(t—l) ZSQ{I} ZCEC(S) Vs(C|ts)(UI(C,t)_(.0|(t)) > 0, VieN, theTl’
Yilt) + L o1, Pt Ysofi} Leecs) Vs(Cltg)(ui(ct)-w;(t)
2 Yi(r) + Xy or P Lsofiy Leecrs) Vs(Cltsioh) (Ui(eh)-w;(h)),
ViEN, VtIETI, ‘v’riETi,
vg(Cltg) > 0, VeeC(S), Vige T, and y;(t) € R, VieN, VteT;.
The allocation w isinhibitive iff this linear-programming problem has an optimal value 0.
(Constraint (8) in the definition of atenable blocking plan can be omitted because, if we find any
feasible solution of the above problem that yields a negative value of the objective, then some
small positive multiple of the this feasible solution would be a tenable blocking plan.)
By the duality theorem of linear programming, this linear-programming problem has
optimal value 0 iff its dual also has optimal value 0. Let A;(t;) denote the dual variable for the
first constraint line in (15), and let o;(r;|t;) denote the dual variable for second constraint line

in (15). Then the dual problem can be written:
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(16)  choose (A,a) so as to maximize 0 subject to

M) + Leer o(ri|t) - Leer oti|r) = pi(t), VieN, VieT;,

ZtN_SeTN_S p(t) Lies [(Ai(t) + ZrieTi o (1 [ )i (1) - ZrieTi o (t [ oo (L)1 /pi(t)

> ZtN,SeTN,S P(t) Yies [(Ai(4) + ZrieTi o ([ t))ui(ct) - ZrieTi o (t [ us(c, ()] pit)
V&N, VeeC(S), Vise T,

Ai(t) > 0 and o(r;[t;) > O, VieN, V4eT;, VrieT,,
(Inthis dual problem, the first constraint line corresponds to the primal variables y;(t;), and the
second constraint line corresponds to the primal variables v¢(c|tg) in (15).) So w isinhibitive iff

these inequalities can be satisfied. But the virtua-utility formulasin equations (3) and (13)

reduce the second constraint line in (16) to condition (14) in the theorem QED

We may say that an inhibitive allocation w isfinely supported by (A,«) iff they satisfy
(17) ZIES VI((.O,t,)\.,OC) > ZIES Vi(C,t,)\.,O(.), \V/teT, VSQN, VCGC(S)

By asimilar duality argument, these fine-support conditions imply that the blocking mediator

could not expect to make money even if the action of any blocking coalition S could aso depend
on the information of other playersin N-S. Allowing the blocking mediator to talk to all players
would mean replacing the variable vg(c|tg) in (15) by vg(c|t) (that is, vg(c|ty)). Then the second
constraint line in the dual (16) would correspondingly become condition (17) (quantifying over
al t, instead of al tg, and dropping the summation over ty_g). We may say that w isfinely

inhibitive when this condition (17) holds.

7. Thecore

As mentioned in the introduction, we will allow the established mediator to promise a
nonnegative severance payment to any player who departs to join a blocking mediator. Such
severance payments could never expand the core with complete information, but they will be
essential for our existence proof in the case of incomplete information. So let ¢;(t) denote the
severance payment that player i would get from the established mediator if player i joined a
blocking coalition after typest had been reported to the established mediator.

We say that a payoff allocation w is achievable by (4,x) iff (4,x) is afeasible mechanism,
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and there exists a vector of promised severance payments € = (g;(t))jcn 1 SUch that
(18) gj(t) = 0 and () =X;(t) + Xeecqny H(C[) Ui(ct) - (1), ViEN, VieT.
Thus, w;(t) istheresidua stake in the established plan that player i would lose by joining a
blocking coalition in statet. We say an alocation w isin the core iff w isinhibitive and
achievable by some feasible mechanism (u,x).

Even with complete information, the core is empty for many games. Standard proofs of

nonempty cores generally rely on some kind of balancedness assumption about the game. So let

ussay that 0 = (05 c)s-n cec(s) IS @balanced coalitional plan iff

Bsc 2 0, VSEN, VeeC(S),

Ysofiy Loec(g) 0sc =1 VieN.
(Such balanced coalitional plans could be naturally interpreted in a process where the game is
repeated over time, one copy of each player i arrives at each period, and players depart when they
join some coalition that does some jointly feasible action. If weinterpret 8¢ asthe rate at which
S-codlitions are formed to do action ¢, then a balanced coalitional plan isone that is sustainable
over time, because arrival and departure rates are equal for each player.) We say that the gameis
balanced iff the grand coalition N can achieve anything that a balanced coalitional plan can
achieve, independently of types. That is, balancedness means that, for any balanced coalitional
plan 0, there is some randomized strategy oc A(C(N)) such that

Laecn) 0(d) Bi(dt) =Yg iy Yeecg) Osc UiCh), ViEN, VET.
This balancedness condition is always satisfied in games with two players (#N = 2), and it is
satisfied in linear exchange games, where the actions of each coalition are exchanges of assets

among its members and each player has linearly additive utility for these assets.
Theorem 2. If the game is balanced then the core is nonempty.

Proof of Theorem 2. Given any vectors (A,«) that satisfy the hydraulic equations (5) in

Theorem O, consider the problem of getting the highest expected net payment for the established
mediator with an incentive-compatible mechanism that achieves some inhibitive allocation

vector that isfinely supported by (A,). This problem can be formulated as follows:
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(29 choose (K,x,w) to minimize Y. p(t) ;N Xi(t) subject to

PIE_DIXi(1) + Xeecpny H(C[t) wi(ct) - wi()] = O, ViEN, VLeT,

Ui (x|t) - Ui(uxr[t) = 0, VieN, VteT;, VreT,

Yeecny H(C[t) =1, VLeT,

u(clt) > 0, VceC(N), VteT,

Yies Vit A,a) > Y. sv(CtA,q), VteT, VScN, VeeC(S).
Notice that the pair (A,o) are given parametersin the above problem. We will use the Kakutani
fixed-point theorem to guarantee the existence of some (A,e) pair such that the components of
these A and o vectors are equal to the dual Lagrange multipliers of the first and second constraint
lines in this linear-programming problem. Then we will show that the solution (4,x,w) at this
(A,e)-fixed point is an incentive-compatible mechanism achieving a core allocation.

To begin, let us consider areduced part of this problem (19) when the vector w istaken as

agiven parameter. Then the w-reduced problem becomes
(20) choose (u,x) tominimize Y ;.1 p(t) Yo Xi(t) subject to

PE_IXi(t) + Leecny H(C[) Li(c,t)] = p(t_;) wi(t), ViEN, VIeT,

Le et PEDX® + Loeopy HEl) ueh)]

- Zt,iGT,i PIE_DIXi(t_i. 1) + Xeecpny H(C[ L) Wi(ct)] = O, VieN, VHeT;, VrieT;,

Yeecny M(C[t) =1, VteT,

u(c|t) > 0, VceC(N), VteT.
It is easy to see that this problem (20) always has an optimal solution. The constraints always
have a feasible solution, because we can satisfy them by taking any incentive-compatible (l1,x),
and then increasing the x;(t) payments to each player by a constant amount, independent of his
type, until the w-payoff requirementsin the first constraint line are all satisfied. On the other
hand, the expected payoff to the mediator -} ;.1 p(t) Y;cn X;(t) cannot be increased infinitely,
because these w-payoff requirements put a lower bound on each player's expected payoff after
sidepayments, and the mediator's expected payoff is the difference between the sum of the
players expected payoffs before monetary sidepayments (which is bounded above from the
finiteness of C(N)) and the sum of their expected payoffs after sidepayments.
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Thus, for any w, the dual of this w-reduced linear-programming problem (20) also has an
optimal solution. To formulate this dual, let the dual variables be ;(t) for the first constraint line
in (20), B;(r;|t;) for the second constraint line, and vy(t) for the third constraint line. Then the dual

problemis:
(21) choose (¢,B,y) to maximize Y ;.1 Y.icn P(L;) 0;(t) Ci(t) + Y1 P Y(t) subject to
p(t_pICi(t) + ZrieTi Bi(ril t;) - ZrieTi Bi(t[r)] = p(Y), VieN, VteT,
YieN p(t_i)[(Ci(t)+ZrieTi Bi(riIt))ui(ct) - ZrieTi Bi(t [rpui(c,(t_;,ri)] + p)y(t) <O,
VteT, VceC(N),
Ci(t) > 0and B;(r;|t;) > O, VieN, VteT, VreT;.
Here the first constraint lineis for the primal variables x;(t), and the second constraint lineis for
the primal variables p(c|t) in (20). Dividing the first constraint line by p(t_;), we get the
equivalent constraints:
Cit) + Leer Birilt) - Lecr Bi(ti|r) = pi(t), VieN, vteT.
Thisimpliesthat ;(t) isindependent of t_;, so there exists n;(t;) such that
gi(t) = n;(t), Vi, VteT.
Substituting the vector 1) for ¢ and using the definition of virtual utility v;, the dual problem (21)
can be reformulated equivalently as:
(22 choose (n,B,y) to maximize } ;.1 ¥icn P wi(ON;i(t) + Y1 P(D)Y(L) subject to
n;(t) + ZriGTi Bi(ri ) - ZrieTi Biti|r) = pi(t), VieN, V4eT;,
Yien Vi(ctm,p) + y(t) < 0, VteT, VceC(N),
n;i(t;) > 0 and B;(r;|t;) > O, VieN, V4eT, VreT;.

This dual problem (22) has an optimal solution for every allocation vector w. But w only
appearsin its objective function, and its constraints do not depend on w. So the feasible set of
(22) has afinite collection of extreme points, independently of w. Let us number these extreme
points from 1 to K and denote them as { (n,pL,vY), ..., mX,BX,vF)}. For any w, the dual problem
(22) must have an optimal solution among these extreme points. So for any allocation w, the

optimal value of the w-reduced problem (20) (the smallest expected subsidy to implement w) is
maximum {1 Yien P Doi(OnE) + Yot POYO| ke{1,... K} }.
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Thus, for any given (A,e) vectors, our original linear-programming problem (19) has the
same optimal value as
(23) choose (w,z) to minimize z subject to

Z = Yier Tien PADONS() = et POVHD), Vke{L.. K},
P Yies [()“i(ti)‘l'zrieTi o (1| ) w; () - ZrieTi o (t [ ooy (t_i,1)]/pi(t)
> p(t) YicsVi(CtAe), VteT, VScN, VeeC(S).

To formulate the dual of this problem (23), let pk denote the dual variablesfor the first
constraint line, and let 6(S,c|t) denote the dual variables for the second constraint line. Then the
dual of (23) is:

(24) choose (p,0) to
maximize Yot P(t) [L =1 P v + Loon Leecrs) 0(SCl) Ties Vit Aw)]

subjectto pt+...+pK =1,

Yooy Leeces) [Rit) + Lrer, o(ri[6))0(S,c[t) - Lier, o(ri[4)B(Sclt 1)
- YK p*nk(t) =0, VieN, VteT,

P> 0, Vke{1,...K}, and 6(Sc|t) > 0, VScN, VeeC(S), VieT.

Here the first constraint line corresponds to the primal variable z in (23), and the second
constraint line corresponds to the primal variables w;(t) in (23).

Let A denote the convex hull of our dual extreme points{(n®,pLyY), ..., (n,pK. v )}.
Let us define a point-to-set correspondence F:A~- A so that, for any (A,e,0) in A, (n,B,y) isin
the set F(A,a,d) iff there exists an optimal solution (p,0) of problem (24) with (A,«) such that

Zlﬁzl Pk 'ﬂk =1 Zﬁ:l Pk ﬁk =B, Zlﬁzl Pk Yk =Y.
By the Kakutani fixed-point theorem, there exists some (A,a,y) in A such that
(Aa,y) € F(A,o,).

So let (A,a,y) be such afixed point, and take w and 6 from the optimal solutions of (23)
and (24) with thisfixed point. Because (A,a,y) isfeasible for the dual problem (22), the second
congtraint linein (22) givesus

V(1) < -MaXeeoqny Lien VilCtAQ), VEET.
Thefirst constraint linein (22) tellsusthat (A,«) satisfy the hydraulic equations (5).
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The second constraint linein (24) impliesthat 0 satisfies
Ysofi} Leece) LRit) + ZrieTi o;(t; | r;))0(Sclt) - ZrieTi o;(r; [ 5)0(S,clt_in)l
= Ai(t) = pit) + Lrer, oit1) - Lrer, o(ri|t), VieN, vteT.
Thus,
(25 (P(t) + Leer, et MY sagiy Leeos 0(Sclt) - 1]
= Lrer, oi(n DY sy Leecs) O(SCltpn) - 11, VieN, VEeT.
But these equationsimply:
(26) Lso(i} Leeces) 0(Sc[t) =1, VieN, VteT.
(If this equation (26) ever failed for somei with somet_;, then we could sum equations (25) over
all tj suchthat o iy Yce(g 0(S.ct) > 1 [or <1], cancel out ther; terms that appear on both
sides, and get a positive sum equaling negative sum.) So for each t, O(e |t) here satisfies the
conditions for a balanced coalitional plan. By the assumption that the game is balanced, there
exists some a(e |t) in A(C(N)) that yields the same utility and virtua utility for every type.
Thus, the optimal value of (24) satisfies
Yter PO [Zk=1 P70 + Laen Leecrs B(SIt) Ties Viet A a)]
= Ltet PO [Y(t.0) + Yien Laecqy) 0(dD) vi(ditA,a)]
< Yeet PO) [-maXeeony ien Vil€tAa) + Yien Ldecny 0(dt) vi(dit,A,a)] < O.
But the optimal value of (19) isthe same as the optimal value of (24). So we have found afinely
inhibitive allocation w that is achievable by some feasible mechanism (u,x), which isincentive

compatible and yields nonnegative expected profit for the established mediator. Q.E.D.

We now show that the severance payments for core allocations can be positive only for
typest; that have weight A;(t;) = 0 in the (A,«) parameters that support the incentive-efficient
mechanism. The fact that the mechanism maximizes an interim socia welfare function that
gives these types zero weight means that, in the mechanism, they are in some sense "getting more
than they deserve." That is, we may intuitively expect positive severance offers only to bad types

that are getting more than they deserve because of their ability to imitate good types.
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Theorem 3. Suppose w is an inhibitive allocation satisfying the conditions of Theorem 1
for (A,a), and suppose that (u,x) is afeasible mechanism that achieves w. Then
Lien Lte (1) L[ cecony K(EID) (e +xi(1) - wi()] = 0.
So the severance payment &(t) = [Zcec(N) H(clt) y(ct) + x;(t) - w;(t)] can be strictly positive
only if A;(t;) =0.

Proof of Theorem 3. The condition that (u,x) achieves w impliesthat every termin this

sum is nonnegative. So it suffices to show that the sum is nonpositive, as follows:
Yien Ltet P(t-) Ai(t) o;(t) =
= Yien Teet PO) [((t) + Leer, o)) 0i(t) - Leer, i(ti|m) wi(t_ir)l/pict)
> Yt P() MaXceonny Lien Vi(CitA,a)
> Vet PO Leecny KD Eien (Vi(CtA,e) + Xi(1))
= Lte P(E) Leecny HCIY Lien [Rih) + X, o 04(r [ 5))(Li(C)+x4(D)
- ZrieTi o (G ) (e, (t ) + Xt .r)]

= Yien Ztet P A X cecqny KU (et + (0] +

+ Tien Zeer, Leer, o 1HIU(X[1) - Ui(uxin|6)]
2 Yien LteT Pt A [X cecqny HE[D) Ui(Cnt) + (D)) Q.ED.

8. Example 1, continued

This example was introduced in Section 5. The playersare N ={1,2}, player 1's possible
typesare T, = {H,L}, but player 2 has only one possible type T,={2}. Player 1'stypesare
equally likely, p;(H) = 172 =p4(L). So the hydraulic equations (5) here become

A1(H) = 0.5+ (H|L)-oq(L|H) = O, A4(L) = 0.5+0t4(L|H)-aq(H|L) > O, A,=1.
Player 1 hereisaseller with asingleindivisible good. The value of 1's good to each player

depends on 1'stype as in the following table.

t; | p | I'svalueof hisgood | 2'svalueof 1's good 1'svirtual value
H |05 5 6 5+8u4(H|L)
L [05 1 2 1-8o4(L|H)
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As shown in the last column of the table, the virtual value of the good to type H of
player 1is
[(Aa(H)+eg (L [H))5- 04 (H|L)1]/py(H) =
=[(0.5+ay(H[L))5 - a4(H|L)1] /0.5=5+ 8ct;(H|L).
Similarly, the virtual value of the good to type L of player 1is
[(A1(L)+ag (H[L))1-aq(L[H)S]/py(L) =
= [(0.5+ag (L [H))1 - aiq(L|H)5]/0.5=1 - 8ay(L|H).

For such one-good, one-sided incompl ete information games, the incentive-efficient set
can be shown to include all incentive-compatible mechanisms that satisfy two properties: the
conditional probability of trading the good must be 1 when player 1'stypeisL, and the incentive
constraint that 1's type L would not do better by reporting H must be binding. (See Myerson,
1985.) Infact, al incentive-efficient mechanisms can be supported in Theorem O by the same
(A,&) vectors that we saw in Section 5

aq(L[H) =0, ay(H|L) =1/8, A,(H)=5/8, A4(L)=23/8, A,=1.
With this (A,c), the virtual value of the good to 1'stype H is 5 + 8a4(H|L) = 6, which is equal to
the value of the good to player 2 when t;=H, so that a randomization between trading and not-
trading is consistent with the virtual-utility hypothesis. On the other hand, the virtual value of
the good to 1'stypelL is 1, so the players can get virtual gains from trading equal to 2-1 when
t; = L. All incentive-efficient mechanisms then achieve the same maximized weight-sum of
expected utilities subject to incentive constraints,

(5/8)U4 (x| H) + (3/8)U4(1,x|L) + Uy(,x) = 0.5
which is equal to the expected virtual gains from trade, 0.5(2-1)+0.5(6-6) = 0.5.

With this (A,«), the virtual constraints for an inhibitive allocation w are

[(5/8 + O)w4(H)-(1/8)w4(L)] /0.5 > O, for S={1} witht; = H,

[(3/8 + 1/8)w4(L)-(O)w4(H)] /0.5 > O, for S={1} witht, =L,

0.5w,(H) + 0.5w,(L) > 0, for S={2},

[(5/8 + O)w,(H)- (1/8)w4(L)] /0.5 + w,(H) > 0, for S={1,2} witht; = H,

[(3/8 + 1/8)w4(L)-(0)w1(H)] /0.5 + wy(L) > 1, for S={1,2} witht; =L.
We are normalizing payoffs here so that no-trade gives payoff O to each player, and the coalition
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{1,2} can get no virtual gains from trading when 1'stypeisH. The right-hand side of the last
constraint isthe virtual gain (2-1) that { 1,2} can achieve from trading when 1'stypeisL. To be
achievable, w must satisfy

(5/8) w4(H) + (3/8)w4(L) + 0.5(w,(H)+w,(L)) < 0.5.
This achievability constraint can only be satisfied when it and the last two inhibitive constraints
are binding. Incentive compatibility impliesthat 1's expected profit from trade cannot be higher
for type H than for type L. Thus, we get the system of inequalities

wq(L) > w1(H) > (1/5)w4(L), (5/8) w1(H) + (3/8)w(L) < 0.5

w,(L) = 1-wq(L), wy(H) = (V4)w,(L) - (5/4)w,(H).

The extreme points (w(L),w;(H),w,(L),w,(H)) of the allocations that satisfy these

inequalities are

{(0,0,1,0), (05,0.5,05, -0.5), (1, 0.2, 0, 0)}.
Each of these three all ocation vectors can be achieved by an incentive-efficient mechanism
without sidepayments or severance pay. The first allocation is achieved by the mechanism:

if t, = L then player 2 buys the good for $1, if t; = H then no trade.
The second allocation is achieved by the mechanism:

if t; = L then player 2 pays $1.5 to buy the good,

if t; = H then player 2 pays $0.5 and gets nothing.
The third alocation is achieved by the mechanism:

if t; = L then player 2 buys the good for $2,

if t; = H then with probability 1/5 player 2 buys the good for $6, else no trade.
So these three mechanisms, and all convex combinations of them, yield allocations that are in the
core for this game. It can be shown (see notes available from the author) that these are the only

core alocations for this game.

9. Side-bets and severance pay in Example 2

Vohra[22] and Forges, Mertens, and VVohra[4] have found that, when side-bets and
severance offers are not allowed, concepts of incentive-compatible core that are broad enough to

include ours as a subset can be empty. So our second example is a game where side-bets and
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severance offers are necessary to achieve alocationsin the core.

The basic structure of Example 2 is the same as Example 1: there are two players, player
1'stypeisequaly likely to be H or L, player 2 has only one possible type, and player 1 hasa
singleindivisible good that he can sell to player 2. But in Example 2, the value of the good
depends on 1'stype as in the following table.

ty p Vaueof good to 1 Vaue of good to 2
H 05 3 7
L 0.5 2 0

For this example, it can be shown (Myerson, 1985) that all incentive-efficient
mechanisms are pooling: player 1 aways sellsthe good and is paid a price y that is between $3
and $3.50, and all incentive-efficient mechanisms are supported by (A,a) with A4(L) = 0.
Although player 2 cannot profit directly from trading with 1'stype L, player 2 findsit
unproductive to try to separate 1's types because their values of the good are so close. In this
context, 1'stype L isa"bad" type that can get profits just because of its similarity to 1's other
type. (The problem of pooling with the bad type here is similar to the insurance examples where
Rothschild and Stiglitz, 1976, found nonexistence of competitive equilibria.)

Letting B = a4(L |H), the hydraulic equations (5) with A,(L) = O yield

A(L)=0, Aq(H)=1, ay(H|L)-05=0a4(L|H)=B >0, A,=1
Then the virtual value of the good to 1'stype H is
[(A+p-05)3- (p)2]/0.5=3+2p,
and the virtual value of the good to 1'stypelL is
[(0+p)2- (B-0.5)3]/0.5=3-20.
To make trade virtually ex-post efficient for both types, we need 3+2f3 < 7 and 3-23 < 0, and so
15<p <2
With A4(L) = 0, Theorem 3 allows that severance offers might be madeto 1'stype L, because its
A-weight is0. An offer of € in severance pay to type L would reduce the stakes w;(L) by € but
would leave w4 (H) unaffected, and the result would be to decrease V1 (w,L,A,c) by
g[Aq(L)+o1(H[L)] /0.5 = 2B and to increase V 1 (w,H,A,a) the same amount ec;(H|L),/0.5 = 2fe.
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In fact, we can show that no mechanism without severance pay can achieve a core
allocation for this example. Consider any mechanism where player 1 always sells the good for
the price y, = x1(H) = x4(L) without side-bets or severance pay. The absence of side-bets means
that player 2 pays exactly what 1 receives (X, = -X;). Wemust have 3 < x < 3.5, because 1's
type H would refuse to sell for less than 3, and player 2 would refuse to pay more than 3.5. Then
the following is atenable blocking plan against this mechanism:

If t;=H then { 1} blocks, player 1 keeps the good and is paid y -2 by the blocking

mediator;

but if t;=L then {1,2} block, player 1 keepsthe good and is paid -2, and player 2 pays

to blocking mediator.

The blocking mediator's expected profit is 0.5y - (x—2) = 2-0.5y > 0 because y < 3.5. Player 1's
type L gets the same profit -2 asin the established plan, and player 1'stype H does strictly
better than in the established plan, but neither type could do better by lying. When player 2 is
invited, 1'stypeisL, in which case paying x for nothing is not worse for player 2 than the
established plan (where 2 will be asked to pay x for agood that isworth 0).

To find the core, let us consider more general pooling mechanisms where 1 is always paid
X = X1(H) = x4(L) to sell hisgood, but 2 pays either x+t if t;=H or x-t if t;=L, and player 1's
type L isoffered € = £4(L) severance pay. Heret isthe amount of aside-bet between player 2
and the established mediator, which player 2 paysif 1'stypeisH. If there were no severance
offer (e=0) then such a mechanism could be easily blocked, because the blocking mediator could
plan to imitate the established plan when 1's type is H but to send the players back to the
established plan when 1'stypeisL. Infact, we can show that a core alocation cannot be
achieved with any severance ¢ less than 5/6.

A mechanism in this pooling family yields the following stake alocation w:

wq(L) =x-2-¢, w1(H) =%-3, wy(L) =1-%, wy(H)=7-x-7.
With (A,x) as above, the virtual transforms of player 1's payoffs are
Vi(wHAa) =[(1+p - 05)(x-3)- (B)(x-2-¢)]/0.5=x-2p(1-¢)-3
Vi(w,LA,a) =[(0+B)(x-2-¢) - (B-0.5)(x~3)]/0.5= x+2p(1-¢)-3
So the virtual constraints for an inhibitive allocation w are
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x-2B(1-€)-3 > 0, for S={1} witht; = H,
x+2B(1-¢)-3> 0, for S={1} with t; =L,
0.5(7-x-1) +0.5(t-%) = 0, for S={2},
x-2B(1-€)-3+ (7-x-7) > 7- (3+2p), for S={1,2} witht; =H,
x+2B(1-€)-3+(t-y) = 0- (3-2B), for S={1,2} witht; =L.
As noted above, we require herethat § = a1 (L |H) satisfies 1.5 < B < 2, so that virtual gains from
trade on the right-hand sides of the last two constraints are both nonnegative. Then our
conditions for a core alocation can be simplified to
(27) 3+2B|1-¢| < x <35, t1=2P¢, wherel5<f <2
There are many such core solutions, but the one with the smallest severance offer € is
=15 x=35 =56, t1=25.

10. Coalitional durability

In thisfinal section, we consider an alternative concept of stability against coalitional

renegotiation, based on the concept of durability proposed by Holmstrém and Myerson [6].
Let (1,x) be any incentive-compatible mechanism, and let ScN be any coalition.
An dternative game for coalition Sis any
T's=((Dy)ics F:D - A(C(9)), zD - R9),
where each D; isanonempty finiteset, D = x;.gD;, and the z;(d) numbers satisfy
(28) Yieszi(d) <0, VdeD.
Here D; represents the set of the pure strategies for player i in this alternative game. When

players choicesin thisgameared = (dj)jeN, f(d) isthe feasible action that coalition Swould
implement, and z;(d) is the net sidepayment that player i would get.

Now suppose that such an alternative game can be proposed to the members of some
coalition S by ablocking mediator. So we are now assuming that the blocking mediator's invited
coalition is publicly known, and the blocking mediator cannot specify which equilibrium would
be played in the alternative game. So condition (28) requires that the blocking mediator is
guaranteed a strictly positive profit when the alternative game is played, no matter what strategies

the playersin S might choose in the alternative game.
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Suppose that the playersin Swill vote independently about whether to form Sasa
blocking codlition and then play the alternative gameI's, We assume that they will play the
aternative game I'g if and only if they vote unanimously for it, otherwise they will remain with
the mechanism (u,x). But the players beliefs about each other might be affected by the news that
everyone was unanimous for I's. That is, there must be some beliefs vector g in ;. A(T;) that
represents what the players would believe about each others' types after a unanimous vote for I,
Here g;(t;) denotes the probability of player i being typet; given that he voted for I'g.
An equilibrium of alternative I'g with beliefs q is a profile of strategies
0 = (0;:T;~A(D;));cs such that
U,(Ts0lqt) = Ui(T0.a|qt), VieS, VteT;, VaeD;,

where we use the notation
UiTs0lat) = Li et Yaep Pltn-9) dlts i) o(dltg) [zi(d) + Yeeeys) Flcld) yiied)],
UTso.8/at) =

= Lter, Yaep Pltn-9) alts-) o(d[tg) [zi(d_;,@) + Yeec(s) fleld i) uie)],

Ad(ts-i) = [jesi G(t), and o(d[tg) = [Jjcs 0j(di[t;).

The expected payoffs under mechanism (,x) with the same beliefs about S would be
Ui(x|at) = L et plty_9) dlts ;) [Xi(d) + Yeecny HE[D) uch)].

The definition of sequentia equilibrium would allow (with #S>1) that each player votes
against I'g because he thinks that all others will vote against it, so that his vote is meaningless.
To avoid thistrivia result, we require also that any type of any player who would expect to do
better under the alternative, given unanimity of the othersfor it, must be expected to vote for the
alternative.

So we say that (u,X) is coalitionally durable iff, for any alternative game I's for any

coalition ScN, there always exists a beliefs vector g and a profile of strategies o such that o isan
equilibrium of I's with beliefs g, and for each type t; of each player i we have

if Ui(T'solat)>Ui(ux|at) then gt)/pi(t) = max{a(r)/pi(r)| reTi},
and there exists some player j in S such that

UJ(lJ.,X|q,t]) > Uj(FS’O ‘ q’tj)’ thETJ

That is, we can find beliefs and an equilibrium for any aternative game such that types who
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would strictly gain by playing this alternative are considered maximally likely to vote for it, but
thereis at least one player in Swho is aways willing to vote against this aternative.

Theorem 4. If an dlocation in the core is achievable by afeasible mechanism (u,x) then

(u,Xx) is coditionally durable.

Proof of Theorem 4. Let w be an allocation in the core that is achievable by (u,x). Given
any I'g, consider the extensive-form game where the members of Sfirst vote independently for or
against the alternative I'g, when each player knows only his own type. If anyone votes against
I's, then everybody getstheir allocation in w, but otherwise the playersin Splay I's. Perturb this
game by adding a small positive probability that each player might vote for the alternative (by a
trembling hand). This finite game must have a sequential equilibrium.

Now take the limit of these sequential equilibria as the trembling probabilities go to zero.
In such alimit of sequential equilibria, each typet; of each player i in S has some probability
7;(t;) of voting for the aternative, and has some strategy o;(¢ |t;) for playing the alternativeif it is
unanimously voted. Also everyone would have some consistent beliefs ¢, € A(T;) about player i's
type given that he voted for the aternative, which must satisfy

Gi(t) = Pi(t)Ti(t)/ X, o PiCr) (), if any 7;(r) > 0.
The equilibrium voting strategy must satisfy

5(t) =1 if UTgolat) > L o1, plty-9 Alts ;) wi(t),

Tit) = 0 if UjTgo|at) < Le v, plty_g) dlts i) wi(D).
Also, o0 must satisfy the conditions for an equilibrium of the alternative game I'g with beliefs g.
Let t(tg) = Hj es T (tj) denote the probability of the alternative when types are tg, and let

Ui = [les i [Xeer Byt) ()] -
So ; denotes the probability of all S-i voting for the alternative. We now show that this limit of
sequential equilibria must satisfy the conditions for coalitional durability.

If the limit of sequential equilibria does not satisfy the conditions for coalitional
durability then, for every player i in S, there must be at |east one type t; such that

UiTsolat) > Ui(rx|at) = e o1 plty-9 alts ;) wi(t), andso t(t;) > 0.
Then we can define the blocking plan (v,y) by
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ve(clte) = T(te) Y gep 0(d|tg) f(c|d), VeeC(S), ViseTs,
vr(d|tg) = 0O, for any coalition R%S,
yi(t) = Lot pt_;) Tlts) Ygep 0(d|te) Z(d).
But the sequential equilibrium conditions for (q,t,0) in I'g then imply that this blocking plan
(v,y) istenable against w. To verify tenability, we apply the sequential-equilibrium conditions on
(t,0) to get, for any icSand any t;,cT;,
Vilt) + Lo er, PE) Yeeers) VCItUi(C.h)-wi()
= Y e, PL) T(t9) Yep 0(dlte) [7i(d) + Yeeeys FlClui(ct) - wi(D)]
=P Tilty Lot P-s(tn-s Os-ilts i) Laep 0(dIte)Zi(d) + Yeeeqs) Flelduicst) - wi(®)]
=y Ti)[UiCsolat) - Le o1 plty-9 alts ) wi®)] = 0
and similarly
M@)+ZQH4MLOqu$V@“§WﬁHYwﬁ»
= Lot P(L) T(ts) Yaep 0(dltg) [Zi(d) + Yeeeqs) Flelduiert) - wi(t)]
> Lo et P(t) olts o) Yaep 0(dlts iuh) [zi(d) + Yeegqs) flelduict) - wit)]
=yi(r) + Leier, p(t.) Yeecrs) V(Cltsin) (Li(ct)-wi(t)).
But tenability of (v,y) against w contradicts the assumption that w isinhibitive. So the
mechanism (,X) must be coalitionally durable. QED
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