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Here we extend dual reduction from my 1997 GEB paper to general Bayesian games.

Bayesian games are models of interactions among individuals who may bring private
type information into the interaction and then may choose some private actions.

By the revelation principle, we may consider interactions where a mediator
communicates with the individuals privately about their types & actions, to implement
a coordination mechanism that satisfies incentive constraints for honesty & obedience.

Incentive constraints are associated with dual variables, which are interpretable as
random deviation strategies that incentive-compatible mechanisms cannot strictly deter.

Dual reduction constructs a reduced game which admits only coordination mechanisms
that are stable against these dual deviation strategies. IC in reduced => IC in original.

Dual reduction can eliminate dominated strategies, reduce 2PZS games to 1x1 maximin.

By iterative dual reduction, any Bayesian game can be reduced to an elementary game
where all incentive constraints are satisfied strictly in almost all incentive-compatible
mechanisms, so that the weak incentives of "imperfect" equilibria do not appear.

This may involve some reinterpretation of Harsanyi's Bayesian model, where a (reduced)
type may represent a player's socially accessible private information, and a player's
action may represent a randomized strategy that can be conditioned on any parts of the
player's private information that are not socially accessible.

Bayesian & normal forms may be substantively different as games with communication.



Example: Beer-Quiche (Cho Kreps 1987).

As a Bayesian game, 1's strong & weak types can get different guidance:
Ti={s,w}, p(s)=0.9, p(W)=0.1, Ci(s)=Ci(w)={b,q}, Co=1{1/}, /n, n/f, n/n} [if b/q].

(u,uz) fif f/im n/f n/n (ur,uz) fif f/m n/f n/n

t1=s b 1,0 1,0 3,1 3,1 ti=w b 0,1 0,1 2,0 2,0

p=.9 g 0,0 2,1 0,0 2,1 p=.1 g 1,1 3,0 1,1 3,0
All nontrivial incentive constraints are strict in the following coordination mechanism p.:
fIf f/n n/f n/n fif f/im n/f n/n [if b/q]

t=s b 0 0 .59 .01 t=w b .01 .01 38 O

g 0 39 0 .01 g .01 .58 .01 O

So this game 1s elementary and has no nontrivial dual solution or dual reduction.

As a normal-form strategic game, 1's types cannot be separately guided.
(ur,u2) 2b/2q
[if s/W] ff f/n n/f n/n [if b/q]
b/b 0.9,0.1 09,0.1 29,09 29,09
b/q 1.0,0.1 1.2,0.0 2.8,1.0 3.0,0.9 [xp]
q/b 0.0,0.1 1.8,1.0 0.2,0.0 2.0,0.9  [xa]
q/q 0.1,0.1 2.1,0.9 0.1,0.1 2.1,0.9  [xB]
[xa] [xa] [*PB]
Iterative dual reduction (generalizing weak dominatn) can reduce to Ci={b/b}, Co={n/f}.
Ist-round dual reduction: au(n/n|f/f)=1, ai(q/qlq/b)=0.8, ai(b/q|q/b)=0.2, ou(n/n|f/n)=0.5.
2nd-round dual reduction: Bi(b/q|lq/q)=1, B(n/fin/n)=1, B1(b/b|b/q)=0.5.



A finite Bayesian game is any I' = (I, (Ti)ie1, (Ciier, p, (Ui)ier) with
nonempty finite sets: I={players}, Ti={i's types} Viel, Ci(t))={i's actions if t;} VtieT;,
T =xie1Ti, peA(T) probability distribution of the set of type profiles, and
ui(c,t)eR utility payoffs Viel, VteT, VceC(t) ={c=(cj)je1: cje Ci(tj) Vjel}.
We may write t= (tj)je1 = (ti,ti) € T, ¢ =(ci)iet = (cj,¢j) € C(t),
Toi = %2 Tj, Coi(ts) = {c=(cj)j=i: cieCi(t)) Vi#i}.
Unlike Harsanyi (1967), we allow a player's action set to depend on the player's type.

Let M(I') denote the set of direct coordination mechanisms | that specify probabilities
u(cl)>0 VceC(t), VteT, such that D cecop(cft) =1 VteT.

For any il and any tieT;, let Ui(u,ti) = 2iet—i 2cecen n(c[t)p(t)ui(c,t).

A pure deviation strategy for player 1 1s any mapping 0; that specifies 0i(ti)) e Ti and
0i(di,ti) e Ci(ti), Vdie Ci(0i(t)), VtieT..

Let Ai(I') denote the set of all pure deviation strategies o; for player 1 in this game I

Such &; can transform any p to p=0i where (u=0i)(clt) = 2diecieictiy):sidi.t)=ci L(C—i,di[t-i,8i(ti)).

Let Yi(W,ci,di,si,ti) = 2iieT-i 2e—ieC—it—i) L(c—i,dilt-,8)p(t)ui(c,t) VceieCi(t), VdieCi(si), VsieTi.

Then Ui(ps=0i,ti) = 2tcieT-i 2dec(t-isiy (d[t=i,0i(t))p(t)ui((d=i,0i(d;,t)),t)

= 2 _dieciit) Yi(u,0i(di,ti),di,0i(t),t).

Any pin M(T') 1s incentive compatible (IC) iff 1t satisfies the incentive constraints:
Ui(u,ti) = Ui(u+0i,ti) Voie Ai(I), VtieT;, Viel.

Any equilibrium of any communication system is equivalent to an IC mechanism. [Rev P]



An incentive constraint is frivial when 0i(ti))=ti & di(ci,ti)=ci Vcie Ci(ti), VtieT;, because
every p in M(T') satisfies Ui(u,ti) = 2cieci) Yi(1,ci,Citi,ti), Vtie T, Viel,

A Bayesian game I is an elementary game iff there exists some u’ in M(I') that satisfies
all nontrivial incentive constraints as strict inequalities (>).

Fact 1: 1f T 1s elementary, then almost all IC mechanisms satisfy all nontrivial incentive
constraints strictly. (If u does not then (1—&u+ell’ does.)

For i€l let Ai(I') be the set of vectors o with components satisfying:
ai(cildi,sit) = 0 VcieCi(ti), VdieCi(si), VsieTi, VtieT;;
oi(silti) = 2ciecic) ai(cildi,sift) VdieCi(si), VsieTi, VtieT;;
and Dsicriau(sit) = 1 VtieTi
Any o; in Ai(I') 1s a (random) deviation strategy for 1, where each ai(ci|d;,si|ti) denotes the
probability that ti would imitate s; with a plan to do ¢ if d; is recommended,
and the overall probability that t; would imitate s; 1s ou(silti).

Such deviation would transform any mechanism u to o, where:
(nrou)(cft) = 2sieTi 2dieciesi) oti(cildi,silti) p(c—i,dilt-i,81) VceC(t), VteT.
Then Ui(psoti,ti) = DimieToi 2oceCrt) LsieTi 2dieCicsi) ol Cildi, silti) u(c—i, dilti,si)p(t)ui(c,t)
= D sicTi 2dicCigsi) eieCitt) 0 Ci|di,Silti) Yi(,ci,di,Si,ti).
[Recall Yi(p,ci,di,si,ti) = 2ti 2oc-i (i, dift-i,s1)p(t)ui(c,t). ]
Pure deviation strategies oi in Ai(I") can be identified with extreme vectors 6i in Ai(I')
such that di(silt)=1 & di(ci|di,si|ti)=1 when 6i(ti))=s; & di(di,ti)=ci (other components =0).



Consider this primal linear programming problem: (with artificial variables 7)

minimize Y mi(t) over u>0 & m & v such that
() + 2 2e u(c[t)p(Hui(e,t) — Ldiccish Vi(disilt) = 0 VsieTi, Vtie T, Viel; [oi(sit)]
vi(di,silti) — i D u(c—,dift-i,s)p(tui(c,t) > 0 VcieCi(t), VdieCi(si), Vsi Vti Vi; [ai(cidi,sit)]
2eecoy ety =1 VteT. [y(1)]

The primal's optimal solutions are the IC mechanisms p, which exist (Nash) and yield
optimal value 0, with 1=0 and vi(d;,si|ti)) = maxcicciq) Yi(W,ci,di,si,ti).

(Trivial constraints with si=t; & di=ci imply mi(t;) > 2ciccici) Yi(L,Ci,Ci,ti,ti) — Ui(u,ti) = 0.)

From the primal utility terms with u(c|t), let the aggregate a-deviation value at (c.t) be
W(c,t, o) = Qier 2sieTi [ 2diecsi) ati(dilci, tis)p(ti,si)ui( (c—i,di),(t-,81)) — o(silt)p(t)ui(c,t)].
Then the dual LP problem is: maximize ).t \y(t) over a>0 & y such that
2 ciecict) ati(cildi,silti) — au(silt) =0 VdieCi(si), VsieT;, VtieT;, Viel; [vi(disit)]
Ysieti ai(sift)) = 1 VtieT, Viel; [m(t)]
y(t) — Y(ct,a) <0 VceC(t), VteT. [u(clt)]
Let A(I') = xie1 Ai(I'). Notice that the dual-feasible vectors a are in this set A(T").
For any ae A(T'), the best choice of vy in the dual is: y(t) = mincecqy) P(c,t,a) VteT.
Then Yiet W(t) = 2ter mincec P(c,t,00) = mingemm) Qtet Deece L(c[t)P(c,t,a).
But for any peM(I'): 2tet 2cec H(c|t)P(c,t,a) = 2ier 2iieTi (Ui(peot, t)—Ui(,t)).
So the dual LP is equivalent to: maximizegear) mingemr) 2iet 2ieTi (Ui(p=at,t)—Ui(u,ti)).

The primal is equivalent to: minimizeyemmo) MaXqeam) 2iet 2tieTi (Ui( =i, t)—Ui(u,t)).



Let A(I") denote the set of optimal dual solutions:
A(T") = argmaxqe o) Mingemm) 2iet 2tieTi (Ui(p=o, t)—Ui(w,t))
Fact 2. The dual optimal value is 0 = maxgeam mingemr) 2iet 2tieTi (Ui p=ati,ti)—Ui(,t)).
Let a be any optimal dual solution in A(I'). Then for any mechanism p in M(I'),
Diel 2tieTi LsieTi 2dieCi(si) 2cieCic) ol Ci|di, silt ) (Yi( w,ci,di,si,t)) — maXeicci) Yi(W,€i,di,si,ti))
+ Diel 2iieTi 2sieTi Al Si[ti)(Qdieci(sh MaXeicci) Yi(W,ei,di,si,ti) — Ui(u,ti))
= Yic1 2iieti (Ui(u=oi,t) — Ui(u,ti)) = 0.
If u is incentive compatible then U;i(p-ai,ti) = Ui(u,t) VtieTi, Viel.
(Expected net gains of unilateral a-deviations from p must have a nonnegative sum.)

Fact 3: An optimal dual solution ae A(T") with ai(ci|d;,si|ti)>0 exists if & only if i has
some pure 0; in Ai(I') with di(ti)=s; & di(di,ti)=c; such that every incentive-compatible p
satisfies: Ui(w,ti) = Ui(p=i,ti) = 2biccicsi Yi(1,0i(bi,ti),bi,siti)

= Yi(,Ci,di,Si,ti) + 2bieCisi)bizdi MaXaicci() Yi( L,ai,bi,8i,t).
(Follows from strict complementary of linear programming solutions.)
(Can always have the trivial positive components ai(cici,tilti)>0, VcieCi(ti), Vtie T, Vi.)

Thus, when a is a dual solution, each i is willing manipulate any IC mechanism by .
But we would not have to worry about such manipulation if, for each player 1, our
coordination mechanism p were a;—stable, in the sense that p-ai = L.

We will develop an a-reduced game, which admits just these oi-stable mechanisms.
(Will construct reduced types ti€Ti/ai and reduced actions yie Ci/[ai|ti].)



In any incentive-compatible mechanism, each tieT; is willing to imitate other types s;
with probabilities ai(si|ti); but these imitated types might similarly oi-imitate others.
When p=pi-ai, we get p=p-aixai=p+oii?, and p=p=oi® for all integers k>1, and also
W= limk_m },l*(OLi+OLi2+...+OLik)/ k. Here ocik“(ci|ei,ri|ti) = ZSieTi ZdieCi(si) Otik(di|ei,1’i|Si)OLi(Ci|di,Si|ti).

Consider the Markov chain on T; with transition probabilities ai(si|ti) from t;eT; to sieT;,
and let T;/ ai denote the set of minimal nonempty absorbing sets for this Markov chain.
These minimal absorbing sets will be i's reduced types in our a-reduced game.
For any t; in T; and any reduced-type set ti in Ti/ ai, let wi(tilti, o) denote the probability
that the Markov chain ends in the absorbing set t; from an initial condition t;.
These w; probabilities are the unique solution to the equations:
i(Ti[ti,0) = 2sieTi o Si[ti)wi(Tisi, o) VtieTi;
if tie i then wi(tilti,oi)=1 Vti; and
if pieTi/ ai but pi#ti and siep; then wi(tils;,o)=0 Vsi, Vpi.

Lemma 1: Given any player iel & deviation strategy aie Ai(I'), suppose mechanism p is
ai-stable. Consider any profiles of other' types t.ie T—i & actions c_ie C_i(t-).
For any ti€Ti/ ai, the marginal probability p-i(c-ilt-i,ti) = 2 ciccici) p(c—i,Cilt=i,ti) 1S a
constant p-i(c-|t-,ti) over all tieti. More generally, for every type tieT;:
i Coiltoi b)) = 2rieTi/ai 0i(Tilti,0t) p-i(C—i[t-i,Ti).
We will interpret wi(7|t;, i) as the probability of type t; reporting reduced-type 7 in the
a-reduced game.




Given any reduced-type set tie Ti/ ai, let Q(ti) = {tie Ti: wi(Ti|ti,0i)>0}.

Let [ai|ti] denote the ai probabilities conditioned on the Markov chain converging to ti:
[oui|Ti] (cildi,si|ti) = aui(ci|di,si|t)mi(Ti|si,on)/mi(Tilt,au) Ve Q(Ti).

When ai imitations imply that a reduced-type report t; could come from any ti in Q(t;),
a mediator can only recommend a behavioral strategy ci in Xgeqei) A(Ci(ti)).

A recommendation is stable against the o, deviation leading to i only 1f it satisfies:
Gi(Cilt)) = 2sicai) 2diecicsh oi(di[si)[oulti](ci|di,silti) Vi, Ve Q(T).

The support of such a behavioral strategy must be absorbing for [ai|ti], 1n the sense that:
if oi(di|si)>0 and [au|ti](ci|di,si|ti))>0 then ci(cit)>0 Vtie Q(Ti), Vsie Q(Ti).

So we say that a function v; is an action subspace on Q(t;) iff D=yi(t)cCi(ti)) VtieQ(Ti).

We say that an action subspace v; 1s absorbing for [aui|ti] iff,
if dievyi(si) and [ai|ti](ci|di,si|t)>0 then cieyi(t) Vtie Q(Ti), VsieQ(T)).

An intersection of absorbing subspaces is absorbing, #J on all Q(t;) if #J on any in 1.

So the minimal absorbing action subspaces select disjoint sets of actions for each t; in T;.
Let Ci/[ai|ti] denote the set of minimal absorbing action subspaces for [ou|Ti].

Ci/[ai| ] will be the set of reduced actions for reduced type t in our a-reduced game.

Given any vie Ci/[ailti], let {oi(e|ti,}i,Ti,0li) }ieani) be the probability distributions on the
sets {yi(ti) }tieawi that uniquely satisfy the [ai|ti]-stability equations:
Gi(Cilti, Vi, Ti, 0li) = 2sieQri) 2dieyicsi) Oi(disi, Vi, Ti, o) [ou|Ti](cildi,silti), Veieyi(t), Viie Q(ti);
2cieyicti) i Cilti,Yi, Ti,06) = 1 Ve Q(T).
Interpret oi(cilt, ¥, i, i) as probability of action c; for type t; in reduced-action y; for .




Fact 4: Given ;e Ai(I), n in M(T') satisfies p+ai=u if and only if there is some 1 (o|e)
such that p can be written
L(C|t) = 2rieTi/ai 2yieCi/[oifi] N(C—i,Yilt=i,Ti) oi(Cilti, i, Ti, o) i(Tilti,o) VeeC(t), VteT.
Here n satisfies M(c-i,Yilt-i,Ti) = Lcieyic) p(C—i,cilt-i,t) VHET.
We also have 2icci/[aifi] N(C-i,Yilt=i,Ti) = pi(C-ilti,Ti).
Proof: We show here if.
(u=ou)(c|t) = DsieTi 2diecisi) oui(cildi,sifti)(c—i,dilt—,Si)
= D sieTi 2dieCicsi) Ol Cildi,Silti) 2ri 2yi (C=i,Yilt-i, Ti)oi(dilSi, Vi, Ti, 0t )i Tilsi, o)
= Dt 2y N(C-i,Yilt=i,Ti) 2sicqri) 2diecicsi) ol Cildi, silt) oi(di]si,yi, Ti, 0 ) i(Ti|Si, 0Li)
= 2 2 N(co,yilti,Ti) oi(cilti,yi, i, o6 oi(Tilti,on) = u(clt).
For only if, see http://home.uchicago.edu/~rmyerson/research/eldual2026bayes.pdf

Now consider any dual solution aeA(I"). We now show that coordinated behavior that is
a;-stable for every player j can be self sustaining, in that each player 1 is willing to act
according to conditions of ai-stability when all other players j#i are expected to do so.

Fact 5. Let acA(I') be an optimal dual solution. Let i be any player in I, and let p be
any coordination mechanism in M(I') such that u 1s a;-stable for all other players j=1.
For any Bie Ai(I"), wpi 1s still aj-stable for all other j#1. Furthermore, there exists some
Bie Ai(I") such that u=[; is also ai-stable and > icti Ui(=Pi,ti) = 2ieti Ui(,t).

(Proof sketch: With a'=a; & a*"'=d*+a; for each k=1, let [ = limik—a (1/k)(a’+...+d").
Then use Fact 2...)



Given any dual solution o for the game I', let us define the a~reduced game I" / o such
that the set of players is still I, the set of reduced-types for each player 1 1s Ti/ au, the set
of reduced-actions for any reduced-type ti in Ti/ o 1s Ci/[ai|ti], the probability
distribution over reduced-types is q such that

q(1) = Zier pOU Ljer 0i(ilti,0)) Viexja T/ oy, and
the utility function for each player 1 is vi such that, Vtexjc1 Tj/ o, Vyex;e1 C;/[ai|T]:
vi(Y,T) (1) = 2tet Zeec PO et o(tilti,0n) )(Ljer oi(eilti i ti,05) Juie, ).

Any coordination mechanism A for the reduced game I'/ o induces a mechanism p* for
the original game such that

w(elt) = 2 2y Ay jer oi(tlt,04) oi(ciltiyi,t,04) VeeC(t), VteT.
(Here 1 1s summed over the set of reduced-type profiles xie1 Ti/ Ci, and then y 1s summed
over the set of reduced-action profiles xic1 Ci/[ailti] for the reduced-types in 1.)
Theorem 1: Given any o in A(I), {u*: AeM(T/o)} = {ueM(): p+ai=p Viell.
(Proof: follows from Fact 4 above.)
Theorem 2: Given any o in A(I'), a mechanism AeM(I"/a) is incentive compatible for

I'/a if & only if the induced p* is incentive compatible for I'.

(Proof: By Theorem I & Fact 2, player i in [ expects no loss from a;-deviations when others act as
in I'/a, but iterative a;-deviations bring i back toward I'/a. See Fact 5 above.)

Theorem 3: For any finite I', iterative dual reduction yields an elementary reduced game.
(Proof: Fact 3 implies that a nontrivial dual solution exists iff I'is not elementary...)
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Density of games with transitive dual solutions.

The trivial components of a dual solution o are the ai(cilci,ti|ti), for 1€l, tieT;, cieCi(ti).

For any game I', we say that a dual solution a is maximal iff its set of strictly positive
nontrivial components ai(ci|di,silti)>0 is maximal among all dual solutions in A(T").

We may define the dual magnitude of a game to be the number of nonzero nontrivial
components in a maximal dual solution for the game.

We say that the game I has transitive dual solutions iff, in a maximal dual solution a,
Viel, V {ti,s;,1:} T, VeieCi(t), VdieCi(si), VeieCi(ri):
if ai(cid;,si|t)>0 & ai(diei,ri|si)>0 then ai(cilei,ri|ti)>O0.
Any (I, (Th)ie1, (Ciiel, p) as above may be called a framework for Bayesian games, which
can then be defined by specifying a vector of utilities for all players in all outcomes.
Given this framework, the game defined by a utilities vector u may be denoted I'(u).

We say that the type distribution p has full support iff p(t) > 0 for all teT.

Theorem 4: Given any framework (I, (Ti)ie1, (Ci)ie1, p) for Bayesian games, suppose that
the type distribution p has full support. Then the set of utility functions u such that
I'(u) has transitive dual solutions is dense in the utility space.

Proof: Given any nonempty open set in the utility space, we can select u in this set so
that I'(u) has a dual magnitude (a nonnegative integer) that is minimal in the set.

Then we can show that this I'(u) with locally minimal dual magnitude will have transitive
dual solutions...

11



Invariance of dual reduction to type-dependent rescaling of utility functions:

Fact 7: Given a Bayesian-game framework (I, (Ti)ie1, (Ci)ier, p) with utility functions u,
let oe A(I'(u)) be an optimal dual solution for I'(u). Let w be a utility-weights vector

with wi(t)>0 VtieTi, Viel. Consider the game I'(() that differs from I'(u) only in that
the utilities are changed from u to 0, where

ti(c,t) = wi(t)ui(c,t) VceC(t), VteT, Viel.
For small positive £>0, the game I'(() has an optimal dual solution B A(I'(1)) such that
every nontrivial component of B (with (di,si)#(ci,ti)) satisfies
Bi(cildi,si|ti) = ai(ci|di,silti)e/wi(ti).
Then the reduced games I'(u)/a and I'(1) /B have the same reduced types and reduced
actions. That is, for every player 1€l and every reduced type tieTi/ ai, we have:
Ti/Bi=Ti/ i, Ci/[Bi|wi]=Ci/ [aulti], i(zilti,Pi) = wi(titi,ai), and
Gi(cilti,Yi,Ti,B1) = oi(cilt,yi,Ti,i) VeieCi(t), Viie Q(Ti), VyieCi/ [aiti].

12



Examples with no private information, strategic-form games (as in the 1997 paper):

Ci:\ Ca: C2 d>
Cl 3,2 0,0
di 0,0 2,3

All incentive constraints can be satisfied strictly with u(cs,c2)=0.5=u(d;,d>).
So this game 1s elementary, and it has no nontrivial dual solutions.

Ci:\ Cy: C2 d>
Cl 5,5 0,5
d; 5,0 1,1

Dual solutions include au(di|c))=1, aui(ci|di)=0, ax(d2|c2)=1, ax(cz|d2)=O0.

Ci/ai= {{d:}}. In the reduced game, the dominated actions c; and c: are eliminated.

Ci:\Cy: C2 d>
Cl 7,0 2,5
d; 4,3 6, 1

Dual solutions include au(d;|ci)=1, ai(ci|d1)=0.4, ax(d>|c2)=0.6, ax(c2|d2)=0.8,
and the reduced game has one absorbing set of actions {c;,d;} for each player 1.
The a-stable strategies are the unique Nash equilibrium strategies:
QN+ 5/Ndi], (4/T)[c21+(3/7)[d:].
The reduced game is 1x1 with the equilibrium payoffs (4.857, 2.143).
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Example of a 3 x3 strategic-form game (rock-scissors-paper with both-lose in ties):

Ci:\ Ca: C2 d> e
C1 0,0 1,0 0,1
d; 0,1 0,0 1,0
er 1,0 0,1 0,0 (Shapley 1963)

This game has a correlated equilibrium that randomizes uniformly over the six
nondiagonal outcomes of the game, which satisfies strictly six incentive constraints
and so implies that every dual solution must have:
au(er|cr)=0, aui(cild)=0, ai(di|er)=0, aa(ez|c2)=0, ax(cz|d2)=0, ax(d:|e2)=0.

But this game is not elementary. There 1s a dual solution with:
ou(di|cr)=1, oulelldi)=1, ou(ciler)=1, aa(dz|c2)=1, ai(ez|d2)=1, a(czle2)=1.

The dual reduction is the 1x1 game where each player j's only option is to randomize
uniformly over {c;d;e;}, yielding expected payoffs (1/3, 1/3).

Thus, dual reduction suggests that the correlated equilibrium that we described above
may be imperfect in some sense.

Sensitivity analysis: Suppose that we change the diagonal payoffs from (0,0) to (¢,e) for some number ¢.

If € <0, the game is elementary, as the above correlated equilibrium satisfies all incentive constraints strictly.

If € > 1, the game is elementary, as u(ci,c2)=p(di,d2)=p(er,e2)=1/3 satisfies all incentive constraints strictly.

If 0 <e<1, no incentive constraint can be satisfied strictly, and a dual solution where all nontrivial
dual variables are strictly positive is: au(es|ci)=ai(ci|dr)=a1(d1ler)=a(ez|c2)=an(cs|d2)=an(d>2|es)=¢,
ai(dilcr)=au(erld)=ai(ciler)=oa(d:2|co)=au(ez]d2)=0(c2|e2)=1—¢; the only correlated eqm 1s uniform Nash.

These games have nontransitive dual solutions only in two cases: when =0, and when e=1.
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A similar 3 x3 sender-receiver game (one sender with types, one receiver with actions):

p- Ti: \ Ca: a2 b> C2
173 7 0,0 1,0 0, 1
173 sy 0,1 0,0 1,0
173 1 1,0 0, 1 0,0

An IC p has w(bz|rr)=p(c2|r1)=0.5, waz|s))=u(czls1)=0.5, u(azlt;)=u(b2|t)=0.5.
Its six strictly satisfied constraints imply that any dual solution has
o1(sz|rr)=au(ti|s)=au(r:|t1)=0 and ow(czlaz2)=oz(az|b2)=a2(b2|c2)=0.
But this game is not elementary. A dual solution has
ou(ti|r)=au(rils)=ai(s:|t1)=1 and ow(b2laz)=a2(c2|b2)=o(az|c2)=1.
In the reduced game, the sender has one reduced-type (equally likely to be 7y, s;, or ¢/),
and the receiver has one reduced-action (randomizing uniformly over {a2,b2,c2}).
Thus, dual reduction suggests that the incentive-compatible mechanism p that we
described above may be imperfect in some sense.

Sensitivity analysis: Suppose we change the diagonal elements from (0,0) to (g,¢), for some number €.

If €<0, the game is elementary, as the above IC p then satisfies strictly all nontrivial incentive constraints.

If e>1, it 1s elementary, with p'(az|r))=p'(bz|s1)=p'(c2|t1)=1 satisfying strictly all nontrivial incentive constraints.

If 0<e<I, no incentive constraint can be satisfied strictly, and a dual solution where all nontrivial incentive
constraints have strictly positive dual variables is:
OL1(S]‘I”])IOH(U|S1)=OL1(1”1|t1)=OL2(Cz|az)IOLz(a2|bz)IOLz(b2|Cz)=8,
OL1(tj|I’1)=Ocl(l”]|S1)=Ocl(S]|tj)IOLz(b2|a2)=OL1(Cz|b2)=OL2(a2|Cz)=1—8.

These games have nontransitive dual solutions only in two cases: when €=0, and when e=1.
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A 3 x4 example with one sender and one receiver:

p- Ti: \ Ca: a2 b> C2 d>

13 ry 3,0 0,3 0,3 3,0 [bad type]

1/3 sy 9,9 8, 8 0,0 0,0 [left good type]
173 1 0,0 0,0 8, 8 9,9 [right good type]

Dual solutions include au(s:|r;) =n, ou(t|r) =1-m for 1/3 <n<2/3,
o2(bola2) =1, ae(czldz) =1, with all other nontrivial components of o being 0.

For the symmetric solution n=1/2, the reduced game looks like:

q: 1's reduced-type: {b>} {c2}
0.5 {s13~(2/3)[s:1]+(1/3)[7/] 5.33,6.33 0, 1
0.5 {t1}4~2/3)[t1]+H(1/3)[r1] 0, 1 5.33,6.33

With n=1/3, an asymmetric reduced game on one end would be
q: 1's reduced-type: {b2} {c2}
4/9 {s1}~0.75[s1]+0.25[r/] 6, 6.75 0,0.75
5/9 {t1}~0.6[¢/]+0.4[r/] 0, 1.2 4.8, 6
With n=2/3, an asymmetric reduced game on the other end would be

q: 1's reduced-type: {b>} {2}

5/9 {s13~0.6[s:]+0.4[r/] 4.8, 6 0,1.2
4/9 {t1}~0.75[¢;]+0.25[r/] 0, 0.75 6, 6.75

All these reduced games are elementary, with strict mechanism ({s;}—{b>},{t:} —>{c2}).
The belief probability of r; given {t1} 1s (1/3)au(ti|r7)/((1/3)oui(ti|r)+(1/3)(1)).
Belief probabilities of the bad type »; must be >0.25 to deter a> & d>.
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A simple strategic-form game with multiple dual solutions

Ci: \ Ca: X2 V2 Z2
X1 1,3 2,2 0,0
Z] 1,0 2,2 0,3

Any deviation strategy for player 1 can be in a dual solution, because 1 would always be

indifferent between x; and z;, given any information about 2's choices.

With such inescapable indifference, the principles of utility maximization cannot
determine 1's behavior, and so game-theoretic analysis seems inadequate here.

A tighter prediction would require further assumptions about 1's indifferent behavior,
which may be embodied in any selection among the reduced games.

Iterative dual reduction for this example can yield elementary games with:
Cr={{M[x]+(1-V)[z1]}} & Co={{x2}} where A>2/3; or
Cr={{Mx/]+(1-V)[z/]}} & Co={{y2}} where 1/3<A<2/3; or
Cr={{\ [x;[+(1-V)[z:]}} & Co={{z2}} where A<1/3.

In iterative dual reduction, selecting among dual solutions means selecting among
assumptions about players' behavior in cases of unavoidable indifference, to yield an
elementary game where game-theoretic analysis can avoid all indifference problems.

The full paper:
https://home.uchicago.edu/~rmyerson/research/eldual2026bayes.pdf

These notes:
https://home.uchicago.edu/~rmyerson/research/eldual2026notes.pdf
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Proof sketch for Theorem 4.

Let o be any maximal dual solution for I'(u), which has locally minimal dual magnitude.

I'(u) also has an IC mechanism p that 1s maximally incentive compatible, satisfying with
strict inequalities all incentive constraints that are strict in any IC mechanism for I'(u),

If I'(u) did not have transitive dual solutions, then we could find some 1€l and nontrivial
strictly positive components oui(ci|d;,si|ti))>0 and oui(diei,ri|si)>0 such that a(ci|ei,ri|ti)=O0.
(If either of these positive components was trivial, they could not violate transitivity.)
With Fact 3, the two positive dual variables would give us:
Ui(,t) = Yi(,ci,di,Si,ti) T 2bieCicsi)bi=di MaXaieci) Yi(W,ai,bi,s5,t),
Ui(u,si) = Yi(W,di,ei,ri,8i) + 2 bieCi(ri)bizei MaXaicCi(si) Y i( L,ai,bi,Ti,Si).
But with au(cilei,rilt))=0 and p maximally incentive compatible, we would get
Ui(u,t) > Yi(u,Ci,€i,Ti,t) + 2bieCicri) bizei MaXaiccic) Y i L,ai,bi,i,t).
Let 0i:Ci(si)—Ci(ti) be such that 0i(di)=ci and 0i(bi) eargmaxaiccici) Yi(W,ai,bi,si,ti) Vbizdi.
For any small €>0, let us construct {i to be the same as u except that, Vt_i, VbeC(t;,si):
p(t-,8)Ti(b,(t-i,81)) = (1-€)p(ti,s)ui(b,(t-,51) + € p(t-i,t)ui((b-1,0i(bi))), (ti,ti)).
Then any p that 1s maximally incentive compatible for I'(u) would also be incentive
compatible for I'({i), but its set of strictly satisfied incentive constraints would expand
in I'(Q1) to include all constraints that could justify positivity of ai(di|ei,ri|si) in Fact 3.
(In the € term: t; would strictly lose by reporting r; & planning reaction ¢i=0i(d;) to €;.)
So this construction would yield utility vectors {i that are in the open set but give I'({i) a
strictly smaller dual magnitude than I'(u), contradicting the selection of u.
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Concluding note:

Dual reduction identifies incentive constraints that are hard to satisfy with strict
perfection, and it models them as inseparable alternatives in a reduced game.

A reduced type may represent a pooling of inseparable types, omitting aspects of the
player's private information that are socially inaccessible.

A reduced action may randomize over inseparable actions in way that 1s strategically
conditioned on this socially-inaccessible information.

Iterative dual reduction of all such inseparable actions and inseparable types yields an
elementary reduced game where all incentive constraints can be satisfied strictly.

Thus, dual reduction allows us to analyze games without any knife-edge imperfection
problems, because any such problems in the original game have been i1dentified and
solutions for them have been embedded into the structure of the reduced game.

The full paper:
https://home.uchicago.edu/~rmyerson/research/eldual2026bayes.pdf

These notes:
https://home.uchicago.edu/~rmyerson/research/eldual2026notes.pdf
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