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Abstract:  We consider incentive-compatible coordination mechanisms for general finite 
Bayesian games.  Dual variables of incentive constraints can be interpreted as deviation 
strategies that each player would be willing to apply in any incentive-compatible mechanism.  
For any dual solution we construct a reduced game which admits only the coordination 
mechanisms that would be stable against these dual deviation strategies.  A reduced type may 
represent a pooling of inseparable types, omitting aspects of the player's private information that 
are socially inaccessible.  A reduced action may randomize over inseparable actions in way that 
is strategically conditioned on this socially inaccessible information.  Incentive-compatible 
mechanisms in the reduced game are incentive compatible in the original game.  Iterative dual 
reduction can reduce any game to an elementary game in which all incentive constraints can be 
satisfied as strict inequalities.  A dense set of games has transitive dual solutions. 
 

1.  Introduction 

 In this paper, we extend the analytical concept of dual reduction from Myerson (1997) to 

general Bayesian games (Harsanyi 1967).  Bayesian games are models of interactions among 

players who may provide information about their privately known types, and who then may 

choose some privately controlled actions.  By the revelation principle (Myerson 1982), we may 

consider interactions where a mediator communicates separately with each of the players about 

their types and actions, to implement a coordination mechanism that satisfies incentive 

constraints for the players to honestly report their types to the mediator and to obediently select 

actions that mediator recommends.   

 Given any finite Bayesian game, we can formulate a linear programming problem for 

which the optimal solutions are the incentive-compatible coordination mechanisms.  The dual of 

this linear programming problem yields a vector of dual variables for these incentive constraints.  

We show here that the optimal solutions of this dual problem can interpreted as random deviation 

strategies that cannot be strictly deterred by any incentive-compatible mechanism.  For any dual 

solution, we can construct a dual-reduced game which admits only coordination mechanisms that 

are stable against the dual vector's deviation strategies.   

 In essence, dual reduction identifies incentive constraints that cannot be satisfied with 

strict incentives, and it models them as inseparable alternatives in the reduced game.  A reduced 

type may represent a pooling of inseparable types, omitting aspects of the player's private 

information that are socially inaccessible.  A reduced action may represent a strategy that 

randomizes over inseparable actions in way that is strategically conditioned on this socially-
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inaccessible information.   

 A basic result here is that, if one player expected all the others to coordinate according to 

a mechanism that is feasible in this reduced game, then this player would also have a best 

response that is feasible in the reduced game, and so the strategic restrictions of the reduced 

game can be self-sustaining.  Our key result then is that all incentive-compatible mechanisms in 

the reduced game correspond to incentive-compatible mechanisms in the original game. 

 The concept of dual reduction was introduced by Myerson (1997) for strategic-form 

games.  Harsanyi (1967) noted that any Bayesian game could be normalized to a strategic-form 

game if we could assume that, before the players learn their types, each player i would choose a 

strategy to determine i's action as a function of i's type.  But when we allow that players may 

communicate in incentive-compatible coordination mechanisms, then a Bayesian game may be 

substantively different from its normal form.  The normal-form assumption that the players make 

all their strategic decisions before learning their types would rule out any possibility of one 

player's action depending on communicated information from another player. 

 As was observed by Myerson (1997), dual reduction may be seen as a generalization of 

the concept of elimination of dominated strategies, but dual reduction may do much more to 

simplify games even when they have no dominated strategies.  In two-person zero-sum games, 

for example, dual reduction can consolidate a player's actions into one reduced action that 

stipulates randomized behavior according to the player's maximin equilibrium strategy.   

 Our most general result about the power of dual reduction extends to Bayesian games a 

theorem of Myerson (1997) on iterative dual reduction and elementary games.  Starting with any 

finite Bayesian game, iterative dual reduction can always yield a reduced game that is 

elementary, in the sense that all incentive constraints can be satisfied strictly for almost all 

incentive-compatible mechanisms.  In analyzing these elementary games, we can avoid 

methodological questions about weak incentives that have driven the equilibrium-refinements 

literature in game theory.  Thus, dual reduction gives us a general technique for generating game 

models where issues of equilibrium imperfection do not arise, because solutions of any such 

issues in the original game have been identified and embedded into the structure of the reduced 

game. 

 This analytical framework involves some reinterpretation of Harsanyi's Bayesian model.  

The construction of dual-reduced games requires us to admit Bayesian games where different 

types of a player may have different sets of actions, which is a slight generalization of Harsanyi's 
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original Bayesian model.  When we simplify a game by dual reduction, a player's reduced type 

may be reinterpreted as the player's socially-accessible private information, and then the reduced 

actions that a mediator can recommend may represent randomized behavioral strategies that can 

be conditioned on any part of the player's private information that is not socially accessible.  

 Beyond these results on dual reduction, we show here also that dual solutions satisfy a 

basic transitivity property for a dense set of games.  A classic example from Shapley (1963) is 

shown to be a nongeneric counterexample where such transitivity does not hold. 

2.  The general Bayesian model 

 A finite Bayesian game is any   = (I, (Ti)iI, (Ci)iI, p, (ui)iI)  with nonempty finite sets I 

denoting the set of players, Ti denoting the set of possible types of each player iI, and Ci(ti) 

denoting the set of possible actions for type tiTi.  (Unlike Harsanyi (1967), we allow here that a 

player's action set may depend on the player's type, so that Ci here is a function specifying a 

nonempty finite set of actions Ci(ti) for each tiTi.)  The set of type profiles is denoted 

T = iI Ti, and, for any tT, C(t)=iI Ci(ti) denotes the set of action profiles that are feasible for 

the players with types as in t.  Here p is a probability distribution over the set of type profiles, 

specifying a prior probability p(t) for each type profile tT.  For each player iI, ui is a utility 

function specifying i's utility payoff ui(c,t) for every type profile tT and every profile of t-

feasible actions cC(t).  We may write  t = (ti)iI = (ti,ti)  T,  and  c = (ci)iI = (ci,ci)  C(t),  

where  Ti = ji Tj  and  Ci(ti) = {c=(cj)ji: cjCj(tj) ji}.   

 Let M() denote the set of coordination mechanisms  that specify probabilities (c|t)0  

such that  cC(t) (c|t) = 1 tT.  We think of  as being implemented by a mediator who 

communicates separately with every player, first asking the each player to report his type and 

then confidentially recommending an action to each player that is feasible for the player's 

reported type, where (c|t) denotes the probability that the mediator will recommend the actions 

in c=(ci)iI if t=(ti)iI is the profile of reported types.   

 For any player iI and any type tiTi, let Ui(,ti) denote the sum of all terms with type ti 

in player i's ex-ante expected utility from mechanism .  That is: 

      Ui(,ti) = ୲ష౟୘ష౟
 ୡେ(୲) (c|t)p(t)ui(c,t), 

so that i's ex-ante expected utility from the coordination mechanism  would be  ୲౟୘౟
 Ui(,ti).  

Then Ui(,ti) is the conditional expected utility for type ti in mechanism  multiplied by the prior 
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probability of type ti, which we may assume to be strictly positive; and so maximizing Ui(,ti) is 

equivalent to maximizing the conditional expected utility for type ti of player i.   

 We allow, however, that players could dishonestly misreport their type and could 

disobediently choose an action different from what is recommended.  A pure deviation strategy 

for player i is any mapping i that specifies, for each type ti in Ti, a (possibly untrue) type report  

i(ti)Ti  and then specifies, for each action diCi(i(ti)) that could be recommended after such a 

report, a (possibly unrecommended) action i(di,ti)Ci(ti).  Let i() denote the set of all pure 

deviation strategies i for player i in this game .   

 Such a pure deviation strategy i for player i would effectively transform a coordination 

mechanism  to the mechanism *i where   

  (*i)(c|t) = ୢ౟େ౟(౟(୲౟)): ౟(ୢ౟,୲౟)ୀୡ౟
 (ci,di|ti,i(ti))  cC(t), tT. 

Let Yi(,ci,di,si,ti) denote the sum of all terms in player i's ex-ante expected utility where i has 

type ti but reports type si to the mediator, and then the mediator recommends action diCi(si) but 

i chooses action ciCi(ti), while all other players participate faithfully in the coordination 

mechanism .  That is, for any mechanism  and any player i, 

      Yi(,ci,di,si,ti) = ୲ష౟୘ష౟
 ୡష౟େష౟(୲ష౟) (ci,di|ti,si)p(t)ui(c,t)   

    ciCi(ti), diCi(si), siTi, tiTi. 

Then 

      Ui(*i,ti) = ୲ష౟୘ష౟
 ୢେ(୲ష౟,౟(୲౟)) (d|ti,i(ti))p(t)ui((di,i(di,ti)),t)  

  = ୢ౟େ౟(౟(୲౟)) Yi(,i(di,ti),di,i(ti),ti). 

 Any  in M() is incentive compatible iff it satisfies the incentive constraints: 

[1]      Ui(,ti)  Ui(*i,ti)  ii(), tiTi, iI. 

By the revelation principle (Myerson 1982), any equilibrium (even with dishonest and 

disobedient behavior by the players) of any communication system that a mediator could 

implement for this Bayesian game must be equivalent to some incentive-compatible mechanism.  

 We may say that an incentive-compatible mechanism is maximally incentive compatible 

for  iff it satisfies with a strict inequality every incentive constraint that is strict in some 

incentive-compatible mechanism for .  Because the set of incentive-compatible mechanisms is 

convex, a maximally incentive-compatible mechanism 0 can be constructed as an average of 

incentive-compatible mechanisms in which each of these incentive contraints is satisfied as a 
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strict inequality.  If  is any incentive-compatible mechanism, then for any  such that 0<1,  

(1)+0 is also maximally incentive compatible.  Thus, any mechanism in the relative interior 

of the incentive-compatible set is maximally incentive compatible. 

 An incentive constraint for any type ti of any player i is trivial when i(ti)=ti and 

i(ci,ti)=ci ciCi(ti).  These trivial incentive constraints cannot be strict in any mechanism, 

because every  in M() satisfies the equations  

      Ui(,ti) = ୡ౟େ౟(୲౟) Yi(,ci,ci,ti,ti)  tiTi, iI.  

We may say that a Bayesian game  is elementary iff there exists some 0 in M() that satisfies 

all nontrivial incentive constraints in [1] as strict inequalities.  Then we get the following result.   

 Fact 1:  For any finite Bayesian game , all mechanisms in the relative interior of the 

incentive-compable set are maximally incentive compatible.  So if  is elementary, then almost 

all incentive-compatible mechanisms satisfy all nontrivial incentive constraints strictly.   

 Let us now define random deviation strategies for any player.  For each player iI, a 

random deviation strategy may be represented by a vector i that has components of the form 

i(si|ti) and i(ci|di,si|ti), for any tiTi, siTi, diCi(si), and ciCi(ti).  Here  i(ci|di,si|ti) denotes 

the probability that type ti would imitate type si with a plan to do action ci if action di is 

recommended, and i(si|ti) denotes the overall probability that ti would imitate si.  Then the 

components of a random deviation strategy for player i must satisfy the conditions:   

      i(ci|di,si|ti)  0  ciCi(ti), diCi(si), siTi, tiTi;   

      i(si|ti) = ୡ౟େ౟(୲౟) i(ci|di,si|ti)  diCi(si), siTi, tiTi;  and 

      ୱ౟୘౟
 i(si|ti) = 1  tiTi.  

We let Ai() denote the set of random deviation strategies for player i that satisfy these 

conditions. 

 Such a random deviation deviation strategy i could transform any mechanism  to *i, 

where 

      (*i)(c|t) = ୱ౟୘౟
 ୢ౟େ౟(ୱ౟) i(ci|di,si|ti) (ci,di|ti,si)  cC(t), tT. 

Then   

      Ui(*i,ti) = ୲ష౟୘ష౟
 ୡେ(୲) ୱ౟୘౟

 ୢ౟େ౟(ୱ౟) i(ci|di,si|ti)(ci,di|ti,si)p(t)ui(c,t) 

       = ୱ౟୘౟
 ୢ౟େ౟(ୱ౟) ୡ౟େ౟(୲౟) i(ci|di,si|ti)Yi(,ci,di,si,ti). 
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 The pure deviation strategies i in i() can be identified with extreme points i in Ai() 

such that i(si|ti)=1 and i(ci|di,si|ti)=1 when i(ti)=si and i(di,ti)=ci, with other components zero.  

Any random deviation strategy i in Ai() can be expressed as a convex combination of these 

pure extreme points, where the weight for the extreme vector i would be the multiplicative 

product of the probabilities i(i(di,ti)|di,i(ti)|ti)) over all tiTi and all diCi(i(ti)). 

3.  The primal and dual problems  

 To analyze dual variables of incentive constraints, we begin by formulating a linear 

programming problem such that the optimal solutions are the incentive-compatible mechanisms 

for .  We may define our primal problem to be:  

[2]      minimize  ୧୍ ୲౟୘౟
 i(ti)  over  0 &  & υ  such that 

           i(ti) + Ui(,ti)  ୢ౟େ౟(ୱ౟) υi(di,si|ti)  0  siTi, tiTi, iI;    [i(si|ti)]  

           υi(di,si|ti)  Yi(,ci,di,si,ti)  0  ciCi(ti), diCi(si), si, ti, i;    [i(ci|di,si|ti)]  

           ୡେ(୲) (c|t) = 1  tT.    [(t)]  

 Notice that Ui(,ti) and Yi(,ci,di,si,ti) are linear in , and so this is indeed a linear 

programming problem.  For any , the i(ti) that are summed in objective can be minimized by 

choosing the υi(di,si|ti) as small as possible without going below any Yi(,ci,di,si,ti),, and so we 

may let   

      υi(di,si|ti) = maxୡ౟େ౟(୲౟) Yi(,ci,di,si,ti)  diCi(si), siTi, tiTi, iI. 

Trivial versions of the first two constraints with si=ti and di=ci imply that  

      i(ti)  ୢ౟େ౟(୲౟) Yi(,di,di,ti,ti)  Ui(,ti) = 0  tiTi, iI. 

So the primal objective cannot be smaller than 0, and  can achieve the optimal value 0 with all 

i(ti)=0 if and only if  is an incentive-compatible mechanism.  Incentive-compatible 

mechanisms exist for any finite Bayesian game, by Nash's (1950) existence theorem, because 

any Nash equilibrium corresponds to an incentive-compatible mechanism. 

 The decision variables of the dual problem correspond to constraints in the primal 

problem, and the dual variable for each primal constraint in [2] is indicated in brackets to the 

right of the constaint.  When we sum the primal constraint formulas multiplied by their dual 

variables, the result is linear in , and the coefficient of any component (c|t) can be written as 

(t)Ψ(c,t,), where we define  
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     Ψ(c,t,) = ୧୍ ୱ౟୘౟
 ((ୢ౟େ౟(ୱ౟) i(di|ci,ti|si)p(ti,si)ui((ci,di),(ti,si)))  i(si|ti)p(t)ui(c,t)). 

That is, with this definition of Ψ(c,t,), we get 

     ୧୍ ୲౟୘౟
 ୱ౟୘౟

 ((ୢ౟େ౟(ୱ౟) ୡ౟େ౟(୲౟) Yi(,ci,di,si,ti)i(ci|di,si|ti))  Ui(,ti)i(si|ti))  

  = tT cC(t) (c|t)Ψ(c,t,). 

Here Ψ(c,t,) could be interpreted as the aggregate -deviation value of recommending the 

actions c with reported types t, when the primal constraints for deterring deviations are assigned 

dual prices as in the vector . 

 Then the dual problem, which has constraints for each decision variable in the primal 

problem, may be written as follows:   

[3]      maximize  tT (t)  over  0 &   such that 

           ୡ౟େ౟(୲౟) i(ci|di,si|ti)  i(si|ti) = 0  diCi(si), siTi, tiTi, iI;   [υi(di,si|ti)] 

           ୱ౟୘౟
 i(si|ti) = 1  tiTi,  iI;    [i(ti)]  

           (t)  Ψ(c,t,)  0  cC(t), tT.    [(c|t)] 

 Now let  A() = iI Ai().  Notice that this set A(), which can be interpreted as the set 

of all possible profiles of random deviation strategies for the players in the game , is also the set 

of vectors  that are feasible for this dual problem. 

 For any vector A(), the best choice of  to maximize the dual objective, subject to 

the constraint that (t) cannot be greater than any Ψ(c,t,), is to let 

  (t) = mincC(t) Ψ(c,t,)  tT. 

Then the dual objective is:  

      tT (t) = tT mincC(t) Ψ(c,t,) = minM() tT cC(t) (c|t)Ψ(c,t,). 

But for any mechanism M() 

      tT cC(t) (c|t)Ψ(c,t,) = 

  = ୧୍ ୲౟୘౟
 ((ୱ౟୘౟

 ୢ౟େ౟(ୱ౟) ୡ౟େ౟(୲౟) Yi(,ci,di,si,ti)i(ci|di,si|ti))  Ui(,ti))  

  = ୧୍ ୲౟୘౟
 (Ui(*i,ti)Ui(,ti)).  

So the dual problem is equivalent to:   

      maximizeA() minM() ୧୍ ୲౟୘౟
 (Ui(*i,ti)Ui(,ti)). 

Similarly, the primal problem is equivalent to: 

      minimizeM() maxA() ୧୍ ୲౟୘౟
 (Ui(*i,ti)Ui(,ti)). 
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 Let  Ā() denote the set of vectors  that are optimal solutions to the dual problem:  

      Ā() = argmaxA() minM() ୧୍ ୲౟୘౟
 (Ui(*i,ti)Ui(,ti)). 

The theory of linear programming tells us that, if the primal problem has optimal value 0 then the 

dual problem also has optimal value 0.  Thus, we have the following results.   

 Fact 2:  The optimal value of the dual problem [3] is   

      0 = maxA() minM() ୧୍ ୲౟୘౟
 (Ui(*i,ti)Ui(,ti)). 

Let  be any optimal dual solution in Ā().  Then for any mechanism  in M(),  

      ୧୍ ୲౟୘౟
 (Ui(*i,ti)  Ui(,ti))  0. 

If  is incentive compatible, the terms in the last summation above cannot be positive, and so 

      Ui(*i,ti) = Ui(,ti)  tiTi, iI. 

 For any A() that is feasible for the dual problem and any M() that is feasible for 

the primal problem, a sum of the primal constraints multiplied by their  dual variables gives us  

     ୨୍ ୲ౠ୘ౠ
 ୱౠ୘ౠ

 ୢౠେౠ(ୱౠ) ୡౠେౠ(୲ౠ) j(cj|dj,sj|tj)(Yj(,cj,dj,sj,tj)  maxୟౠେౠ(୲ౠ) Yj(,aj,dj,sj,tj)) 

       + ୨୍ ୲ౠ୘ౠ
 ୱౠ୘ౠ

 j(sj|tj)((ୢౠେౠ(ୱౠ) maxୟౠେౠ(୲ౠ) Yj(,aj,dj,sj,tj))  Uj(,tj)) 

 = ୨୍ ୲ౠ୘ౠ
 (Uj(*j,tj)  Uj(,tj)), 

and this sum must be 0 when  and  are optimal for the primal and dual problems respectively.  

So the dual variables j(cj|dj,sj|tj) and j(sj|tj) can be nonzero in an optimal dual solution only if 

the corresponding constraints are binding in every optimal solution to the primal problem:   

     Yj(,cj,dj,sj,tj) = maxୟౠେౠ(୲ౠ) Yj(,aj,dj,sj,tj),  Uj(,tj) = ୠౠେౠ(ୱౠ) maxୟౠେౠ(୲ౠ) Yj(,aj,bj,sj,tj). 

The converse (strict complementarity) is also true, as shown below. 

 Fact 3: An optimal dual solution Ā() with j(cj|dj,sj|tj)>0 exists if and only if player j 

has some pure deviation strategy j in j() with j(tj)=sj and j(dj,tj)=cj such that every 

incentive-compatible  satisfies:   

      Uj(,tj) = Uj(*j,tj) = ୠౠେౠ(ୱౠ) Yj(,j(bj,tj),bj,sj,tj) 

  = ୠౠେౠ(ୱౠ) maxୟౠେౠ(୲ౠ) Yj(,aj,bj,sj,tj) 

  = Yj(,cj,dj,sj,tj) + ୠౠେౠ(ୱౠ),ୠౠୢౠ
 maxୟౠେౠ(୲ౠ) Yj(,aj,bj,sj,tj). 

 Proof:  We noted in Fact 1 that  has an incentive-compatible mechanism 0 that is 

maximally incentive compatible, in the sense that it satisfies strictly every incentive constraint 
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[1] that is satisfied strictly by some incentive-compatible mechanism for .  Now if a dual 

solution Ā() had j(cj|dj,sj|tj)>0, then we would also get j(sj|tj)>0, and so 0 would have to 

satisfy the primal constraints associated with j(cj|dj,sj|tj) and j(sj|tj) as binding equations.  Then 

we could construct a pure deviation strategy j that satisfies Uj(0,tj)=Ui(0
*j,tj) by letting  

j(tj)=sj, j(dj,tj)=cj, and for all other bjCj(sj) choosing  

      j(bj,tj)argmaxୟౠେౠ(୲ౠ) Yj(0,aj,bj,sj,tj).   

But as 0 is maximally incentive compatible for , we must also have Uj(,tj)=Ui(*j,tj) for 

every incentive-compatible mechanism . 

 Now we show conversely that a designated dual variable j(ĉj|d̂j,ŝj|t̂j) can be made strictly 

positive when it is assumed that every incentive-compatible mechanism  satisfies the equation 

      Uj(,t̂j) = Yj(,ĉj,d̂j,ŝj,t̂j) + ୠౠେౠ(ୱොౠ),ୠౠ෡ୢ
ౠ
 maxୟౠେౠ(୲መౠ) Yj(,aj,bj,ŝj,t̂j). 

Consider a revised primal problem which differs from [2] in that we add a variable , change the 

primal constraint for the designated dual variable j(ĉj|d̂j,ŝj|t̂j) to  +υj(d̂j,ŝj|t̂j)Yj(,ĉj,d̂j,ŝj,t̂j)  0,  

change the primal objective to minimize , and add a new primal constraint  ୧୍ ୲౟୘౟
 i(ti)  0.  

Then the revised dual problem differs from [3] in that it has a new nonnegative dual variable 0 

corresponding to the new primal constraint, the second dual constraint becomes  

ୱ౟୘౟
 i(si|ti) = 0,  and there is a new dual constraint  j(ĉj|d̂j,ŝj|t̂j) = 1  corresponding to .  

The revised primal has optimal value =0, because the assumed equation implies that every 

optimal solution of the original primal [2] satisfies the original primal constraint for j(ĉj|d̂j,ŝj|t̂j) 

as a binding equation.  So the revised dual has an optimal solution with objective value 0, but the 

new dual variable must be strictly positive >0 (because otherwise all components of  would be 

zero, violating the new dual constraint).  Then dividing all components of the revised dual 

solution by >0 yields an optimal solution to [3] with  j(ĉj|d̂j,ŝj|t̂j) = 1/ > 0.  ■ 

 In the trivial case where si=ti and ci=di, an optimal dual solution can always have 

i(ci|ci,ti|ti)>0 (ciCi(ti), tiTi, iI), because the incentive constraint is always binding for 

the trivial deviation strategy that never differs from honesty and obedience. 

 Fact 2 tells us that, when  is an optimal dual solution, each player i would be willing 

manipulate any incentive-compatible mechanism by the random deviation strategy i.  But we 

would not have to worry about such -manipulation changing the outcomes if the players were 
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coordinated by mechanism  such that, for each player i,  was i-stable, in the sense that  

  *i = .   

In the next several sections, we will develop an -reduced game, which admits just these stable 

mechanisms. 

4.  Constructing the reduced-type sets  

 In this and the next two sections, we consider one player iI and one random deviation 

strategy iAi() for this player i, and we develop results to characterize the set of mechanisms  

M() that are i-stable, in the sense that =*i.  (We may think of i as being part of an 

optimal dual solution Ā(), although this assumption is not needed for any of the 

mathematical results in this section or the next two sections.)  For any i-stable mechanism, each 

type ti could have a positive probability of imitating any type si such that i(si|ti)>0, but these 

imitated types could also have positive probability of imitating other types ri such that i(ri|si)>0, 

suggesting that these other indirectly imitated types ri might also hard to separate from the type ti.  

 Consider the Markov chain on Ti with transition probabilities i(si|ti) from tiTi to siTi. 

Let Ti/i denote the set of minimal nonempty absorbing sets for this simple i Markov chain.  

That is, any iTi/i is a nonempty set of types that is i-absorbing, in the sense that   

      {siTi: i(si|ti)>0}  i  tii, 

and i has no nonempty proper subsets that would also be i-absorbing.  (So for a directed graph 

where the nodes are the types in Ti and where an arc from type ti to type si is included iff 

i(si|ti)>0, there will be a path of directed arcs from any type tii to any other type sii but not 

to any types that are outside of i.)  We may refer to these minimal i-absorbing sets in Ti/i as 

reduced-type sets (as they will be player i's reduced types in the -reduced game that we will 

define later).   

 We now show that, for any i-stable mechanism , these reduced-type sets contain the 

only private information from player i that can be used in coordinating the other players.  To 

focus on the coordination of players other than i, we may let i(ci|ti,ti) denote the marginal 

probability that a mediator implementing the mechanism  would recommend actions ci to the 

players other than i when player i has reported type ti and the other players have reported types 

ti.  That is, 

      i(ci|ti,ti) = ୡ౟େ౟(୲౟) (ci,ci|ti,ti)  ciCi(ti), tiTi, tiTi. 
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 By definition of i-stability, the mechanism  is i-stable iff 

[4]      (c|t) = (ci,ci|ti,ti) = ୱ౟୘౟
 ୢ౟େ౟(ୱ౟) i(ci|di,si|ti)(ci,di|ti,si)  cC(t), tT. 

Then for the marginal probabilities, we get: 

      i(ci|ti,ti) = ୡ౟େ౟(୲౟) (ci,ci|ti,ti) 

  = ୡ౟େ౟(୲౟) ୱ౟୘౟
 ୢ౟େ౟(ୱ౟) i(ci|di,si|ti)(ci,di|ti,si) 

  = ୱ౟୘౟
 ୢ౟େ౟(ୱ౟) i(si|ti)(ci,di|ti,si) 

  = ୱ౟୘౟
 i(si|ti) ୢ౟େ౟(ୱ౟) (ci,di|ti,si) 

  = ୱ౟୘౟
 i(si|ti)i(ci|ti,si)  tiTi. 

That is, the quantity i(ci|ti,ti) must always be a weighted average of the quantities i(ci|ti,si) 

for the other types si such that i(si|ti)>0. 

 Now consider any reduced-type i in Ti/i.  For any ti in i, the coefficient i(si|ti) must 

be 0 unless si is also in i, because i is an i-absorbing set of types.  Then, fixing any profile of 

others' reported types tiTi and any profile of others' possible actions ciCi(Ti), we get 

      i(ci|ti,ti) = ୱ౟౟
 i(si|ti)i(ci|ti,si)  tii. 

These weighted-average equations imply that the set of types that minimize of this quantity 

i(ci|ti,ti) over all tii must be nonempty and i-absorbing; but i is a minimal nonempty 

i-absorbing set, and so all types in i must equally achieve this minimal value of i(ci|ti,ti).  

So i(ci|ti,ti) must be a constant over all tii, which may denote by i(ci|ti,i), so that 

      i(ci|ti,ti) = i(ci|ti,i)  tii. 

Thus, in its coordination of the other players, any i-stable mechanism  must pool together all 

player i's types in any reduced-type set i in Ti/i, responding identically to any type in i. 

 As with any finite Markov chain, the minimal nonempty absorbing sets i in Ti/i must 

be mutually disjoint from each other, and their union is the set of recurrent types, which is a 

nonempty subset of Ti.  But the set of recurrent types still might exclude some types ti in Ti that 

are transient under the simple i Markov chain.  Through this chain, these transient types may 

directly or indirectly imitate some recurrent types in the reduced-type sets, while the recurrent 

types never imitate any transient types directly or indirectly, and so the transient types could also 

be interpreted as shy types under i.  We can now show how the indirect imitation of recurrent 

types in the reduced-type sets defines how i-stable mechanisms respond to these shy transient 
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types.  

 For any ti in Ti and any i in Ti/i, let i(i|ti,i) denote the probability that the simple i 

Markov chain ends in the absorbing reduced-type set i from any initial condition ti.  These i 

probabilities are the unique solution to the equations: 

[5a]      i(i|ti,i) = ୱ౟୘౟
 i(si|ti)i(i|si,i)  tiTi;   

[5b]      if tii then  i(i|ti,i) = 1  ti;  and  

[5c]      if iTi/i but ii and sii  then  i(i|si,i) = 0  si, i. 

 When  is i-stable, we have =*i, which in turn iteratively implies =*i*i and a 

sequence of equations that we may write as  =*i
k  for every integer k1.  The "*" operation 

here is actually a form of matrix multiplication between  and i, and we can use the fact that 

matrix multiplication is associative.  So to represent k iterative applications of i's i deviation 

strategy, we may inductively define i
k by i

1=i and i
k+1=i

k
*i for all integers k1; that is: 

  i
k+1(ci|ei,ri|ti) = ୱ౟୘౟

 ୢ౟େ౟(ୱ౟) i
k(di|ei,ri|si)i(ci|di,si|ti)  ciCi(ti), eiCi(ri), riTi, tiTi. 

Then *i
k represents a transformed mechanism in which the report of type ti imitates a type s̃ik 

that is the random outcome of k iterations of the simple i Markov chain starting from ti.  But the 

probability of sĩ
k being in a reduced-type set i converges to i(i|ti,i) as k.  So for any 

i-stable mechanism , the equations  =*i
k  for every integer k1 imply that  

        i(ci|ti,ti) = limk E(i(ci|ti, sĩ
k)) = ౟୘౟/౟

 i(i|ti,i) i(ci|ti,i). 

Thus we get the following result that characterize how player i's type information must be pooled 

into reduced-type sets for any mediator who implements an i-stable mechanism: 

 Lemma 1:  Given any player iI and any deviation strategy iAi(), suppose that the 

coordination mechanism M() is i-stable.  Consider any profile of types tiTi and actions 

ciCi(ti) for the players other than i.  Then for any reduced-type set iTi/i, the marginal 

probability i(ci|ti,ti) must be a constant i(ci|ti,i) over all tii.  More generally, for every 

type tiTi:  

      i(ci|ti,ti) = ౟୘౟/౟
 i(i|ti,i) i(ci|ti,i).  

5.  Constructing the reduced-action sets  

 The previous section only considered the simple i probabilities i(si|ti) that pertain to the 

adverse-selection problem of player i potentially misreporting his type.  To analyze the moral-
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hazard problem of player i potentially disobeying a recommended action, we must now consider 

the full vector of probabilities i(ci|di,si|ti), for any tiTi, siTi, diCi(si), and ciCi(ti).  

 To characterize how i-stability constrains recommendations to player i, let us begin by 

restricting our attention to types that are in a given reduced-type set iTi/i.  Let C̅i(i) denote 

the set of (ci,ti) pairs where ci is a feasible action for the type ti which is in the set i; that is,  

      C̅i(i) = {(ci,ti): tii, ciCi(ti)}. 

For types in i, i-stability of  implies, for any tiTi and any ciCi(ti):  

      (ci,ci|ti,ti) = ୱ౟౟
 ୢ౟େ౟(ୱ౟) i(ci|di,si|ti)(ci,di|ti,si)  (ci,ti)C̅i(i). 

These stability equations can be transformed into an equivalent system of stationarity equations 

for a new Markov chain that we can construct by using the probability distribution ξ i(|i) on this 

minimal i-absorbing set i that is stationary under the simple i Markov chain.  This 

i-stationary distribution ξi(|i) is uniquely characterized by the system of equations:  

[6a]      ξi(ti|i) = ୱ౟౟
 i(ti|si)ξi(si|i)  tii; 

[6b]      ୲౟౟
 ξi(ti|i) = 1;  and  ξi(si|i)=0  sii. 

The stationary probabilities will be strictly positive ξi(ti|i)>0 for all tii.  Now we can construct 

a new Markov chain âi on C̅i(i) with transition probabilities 

      âi(ci,ti|di,si) = i(ci|di,si|ti)ξi(ti|i)/ξi(si|i)  (ci,ti)C̅i(i), (di,si)C̅i(i). 

It is straightforward to verify that these âi probabilities define a Markov chain, because 

      (ୡ౟,୲౟)େഥ౟(౟) âi(ci,ti|di,si) = ୲౟౟
 ୡ౟େ౟(୲౟) i(ci|di,si|ti)ξi(ti|i)/ξi(si|i) 

  = ୲౟౟
 i(si|ti)ξi(ti|i)/ξi(si|i) = ξi(si|i)/ξi(si|i) = 1  (di,si)C̅i(i). 

Then the i-stability equations for , when through multiplied by the probabilities ξi(ti|i)>0, are 

equivalent to the âi-stationarity equations: 

      ξi(ti|i)(ci,ci|ti,ti) = (ୢ౟,ୱ౟)େഥ౟(౟) âi(ci,ti|di,si)ξi(si|i)(ci,di|ti,si)  (ci,ti)C̅i(i). 

By Lemma 1, these probabilities (ci,ci|ti,ti) would all be zero if i(ci|ti,i) were zero.  

Otherwise, with i(ci|ti,i)>0, we get  

     (ୡ౟,୲౟)େഥ౟(౟) ξi(ti|i)(ci,ci|ti,ti) /i(ci|ti,i)  

  = ୲౟౟
 ξi(ti|i) ୡ౟େ౟(୲౟) (ci,ci|ti,ti)/i(ci|ti,i)  

  = ୲౟౟
 ξi(ti|i) = 1. 

So for any i-stable mechanism , the probabilities ξi(ti|i)(ci,ci|ti,ti)/i(ci|ti,i) form a 



14 
 

probability distribution over (ci,ti)C̅i(i) that is stationary under the âi Markov chain.  But from 

the general theory of finite Markov chains, we know that this âi Markov chain has a unique 

stationary distribution on any minimal nonempty âi-absorbing subsets of C̅i(i), and any 

âi-stationary distribution on C̅i(i) must be a convex combination of these distributions.   

 Let Ci/[i|i] denote the set of minimal nonempty subsets of C̅i(i) that are absorbing for 

the Markov chain âi.  Any such set iCi/[i|i] can also be described as i-absorbing, in the 

sense that 

      {(ci,ti)C̅i(i): i(ci|di,si|ti)>0}  i  (di,si)i. 

because âi(ci,ti|di,si)>0 iff i(ci|di,si|ti)>0.  Thus, iCi/[i|i] iff i is a nonempty i-absorbing 

subset of C̅i(i) that has no nonempty proper subsets that would also be i-absorbing.  (So for a 

directed graph where the nodes are the action-type pairs in C̅i(i) and where an arc from (di,si) to 

(ci,ti) is included iff i(ci|di,si|ti)>0, there will be a path of directed arcs from any pair in i to any 

other pair in i but not to any pairs that are outside of i.)  We may refer to these minimal 

nonempty i-absorbing subsets of C̅i(i) as reduced-action sets, as they will be the reduced 

actions for the reduced type i in the -reduced game that we will define later.  We may also 

write  

      i(ti) = {ciCi(ti): (ci,ti)i}.   

These reduced-action sets in Ci/[i|i] are disjoint subsets of C̅i(i), and each iCi/[i|i] is 

associated with a nonempty set of actions for every tii; that is, 

      i(ti)  ,  but if ζii then i(ti)ζi(ti)=,  tii, ζiCi/[i|i], iCi/[i|i]. 

 Any type tii might also have some feasible actions ciCi(ti) such that (ci,ti) is not in any 

reduced-action set i; and in this case (ci,ti) would be a transient outcome under the âi Markov 

chain.  Such transient outcomes must have probability 0 in any âi-stationary probability 

distribution.  We may say that ciCi(ti) is a transient action for type ti in i if we have cii(ti) 

iCi/[i|i].   Thus, if ci is a transient action for type tii, then any i-stable mechanism  

must have (ci,ci|ti,ti)=0, because  induces an âi-stationary distribution on C̅i(i) with 

probabilities  ξi(ti|i)(ci,ci|ti,ti)/i(ci|ti,i). 

 Given any i-stable mechanism  and any reduced-action set iCi/[i|i], for any 

profile of other players' types tiTi  and actions ciCi(ti), we have 
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      ୡ౟౟(୲౟) (ci,ci|ti,ti) = ୡ౟౟(୲౟) ୱ౟౟
 ୢ౟౟(ୱ౟) (ci,di|ti,si)i(ci|di,si|ti) 

  = ୱ౟౟
 ୢ౟౟(ୱ౟) (ci,di|ti,si)i(si|ti)  tii. 

(We use here the fact that i(ci|di,si|ti) would be zero when (ci,ti) and (di,si) are in different 

reduced-action sets in Ci/[i|i], and the probabilities (ci,di|ti,si) would be zero for transient 

(di,si) that are not in any reduced-action set.)  These weighted-average equations imply that the 

sum ୡ౟౟(୲౟) (ci,ci|ti,ti) must a constant over all ti in i, because i is a minimal nonempty 

i-absorbing set of types.  We may let (ci,i|ti,i) denote this constant; that is 

[7]      (ci,i|ti,i) = ୡ౟౟(୲౟) (ci,ci|ti,ti)  tii. 

We also have  ౟େ౟/[౟|౟] (ci,i|ti,i) = i(ci|ti,i).  

 Let us now define a function i so that, for any iCi/[i|i], the unique âi-stationary 

distribution on i has probability ξi(ti|i)i(ci|ti,i,i,i) at each (ci,ti)i.  (With ci and ti both 

appearing as parameters of i, we can just define i(ci|ti,i,i,i) to be the âi-stationary probability 

divided by ξi(ti|i)>0.)  Then by definition of âi-stationary, we must have 

      ξi(ti|i)i(ci|ti,i,i,i) = (ୢ౟,ୱ౟)౟
 ξi(si|i)i(di|si,i,i,i)âi(ci,ti|di,si)  (ci,ti)i. 

With âi(ci,ti|di,si)=i(ci|di,si|ti)ξi(ti|i)/ξi(si|i), this is equivalent to an i-stability condition: 

[8a]      i(ci|ti,i,i,i) = ୱ౟౟
 ୢ౟౟(ୱ౟) i(ci|di,si|ti)i(di|si,i,i,i)  cii(ti), tii. 

For actions ci that are outside the set i(ti), we let i be zero: 

[8b]      i(ci|ti,i,i,i) = 0  cii(ti),  tii. 

 We can now show that i also satisfies the equations:  

[8c]      ୡ౟౟(୲౟) i(ci|i,i,ti,i) = 1  tii. 

Summing over all cii(ti), we get 

      ୡ౟౟(୲౟) i(ci|ti,i,i,i) = ୡ౟౟(୲౟) ୱ౟౟
 ୢ౟౟(ୱ౟) i(ci|di,si|ti)i(di|si,i,i,i) 

  = ୱ౟౟
 i(si|ti) ୢ౟౟(ୱ౟) i(di|si,i,i,i)  tii. 

These weighted-average equations imply that the quantity  ୡ౟౟(୲౟) i(ci|ti,i,i,i) must be a 

constant over all tii, because i is a minimal nonempty i-absorbing set.  This constant must be 

1 because the âi-stationary probabilities ξi(ti|i)i(ci|ti,i,i,i) sum to 1 over (ci,ti)i; that is, 

      ୲౟౟
 ξi(ti|i)(ୡ౟౟(୲౟) i(ci|ti,i,i,i)) = 1 = ୲౟౟

 ξi(ti|i). 

 Thus, the unique âi-stationary distribution on i has the marginal distribution ξi(|i) on 



16 
 

the types in i, and it has the conditional probability distribution i(|ti,i,i,i) on the actions in 

Ci(ti) for any given type ti in i.  These conditional probabilities i(ci|ti,i,i,i) for all (ci,ti)C̅i(i) 

are uniquely characterized by the system of equations [8abc]. 

 We have noted that any i-stable mechanism  must induce an âi-stationary probability 

distribution which has probabilities 

      ξi(ti|i)(ci,ci|ti,ti)/i(ci|ti,i)  (ci,ti)C̅i(i), 

and that any such âi-stationary probability distribution must be a convex combination of the 

âi-stationary distributions on the reduced-action sets i, which have probabilities 

ξi(ti|i)i(ci|ti,i,i,i) when cii(ti).  With [7], we can see that the weight for each i in this 

convex combination must be (ci,i|ti,i)/i(ci|ti,i), and these weights yield the equations 

      (ci,ci|ti,ti) = ౟େ౟/[౟|౟] i(ci|ti,i,i,i)(ci,i|ti,i)  (ci,ti)C̅i(i). 

For any tii, the i(ti) are disjoint sets for different reduced-action sets i in Ci/[i|i], and 

i(ci|ti,i,i,i) is zero when ci is not in i(ti); and so the above equation says equivalently:  

      (ci,ci|ti,ti) = i(ci|ti,i,i,i)(ci,i|ti,i)  cii(ti), iCi/[i|i]; 

      but if  cii(ti) iCi/[i|i]  then  (ci,ci|ti,ti) = 0. 

These results may be summarized as follows: 

 Lemma 2:  Given any player iI and any deviation strategy iAi(), suppose that the 

coordination mechanism M() is i-stable.  Consider any reduced-type set iTi/i, and 

consider any profile of types tiTi and actions ciCi(ti) for the players other than i.  Then 

there exist quantities (ci,i|ti,i) for each reduced-action set iCi/[i|i] such that 

      (ci,ci|ti,ti) = ౟େ౟/[౟|౟] i(ci|ti,i,i,i)(ci,i|ti,i)  (ci,ti)C̅i(i). 

Here  can be computed from  by equation [7], and i satisfies equations [8abc]. 

6.  General characterization of the i-stable mechanisms 

 To complete our characterization of the i-stable mechanisms, it only remains for us to 

consider the action recommendations for the transient types that are not covered by Lemma 2 

because they are not in any reduced type set iTi/i. 

 When the mechanism  is i-stable, we have =*i, which implies =*i
k for any 

positive integer k, but this in turn implies that 

       = limk *(i
1 + i

2 + ... + i
k)/k. 
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 (Recall that the "*" operation here is actually a form of matrix multiplication, and a limit must 

exist at least for some subsequence of k because the components of these matrices are all 

probabilities bounded between 0 and 1.)  This limit represents an average of long iterations of the 

i Markov chain, where each transient type ti is ultimately imitiating recurrent types in one of the 

reduced-type sets i with probability i(i|ti,i), as we have seen in Lemma 1.  Lemma 2 tells us 

that the recurrent types in any reduced-type set i are all being directed to choose actions in some 

reduced-action set i, choosing among these actions according to a randomized strategy that is 

described by i.  So we must now ask how a transient type would react when it is imitating the 

types in the reduced-type set i and they are being directed to choose actions in the reduced-

action set i.  To do so we must extend the i function to all types ti such that i(i|ti,i)>0. 

 Let (i) denote the set of all type of player i that have a positive probability of imitating 

types in the reduced-type set i under repeated applications of the i Markov chain; that is 

      (i) = {tiTi:  i(i|ti,i)>0}. 

We may let [i|i] denote the i transition probabilities for types in (i) conditioned on the 

event that the i Markov chain is converging into the reduced-type set i; that is 

      [i|i](ci|di,si|ti) = i(ci|di,si|ti)i(i|si,i)/i(i|ti,i)   

     ciCi(ti), diCi(si), si(i). tiΩ(i). 

Notice that  [i|i](ci|di,si|ti) = i(ci|di,si|ti)  for any tii, where we have i(i|ti,i)=1.   

 Then for any reduced-type set iTi/i and any reduced-action set iCi/[i|i], the 

i-stability equations [8a] for i(|,i,i,i) can be extended to all ti(i), as follows: 

     i(ci|ti,i,i,i) = ୱ౟ஐ(౟) ୢ౟େ౟(ୱ౟) [i|i](ci|di,si|ti) i(di|si,i,i,i)  ciCi(ti), ti(i). 

These equations for i(|,i,i,i) can be written equivalently: 

[8d]      i(ci|ti,i,i,i)i(i|ti,i) = ୱ౟ஐ(౟) ୢ౟େ౟(ୱ౟) i(ci|di,si|ti)i(di|si,i,i,i)i(i|si,i) 

         ciCi(ti), ti(i). 

These equations [8d] have a unique solution i that coincides with the i solution from [8abc] for 

types tii.  Equations [8c] can also be extended to all types in (i): 

[8e]      ୡ౟౟(୲౟) i(ci|i,i,ti,i) = 1  ti(Ti). 

(For types ti(i) where i(i|ti,i)=0, we may arbitrarily define the probabilities i(ci|ti,i,i,i) 

to be 1/#Ci(ti), but these will not matter when multiplied by i(i|ti,i)=0.) 

 We have seen (in Lemmas 1 and 2) that many iterative applications of the i random 
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deviation strategy would lead type ti to have an i(i|ti,i) probability of imitating types in the 

reduced-type set i, and (ci,i|ti,i) is the probability that the i-stable mechanism  would 

recommend actions in i to such types of player i while recommending actions ci to the other 

players.  So a natural generalization of the equation in Lemma 2 is equation [9] in the following 

fact. 

 Fact 4:  Given deviation strategy iAi() for player i, let i satisfy equations [5abc], 

and let i satisfy equations [8bde].  Then a mechanism M() is i-stable, satisfying *i=, if 

and only if there is some (|) satisfying equations [7] such that  

[9]      (c|t) = ౟୘౟/౟
 ౟େ౟/[౟|౟] (ci,i|ti,i) i(ci|ti,i,i,i) i(i|ti,i)  cC(t), tT. 

 Proof:  We show first that equation [9] yields values of (c|t) that satisfy the i-stability 

equations [4] for .  Substituting [8d] into [9] yields:  

     (ci,ci|ti,ti) = ౟୘౟/౟
 ౟େ౟/[౟|౟] (ci,i|ti,i) i(ci|ti,i,i,i) i(i|ti,i) 

 = ౟୘౟/౟
 ౟େ౟/[౟|౟] (ci,i|ti,i) ୱ౟୘౟

 ୢ౟େ౟(ୱ౟) i(ci|di,si|ti) i(di|si,i,i,i) i(i|si,i) 

 = ୱ౟୘౟
 ୢ౟େ౟(ୱ౟) i(ci|di,si|ti) ౟୘౟/౟

 ౟େ౟/[౟|౟] (ci,i|ti,i) i(di|si,i,i,i) i(i|si,i) 

 = ୱ౟୘౟
 ୢ౟େ౟(ୱ౟) i(ci|di,si|ti) (ci,di|ti,si)  cC(t), tT. 

 Then to show that the i-stable mechanism  is fully characterized by equations [7] and 

[9], we just need to show that the system of equations [4] can have only one unique solution for 

 that coincides with the solutions that we found in Lemma 2 for recurrent types in the reduced-

type sets iTi/i.  We may consider the i-stability equations [4] for a fixed i, ci, and ti.  If 

these equations had two different solutions for (ci,ci|ti,ti) that coincided with the formula in 

Lemma 2 for the recurrent types, then we could subtract one from the other to make a vector of 

differences x(ci|ti).  If our uniqueness claim failed, then we could get xi(ci|ti)>0 for some tiTi 

and some ciCi(ti).  By the linearity of [4] and the coincidence for types where Lemma 2 applies: 

      xi(ci|ti) = ୱ౟୘౟
 ୢ౟େ౟(ୱ౟) xi(di|si)i(ci|di,si|ti). ciCi(ti), tiTi;  and 

      xi(ci|ti) = 0  ciCi(ti), tii, iTi/i. 

Now let  Xi(ti) = {ciCi(ti): xi(ci|ti)0},  and let  

      z = max୲౟୘౟  ୡ౟ଡ଼౟(୲౟) xi(ci|ti)  and  Z = argmax୲౟୘౟  ୡ౟ଡ଼౟(୲౟) xi(ci|ti). 

Suppose we are given tiZ.  Then  
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      z = ୡ౟ଡ଼౟(୲౟) xi(ci|ti) = ୡ౟ଡ଼౟(୲౟) ୱ౟୘౟
 ୢ౟େ౟(ୱ౟) xi(di|si)i(ci|di,si|ti) 

   ୡ౟ଡ଼౟(୲౟) ୱ౟୘౟
 ୢ౟ଡ଼౟(ୱ౟) xi(di|si)i(ci|di,si|ti) 

   ୱ౟୘౟
 ୢ౟ଡ଼౟(ୱ౟) xi(di|si)i(si|ti)  ୱ౟୘౟

 z i(si|ti) = z. 

So the inequalities here must all be equalities.  Thus, tiZ and i(si|ti)>0 imply that  

ୢ౟ଡ଼౟(ୱ౟) xi(di|si) = z,  and so siZ.  Thus Z must be be a nonempty i-absorbing subset of Ti.  

Then Z must include some minimal nonempty i-absorbing subset, but these subsets are all in 

Ti/i, where xi(ci|ti) is always zero.  Thus z=0.  So we cannot get any positive difference 

x(ci|ti)>0 for any ci and ti, and the claimed uniqueness must hold.  ■ 

7.  The dual-reduced game  

 Now let us assume that Ā() is an optimal dual solution.  The components of  for 

each player i will form a random deviation strategy i that player i could use to manipulate any 

coordination mechanism.  We may say that a mechanism is -stable for all players if it would be 

i-stable for every player iI.  By Fact 2, each player i would be willing manipulate any 

incentive-compatible mechanism by the deviation strategy i, and concern about such 

manipulation by any player i was our initial motivation for considering i-stable mechanisms.  

We now show that, if the players are coordinated by a mechanism that is j-stable for all other 

players ji, then player i has a preferred deviation strategy that would make the manipulated 

mechanism -stable for all the players.  That is, -stable behavior for all players except one 

motivates -stable behavior also for the remaining player. 

 Fact 5:  Let Ā() be an optimal dual solution.  Let i be any player in I, and let  be 

any coordination mechanism in M() such that  is j-stable for all other players ji.  For any 

iAi(), *i is still j-stable for all other ji.  Furthermore, there exists some iAi() such 

that *i is also i-stable and  ୲౟୘౟
 Ui(*i,ti)  ୲౟୘౟

 Ui(,ti). 

 Proof:  When a mechanism is transformed by two different players i and j independently 

applying random deviation strategies i and j, the order in which the two players' deviations are 

considered does not matter; that is  *i*j = *j*i.  So when  is j-stable for ji, we get  

*i*j = *j*i = *i.  Thus, if  is j-stable for ji then *i is also j-stable for ji. 

 We have defined i
k here to represent k iterative applications of i's i deviation strategy.  
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Now by Fact 2,  ୨୍ ୲ౠ୘ౠ
 (Uj(*j,tj)Uj(,tj))  0 for the optimal dual solution ; but with 

*j =  for every ji, the only nonzero terms in this sum are for player i.  Thus we have 

      ୲౟୘౟
 Ui(*i,ti)  ୲౟୘౟

 Ui(,ti),  

and *i is still j-stable for every ji.  This argument can be repeated inductively to show that, 

for every integer k1, *i
k is j-stable for every ji and 

      ୲౟୘౟
 Ui(*i

k+1,ti)  ୲౟୘౟
 Ui(*i

k,ti)  ୲౟୘౟
 Ui(,ti). 

In the compact convex set Ai(), we can define i
 so that  

      i
 =  limk (1/k)(i

1 + i
2 + ... + i

k). 

Then by linearity and continuity of the Ui functions, we get  

      ୲౟୘౟
 Ui(*i

,ti)  ୲౟୘౟
 Ui(,ti). 

But notice  i


*ii
 = limk (1/k)(i

k+1i
1) = 0,  so that  i


*i = i

.  Thus *i
 is 

i-stable, as well as j-stable for all other players j, and so Fact 5 is verified with i = i
.  ■ 

 By Fact 4, an -stable mechanism must satisfy two conditions for every player i: the 

mechanism must only use information about player i's reduced type i in Ti/i, which player i 

should reports according to the i function; and in response to any reduced-type report i, the 

mechanism only recommends a reduced action i in Ci/[i|i], which player i should apply 

according to the i function.  By Fact 5, if everyone's behavior is expected to satisfy these 

conditions, then nobody can expect to do better by violating them.  So now we can construct an 

-reduced game which differs from the original game in that it only admits behavior that 

satisfies these self-sustaining conditions for -stability. 

 Given any optimal dual solution  for the game , let us define the -reduced game / 

such that the set of players is still I, the set of reduced types for each player i is Ti/i, the set of 

reduced actions for any reduced type i in Ti/i is Ci/[i|i], the probability distribution over 

reduced-types is q such that  

      q() = tT p(t)(jI j(j|tj,j))  jI Tj/j,    

and the utility function for each player i is vi such that, jI Tj/j, jI Cj/[j|j]:  

      vi(,) q() = tT cC(t) p(t)(jI j(j|tj,j))(jI j(cj|tj,j,j,j))ui(c,t). 

 Any coordination mechanism  for the reduced game / induces a mechanism  for 

the original game such that  
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      (c|t) =   (|)(jI j(j|tj,j) j(cj|tj,j,j,j))  cC(t), tT. 

(Here  is summed over the set of reduced-type profiles iI Ti/Ci, and then  is summed over the 

set of reduced-action profiles iI Ci/[i|i] for the reduced types in .)  These definitions ensure 

that players' expected payoffs in the reduced game / are the same as in the original game : 

         (|)q()vi(,) = tT cC(t) (c|t)p(t)ui(c,t) = ୲౟୘౟
 Ui(,ti). 

 Our first main result says that the coordination mechanisms for the -reduced game 

correspond exactly to the -stable coordination mechanisms for the original game.  This theorem 

is a direct consequence of Fact 4.   

 Theorem 1:  Given any  in Ā(),  {: M(/)} = {M(): *i =  iI}. 

 In the reduced game /, the utility payoffs vi for any reduced type iTi/i are defined 

as a weighted sum of utility payoffs for the types in (i) that may be pooled together as i in the 

reduced game, using the types' prior probabilities as weights.  But we may note that these prior 

probabilities of i's types would have no role in any decision that player i could make in the 

Bayesian game , since each player is assumed to know his own type when game begins.  The 

following fact assures us that any choice of positive weights for the types in (i) would yield 

the same preferences for i in the reduced game, because the types in Ti that are pooled into i 

would never disagree about any choices among coordination mechanisms for the reduced game. 

 Fact 6:  Given an optimal dual solution Ā(), consider a reduced-type set iTi/i for 

some player iI.  Let M(/) and κM(/) be any two coordination mechanisms for the 

reduced game / that differ only when player i reports i (that is, (|)=κ(|) when ii), 

and let  and κ be the mechanisms for  that are induced by  and κ.  If the reduced-type set i 

includes any type sii such that Ui(κ,si)  Ui(,si), then Ui(κ,ti)  Ui(,ti) for all tiTi. 

 Proof:  Consider the mechanism M() such that (c|t)=κ(c|t) if Ui(κ,ti)Ui(,ti) but 

(c|t)=(c|t) if Ui(κ,ti)<Ui(,ti).  This mechanism  violates the strategic conditions of the 

reduced game only in that player i's types can choose the mechanism that they prefer among κ 

and .  So (*i)(c|t) may differ from (c|t) only when there is some t̂i such that i(t̂i|ti)>0 and ti 

and t̂i would make different choices among κ and .  Since  has each type ti choosing its 

preferred alternative among κ and , we must have Ui(*i,ti)Ui(,ti) for every tiTi.  Every 

other player ji is interacting in accord with the j-stable strategic conditions of the -reduced 
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game (sending reports according to j, then choosing actions according to j), and so *j= for 

every ji.  But then Fact 2 requires that Ui(*i,ti)=Ui(,ti) for every type tiTi. 

 Now if Fact 6 could fail, then we could find a type sii such that Ui(κ,si)  Ui(,si) and 

another type riTi such that Ui(κ,ri) < Ui(,ri).  We must have i(i|ri,i)>0 here, because 

Ui(κ,ti) and Ui(,ti) would be equal if i(i|ri,i) were zero, as κ and  differ only when i is 

reported.  Then i(i|ri,i)>0 implies that, in the directed graph induced by i (with a directed arc 

from node ti to node t̂i iff i(t̂i|ti)>0), there must be a path of directed arcs from ri(i) to sii.  

Somewhere on this path, there must be a pair of types ti and t̂i such that Ui(κ,ti)<Ui(,ti), 

Ui(κ,t̂i)Ui(,t̂i), and i(t̂i|ti)>0; but then type ti would expect a strict loss from imitating t̂i to get 

κ in *i instead of  in .  This conclusion that Ui(*i|ti)<Ui(|ti) would contradict Fact 2, as 

noted above, and so Fact 6 cannot fail.  ■ 

 Given any reduced-game mechanism M(/), if the induced mechanism  is 

incentive compatible for  then  is also incentive compable for the reduced game /, because 

in the reduced game player i can only consider deviation strategies in the subset that satisfy the 

strategic conditions of i-stability.  Conversely, if  is incentive compatible for the reduced game 

/, then  is also incentive compatible for , because Fact 5 implies that, with the other 

players ji all satisfying the conditions for j-stability in , player i must have an optimal 

deviation strategy that maintains i-stability and so is feasible for i in the reduced game /.  

Thus we get our next main result, that incentive compatibility of a mechanism for the reduced 

game is equivalent to incentive compatibility of the induced mechanism for the original game. 

 Theorem 2:  Given any dual solution Ā(), a mechanism M(/) is incentive 

compatible for / if and only if the induced mechanism  is incentive compatible for . 

 Any reduced game that we construct by dual reduction is itself a Bayesian game, for 

which we can find dual solutions and construct new reduced games by a process of iterative dual 

reduction.  By repeated applications of Theorem 2, any games generated by such iterative dual 

reduction will have incentive-compatible mechanisms that correspond to incentive-compatible 

mechanisms of the original game.  By Fact 3, any game that is not elementary must always have 

at least one nontrivial dual solution that will strictly reduce the size of the game as measured by 

୧୍ ୲౟୘౟
 #Ci(ti).  But this process must stop, and it can only stop when the iteratively reduced 
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game is elementary, in the sense that all incentive constraints can be satisfied as strict 

inequalities. 

 Theorem 3:  For any finite , there exists an elementary game that can be derived from  

by iterative dual reduction.   

8.  Density of games with transitive dual solutions  

 In this section, we introduce a concept of dual transitivity for Bayesian games, and we 

show that the set of games which satisfy this property are dense in the set of all Bayesian games. 

 We may say that, in any dual solution Ā(), the components of the form i(ci|ci,ti|ti) 

are trivial (for any iI, tiTi, ciCi(ti)), because they correspond to trivial incentive constraints 

that are always satisfied as equalities.  Any Bayesian game  always has a dual solution in which 

these trivial components are all strictly positive.  (If the game is elementary then the only dual 

solution has all trivial components equal to 1.)  

   For any game , we say that a dual solution  is maximal iff its set of strictly positive 

nontrivial components i(ci|di,si|ti)>0 is maximal among all dual solutions in Ā().  We can 

always find a maximal dual solution in which the set of strictly positive components include 

every nontrivial component that is strictly positive in any dual solution.  (Because A̅() is 

convex, such a maximal dual solution can be constructed as an average of dual solutions in 

which each of these components is strictly positive.  Indeed, all dual solutions in the relative 

interior of A̅() will be maximal dual solutions.)  We may define the dual magnitude of a game 

to be the number of nonzero nontrivial components in a maximal dual solution for the game. 

 We say that the game  has transitive dual solutions iff, in a maximal dual solution , for 

any player iI, for any types {ti,si,ri}Ti, and for any actions ciCi(ti), diCi(si), and eiCi(ri):  

      if i(ci|di,si|ti)>0 and i(di|ei,ri|si)>0 then i(ci|ei,ri|ti)>0. 

Our Example 1 in section 10 below is a game that does not satisfy this dual transitivity property; 

but we show now that any such counter-examples must be fragile in the sense that a slight 

change in the payoffs could yield a game that satisfies dual transitivity. 

 Any (I, (Ti)iI, (Ci)iI, p) as above may be called a framework for Bayesian games, which 

can then be defined by specifying a vector of utilities for all players in all possible outcomes.  

Given this framework, the game defined by a utilities vector u may be denoted (u).  We say that 

the type distribution p has full support iff p(t) > 0 for all tT.  
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 Theorem 4:  Given any framework (I, (Ti)iI, (Ci)iI, p) for Bayesian games, suppose that 

the type distribution p has full support.  Then the set of utility functions u such that (u) has 

transitive dual solutions is dense in the space of all possible utility functions for this framework.  

 Proof:  We may say that a game (u) has locally minimal dual magnitude if there is some 

open set containing u such that the dual magnitude of (u) is minimal over all games with utility 

functions in this open set.  But any nonempty open set in the utility space must include at least 

one u such that (u) has locally minimal dual magnitude, because the dual magnitudes are 

nonnegative integers, and the smallest of the feasible dual magnitudes must be achieved at some 

u in the set.  Thus, utility functions that yield games with locally minimal dual magnitudes must 

be dense in the space of all utility functions for the given framework.   

 We now claim that any game (u) with locally minimal dual magnitude must have 

transitive dual solutions.  Because utilities that yield games with locally minimal dual 

magnitudes are dense in the space of all utilities, the theorem follows directly from this claim. 

 So now consider any game (u) with locally minimal dual magnitude, and let  be any 

maximal dual solution for the game (u).  As noted in Fact 1, (u) also has an incentive-

compatible mechanism  that is maximally incentive compatible, in the sense that it satisfies 

with strict inequalities all incentive constraints that are strict in any incentive-compatible 

mechanism for (u).  Let  be any such maximally incentive-compatible mechanism for (u).  

 If (u) did not have transitive dual solutions (contrary to the above claim), then we could 

find some player jI and some nontrivial strictly positive components j(cj|dj,sj|tj)>0 and 

j(dj|ej,rj|sj)>0 such that j(cj|ej,rj|tj)=0.  (If either of these positive components was trivial, they 

could not violate transitivity, because the third component would equal one of the other two.)  

With Fact 3, the two positive dual variables would give us: 

      Uj(,tj) = Yj(,cj,dj,sj,tj) + ୠౠେౠ(ୱౠ),ୠౠୢౠ
 maxୟౠେౠ(୲ౠ) Yj(,aj,bj,sj,tj), 

      Ui(,si) = Yj(,dj,ej,rj,sj) + ୠౠେౠ(୰ౠ),ୠౠୣౠ
 maxୟౠେౠ(ୱౠ) Yi(,aj,bj,rj,sj). 

But with j(cj|ej,rj|tj)=0 and  maximally incentive compatible, we would get 

      Uj(,tj) > Yj(,cj,ej,rj,tj) + ୠౠେౠ(୰ౠ),ୠౠୣౠ
 maxୟౠେౠ(୲ౠ) Yj(,aj,bj,rj,tj). 

Let j:Cj(sj)Cj(tj) be such that  

      j(dj)=cj and j(bj)argmaxୟౠେౠ(୲ౠ) Yj(,aj,bj,sj,tj) bjdj.   

For any small >0, let us construct ũ to be the same as u except that, for any tj,Tj and any 
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bC(tj,sj): 

      p(tj,sj)ũj(b,(tj,sj)) = (1)p(tj,sj)uj(b,(tj,sj)) +  p(tj,tj)uj((bj,j(bj))),(tj,tj)). 

That is, ũ differs from u only in that ũ admits a small  probability of j's type sj getting the 

preferences of type tj imitating sj with plans to use j for interpreting recommendations to sj.  

This imitation plan for tj was just as good as honest obedient participation in the incentive-

compatible mechanism  in (u), and so it would also be at least as good for tj as any other 

feasible deviation strategy in (u), and so the new  term cannot cause  to violate any incentive 

constraint in (ũ).  Furthermore, with <1, any incentive constraint that is satisfied strictly by  

in (u) will also be satisfied strictly by  in (ũ).  But the fact that tj would strictly lose in (u) 

by imitating rj with a plan to do cj after an ej recommendation implies that the new  term in (ũ) 

would introduce a strict loss from sj imitating rj with a plan to do dj after an ej recommendation, 

as the plan for sj to do dj would be interpreted as tj doing cj in the  term.   

 So any  that is maximally incentive compatible for (u) would also be incentive 

compatible for (ũ), but its set of strictly satisfied incentive constraints would expand in (ũ) to 

include the constraints that are associated with j(dj|ej,rj|sj) in Fact 3, and so this component of 

the dual solution would have to be 0 for (ũ).  Thus (ũ) must have a strictly smaller dual 

magnitude than (u).  But we can choose  small enough to get ũ inside any open neighborhood 

of u, which contradicts our selection of u as having some open neighborhood in which (u) had a 

locally minimal dual magnitude.  This contradiction shows that, as claimed above, a game with 

locally minimal dual magnitude cannot violate dual transitivity, and so the theorem follows from 

the denseness of these local minima in utility space.  ■ 

9.  Scale invariance of dual reduction 

 In a Bayesian game, each player is assumed to know his own type at the time when the 

game is played.  So if the payoffs for any type ti of any player i were multiplied by some positive 

constant wi(ti)>0, the change would not affect player i's preferences over any decisions in the 

game.  We now show that dual reduction is invariant to such rescaling of utility functions. 

 For a given framework (I, (Ti)iI, (Ci)iI, p), let us consider games (u) and (û) where 

the utilities û differ from u by such type-dependent rescaling of utilities for the players, so that 

            ûi(c,t) = wi(ti)ui(c,t) cC(t), tT, iI. 

Here w is a vector of weights with strictly positive components wi(ti)>0 for every type tiTi of 
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every player iI.  Consider any Ā((u)) that is an optimal dual solution for (u).  We want to 

show that the rescaled game (û) has a dual solution Ā((û)) that can yield a dual reduction 

(û)/ which is equivalent to the dual reduction (u)/ for the given game.  

 In our definition of dual solutions [3], the game's utility function is used in the formula 

for Ψ(c,t,) which involves multiplying utility values by components of the dual vector .  But 

with the first dual constraint in [3], the definition of Ψ can be equivalently written in a way that 

does not depend on 's trivial components of the form i(ci|ci,ti|ti):  

    Ψ(c,t,) = ୧୍ ୱ౟୘౟,ୱ౟୲౟
 ((ୢ౟େ౟(ୱ౟) i(di|ci,ti|si)p(ti,si)ui((ci,di),(ti,si)))  i(si|ti)p(t)ui(c,t)) 

      + ୧୍ ୢ౟େ౟(୲౟),ୢ౟ୡ౟
 i(di|ci,ti|ti)(p(t)ui((ci,di),t)  p(t)ui(c,t)). 

(Here and below, terms with (di,si)=(ci,ti) can be dropped from the sums because the trivial dual 

components i(ci|ci,ti|ti) would be multiplied by expressions that equal zero.)   

 Going from (u) to (û), the multiplicative products of utility times dual component here 

can be held constant if we simply divide each nontrivial component of the dual vector  by the 

corresponding utility weight wi(ti).  To do this for all nontrivial components of  and still satisfy 

the dual constraints in [3] that require sums of a dual solution's components to equal 1, we must 

adjust the trivial components (of the form i(ci|ci,ti|ti)) to take up the slack.  However, to ensure 

that this can be done with these trivial components of  satisfying also the required nonnegativity 

conditions in [3], we may need also to multiply all the nontrivial components by a small positive 

constant >0.  Thus, we may construct  from  by the following formulas: 

      i(ci|di,si|ti) = i(ci|di,si|ti)/wi(ti)  if (di,si)(ci,ti),  

      i(ci|ci,ti|ti) = i(ci|ci,ti|ti)/wi(ti) + 1  /wi(ti),   

  ciCi(ti), diCi(si), siTi, tiTi, iI. 

This construction will satisfy nonnegativity for the trivial components i(ci|ci,ti|ti)0 and will 

have the same nontrivial positive components as , if  is positive and (1i(ci|ci,ti|ti)) is never 

greater than the utility weight wi(ti).  A sufficient condition here is for  to satisfy 

      0 <  < min୧୍,୲౟୘౟  wi(ti). 

Then the short components of the new dual vector  can be derived from the dual constraints: 

      i(si|ti) = ୡ౟େ౟(୲౟) i(ci|di,si|ti)  

  = ୡ౟େ౟(୲౟) i(ci|di,si|ti)/wi(ti) = i(si|ti)/wi(ti)  diCi(si), siti, tiTi, iI; 

      i(ti|ti) = ୡ౟େ౟(୲౟) i(ci|di,ti|ti) = 1  ୱ౟୘౟,ୱ౟୲౟
 i(si|ti)  diCi(ti), tiTi, iI. 
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With this construction, the values of Ψ(c,t,) for the game (û) will just equal the positive 

constant  times the corresponding values of Ψ(c,t,) for the game (u).  Thus,  will also yield 

the optimal value 0 in the dual objective for the game (û), and so we get  Ā((û)). 

 Our construction of the sets of reduced types Ti/i and reduced actions Ci/[i|i] 

depended only on which nontrivial components i(ci|di,si|ti) were positive, and since  has the 

same nontrivial positive components (with >0),  will yield the same sets of reduced types Ti/i 

and reduced actions Ci/[i|i].  In the construction of the reduced-type reporting function i, the 

dependence on  in equation [5a] can be equivalently written as:  

      0 = ୱ౟୘౟,ୱ౟୲౟
 i(si|ti)(i(i|si,i)  i(i|ti,i))   tiTi, iI; 

Substituting  for  would just multiply each term here by the same factor /wi(ti), and so the 

same i function can also satisfy the corresponding condition for .  Similarly, in the 

construction of the reduced-action response function i, the dependence on  in equation [8d] 

can (with equation [5a] and the first dual constraint in [3]) be written equivalently as:  

     0 = ୱ౟୘౟,ୱ౟୲౟
 i(i|si,i)(i(si|ti)i(ci|ti,i,i,i)  ୢ౟େ౟(ୱ౟) i(ci|di,si|ti)i(di|si,i,i,i)) 

   + ୢ౟େ౟(୲౟),ୢ౟ୡ౟
 i(i|ti,i)(i(di|ci,ti|ti)i(ci|ti,i,i,i)  i(ci|di,ti|ti)i(di|ti,i,i,i)). 

Again, substituting  for  would just multiply each term here by the same factor /wi(ti), and so 

this same function i can also satisfy the corresponding condition for .  These results are 

summarized below. 

 Fact 7:  Given a Bayesian-game framework  (I, (Ti)iI, (Ci)iI, p) with utility functions u, 

let Ā((u)) be an optimal dual solution for (u).  Let w be a utility-weights vector with 

wi(ti)>0 tiTi, iI.  Consider the game (û) that differs from (u) only in that the utilities are 

changed from u to û, where  

      ûi(c,t) = wi(ti)ui(c,t)  cC(t), tT, iI.   

For small positive >0, the game (û) has an optimal dual solution Ā((û)) such that every 

nontrivial component of  (with (di,si)(ci,ti)) satisfies  i(ci|di,si|ti) = i(ci|di,si|ti)/wi(ti).  Then 

the reduced games (u)/ and (û)/ have the same reduced types and reduced actions.  That 

is, for every player iI and every reduced type iTi/i, we have: 

      Ti/i=Ti/i,  Ci/[i|i]=Ci/[i|i],  i(i|ti,i) = i(i|ti,i),  and  

      i(ci|ti,i,i,i) = i(ci|ti,i,i,i)  ciCi(ti), ti(i), iCi/[i|i].  
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10.  Special cases and examples  

 Strategic-form games may be considered a special case of Bayesian games where each 

player has only one possible type that is common knowledge.  For strategic-form games, 

incentive-compatible mechanisms can also be called correlated equilibria, following Aumann 

(1974).  When player i has only one possible type, we may suppress our notation indicating 

dependence on the player's type, and so the components of the dual vector  which we have 

described above as i(ci|di,si|ti) may instead be simply described as i(ci|di).  So for a strategic-

form game, the formula for the aggregate -deviation value can be written as: 

      Ψ(c,) = ୧୍ ୢ౟େ౟
 i(di|ci)(ui(ci,di)  ui(c)).  

With this formula the dual problem can be written:  

      maximize mincC Ψ(c,)  over  0  subject to:  ୢ౟େ౟
 i(di|ci) = 1  ciCi, iI. 

The optimal value 0 is achieved when Ψ(c,)0 for every action profile c. 

 The concept of dual reduction for strategic-form games was introduced in Myerson 

(1997), where several illustrative examples were discussed.  Here we show some of the breadth 

of dual reduction's potential effects by considering two special classes of strategic-form games, 

games with dominated strategies and two-person zero-sum games; and then we consider a two-

player 33 strategic-form game that was introduced by Shapley (1963). 

 An action ĉi is weakly dominated for player i in a strategic-form game  iff player i has 

some randomized strategy i (with ୢ౟େ౟
 i(di) = 1, and i(di)0 diCi) such that  

      ୢ౟େ౟
 i(di)(ui(ci,di)  ui(ci,ĉi))  0  ciCi ,  

with a strict inequality (>0) for some ciCi.  Then an optimal dual solution  can be 

constructed with i(di|ĉi)=i(di) diCi, and with all other components as in the trivial solution 

(with j(cj|cj)=1 when (j,cj)(i,ĉi)).  With this , the weakly dominated ĉi becomes a transient 

action that is eliminated by dual reduction.  So dual reduction can always eliminate weakly 

dominated actions. 

 A two-person zero-sum game in strategic form has I={1,2} and  u1(c)+u2(c) = 0 cC.  

Now let χ be a randomized equilibrium for a two-person zero-sum game, where each player i's 

equilibrium strategy χi guarantees a maximin value Vi, with  V1+V2=0.  Then an optimal dual 

solution can be constructed with  i(di|ci) = χi(di) diCi, ciCi, i{1,2}, so that   

      Ψ(c,) = ୧୍ ୢ౟େ౟
 χi(di)(ui(ci,di)ui(c))  (V1u1(c)) + (V2u2(c)) = 0  cC.  
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Thus, dual reduction can always simplify a two-person zero-sum game to a reduced game in 

which each player i's actions are consolidated into one reduced action, which is to randomize 

according to the player's maximin equilibrium strategy i in the original game. 

 Example 1:  In this game from Shapley (1963), the players are I={1,2}, each player i has 

three actions in Ci={Ri,Si,Pi}, and the players' payoffs (u1,u2) depend on their actions as follows:   

           R2   S2   P2 

        R1  0, 0 1, 0 0, 1 

        S1  0, 1 0, 0 1, 0 

        P1  1, 0 0, 1 0, 0   

 This strategic-form game could be interpreted as a version of the rock-scissors-paper 

game where the players both lose if their choices match.  The game has one Nash equilibrium in 

which each player independently randomizes uniformly over the three possible actions, so that 

each player's expected payoff is 1/3.  

 But the game also has a correlated equilibrium that randomizes uniformly over the six 

nondiagonal outcomes of the game, so that each player's expected payoff is 1/2.  This correlated 

equilibrium could be implemented with the help of a mediator, who chooses the recommended 

outcome pair and then privately tells each player i just the recommended action for i.  If player 1 

were told to do R1 in this mechanism, then 1 would think 2's action was equally likely to be S2 or 

P2, so that 1's expected payoff would be 1/2 from obediently choosing R1, while it could be 1/2 

from S1, or it could be 0 from P1.  So the incentive constraints for 1 to choose R1 when 

recommended are both satisfied; but the one for choosing R1 over P1 is satisfied strictly, and so 

its dual variable must be 1(P1|R1)=0 in any dual solution.  In fact, each player has three 

incentive constraints that are satisfied strictly by this correlated equilibrium, which imply that the 

correponding components of the dual solution must be zero, by Fact 3: 

      1(P1|R1)=0,  1(R1|S1)=0,  1(S1|P1)=0,  2(P2|R2)=0,  2(R2|S2)=0,  2(S2|P2)=0.  

However, this game is not elementary, and it has a nontrivial dual solution with:  

      1(S1|R1)=1,  1(P1|S1)=1,  1(R1|P1)=1,  2(S2|R2)=1,  1(P2|S2)=1,  2(R2|P2)=1. 

So this is a game that has nontransitive dual solutions. 

 With this dual solution , the reduced game / is just a 11 game where each player i's 

only option is to randomize uniformly over {Ri,Si,Pi}, yielding expected payoffs (1/3, 1/3).  That 

is, the three actions for player i in the given game are consolidated into one reduced action which 
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represents the uniform random selection from among the three actions, which is the randomized 

strategy for i in the Nash equilibrium of the given game.  So this dual reduction eliminates the 

correlated equilibrium that we described above, as if it could be imperfect in some sense. 

 Now suppose that we changed the diagonal payoffs here from (0,0) to (,) for some 

number .  If <0, the game would be elementary, as the above correlated equilibrium satisfies all 

incentive constraints strictly.  Also if >1, the game would be elementary, as a mechanism with  

      (R1,R2) = (S1,S2) = (P1,P2) = 1/3  

would satisfies all incentive constraints strictly.  But if  0<<1  then no incentive constraint could 

be satisfied strictly, and a dual solution where all nontrivial dual variables are strictly positive 

would be:  

      1(P1|R1) = 1(R1|S1) = 1(S1|P1) = 2(P2|R2) = 2(R2|S2) = 2(S2|P2) = ,  

      1(S1|R1) = 1(P1|S1) = 1(R1|P1) = 2(S2|R2) = 1(P2|S2) = 2(R2|P2) = 1.  

In this case with 0<<1, the only correlated eqm would be the uniform Nash equilibrium.  So 

these games would have nontransitive dual solutions only when =0 or =1. 

 Our next example is a sender-receiver game that illustrates how dual reduction may 

eliminate from our game model some actions that are hard to motivate (in a way that generalizes 

the elimination of dominated actions) and may also eliminate some shy types that would always 

want to imitate others.   

 We consider a sender-receiver game where the set of players is I={1,2}, the only 

alternative types are 1's types in T1 and the only alternative actions are 2's actions in C2.  (So 

player 1 is the sender and player 2 is the receiver.)  For player 1, who has no real choice of 

actions, the dual variables may be written simply as 1(s1|t1).  Then for this kind of game, the 

formula for the aggregate -deviation value becomes: 

      Ψ(c2,t1,) = ୱభ୘భ
 (1(t1|s1)p(s1)u1(c2,s1)  1(s1|t1)p(t1)u1(c2,t1)) + 

        + ୢమେమ
 2(d2|c2)(p(t1)u2(d2,t1)  p(t1)u2(c2,t1)). 

With this formula the dual problem can be written: 

      maximize  ୲భ୘భ
 minୡమେమ(୲మ) Ψ(c2,t1,)  over 0 subject to: 

            ୱభ୘భ
 1(s1|t1) = 1  t1T1,  and  ୢమେమ

 2(d2|c2) = 1  c2C2. 

The objective has the optimal value 0 at any optimal dual solution.  
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 Example 2.  In this sender receiver game, T1= {L,R,X}, C2={L̅,L̂,R̂,R̅}, each of 1's types 

has equal probability p(L)=p(R)= p(X)=1/3, and the players' payoffs (u1,u2) depend on 1's type 

and 2's action according to the following table: 

        p:         L̅   L̂    R̂   R̅  

      1/3  L 9, 9 8, 8 0, 0 0, 0  

       1/3  R 0, 0 0, 0 8, 8 9, 9 

      1/3  X 3, 0 0, 3 0, 3 3, 0  

 For any  in the interval 1/3    2/3, we have a dual solution  such that 

       1(L|X) = ,  1(R|X) = 1,  2(L̂|L̅) = 1,  2(R̂|R̅) = 1, 

with all other nontrivial components of  being 0.  In any incentive-compatible mechanism, 

player 2's extreme type X is always willing to imitate the types L and R (because if either type 

could separate from X then that type could get 2 to choose the extreme actions L̅ or R̅, but then X 

would want to imitate that type).  So 1's extreme type X vanishes from the dual-reduced game 

/.  Player 2's extreme actions L̅ and R̅ are also eliminated in the reduced game / because, 

although they are not dominated actions, they can never be used with positive probability in any 

incentive-compatible mechanism.  In the -reduced game /, the reduced types' prior 

probabilities q(1) are  q({L}) = (1+)/3 and  q({R}) = (2-)/3,  and the payoff functions vi(2,1) 

are, for each c2{L̂,R̂}: 

      vi({c2},{L}) = (ui(c2,L)+ui(c2,X))/(1+),  vi({c2},{R}) = (ui(c2,R)+(1)ui(c2,X))/(2).  

With =1/3, for example, the reduced game would be: 

      q:      1's reduced-type:     {L̂}  {R̂}   

     4/9      {L} ~ 0.75[L]+0.25[X]   6, 6.75  0, 0.75  

     5/9      {R} ~ 0.6[R]+0.4[X]   0, 1.2  4.8, 6 

The reduced games here are elementary, because the mechanism with ({L̂}|{L})=1 and 

({R̂}|{R})=1 would satisfy all incentive constraints strictly. 

 Example 3:  Finally, let us consider the Beer-Quiche game of Cho and Kreps (1987).  

This is a two-player game where player 1 knows privately whether he is a strong or weak type.   

Player 2 thinks ex ante that 1's probability of being strong is 0.9, but then observes whether 1 

consumes beer or quiche in a bar.  Player 2 would prefer to fight with player 1 if he is weak, but 

2 would prefer to not fight if 1 is strong.  If 1 is strong then 1 prefers beer, but if 1 is weak then 1 
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prefers quiche; but 1 would always prefers more to avoid a fight with 2.  We can model this as a 

Bayesian game where player 1's set of types is T1={s,w}, the prior probabilities are p(s)=0.9 and 

p(w)=0.1, player 1's actions sets are C1(s)=C1(w)={b,q}, and player 2's action set is 

C2={f/f, f/n, n/f, n/n}.  The feasible actions in C2 are 2's possible strategic plans for fighting or 

not depending on whether 2 sees 1 have beer or quiche respectively; so for example "f/n" denotes 

the strategy "2 should fight if 1 chose beer, but 2 should not fight if 1 chose quiche".  Then the 

players' payoffs (u1,u2) depend on their actions and on 1's type as in the following table: 

         (p=.9)      2's choice (if b)/(if q)  (p=.1)    2's choice (if b)/(if q) 

          t1=s  f/f  f/n  n/f  n/n   t1=w    f/f    f/n    n/f    n/n  

  b  1,0  1,0  3,1  3,1      b    0,1    0,1    2,0    2,0 

  q  0,0  2,1  0,0  2,1      q    1,1    3,0    1,1    3,0 

 It is not hard to find incentive-compatible mechanisms that satisfy all nontrivial incentive 

constraints as strict inequalities.  For example, a mediatior could ask player 1 to confidentially 

report his type and then could choose a pair of actions to recommend (privately telling each 

player only his or her own recommended action) that depends on 1's reported type according to 

the following table: 

          t1=s f/f f/n n/f n/n    t1=w     f/f     f/n     n/f     n/n  

  b  0   0 .59 .01       b    .01     .01     .38      0 

  q  0 .39   0 .01       q    .01     .58     .01      0 

So this Bayesian game is elementary and has no nontrivial dual solution or dual reduction. 

 Our conclusion that Beer-Quiche is an elementary game may seem surprising given that 

this example has been discussed extensively in the literature on Nash equilibrium refinements.  

The reason is that the analysis may be very different if we look at the normal representation of 

this game in strategic form.  To construct this normal-form game, we redefine player 1's choices 

as being strategic plans that specify whether 1 should have beer or quiche depending on whether 

1's type is strong or weak respectively; so for example "b/q" denotes the strategy "1 should have 

beer if 1's type is strong, but 1 should have quiche if 1's type is weak".  Then for any pair of 

strategies for the two players, their expected payoffs (u1,u2) would be as in the following table:  
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                        2's choice (if b)/(if q)                

1's choice (if s)/(if w)       f/f        f/n        n/f        n/n 

       b/b    0.9, 0.1   0.9, 0.1   2.9, 0.9   2.9, 0.9      

       b/q    1.0, 0.1   1.2, 0.0   2.8, 1.0   3.0, 0.9 

       q/b    0.0, 0.1   1.8, 1.0   0.2, 0.0   2.0, 0.9 

       q/q    0.1, 0.1   2.1, 0.9   0.1, 0.1   2.1, 0.9 

 This game has two pure-strategy Nash equilibria, (q/q,f/n) and (b/b,n/f), but iterative 

elimination of weakly dominated strategies leaves only the (b/b,n/f) equilibrium.  As noted 

above, any strategies that can be eliminated by weak domination can also be eliminated by dual 

reduction, where  can be a profile of deviation strategies that take each weakly dominated pure 

strategy to the randomized strategy that dominates it.  For the normal-form version of the Beer-

Quiche game, two rounds of iterative dual reduction can yield a dual-reduced game where the 

players' only reduced actions are (b/b,n/f) equilibrium pair. 

 We should try to understand why the analysis of this normal-form model should be so 

different from the Bayesian model.  In the Bayesian game, we found a coordination mechanism 

that yields strict incentives for honesty and obedience by a mediated communication plan that 

guides the players to behave differently depending on whether player 1 reports his type to be 

strong or weak.  In this mechanism, the weak type of player 1 is willing to report his weakness 

truthfully because it yields a greater probability of their being guided to an outcome where he 

safely consumes the quiche that he prefers.  But the normal-form analysis is based on a general 

assumption that the players would make all their decisions strategically before player 1 learns his 

type, and this assumption rules out any possibility that their behavior could depend on 

communication that would be different for different types.  A crucial step in the normal-form 

analysis of Beer-Quiche is the elimination of player 1's q/b strategy because it can be dominated 

by a randomized mixture of b/q (with probability 0.2) and q/q (with probability 0.8); but this 

calculation depends on the assumption that player 2's strategic reaction to 1's choice of b or q 

would be the same for both of player 1's types.  

 Thus, when we admit the possibility of communication in our analysis, the normal-form 

model and the Bayesian model here represent fundamentally different situations.  If it is possible 

for a mediator to ask player 1 to report his type and then give different guidance to the players 

depending on what player 1 reports, then the Bayesian game model is appropriate, and the 
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normal-form analysis may then be misleading.  
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