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Abstract: We consider incentive-compatible coordination mechanisms for general finite
Bayesian games. Dual variables of incentive constraints can be interpreted as deviation
strategies that each player would be willing to apply in any incentive-compatible mechanism.
For any dual solution we construct a reduced game which admits only the coordination
mechanisms that would be stable against these dual deviation strategies. A reduced type may
represent a pooling of inseparable types, omitting aspects of the player's private information that
are socially inaccessible. A reduced action may randomize over inseparable actions in way that
is strategically conditioned on this socially inaccessible information. Incentive-compatible
mechanisms in the reduced game are incentive compatible in the original game. Iterative dual
reduction can reduce any game to an elementary game in which all incentive constraints can be
satisfied as strict inequalities. A dense set of games has transitive dual solutions.

1. Introduction

In this paper, we extend the analytical concept of dual reduction from Myerson (1997) to
general Bayesian games (Harsanyi 1967). Bayesian games are models of interactions among
players who may provide information about their privately known types, and who then may
choose some privately controlled actions. By the revelation principle (Myerson 1982), we may
consider interactions where a mediator communicates separately with each of the players about
their types and actions, to implement a coordination mechanism that satisfies incentive
constraints for the players to honestly report their types to the mediator and to obediently select
actions that mediator recommends.

Given any finite Bayesian game, we can formulate a linear programming problem for
which the optimal solutions are the incentive-compatible coordination mechanisms. The dual of
this linear programming problem yields a vector of dual variables for these incentive constraints.
We show here that the optimal solutions of this dual problem can interpreted as random deviation
strategies that cannot be strictly deterred by any incentive-compatible mechanism. For any dual
solution, we can construct a dual-reduced game which admits only coordination mechanisms that
are stable against the dual vector's deviation strategies.

In essence, dual reduction identifies incentive constraints that cannot be satisfied with
strict incentives, and it models them as inseparable alternatives in the reduced game. A reduced
type may represent a pooling of inseparable types, omitting aspects of the player's private
information that are socially inaccessible. A reduced action may represent a strategy that

randomizes over inseparable actions in way that is strategically conditioned on this socially-



inaccessible information.

A basic result here is that, if one player expected all the others to coordinate according to
a mechanism that is feasible in this reduced game, then this player would also have a best
response that is feasible in the reduced game, and so the strategic restrictions of the reduced
game can be self-sustaining. Our key result then is that all incentive-compatible mechanisms in
the reduced game correspond to incentive-compatible mechanisms in the original game.

The concept of dual reduction was introduced by Myerson (1997) for strategic-form
games. Harsanyi (1967) noted that any Bayesian game could be normalized to a strategic-form
game if we could assume that, before the players learn their types, each player i would choose a
strategy to determine i's action as a function of i's type. But when we allow that players may
communicate in incentive-compatible coordination mechanisms, then a Bayesian game may be
substantively different from its normal form. The normal-form assumption that the players make
all their strategic decisions before learning their types would rule out any possibility of one
player's action depending on communicated information from another player.

As was observed by Myerson (1997), dual reduction may be seen as a generalization of
the concept of elimination of dominated strategies, but dual reduction may do much more to
simplify games even when they have no dominated strategies. In two-person zero-sum games,
for example, dual reduction can consolidate a player's actions into one reduced action that
stipulates randomized behavior according to the player's maximin equilibrium strategy.

Our most general result about the power of dual reduction extends to Bayesian games a
theorem of Myerson (1997) on iterative dual reduction and elementary games. Starting with any
finite Bayesian game, iterative dual reduction can always yield a reduced game that is
elementary, in the sense that all incentive constraints can be satisfied strictly for almost all
incentive-compatible mechanisms. In analyzing these elementary games, we can avoid
methodological questions about weak incentives that have driven the equilibrium-refinements
literature in game theory. Thus, dual reduction gives us a general technique for generating game
models where issues of equilibrium imperfection do not arise, because solutions of any such
issues in the original game have been identified and embedded into the structure of the reduced
game.

This analytical framework involves some reinterpretation of Harsanyi's Bayesian model.
The construction of dual-reduced games requires us to admit Bayesian games where different

types of a player may have different sets of actions, which is a slight generalization of Harsanyi's
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original Bayesian model. When we simplify a game by dual reduction, a player's reduced type
may be reinterpreted as the player's socially-accessible private information, and then the reduced
actions that a mediator can recommend may represent randomized behavioral strategies that can
be conditioned on any part of the player's private information that is not socially accessible.
Beyond these results on dual reduction, we show here also that dual solutions satisfy a
basic transitivity property for a dense set of games. A classic example from Shapley (1963) is

shown to be a nongeneric counterexample where such transitivity does not hold.

2. The general Bayesian model

A finite Bayesian game is any I' = (I, (Ti)ie1, (Ci)iel, p, (ui)ier) with nonempty finite sets I
denoting the set of players, Ti denoting the set of possible types of each player i€l, and Ci(ti)
denoting the set of possible actions for type tie T;. (Unlike Harsanyi (1967), we allow here that a
player's action set may depend on the player's type, so that C; here is a function specifying a
nonempty finite set of actions Ci(ti) for each tieTi.) The set of type profiles is denoted
T = xie1 Tj, and, for any te T, C(t)=xie1 Ci(ti) denotes the set of action profiles that are feasible for
the players with types as in t. Here p is a probability distribution over the set of type profiles,
specifying a prior probability p(t) for each type profile teT. For each playeri€l, u; is a utility
function specifying i's utility payoff ui(c,t) for every type profile teT and every profile of t-
feasible actions ceC(t). We may write t = (ti)ie1 = (t-,ti) € T, and ¢ = (ci)ier = (c-i,ci) € C(t),
where T-i = xj» Tj and C-i(t-i) = {c=(cj)j=i: cjeCi(ty) Vj=i}.

Let M(T") denote the set of coordination mechanisms p that specify probabilities p(c[t)>0
such that X cecq p(clt) = 1 VteT. We think of p as being implemented by a mediator who
communicates separately with every player, first asking the each player to report his type and
then confidentially recommending an action to each player that is feasible for the player's
reported type, where p(c|t) denotes the probability that the mediator will recommend the actions
in c=(ci)ier if t=(ti)ie1 is the profile of reported types.

For any player iel and any type t;eTi, let Ui(,ti) denote the sum of all terms with type t;
in player i's ex-ante expected utility from mechanism p. That is:

Ui(t) = X er_; Zeecqo HEDPOui(c,b),
so that i's ex-ante expected utility from the coordination mechanism p would be X .1, Ui(p,t).

Then Ui(l,t) is the conditional expected utility for type t; in mechanism p multiplied by the prior
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probability of type ti, which we may assume to be strictly positive; and so maximizing U;(u,ti) is
equivalent to maximizing the conditional expected utility for type ti of player 1.

We allow, however, that players could dishonestly misreport their type and could
disobediently choose an action different from what is recommended. A pure deviation strategy
for player i is any mapping 0; that specifies, for each type t; in Tj, a (possibly untrue) type report
di(t))eTi and then specifies, for each action d;eCi(di(ti)) that could be recommended after such a
report, a (possibly unrecommended) action di(d;,ti)eCi(ti). Let Ai(I') denote the set of all pure
deviation strategies d; for player i in this game T'.

Such a pure deviation strategy o; for player 1 would effectively transform a coordination
mechanism p to the mechanism p+d; where

(eB)(elt) = 2, ey 5,6 81(dy ty) =¢; M(C-ixdilt=i.di(t)) VeeC(t), VteT.
Let Yi(u,ci,di,si,ti) denote the sum of all terms in player i's ex-ante expected utility where 1 has
type ti but reports type si to the mediator, and then the mediator recommends action d;eCi(s;) but
i chooses action c;e Ci(t;), while all other players participate faithfully in the coordination
mechanism p. That is, for any mechanism p and any player i,
Yilkocindissit) = 2t Ze_jec ey MCiditisip(uic,t)
VcieCi(ti), VdieCi(si), VsieTi, VtieT.

Then
Ui(eit) = X et Zdece_ys;(t)) MAIt8i(t)p(Dui((d-5,6i(di, ), 1)
= Zdi Ci(5i(t) Yi(w,0i(d;,ti),di, 0i(ti), ).
Any pin M(I') is incentive compatible iff it satisfies the incentive constraints:
[1] Ui(p,ti) = Ui(u=di,ti) VoieAi(I), VtieT;, Viel.

By the revelation principle (Myerson 1982), any equilibrium (even with dishonest and
disobedient behavior by the players) of any communication system that a mediator could
implement for this Bayesian game must be equivalent to some incentive-compatible mechanism.
We may say that an incentive-compatible mechanism is maximally incentive compatible
for I" iff it satisfies with a strict inequality every incentive constraint that is strict in some
incentive-compatible mechanism for I'. Because the set of incentive-compatible mechanisms is
convex, a maximally incentive-compatible mechanism p° can be constructed as an average of

incentive-compatible mechanisms in which each of these incentive contraints is satisfied as a



strict inequality. If p is any incentive-compatible mechanism, then for any € such that 0<e<1,
(1—e)p+ep’ is also maximally incentive compatible. Thus, any mechanism in the relative interior
of the incentive-compatible set is maximally incentive compatible.

An incentive constraint for any type t; of any player i is ¢rivial when di(ti)=t; and
di(ci,ti)=ci VcieCi(ti). These trivial incentive constraints cannot be strict in any mechanism,
because every n in M(I') satisfies the equations

Ui(pt) = X, ey ey Yilkucicitit) VtieTi, Viel
We may say that a Bayesian game I is elementary iff there exists some p° in M(I') that satisfies

all nontrivial incentive constraints in [1] as strict inequalities. Then we get the following result.

Fact 1: For any finite Bayesian game I, all mechanisms in the relative interior of the
incentive-compable set are maximally incentive compatible. So if ' is elementary, then almost

all incentive-compatible mechanisms satisfy all nontrivial incentive constraints strictly.

Let us now define random deviation strategies for any player. For each playeriel, a
random deviation strategy may be represented by a vector a; that has components of the form
oui(silti) and ai(cildi,silti), for any tieTi, sieTi, dieCi(si), and cie Ci(ti). Here ai(ci|di,si|ti) denotes
the probability that type ti would imitate type s; with a plan to do action c; if action d; is
recommended, and ai(silti) denotes the overall probability that t; would imitate s;. Then the
components of a random deviation strategy for player i must satisfy the conditions:

ai(cildi,silt) > 0 VeieCi(ti), VdieCi(si), VsieT;, VtieT;;

oi(silti) = ZCiECi(ti) ai(cildi,sift) VdieCi(si), VsieTi, VtieTi; and

e, oi(silt) =1 VtieTi
We let Ai(I") denote the set of random deviation strategies for player i that satisfy these
conditions.

Such a random deviation deviation strategy o could transform any mechanism p to p-au,
where

(rea)(elt) = 2g, o, 2 ey (sp) ilCildisifti) ple-i,dilt-i,si) VeeC(t), VteT.
Then
Ui(peoti,ti) = 2p_ c_, Zeec(r) 2s;eT; 2d;cCy(s;) (Cildi,siltp(c-i,dilt-i,s)p(t)ui(c,t)

= 2, e Ty 2dyeCy(sp) 2c; e Cy(ty) lCildiSilt) Yi(p,cindi,iyt).



The pure deviation strategies &; in Ai(I") can be identified with extreme points di in Ai(I)
such that di(si|t))=1 and &i(ci|d;,si|t))=1 when &;(ti)=s; and Ji(d;,ti)=ci, with other components zero.
Any random deviation strategy o in Ai(I") can be expressed as a convex combination of these
pure extreme points, where the weight for the extreme vector 8i would be the multiplicative

product of the probabilities ai(di(di,ti)|di,0i(ti)|ti)) over all tie Ti and all d;e Ci(3i(t:)).

3. The primal and dual problems

To analyze dual variables of incentive constraints, we begin by formulating a linear
programming problem such that the optimal solutions are the incentive-compatible mechanisms
for I'. We may define our primal problem to be:

[2] minimize Xy 2, o, Ti(t) over p>0 & m & v such that
mi(ti) + Ui(it) — Xq, ccy(sp Vildisilt) > 0 VsieT;, VtieT;, Viel;  [o(sift)]
vi(di,sifti) — Yi(p,ci,di,siti) > 0 VcieCi(t), VdieCi(si), Vsi, Vti, Vi;  [ai(ci|di,silti)]
Leccn M) =1 VEeT.  [y(1)]

Notice that Ui(j,ti) and Yi(p,ci,di,si,ti) are linear in p, and so this is indeed a linear
programming problem. For any p, the mi(t;) that are summed in objective can be minimized by
choosing the vi(di,si|ti) as small as possible without going below any Yi(u,ci,di,si,ti),, and so we
may let

vi(di,sifti) = maxe, e () Yilkcindisiti) VdieCi(si), VsieTi, VtieT;, Viel.
Trivial versions of the first two constraints with si=t; and di=c; imply that

mi(t) = g, e, () Yilkhdidistit) — Ui(pt) =0 VteT;, Viel.
So the primal objective cannot be smaller than 0, and p can achieve the optimal value 0 with all
mi(t)=0 if and only if n is an incentive-compatible mechanism. Incentive-compatible
mechanisms exist for any finite Bayesian game, by Nash's (1950) existence theorem, because
any Nash equilibrium corresponds to an incentive-compatible mechanism.

The decision variables of the dual problem correspond to constraints in the primal
problem, and the dual variable for each primal constraint in [2] is indicated in brackets to the
right of the constaint. When we sum the primal constraint formulas multiplied by their dual
variables, the result is linear in u, and the coefficient of any component p(c|t) can be written as

y(t)-Y(c,t,a), where we define



P(e.to) = Xip Zgier; (g, ecycs;) ctildilentilsp(ti,siui((c-i,di),(t-i,81))) — oui(siltp()ui(c,t)).
That is, with this definition of W(c,t,a), we get
it ZyyeT; Zsiet; (Qdjecicsy Zereci(ey) Yilkucidisitiou(cildisilt) — Ui, tausilti))
= YteT 2eec P(c[t)P(c,t,a).
Here W(c,t,a) could be interpreted as the aggregate a-deviation value of recommending the
actions ¢ with reported types t, when the primal constraints for deterring deviations are assigned
dual prices as in the vector a.

Then the dual problem, which has constraints for each decision variable in the primal

problem, may be written as follows:

[3] maximize Xiety(t) over a>0 & vy such that
ZCieCi(ti) ai(cildi,silti) — ai(sift) = 0 VdieCi(si), VsieTi, VtieTi, Viel; [vi(disit)]
ZsieTi ai(silt) =1 VtieT;, Viel, [mi(t)]
y(t) —P(c,t,a) <0 VceC(t), VteT. [u(clt)]

Now let A(T') = xje1 Ai(I'). Notice that this set A(I'), which can be interpreted as the set
of all possible profiles of random deviation strategies for the players in the game I, is also the set
of vectors a that are feasible for this dual problem.

For any vector ae A(I'), the best choice of y to maximize the dual objective, subject to
the constraint that y(t) cannot be greater than any W(c,t,a), is to let

y(t) = mincecr P(c,t,a) VteT.
Then the dual objective is:
2tet Y(t) = 2ter mincec(y P(c,t,00) = minpemr) Leet Zeec Wc|t)P(c,t,o).
But for any mechanism pe M(I')
Qe 2eecw pelt) (e t,a) =
= Die1 Zgyet; (st Zdyeci(sp) 2ciecicty Y i(Hscidisitiau(cildi,silt)) — Ui(u,ti)
= Yie1 e, (Ui(peait)-Ui(, ).
So the dual problem is equivalent to:
maximizeaeam) Mingemn) Zic 2, e, (Ui(peot,t)—Ui(W,t).
Similarly, the primal problem is equivalent to:

minimizeyemr) maxaeam) Zjcp 2, er; (Ui(peos,t)—Ui(, t).



Let A(T) denote the set of vectors o that are optimal solutions to the dual problem:
A(T') = argmaxaear) minpemn) Xicq 2y, e, (Uilkot,t)-Ui(p,t).
The theory of linear programming tells us that, if the primal problem has optimal value 0 then the
dual problem also has optimal value 0. Thus, we have the following results.
Fact 2: The optimal value of the dual problem [3] is
0 = maxaeam) minuemn) X 2y, e, (Ui(peot,ti)=Ui(, ).
Let o be any optimal dual solution in A(T"). Then for any mechanism p in M(T'),
Zier 2y er; Uilpeaiti) — Ui(pti)) 2 0.
If u is incentive compatible, the terms in the last summation above cannot be positive, and so
Ui(pra,ti) = Ui(u,t) VtieT;, Viel.
For any e A(T") that is feasible for the dual problem and any ne M(I") that is feasible for
the primal problem, a sum of the primal constraints multiplied by their a dual variables gives us
Tjer Lyjer; LsjeT; Zdjey(s;) ety %(CildisiliYi(cidi,sit) — maxq; ccjcey) Yilkai,di.s;.t)
+ 2jer 2ye; Zsper; G g;eci(sp) MaXajec;cty) Yilkhaidi,sit)) — Ui(wt))
= Zjer Zy e, (Ui(peait) — Ui(w,t),
and this sum must be 0 when p and o are optimal for the primal and dual problems respectively.

So the dual variables aj(cjd;,sjltj) and o(sj|tj) can be nonzero in an optimal dual solution only if

the corresponding constraints are binding in every optimal solution to the primal problem:
Yi(uacindisinti) = Maxy; ety Yilkiaidinsiit)s Ui(Mati) = 2p, ecy(s;) MAXajecjcty) Yi(k:2i,bis85.t)-
The converse (strict complementarity) is also true, as shown below.

Fact 3: An optimal dual solution ace A(I") with oj(c;j|d;,sj|tj)>0 exists if and only if player j
has some pure deviation strategy 9; in Aj(I") with dj(tj)=s; and 5;(d;,tj)=c; such that every
incentive-compatible p satisfies:

Ui(u,t) = Uj(ueiti) = L, ey s;) Yi(H03(biti),bi.sisti)
= Dbjecj(sp) MAXajecy(r Yi(H:a).i.s.t)
= Yi(kCixdisSiti) + 2 ey (5 byed; MAXaje(ty) Yilkoai,bissist)-
Proof: We noted in Fact 1 that I' has an incentive-compatible mechanism p° that is

maximally incentive compatible, in the sense that it satisfies strictly every incentive constraint



[1] that is satisfied strictly by some incentive-compatible mechanism for I'. Now if a dual
solution ave A(T") had aij(c;|d;,sjltj)>0, then we would also get a(si|tj)>0, and so pu° would have to
satisfy the primal constraints associated with o(cj|d;,sj|tj) and a(sjtj) as binding equations. Then
we could construct a pure deviation strategy §; that satisfies Uj(u’,t))=Ui(u’5;,t) by letting
Jj(t)=sj, 0j(d;,tj)=c;j, and for all other b;e Cj(sj) choosing

8i(byti) eargmaxy, e ¢ty Yi(H'ai,bisspti).
But as p° is maximally incentive compatible for I', we must also have Uj(u,t;)=Ui(p+5;,t;) for
every incentive-compatible mechanism L.

Now we show conversely that a designated dual variable aj(éj|&j,§j|fj) can be made strictly

positive when it is assumed that every incentive-compatible mechanism p satisfies the equation

Uj(1,6) = Yi(h.83.03.856) + iy e ¢, 6;).byd, MAXagey ) Yihabi6).
Consider a revised primal problem which differs from [2] in that we add a variable 0, change the
primal constraint for the designated dual variable aj(éj|&j,§j|fj) to 8+Dj(€1j,§j|fj)—Yj(p,éj,&j,§j,fj) >0,
change the primal objective to minimize 6, and add a new primal constraint 2;_; 2 o, mi(ti) < 0.
Then the revised dual problem differs from [3] in that it has a new nonnegative dual variable ¢>0
corresponding to the new primal constraint, the second dual constraint becomes
ZsieTi ai(silt)—@ = 0, and there is a new dual constraint a;(&|d;,i[t) =1 corresponding to 6.
The revised primal has optimal value 6=0, because the assumed equation implies that every
optimal solution of the original primal [2] satisfies the original primal constraint for oy(&;|d;,S[t;)
as a binding equation. So the revised dual has an optimal solution with objective value 0, but the
new dual variable must be strictly positive ¢>0 (because otherwise all components of oo would be
zero, violating the new dual constraint). Then dividing all components of the revised dual

solution by ¢>0 yields an optimal solution to [3] with aj(éj|&j,§j|fj) =1/¢>0. m

In the trivial case where si=t; and ci=d;, an optimal dual solution can always have
ai(ciletilt)>0 (VcieCi(ti), VtieT;, Viel), because the incentive constraint is always binding for
the trivial deviation strategy that never differs from honesty and obedience.

Fact 2 tells us that, when a is an optimal dual solution, each player i would be willing
manipulate any incentive-compatible mechanism by the random deviation strategy o,i. But we

would not have to worry about such a-manipulation changing the outcomes if the players were



coordinated by mechanism p such that, for each player i, p was a;-stable, in the sense that
K0l = L.
In the next several sections, we will develop an a-reduced game, which admits just these stable

mechanisms.

4. Constructing the reduced-type sets

In this and the next two sections, we consider one player i€l and one random deviation
strategy aie Ai(I") for this player i, and we develop results to characterize the set of mechanisms
peM(I') that are ai-stable, in the sense that p=p+a;. (We may think of o as being part of an
optimal dual solution a.e A(I"), although this assumption is not needed for any of the
mathematical results in this section or the next two sections.) For any ai-stable mechanism, each
type ti could have a positive probability of imitating any type s; such that a(si|ti))>0, but these
imitated types could also have positive probability of imitating other types r; such that a.i(ri|s;)>0,
suggesting that these other indirectly imitated types r; might also hard to separate from the type ti.

Consider the Markov chain on T; with transition probabilities oi(si|ti) from tie T; to s;eTi.
Let Ti/ ai denote the set of minimal nonempty absorbing sets for this simple o; Markov chain.
That is, any i€ Ti/ i is a nonempty set of types that is a-absorbing, in the sense that

{sieTi: ai(silti)>0} < @i VtieT,
and t; has no nonempty proper subsets that would also be ai-absorbing. (So for a directed graph
where the nodes are the types in T; and where an arc from type t; to type s; is included iff
ai(silti)>0, there will be a path of directed arcs from any type tieti to any other type sieti but not
to any types that are outside of 1;.) We may refer to these minimal ai-absorbing sets in Ti/ai as
reduced-type sets (as they will be player i's reduced types in the o-reduced game that we will
define later).

We now show that, for any ai-stable mechanism p, these reduced-type sets contain the
only private information from player i that can be used in coordinating the other players. To
focus on the coordination of players other than i, we may let p-i(c-i/t-i,ti) denote the marginal
probability that a mediator implementing the mechanism p would recommend actions c-; to the
players other than i when player i has reported type ti and the other players have reported types
t. That is,

p-i(c—ilt-i,ti) = ZCiECi(ti) pn(c-i,cilt-i,t) Ve-ieC-i(t-), Vt-ie T, VtieT.
10



By definition of ai-stability, the mechanism p is ai-stable iff
[4] p(clt) = p(c-i,cift-it) = ZsieTi Zdieci(si) oui(cildi,sifti)u(c-i,dilt-i,s1) VeceC(t), VteT.
Then for the marginal probabilities, we get:

t-i(c-ift-i,ti) = Zcieci(ti) u(c-i,cilt-i,ti)
= 2, eCy(ty) Zs; eT; 2od; ey (sp) i(Cildisilt)p(c-i,dift-i,8i)
= ZsieTi Zdieci(si) oi(silti) (e, dilt-i,si)
= Xs,em; Oi(Silt) X, ey (sp) MC-i,dilt-i,1)
= ZsieTi oi(silt)p-i(c-ift-i,si) VtieT.
That is, the quantity p-i(c-i[t-i,ti)) must always be a weighted average of the quantities p-i(c-i|t-i,si)
for the other types si such that ai(si|ti)>O0.

Now consider any reduced-type i in Ti/ai. For any t; in 1;, the coefficient a(si|ti) must
be 0 unless s is also in T, because 7; is an a;-absorbing set of types. Then, fixing any profile of
others' reported types t-i€ T-i and any profile of others' possible actions c-ije C-i(T-i), we get

peie-ifti,6) = 2, o, OilSiltH-i(C-ilt5,81) VEET.
These weighted-average equations imply that the set of types that minimize of this quantity
p-i(c-ilt-i,ti) over all tieti must be nonempty and ai-absorbing; but 1 is a minimal nonempty
oi-absorbing set, and so all types in t; must equally achieve this minimal value of p-i(c-i[t-i,ti).
So p-i(c-ilt-i,ti) must be a constant over all t;et;, which may denote by p-i(c-it-i,ti), so that

i C—it-i, ti) = pei(c—ilt-i,Ti) VtieTi
Thus, in its coordination of the other players, any ai-stable mechanism p must pool together all
player i's types in any reduced-type set t; in Ti/ o, responding identically to any type in Ti.

As with any finite Markov chain, the minimal nonempty absorbing sets t; in Ti/ o must
be mutually disjoint from each other, and their union is the set of recurrent types, which is a
nonempty subset of Ti. But the set of recurrent types still might exclude some types ti in T; that
are transient under the simple a; Markov chain. Through this chain, these transient types may
directly or indirectly imitate some recurrent types in the reduced-type sets, while the recurrent
types never imitate any transient types directly or indirectly, and so the transient types could also
be interpreted as shy types under ai. We can now show how the indirect imitation of recurrent

types in the reduced-type sets defines how ai-stable mechanisms respond to these shy transient
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types.
For any t; in T; and any 7; in Ti/ i, let wi(tilti,ai) denote the probability that the simple i
Markov chain ends in the absorbing reduced-type set t; from any initial condition t;. These w;

probabilities are the unique solution to the equations:

[5a] oi(Tilti,on) = ZSiETi aui(silti)oi(tisi, o) VtieT;;
[5b] if tieti then wi(tifti,o) =1 Vt;; and
[5c] if pieTi/ ai but pi#ti and siepi then wi(tisi,ai) =0 Vsi, Vpi.

When p is ai-stable, we have p=p=ai, which in turn iteratively implies p=p-aixai and a
sequence of equations that we may write as p=p=ai® for every integer k>1. The "+" operation
here is actually a form of matrix multiplication between p and ai, and we can use the fact that
matrix multiplication is associative. So to represent k iterative applications of i's a; deviation
strategy, we may inductively define oi* by oi'=cii and oi*"'=cii*+ai; for all integers k>1; that is:

Ocikﬂ(ci|ei,ri|ti) = ZsieTi Zdieci(si) Ocik(di|ei,ri|Si)ai(Ci|di,Si|ti) VcieCi(ti), VeieCi(ri), VrieT;, VtieT.
Then p=oi® represents a transformed mechanism in which the report of type t; imitates a type §¢
that is the random outcome of k iterations of the simple o,i Markov chain starting from t;. But the
probability of §;* being in a reduced-type set Ti converges to i(Ti|ti,0.i) as k—oo. So for any
ai-stable mechanism p, the equations p=p~ai* for every integer k>1 imply that

pei(e-iltinti) = Lo E(uei(eifts 39 = X e o, 0i(Tilti o) poie-ift-,T0).
Thus we get the following result that characterize how player i's type information must be pooled

into reduced-type sets for any mediator who implements an o-stable mechanism:

Lemma 1: Given any player i€l and any deviation strategy o€ Ai(I"), suppose that the
coordination mechanism peM(I') is ai-stable. Consider any profile of types t-ie T-; and actions
c-ie C-i(t-) for the players other than i. Then for any reduced-type set tie T;/ aii, the marginal
probability p-i(c-ijt-i,ti) must be a constant p-i(c-i[t-;,Ti) over all tieti. More generally, for every
type tieTi:

Hei(Cifteisti) = 2 oy, OiTil,0) Hoi(Cifti,Th).

5. Constructing the reduced-action sets
The previous section only considered the simple o probabilities aii(si|ti) that pertain to the

adverse-selection problem of player i potentially misreporting his type. To analyze the moral-
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hazard problem of player i potentially disobeying a recommended action, we must now consider
the full vector of probabilities ai(ci|di,silti), for any tieT;, sieTi, dieCi(si), and cie Ci(ti).

To characterize how ai-stability constrains recommendations to player i, let us begin by
restricting our attention to types that are in a given reduced-type set tieTi/ai. Let Ci(ti) denote
the set of (ci,ti) pairs where c; is a feasible action for the type t;i which is in the set 1i; that is,

Ci(ti) = {(citi): tieTi, cieCi(t)}.
For types in 1i, ai-stability of p implies, for any t-;€T-; and any c-;e C—i(t-):

u(c—i,cilt-i,t) = ZSieri 24, ccy(s;) ilcildisiftp(c-i,dift-i,s0) V(ci,ti) e Ci(Ti).
These stability equations can be transformed into an equivalent system of stationarity equations
for a new Markov chain that we can construct by using the probability distribution &;(e|ti) on this
minimal ai-absorbing set t; that is stationary under the simple o Markov chain. This
ai-stationary distribution &;(e|t;) is uniquely characterized by the system of equations:
[6a] Ei(tilti) = Zsiai ai(tilsi)&i(silti) Vtiet;
[6b] ztie"-'i Ei(tit) = 1; and &(silt)=0 VsigTi.
The stationary probabilities will be strictly positive &i(ti|ti)>0 for all tieti. Now we can construct
a new Markov chain 4; on Ci(t;) with transition probabilities

ai(ci,tildi,si) = aui(cidi,silt)Ei(ti|Ti)/Ei(siti)  V(ci,ti) € Ci(ti), V(di,si)eCi(ti).
It is straightforward to verify that these a; probabilities define a Markov chain, because

2 (et <Ci(rp) BilCirtildin8i) = 2 o ;e ) ilCildisift) Eilti i)/ Ei(silTi)

= ZtiETi aui(silti)EiltilTi)/Ei(silti) = Ei(silti)/Ei(sijti) = 1 V(di,si) e Ci(Ti).

Then the ai-stability equations for g, when through multiplied by the probabilities &;(ti|ti)>0, are

equivalent to the &;-stationarity equations:
Ei(tijtp(cicilt-i,t) = z(di,Si)eCi (zy) i(Cistildi,s)Eisil i) (e, dift-i,1) V(ci,ti) e Ci(Ti).
By Lemma 1, these probabilities pi(c-i,cilt-i,ti) would all be zero if p-i(c-ilt-i,Ti) were zero.
Otherwise, with p-i(c-ilt-i,7i)>0, we get
2ot €Ty (rp) SiltilTR(Ci,Cilt3, ) /pi(e-ilt-i,Ti)
= Ly, SillT) 2 ey MGGl it/ pi(e-ift-i,Ti)
= ZtiETi Ei(tijt) = 1.
So for any ai-stable mechanism p, the probabilities &i(ti|ti)p(c—i,ci|t-i,ti)/p-i(c-ilt-i,Ti) form a
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probability distribution over (ci,ti)€Ci(ti) that is stationary under the 4; Markov chain. But from
the general theory of finite Markov chains, we know that this 4; Markov chain has a unique
stationary distribution on any minimal nonempty &;-absorbing subsets of Ci(ti), and any
ii-stationary distribution on Ci(ti) must be a convex combination of these distributions.

Let Ci/[ai|ti] denote the set of minimal nonempty subsets of Ci(t) that are absorbing for
the Markov chain a;. Any such set yie Ci/[ai|ti] can also be described as ai-absorbing, in the
sense that

{(ci,ti) eCi(ti): ai(ci|di,silt)>0} = yi V(di,si)eYi.
because ai(ci,ti|d;,si)>0 iff ai(cildi,siti)>0. Thus, yieCi/[ai|ti] iff yi is a nonempty ai-absorbing
subset of Ci(ti) that has no nonempty proper subsets that would also be ai-absorbing. (So for a
directed graph where the nodes are the action-type pairs in Ci(ti) and where an arc from (d;,si) to
(ci,ti) 1s included iff ai(ci|di,si|ti)>0, there will be a path of directed arcs from any pair in vy; to any
other pair in y; but not to any pairs that are outside of yi.) We may refer to these minimal
nonempty ai-absorbing subsets of Ci(ti) as reduced-action sets, as they will be the reduced
actions for the reduced type 7i in the a-reduced game that we will define later. We may also
write

Yi(t) = {cieCi(ti): (ci,t) €Yi}.
These reduced-action sets in Ci/[ai|ti] are disjoint subsets of Ci(ti), and each yieCi/[ai|ti] is
associated with a nonempty set of actions for every tiet;; that is,

vi(t) =, but if {=yi then yi(t)NGi(t)=D, Vtet, VeCi/[ailt], VyieCi/[ailti].

Any type tieti might also have some feasible actions c;eCi(ti) such that (ci,ti) is not in any
reduced-action set yi; and in this case (c;,t;) would be a transient outcome under the 4; Markov
chain. Such transient outcomes must have probability 0 in any a;-stationary probability
distribution. We may say that cie Ci(t;) is a transient action for type t; in t; if we have ci¢yi(ti)
VyieCi/[aiti]. Thus, if ¢ is a transient action for type tieti, then any ai-stable mechanism p
must have p(c-i,cilt-i,ti)=0, because p induces an 4;-stationary distribution on Ci(t;) with
probabilities &;(ti|Ti)p(c-i,Cilt-i,ti)/ p-i(c-it-i, Ti).

Given any ai-stable mechanism p and any reduced-action set y;ie Ci/[aui|ti], for any

profile of other players' types t-ie T-; and actions c-ie C-i(t-i), we have
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zcieyi(ti) p(c-i,cift-it) = zcieyi(ti) Ysien; zdieyi(si) p(c-i,dift-i,si)oi(cildisilti)
= Zsieri Zdieyi(si) p(c—i,dijt-i,si)ai(silt) Vtiet.

(We use here the fact that ai(ci|d;,si[ti)) would be zero when (ci,ti) and (di,s;) are in different
reduced-action sets in Ci/[aii|ti], and the probabilities pi(c-i,di|t-i,si) would be zero for transient
(di,si) that are not in any reduced-action set.) These weighted-average equations imply that the
sum zCievi (t;) M(C-i,Cilt-i,ti) must a constant over all ti in 1i, because 7i is a minimal nonempty
ai-absorbing set of types. We may let n(c-i,yi|t-i,Ti) denote this constant; that is
[7] M(e-Yilt,T) = X, ey, (1) MC-i0ilt-it) Ve,
We also have ZYiECi /Lol n(c-i,yilt-i,7i) = p-i(c—ift-i,Ti).

Let us now define a function o; so that, for any y;eC;/[ai|ti], the unique ;-stationary
distribution on v; has probability &i(ti|ti)oi(cilti,yi, Ti,ai) at each (ci,ti)eyi. (With ¢; and ti both
appearing as parameters of G;, we can just define ci(ci|ti,yi,Ti,0li) to be the a;-stationary probability
divided by &;(ti|ti)>0.) Then by definition of a;-stationary, we must have

Ei(tilti)oi(cilti,yi, Ti, o) = z(di'si)e“/i Ei(silti)oi(difsi,yi,Ti,0)ai(ci,tildi,si) V(citi) €Y.
With ai(ci,ti|di,si)=aui(cildi,si|ti)Ei(ti|Ti)/Ei(si i), this is equivalent to an ai-stability condition:
[8a] Gi(cilti,Yi, Ti, o) = Zsigi zdiEYi(Si) ai(cildi,silt)oi(di|si,Yi,Ti,al) Vcieyi(ti), VtieT.
For actions c;i that are outside the set yi(ti), we let oi be zero:
[8b] oicilti,yi,Ti,o) = 0 Veigyi(t), VteTi.

We can now show that o; also satisfies the equations:

[8c¢] Zcieyi(ti) ci(cilyi,Titi,oi) = 1 Vtier..
Summing over all cieyi(ti), we get

ZCiEYi(ti) i(Cilti,yi,Ti,0Li) = zcieYi(ti) Ls;cr, zdievi(Si) ati(cild;,silti)oi(di]si,yi,Ti,0Li)

= X, e, CLi(silti) zdieYi(si) oi(dilsi,yi,Ti,0li) VtiETi.

These weighted-average equations imply that the quantity zCievi (t;) Oi(Cilti,yi,Ti, o) must be a
constant over all tiet;, because Ti is a minimal nonempty ai-absorbing set. This constant must be
1 because the a;-stationary probabilities &i(ti|ti)oi(cilti,Yi, Ti,oi) sum to 1 over (ci,ti)€vi; that is,

Ly, ST, ey, 1 OilCiltiryisTio0) = 1= 2y, o &iltilTi).

Thus, the unique a;-stationary distribution on y; has the marginal distribution &i(e|t;) on
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the types in 1, and it has the conditional probability distribution cj(e|ti,y;,Ti,0ti) on the actions in

Ci(t;) for any given type ti in ti. These conditional probabilities i(cilti,yi,ti,oi) for all (ci,ti) € Ci(ti)

are uniquely characterized by the system of equations [8abc].
We have noted that any oi-stable mechanism p must induce an a;-stationary probability

distribution which has probabilities
Gi(ti[ti)p(c-i,cilt-i,t)/p-ie-ilt-i,T) V(citi) e Ci(ni),
and that any such a;-stationary probability distribution must be a convex combination of the
aj-stationary distributions on the reduced-action sets yi, which have probabilities
Ei(ti|ti)oi(cilti,yi,Ti,o) when cieyi(ti). With [7], we can see that the weight for each v; in this
convex combination must be n(c-i,yi|t-i,Ti)/1-i(c-i|t-i,Ti), and these weights yield the equations
p(c-icilt-i,ti) = ZYiECi/[ailfi] oi(cilti,yi, Ti, oM (c-i,yilt-i,Ti)  V(ci,ti) € Ci(Ti).
For any tieTi, the yi(ti) are disjoint sets for different reduced-action sets yi in C;/[ailti], and
oi(cilti,yi,Ti,oi) 18 zero when c¢; is not in yi(ti); and so the above equation says equivalently:
p(ci,cilt-i,t) = oi(cilti,yi, Ti,o)n(c-i,yilt-i,Ti) Veieyi(t), VyieCi/[ailti];
but if cigyi(t) VyieCi/[ailti] then p(c-icilt-i,ti) = 0.

These results may be summarized as follows:

Lemma 2: Given any player i€l and any deviation strategy aie Ai(I"), suppose that the
coordination mechanism peM(I') is ay-stable. Consider any reduced-type set tieTi/ i, and
consider any profile of types t-je T-; and actions c-je C-i(t-;) for the players other than i. Then
there exist quantities n(c-i,yilt-i,Ti) for each reduced-action set yie C;/[aii|ti] such that

w(c—i,cilt-i,t) = Zvieci Jloy ] oi(cilti,yi, Ti, oM (c-i,yilt-i,Ti)  V(ci,ti) € Ci(Ti).

Here 1 can be computed from p by equation [7], and o; satisfies equations [8abc].

6. General characterization of the ai-stable mechanisms

To complete our characterization of the ai-stable mechanisms, it only remains for us to
consider the action recommendations for the transient types that are not covered by Lemma 2
because they are not in any reduced type set ti€Ti/ ai.

When the mechanism p is ou-stable, we have u=p+ai, which implies p=p=oi* for any
positive integer k, but this in turn implies that

1= limiese pe(ou! + o + ... + o) /k.
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(Recall that the "+" operation here is actually a form of matrix multiplication, and a limit must
exist at least for some subsequence of k—oo because the components of these matrices are all
probabilities bounded between 0 and 1.) This limit represents an average of long iterations of the
ai Markov chain, where each transient type t; is ultimately imitiating recurrent types in one of the
reduced-type sets i with probability mi(ti|ti,ci), as we have seen in Lemma 1. Lemma 2 tells us
that the recurrent types in any reduced-type set t; are all being directed to choose actions in some
reduced-action set yi, choosing among these actions according to a randomized strategy that is
described by ;. So we must now ask how a transient type would react when it is imitating the
types in the reduced-type set ti and they are being directed to choose actions in the reduced-
action set yi. To do so we must extend the o; function to all types ti such that wi(ti|ti,ci)>0.
Let Q(7i) denote the set of all type of player i that have a positive probability of imitating
types in the reduced-type set t; under repeated applications of the a; Markov chain; that is
Q(ti) = {tieTi: wi(titi,0)>0}.
We may let [ai|ti] denote the o transition probabilities for types in ((ti) conditioned on the
event that the a; Markov chain is converging into the reduced-type set ti; that is
[oui|Ti] (ci|di,silti) = oui(ci|di,si[ti ) oi(Ti|si, o)/ oi(Ti|ti, o)
VcieCi(ti), VdieCi(si), VsieQ(ti). VtieQ(Ti).
Notice that [au|ti](ci|di,silti) = ai(cidi,siti) for any tieti, where we have wi(tilti,oi)=1.
Then for any reduced-type set 1i€Ti/ ai and any reduced-action set y;ieCi/[aiti], the
ai-stability equations [8a] for ci(e|e,y;,Ti,ai) can be extended to all t;e (i), as follows:
Gi(Cilti,Yi, Ti,04) = X c ry) 2dse cycs;) LotilTil(cildisilti) oildilsi,yi,ti,oi) VeieCit), Ve Q(ti).
These equations for cj(e|e,y;,Ti,0li) can be written equivalently:
[8d] Gi(Ciltiy i, Ti, 0 Oi(Tilti,06) = 2, c ey 2y e ¢ (sp) ilCildisilti)oi(dilsi,yi,Ti, o) i(Tilsi,ou)
VcieCi(t), VtieQ(Ti).
These equations [8d] have a unique solution o; that coincides with the i solution from [8abc] for
types tieti. Equations [8c] can also be extended to all types in Q(ti):
[8e] ZCiGYi(ti) ai(cilyi,Titi,oi) = 1 Vtie Q(T)).
(For types tig Q(ti) where wi(tilti,ti))=0, we may arbitrarily define the probabilities oi(cilti,yi,Ti,0i)
to be 1/#Ci(ti), but these will not matter when multiplied by ;(tilti,a)=0.)
We have seen (in Lemmas 1 and 2) that many iterative applications of the o random
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deviation strategy would lead type t; to have an wi(tilti,ai) probability of imitating types in the
reduced-type set ti, and n(c-i,yi[t-i,Ti) is the probability that the ai-stable mechanism p would
recommend actions in y; to such types of player i while recommending actions c-; to the other
players. So a natural generalization of the equation in Lemma 2 is equation [9] in the following

fact.

Fact 4: Given deviation strategy aie Ai(I') for player 1, let w; satisfy equations [Sabc],
and let oj satisfy equations [8bde]. Then a mechanism pe M(I') is ai-stable, satisfying p=oi=p, if
and only if there is some 1 (e|e®) satisfying equations [7] such that

[9] u(celt) = zfieTi/ai Zyieci/[aim] N(c-i,yilt-i,71) oi(cilti,yi,Ti, o) wi(Tilti,ai) VeeC(t), VteT.

Proof: We show first that equation [9] yields values of p(c|t) that satisfy the ai-stability
equations [4] for pu. Substituting [8d] into [9] yields:
B(C=isCiltointi) = 2 oy 0, 2y oy ) (C-in¥ilti,Ti) GGl 13, Tin 00) @i(Tilti, 00)
= 2y /oy Loy eCiffogg o) MC-inVil i Ti) Loy 2ty ecysp) 4ilCildissilti) oi(difsiyyiTin) 0i(Tifsi, o)
= 2ie; 2djeCi(sy) QCHISI) 2r oy /o 2 /10 ey M(C=isYilt=iTi) oi(dilsiyiyTin00) 0i(Tilsi,on)
= zsieTi Zdieci(si) ai(cildi,sifti) p(c-i,dilt-i,s1) VeeC(t), VteT.
Then to show that the a-stable mechanism p is fully characterized by equations [7] and
[9], we just need to show that the system of equations [4] can have only one unique solution for
u that coincides with the solutions that we found in Lemma 2 for recurrent types in the reduced-
type sets tie Ti/ai. We may consider the ai-stability equations [4] for a fixed i, ¢, and t-;. If
these equations had two different solutions for p(c-,cilt-i,ti) that coincided with the formula in
Lemma 2 for the recurrent types, then we could subtract one from the other to make a vector of
differences x(ci|ti). If our uniqueness claim failed, then we could get xi(citi))>0 for some tieT;
and some c;eCi(ti). By the linearity of [4] and the coincidence for types where Lemma 2 applies:
xi(cilt) = ZsieTi zdieci(si) xi(dilsi)ati(cildi,silt)). VeieCi(ti), VtieTi; and
xi(cit) = 0 VcieCi(t), Vtieti, VtieTi/ai.
Now let Xi(ti) = {cieCi(ti): xi(ci|ti)=0}, and let
Z=maXe T, Zciexi(ti) xi(cilt) and Z = argmax, ., zcieXi(ti) xi(cilti).

Suppose we are given tieZ. Then
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z= zcieXi(ti) xi(cilti) = zcieXi(ti) zsieTi Zdieci(si) xi(di[si)oui(cildi,sifti)
S D ex () s;eT; 2d; e (sp) Xi(difsi)oui(eildisilti)
< Vs, Zdyex;(sp Xildilsdau(silti) < X, op. Z oi(silti) = z.
So the inequalities here must all be equalities. Thus, tieZ and ai(si|t)>0 imply that
24, ex;(sp Xi(dilsi)) =z, and so sieZ. Thus Z must be be a nonempty oi-absorbing subset of Ti.
Then Z must include some minimal nonempty ai-absorbing subset, but these subsets are all in

T/ aii, where xi(cilti) is always zero. Thus z=0. So we cannot get any positive difference

x(citi)>0 for any c; and t;, and the claimed uniqueness must hold. =

7. The dual-reduced game

Now let us assume that a.e A(T) is an optimal dual solution. The components of a for
each player 1 will form a random deviation strategy o that player i could use to manipulate any
coordination mechanism. We may say that a mechanism is a-stable for all players if it would be
oi-stable for every player iel. By Fact 2, each player i would be willing manipulate any
incentive-compatible mechanism by the deviation strategy i, and concern about such
manipulation by any player i was our initial motivation for considering o-stable mechanisms.
We now show that, if the players are coordinated by a mechanism that is o-stable for all other
players j#i, then player i has a preferred deviation strategy that would make the manipulated
mechanism a-stable for all the players. That is, a-stable behavior for all players except one

motivates o-stable behavior also for the remaining player.

Fact 5: Let a.e A(I') be an optimal dual solution. Let i be any player in I, and let p be
any coordination mechanism in M(I") such that p is aj-stable for all other players j#1. For any
Bie Ai(I"), w=Pi is still aj-stable for all other j#1. Furthermore, there exists some Bi€ Ai(I') such
that p«Bi is also ai-stable and X 1. Ui(uPit) = 2, o, Ui(ps i)

Proof: When a mechanism is transformed by two different players i and j independently
applying random deviation strategies ; and o, the order in which the two players' deviations are
considered does not matter; that is p«Bixo; = p=0=Bi. So when p is aj-stable for j#i, we get
p«Pixoy = pxoy=Pi = pw«Pi. Thus, if W is aj-stable for j#i then p«P; is also oj-stable for ji.

We have defined oi* here to represent k iterative applications of i's o deviation strategy.
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Now by Fact 2, 2, theTj (Ui(p+ai,t)-Uj(w,t)) > 0 for the optimal dual solution a; but with

p+aj = p for every j#i, the only nonzero terms in this sum are for player i. Thus we have
2per, Vilpeait) > 2y o, Ui(pot),
and p-a.; 1s still aj-stable for every j#i. This argument can be repeated inductively to show that,
for every integer k>1, p=oi® is aij-stable for every j#i and
et Uilpeoi 1) 2 X o Uipeoit) > X o, Ui(u,t).
In the compact convex set Ai(I'), we can define o;* so that
ai® = limk—e (1/K) (o' + 0+ ... + o).
Then by linearity and continuity of the U; functions, we get
e, Uilroi™,t) 2 2 op, Ui(pLti).
But notice oi®ati—0ui”® = limk— (1/k)(ai* '=aii') = 0, so that ai®ai = oi®. Thus prou” is

ai-stable, as well as a-stable for all other players j, and so Fact 5 is verified with fi= o;*. m

By Fact 4, an a-stable mechanism must satistfy two conditions for every player i: the
mechanism must only use information about player i's reduced type ti in Ti/ ai, which player i
should reports according to the w; function; and in response to any reduced-type report ti, the
mechanism only recommends a reduced action i in C;/[a|ti], which player i should apply
according to the o; function. By Fact 5, if everyone's behavior is expected to satisfy these
conditions, then nobody can expect to do better by violating them. So now we can construct an
a-reduced game which differs from the original game in that it only admits behavior that
satisfies these self-sustaining conditions for a-stability.

Given any optimal dual solution o for the game I', let us define the a-reduced game I' /o
such that the set of players is still I, the set of reduced types for each player i is Ti/ai, the set of
reduced actions for any reduced type ti in Ti/ ai is Ci/[a|ti], the probability distribution over
reduced-types is q such that

q(t) = Zier p()(I fjer 0j(ilt,05)) Vrexjer Tj/ oy,
and the utility function for each player i is v; such that, Vtexje1 Tj/ o, Vyexje1 Ci/[a|Ti]:
Vi(Y,7) q(1) = Zeet 2eecw PO Tjer oj(tilti,oq) [ jer oj(cilti,visTj,0)ui(e,t).
Any coordination mechanism A for the reduced game I'/ o induces a mechanism p* for

the original game such that

20



wHelt) = 2 2y Ayl e oi(ilti,of) oj(cilt, 1, T,04) YeeC(t), VteT.
(Here t is summed over the set of reduced-type profiles xie1 Ti/Ci, and then y is summed over the
set of reduced-action profiles xje1 Ci/[ai|ti] for the reduced types in 1.) These definitions ensure
that players' expected payoffs in the reduced game I'/ o are the same as in the original game I':
2 2y My[Dq(vi(y,T) = Zeet Zeeco WHel)p(Dui(e,t) = Xy o, Ui(ph,b).
Our first main result says that the coordination mechanisms for the a-reduced game

correspond exactly to the a-stable coordination mechanisms for the original game. This theorem

is a direct consequence of Fact 4.
Theorem 1: Given any o in A(I'), {u*: AeM(T/a)} = {ueM(@): p+ai= n Viel}.

In the reduced game I/ a., the utility payoffs v; for any reduced type ti€T;i/ o are defined
as a weighted sum of utility payoffs for the types in ((ti) that may be pooled together as 7; in the
reduced game, using the types' prior probabilities as weights. But we may note that these prior
probabilities of i's types would have no role in any decision that player i could make in the
Bayesian game I, since each player is assumed to know his own type when game begins. The
following fact assures us that any choice of positive weights for the types in Q(t;) would yield
the same preferences for 1 in the reduced game, because the types in T; that are pooled into T;

would never disagree about any choices among coordination mechanisms for the reduced game.

Fact 6: Given an optimal dual solution o.e A(T"), consider a reduced-type set tie Ti/ai for
some playeriel. Let AeM(I'/a) and ke M(I"'/a) be any two coordination mechanisms for the
reduced game '/ a that differ only when player i reports t; (that is, A(e|p)=K(e|p) when pi#Ti),
and let p* and p* be the mechanisms for I that are induced by A and k. If the reduced-type set 7i
includes any type sieti such that Ui(u*,si) > Ui(u*,si), then Ui(u®,ti) = Ui(u*,ti) for all tieT;.

Proof: Consider the mechanism peM(I") such that p(c|t)=p*(c|t) if Ui(u*,t)>Ui(u*,t) but
w(clty=p(clt) if Ui(us,t)<Ui(u*,t). This mechanism p violates the strategic conditions of the
reduced game only in that player i's types can choose the mechanism that they prefer among «
and . So (u+oi)(c|t) may differ from p(c|t) only when there is some t; such that o(fi[t))>0 and t;
and t; would make different choices among k and A. Since p has each type t; choosing its
preferred alternative among x and A, we must have Uj(p-oi,ti)<Ui(w,ti) for every tieTi. Every

other player j#i is interacting in accord with the aj-stable strategic conditions of the a-reduced
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game (sending reports according to ®j, then choosing actions according to Gj), and so p=a;=p for
every j#1. But then Fact 2 requires that Ui(p=a,ti)=Ui(w,ti) for every type tieTi.

Now if Fact 6 could fail, then we could find a type sieti such that Ui(u*,si) = Ui(u*,si) and
another type rie Ti such that Ui(u*,ri) < Ui(u*,r;). We must have wi(ti|ri,0i)>0 here, because
Ui(u®,ti) and Ui(u?,t) would be equal if wi(tifri,a) were zero, as k and A differ only when 7; is
reported. Then wi(ti|ri,0i)>0 implies that, in the directed graph induced by o (with a directed arc
from node t; to node t; iff ai(ti|ti)>0), there must be a path of directed arcs from r;eQ(ti) to sieT.
Somewhere on this path, there must be a pair of types ti and t; such that Ui(u*,t)<Ui(u*,ti),
Ui(ps,5)>Ui(u, 1), and aui(titi)>0; but then type t would expect a strict loss from imitating t; to get
K in p=ai instead of A in . This conclusion that Ui(p=auilt))<Ui(p/ti) would contradict Fact 2, as

noted above, and so Fact 6 cannot fail. m

Given any reduced-game mechanism AeM(I"/ @), if the induced mechanism p* is
incentive compatible for I" then A is also incentive compable for the reduced game I'/ o, because
in the reduced game player i can only consider deviation strategies in the subset that satisfy the
strategic conditions of ai-stability. Conversely, if A is incentive compatible for the reduced game
'/ a., then p* is also incentive compatible for I', because Fact 5 implies that, with the other
players j=i all satisfying the conditions for oj-stability in p*, player i must have an optimal
deviation strategy that maintains ai-stability and so is feasible for i in the reduced game '/ a.

Thus we get our next main result, that incentive compatibility of a mechanism for the reduced

game is equivalent to incentive compatibility of the induced mechanism for the original game.

Theorem 2: Given any dual solution a.e A(T"), a mechanism AeM(I"/ ) is incentive

compatible for I'/ o if and only if the induced mechanism p* is incentive compatible for I'.

Any reduced game that we construct by dual reduction is itself a Bayesian game, for
which we can find dual solutions and construct new reduced games by a process of iterative dual
reduction. By repeated applications of Theorem 2, any games generated by such iterative dual
reduction will have incentive-compatible mechanisms that correspond to incentive-compatible
mechanisms of the original game. By Fact 3, any game that is not elementary must always have
at least one nontrivial dual solution that will strictly reduce the size of the game as measured by

Zie1 2, e, #Ci(ti). But this process must stop, and it can only stop when the iteratively reduced
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game is elementary, in the sense that all incentive constraints can be satisfied as strict

inequalities.

Theorem 3: For any finite I', there exists an elementary game that can be derived from I

by iterative dual reduction.

8. Density of games with transitive dual solutions

In this section, we introduce a concept of dual transitivity for Bayesian games, and we
show that the set of games which satisfy this property are dense in the set of all Bayesian games.

We may say that, in any dual solution a.e A(T"), the components of the form oui(ci|ci,tilti)
are trivial (for any i€l, tieT;, cie Ci(ti)), because they correspond to trivial incentive constraints
that are always satisfied as equalities. Any Bayesian game I" always has a dual solution in which
these trivial components are all strictly positive. (If the game is elementary then the only dual
solution has all trivial components equal to 1.)

For any game I', we say that a dual solution o is maximal iff its set of strictly positive
nontrivial components aii(ci|d;,sit))>0 is maximal among all dual solutions in A(T'). We can
always find a maximal dual solution in which the set of strictly positive components include
every nontrivial component that is strictly positive in any dual solution. (Because A(T') is
convex, such a maximal dual solution can be constructed as an average of dual solutions in
which each of these components is strictly positive. Indeed, all dual solutions in the relative
interior of A(I") will be maximal dual solutions.) We may define the dual magnitude of a game
to be the number of nonzero nontrivial components in a maximal dual solution for the game.

We say that the game I has transitive dual solutions iff, in a maximal dual solution a., for
any player i€l, for any types {ti,si,ri} Ti, and for any actions c;e Ci(t;), die Ci(si), and eie Ci(r;):

if ai(ci|d,silti)>0 and aui(di|ei,ri|si)>0 then oui(cilei,ri|ti)>0.

Our Example 1 in section 10 below is a game that does not satisfy this dual transitivity property;
but we show now that any such counter-examples must be fragile in the sense that a slight
change in the payoffs could yield a game that satisfies dual transitivity.

Any (I, (Ti)ier, (Ci)ier, p) as above may be called a framework for Bayesian games, which
can then be defined by specifying a vector of utilities for all players in all possible outcomes.
Given this framework, the game defined by a utilities vector u may be denoted I'(u). We say that

the type distribution p has full support iff p(t) > 0 for all teT.
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Theorem 4: Given any framework (I, (Ti)ie1, (Ci)iel, p) for Bayesian games, suppose that
the type distribution p has full support. Then the set of utility functions u such that I'(u) has

transitive dual solutions is dense in the space of all possible utility functions for this framework.

Proof: We may say that a game I'(u) has locally minimal dual magnitude if there is some
open set containing u such that the dual magnitude of I'(u) is minimal over all games with utility
functions in this open set. But any nonempty open set in the utility space must include at least
one u such that I'(u) has locally minimal dual magnitude, because the dual magnitudes are
nonnegative integers, and the smallest of the feasible dual magnitudes must be achieved at some
u in the set. Thus, utility functions that yield games with locally minimal dual magnitudes must
be dense in the space of all utility functions for the given framework.

We now claim that any game I'(u) with locally minimal dual magnitude must have
transitive dual solutions. Because utilities that yield games with locally minimal dual
magnitudes are dense in the space of all utilities, the theorem follows directly from this claim.

So now consider any game I'(u) with locally minimal dual magnitude, and let o be any
maximal dual solution for the game I'(u). As noted in Fact 1, I'(u) also has an incentive-
compatible mechanism p that is maximally incentive compatible, in the sense that it satisfies
with strict inequalities all incentive constraints that are strict in any incentive-compatible
mechanism for I'(u). Let u be any such maximally incentive-compatible mechanism for I'(u).

If I'(u) did not have transitive dual solutions (contrary to the above claim), then we could
find some player jel and some nontrivial strictly positive components o(c;|d;,s;|t))>0 and
aj(djlej,rj|s))>0 such that a(cjlej,rj|tj)=0. (If either of these positive components was trivial, they
could not violate transitivity, because the third component would equal one of the other two.)
With Fact 3, the two positive dual variables would give us:

Ui(u,6) = Yi(1,¢3d3,85.) + L, ey (s;),byed; MAXajecicty) Yilkaibissint),
Ui(81) = Yi(kd3,€35158) + L ¢ ry),bye; MAXajecy(sy) Yilkaj,bi1si)-
But with a(cjle;j,1j|tj)=0 and p maximally incentive compatible, we would get
Ui(u,6) > Yi(1,635€35,4) + Ly ey (1), byee; MaXayecyty) Yilkai,biti,t).
Let 9j:Cj(sj)—C;j(t;) be such that
6j(d;)=c;j and dj(bj) eargmaxy, cc; ;) Yi(k,i,b,iti) Vbj=d;.
For any small €>0, let us construct {i to be the same as u except that, for any t-j,eT-j and any
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beC(t,sj):

P(t-5,87)Ti(b,(t5,))) = (1=e)p(t-j,s)uj(b,(t-58))) + & p(t-,t)uj((b-,8i(b})))(t5,)).
That is, T differs from u only in that {i admits a small € probability of j's type s; getting the
preferences of type tj imitating s; with plans to use §; for interpreting recommendations to s;.
This imitation plan for t; was just as good as honest obedient participation in the incentive-
compatible mechanism p in I'(u), and so it would also be at least as good for t; as any other
feasible deviation strategy in I'(u), and so the new € term cannot cause p to violate any incentive
constraint in I'(%). Furthermore, with €<1, any incentive constraint that is satisfied strictly by p
in ['(u) will also be satisfied strictly by p in I'({1). But the fact that t; would strictly lose in I'(u)
by imitating rj; with a plan to do c;j after an ej recommendation implies that the new € term in I'({i)
would introduce a strict loss from s;j imitating rj with a plan to do d; after an ej recommendation,
as the plan for s; to do d; would be interpreted as tj doing ¢;j in the € term.

So any p that is maximally incentive compatible for I'(u) would also be incentive
compatible for I'(Q1), but its set of strictly satisfied incentive constraints would expand in (1) to
include the constraints that are associated with aj(djle;,rj|sj) in Fact 3, and so this component of
the dual solution would have to be 0 for I'(1). Thus I'(i) must have a strictly smaller dual
magnitude than I'(u). But we can choose ¢ small enough to get {i inside any open neighborhood
of u, which contradicts our selection of u as having some open neighborhood in which I'(u) had a
locally minimal dual magnitude. This contradiction shows that, as claimed above, a game with
locally minimal dual magnitude cannot violate dual transitivity, and so the theorem follows from

the denseness of these local minima in utility space. m

9. Scale invariance of dual reduction

In a Bayesian game, each player is assumed to know his own type at the time when the
game is played. So if the payoffs for any type t; of any player i were multiplied by some positive
constant wi(t)>0, the change would not affect player i's preferences over any decisions in the
game. We now show that dual reduction is invariant to such rescaling of utility functions.

For a given framework (I, (Ti)ie1, (Ci)ie1, p), let us consider games I'(u) and I'((:) where
the utilities G differ from u by such type-dependent rescaling of utilities for the players, so that

Gi(c,t) = wi(t)ui(c,t) VeeC(t), VteT, Viel.

Here w is a vector of weights with strictly positive components wi(ti)>0 for every type t;ieT; of
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every player iel. Consider any a.e A(I'(u)) that is an optimal dual solution for I'(u). We want to
show that the rescaled game I'(Qi) has a dual solution Be A(I'({1)) that can yield a dual reduction
I'(4)/ B which is equivalent to the dual reduction I'(u)/a for the given game.

In our definition of dual solutions [3], the game's utility function is used in the formula
for W(c,t,a) which involves multiplying utility values by components of the dual vector a. But
with the first dual constraint in [3], the definition of ¥ can be equivalently written in a way that
does not depend on a's trivial components of the form aii(ci|ci,tilti):

P(e,t,0) = Zict Ly siet; (Qajecsp cildileitilsp(tisiui((c-i,di),(ti,5))) — ou(siltp(tui(c,1))
+ Dl 2d; e Cy(ty),dyee; Cidilcitilt)POui((c-i,di),t) — p(tui(c,t)).
(Here and below, terms with (di,si)=(ci,ti) can be dropped from the sums because the trivial dual
components ai(cilci,ti|ti) would be multiplied by expressions that equal zero.)

Going from I'(u) to I'({1), the multiplicative products of utility times dual component here
can be held constant if we simply divide each nontrivial component of the dual vector a by the
corresponding utility weight wi(ti). To do this for all nontrivial components of o and still satisfy
the dual constraints in [3] that require sums of a dual solution's components to equal 1, we must
adjust the trivial components (of the form i(cilci,ti|ti)) to take up the slack. However, to ensure
that this can be done with these trivial components of [ satisfying also the required nonnegativity
conditions in [3], we may need also to multiply all the nontrivial components by a small positive
constant €>0. Thus, we may construct 3 from a by the following formulas:

Bi(ci|di,silti) = aui(cildi,sit)e/wi(t) if (di,si)#(ci,ti),
Bi(ci|citifti) = ai(cilci,tilti)e/wi(ti) + 1 — e/wi(ti),
VcieCi(t), VdieCi(si), VsieT;, VtieT;, Viel.
This construction will satisfy nonnegativity for the trivial components Bi(cici,ti|ti))>0 and will
have the same nontrivial positive components as a., if € is positive and g(1—ai(ci|ci,tilt)) is never
greater than the utility weight wi(ti). A sufficient condition here is for € to satisfy
0 <& <minjcyyer; Wilti)-
Then the short components of the new dual vector 3 can be derived from the dual constraints:
Bi(silt)) = Zcieci(ti) Bi(cildi,si|ti)
= ZCieCi(ti) au(cildi,silt)e/wi(ti) = ai(silt)e/wi(t) VdieCi(si), Vsizti, VtieT;, Viel,
Biltilti) = X, ey Bilcilditilt) = 1 = X, o7, s, Bilsilt) VdieCi(ti), VtieT;, Viel
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With this construction, the values of W(c,t,p) for the game I'(1) will just equal the positive
constant ¢ times the corresponding values of ‘Y'(c,t,a) for the game I'(u). Thus, B will also yield
the optimal value 0 in the dual objective for the game I'((1), and so we get BeA(I'(1)).

Our construction of the sets of reduced types Ti/a; and reduced actions Ci/[ai|ti]
depended only on which nontrivial components ai(ci|d;,silti) were positive, and since 3 has the
same nontrivial positive components (with £€>0), 3 will yield the same sets of reduced types Ti/ i
and reduced actions Ci/[Bi|ti]. In the construction of the reduced-type reporting function w;, the
dependence on a in equation [5a] can be equivalently written as:

0 =2, e 5t C(Silti)(@i(Tilsi,on) — wi(Tilti,on)) VtieTi, Viel;
Substituting 3 for o would just multiply each term here by the same factor &/wi(ti), and so the
same o; function can also satisfy the corresponding condition for 3. Similarly, in the
construction of the reduced-action response function o, the dependence on a in equation [8d]
can (with equation [5a] and the first dual constraint in [3]) be written equivalently as:

0= zSieTi.Si?&ti i(Tilsi,on)(ai(silt) oi(cilti,yi, Ti,0li) — zdieci(si) ai(cildi,silti)oi(di]si,yi, Ti,0))

+ 2 eyt dye; @ilTilti o) (aui(dileitilt)oi(eiltivi, Ti o) — oui(eildi,tilt) oi dilti,yi, Ti,00)).-

Again, substituting 3 for . would just multiply each term here by the same factor &/wi(ti), and so

this same function o; can also satisfy the corresponding condition for 3. These results are

summarized below.

Fact 7: Given a Bayesian-game framework (I, (Ti)ie1, (Ci)ie1, p) with utility functions u,
let e A(T'(u)) be an optimal dual solution for I'(u). Let w be a utility-weights vector with
wi(t)>0 VtieTi, Viel. Consider the game I'(1) that differs from I'(u) only in that the utilities are
changed from u to i, where

ti(c,t) = wi(t)ui(c,t) VceC(t), VteT, Viel.
For small positive £>0, the game I'((i) has an optimal dual solution Be A(I'({)) such that every
nontrivial component of B (with (di,si)#(ci,ti)) satisfies Bi(ci|di,siti) = ou(ci|di,si|ti)e/Wi(ti)). Then
the reduced games I'(u)/ o and I'(1)/ B have the same reduced types and reduced actions. That
is, for every player i€l and every reduced type tieTi/ ai, we have:

Ti/Bi=Ti/ou, Ci/[Bilti]=Ci/[aui|ti], oi(Tilti,i) = oi(ilti,ai), and

ci(cilti,Yi,Ti,Pi) = oi(cilti,yi,Ti,a) VeieCi(t), Viie Q(ti), VyieCi/ [olti].
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10. Special cases and examples

Strategic-form games may be considered a special case of Bayesian games where each
player has only one possible type that is common knowledge. For strategic-form games,
incentive-compatible mechanisms can also be called correlated equilibria, following Aumann
(1974). When player i1 has only one possible type, we may suppress our notation indicating
dependence on the player's type, and so the components of the dual vector a which we have
described above as ai(ci|di,si|ti) may instead be simply described as ai(ci|di). So for a strategic-
form game, the formula for the aggregate a.-deviation value can be written as:

P(e,a) = Xiet 2y, e, i(dilei)(ui(c-i,di) — ui(c)).
With this formula the dual problem can be written:

maximize mincec P(c,0) over a0 subject to: Xy ¢, oi(dilci) =1 VeieCi, Viel.
The optimal value 0 is achieved when ¥(c,a)>0 for every action profile c.

The concept of dual reduction for strategic-form games was introduced in Myerson
(1997), where several illustrative examples were discussed. Here we show some of the breadth
of dual reduction's potential effects by considering two special classes of strategic-form games,
games with dominated strategies and two-person zero-sum games; and then we consider a two-
player 3x3 strategic-form game that was introduced by Shapley (1963).

An action ¢ is weakly dominated for player i in a strategic-form game I iff player i has
some randomized strategy 6; (with 24, ¢, 0i(di) = 1, and 0i(d)>0 Vdi€C;i) such that

L, ¢, Oi(d(ui(c-i,di) —ui(c-i,¢)) > 0 VeeC,
with a strict inequality (>0) for some c-j€C-;. Then an optimal dual solution o can be
constructed with oii(di|¢i)=0i(di) VdieCi, and with all other components as in the trivial solution
(with aj(cjlcj)=1 when (j,ci)#(1,&i)). With this o, the weakly dominated ¢; becomes a transient
action that is eliminated by dual reduction. So dual reduction can always eliminate weakly
dominated actions.

A two-person zero-sum game in strategic form has [={1,2} and ui(c)+uz(c) =0 VceC.
Now let y be a randomized equilibrium for a two-person zero-sum game, where each player i's
equilibrium strategy y; guarantees a maximin value Vi, with Vi1+V>=0. Then an optimal dual
solution can be constructed with ai(di|ci) = xi(di) VdieCi, VcieCi, Vie {1,2}, so that

Y(c,o) =2 g Zdieci vi(di)(ui(c-i,di)—ui(c)) > (Vi—ui(c)) + (Vo—uz(c)) =0 VceC.
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Thus, dual reduction can always simplify a two-person zero-sum game to a reduced game in
which each player i's actions are consolidated into one reduced action, which is to randomize

according to the player's maximin equilibrium strategy y; in the original game.

Example 1: In this game from Shapley (1963), the players are I={1,2}, each player i has

three actions in Ci={R;,S;,P;}, and the players' payoffs (ui,u2) depend on their actions as follows:

R S> P>

Ri 0,0 1,0 0,1
Si 0,1 0,0 10
P Lo 0,1 0,0

This strategic-form game could be interpreted as a version of the rock-scissors-paper
game where the players both lose if their choices match. The game has one Nash equilibrium in
which each player independently randomizes uniformly over the three possible actions, so that
each player's expected payoftis 1/3.

But the game also has a correlated equilibrium that randomizes uniformly over the six
nondiagonal outcomes of the game, so that each player's expected payoffis 1/2. This correlated
equilibrium could be implemented with the help of a mediator, who chooses the recommended
outcome pair and then privately tells each player i just the recommended action for i. If player 1
were told to do R; in this mechanism, then 1 would think 2's action was equally likely to be S> or
P>, so that 1's expected payoff would be 1/2 from obediently choosing R;, while it could be 1/2
from S, or it could be 0 from P;. So the incentive constraints for 1 to choose R; when
recommended are both satisfied; but the one for choosing R; over P; is satisfied strictly, and so
its dual variable must be a1(P;|R;)=0 in any dual solution. In fact, each player has three
incentive constraints that are satisfied strictly by this correlated equilibrium, which imply that the
correponding components of the dual solution must be zero, by Fact 3:

a1(P1|R1)=0, a1(R:|S1)=0, a1(S:|P1)=0, az(P2R2)=0, 02(R2|S2)=0, o2(S2|P2)=0.
However, this game is not elementary, and it has a nontrivial dual solution with:

a1(SiIR)=1, o1(P1|S1)=1, ai(Ri|P1)=1, aa(S2|R2)=1, au(P2|S2)=1, ox(R2|P2)=1.
So this is a game that has nontransitive dual solutions.

With this dual solution «, the reduced game I' /o is just a 1x1 game where each player i's
only option is to randomize uniformly over {R;S;P;}, yielding expected payofts (1/3, 1/3). That

is, the three actions for player i in the given game are consolidated into one reduced action which
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represents the uniform random selection from among the three actions, which is the randomized
strategy for 1 in the Nash equilibrium of the given game. So this dual reduction eliminates the
correlated equilibrium that we described above, as if it could be imperfect in some sense.

Now suppose that we changed the diagonal payoffs here from (0,0) to (&,¢) for some
number ¢. If €<0, the game would be elementary, as the above correlated equilibrium satisfies all
incentive constraints strictly. Also if e>1, the game would be elementary, as a mechanism with

WR1,R2) = W(S1,S2) = W(P1,P2)=1/3
would satisfies all incentive constraints strictly. But if 0<e¢<1 then no incentive constraint could
be satisfied strictly, and a dual solution where all nontrivial dual variables are strictly positive

would be:
o1(P1R1) = a1(R1]S1) = a1(S1|P1) = 02(P2|R2) = a2(R2|S2) = a2(S2|P2) = &,
o1(Si|R1) = a1(P1]S1) = ou(R1|P1) = 02(S2|R2) = a1(P2|S2) = aa(R2|P2) = 1—¢.
In this case with 0<e<1, the only correlated eqm would be the uniform Nash equilibrium. So

these games would have nontransitive dual solutions only when =0 or e=1.

Our next example is a sender-receiver game that illustrates how dual reduction may
eliminate from our game model some actions that are hard to motivate (in a way that generalizes
the elimination of dominated actions) and may also eliminate some shy types that would always
want to imitate others.

We consider a sender-receiver game where the set of players is [={1,2}, the only
alternative types are 1's types in T1 and the only alternative actions are 2's actions in C2. (So
player 1 is the sender and player 2 is the receiver.) For player 1, who has no real choice of
actions, the dual variables may be written simply as oui(s1]t1). Then for this kind of game, the
formula for the aggregate a-deviation value becomes:

W(co,t1,0) = g o, (cu(ti[syp(snui(cz,s1) — ausiftr)p(tui(ez,tr)) +
+ 24, ec, 02(d2lc2)(p(t)uz(dz,tr) — p(ti)ua(cz,tr)).
With this formula the dual problem can be written:
maximize X _p, MiNg,cc,(t,) P(c2,ti,0) over a>0 subject to:
ZsleTl ai(sifti)=1 VtieTi, and ZdzeCZ aa(dzfc2) =1 VereCa.

The objective has the optimal value 0 at any optimal dual solution.
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Example 2. In this sender receiver game, T1= {L,R.X}, Co={L,L.R,R}, each of 1's types
has equal probability p(L)=p(R)= p(X)=1/3, and the players' payoffs (ui,uz) depend on 1's type

and 2's action according to the following table:

p: L L R R
1/3 L 9,9 &8 0,0 0,0
1/3 R 0,0 0,0 88 99
1/3 X 3,0 0,3 0,3 3,0

For any ¢ in the interval 1/3 < ¢ <2/3, we have a dual solution a such that
ai(LX) =@, oi(RX)=1-¢, ca(L|D)=1, a(RIR) =1,

with all other nontrivial components of a being 0. In any incentive-compatible mechanism,
player 2's extreme type X is always willing to imitate the types L and R (because if either type
could separate from X then that type could get 2 to choose the extreme actions L or R, but then X
would want to imitate that type). So 1's extreme type X vanishes from the dual-reduced game
I'/a. Player 2's extreme actions L and R are also eliminated in the reduced game I'/ o because,
although they are not dominated actions, they can never be used with positive probability in any
incentive-compatible mechanism. In the a-reduced game I'/a, the reduced types' prior
probabilities q(t1) are q({L})= (1+¢)/3 and q({R}) = (2-9)/3, and the payoft functions vi(y2,t1)
are, for each coe {L,R}:

vi({e2},{L}) = (ui(c2,L)Toui(c2,X)) /(1+¢), vi({c2},{R}) = (ui(c2,R)H(1-p)ui(c2,X))/ (2—9).
With ¢=1/3, for example, the reduced game would be:

q: 1's reduced-type: (L} {R}
4/9 {L} ~0.75[L]+0.25[X] 6, 6.75 0,0.75
5/9 {R} ~ 0.6[R]+0.4[X] 0,12 4.8,6

The reduced games here are elementary, because the mechanism with A({L}|{L})=1 and

M{R}|{R})=1 would satisfy all incentive constraints strictly.

Example 3: Finally, let us consider the Beer-Quiche game of Cho and Kreps (1987).
This is a two-player game where player 1 knows privately whether he is a strong or weak type.
Player 2 thinks ex ante that 1's probability of being strong is 0.9, but then observes whether 1
consumes beer or quiche in a bar. Player 2 would prefer to fight with player 1 if he is weak, but

2 would prefer to not fight if 1 is strong. If 1 is strong then 1 prefers beer, but if 1 is weak then 1
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prefers quiche; but 1 would always prefers more to avoid a fight with 2. We can model this as a
Bayesian game where player 1's set of types is T1={s,w}, the prior probabilities are p(s)=0.9 and
p(w)=0.1, player 1's actions sets are Ci(s)=Ci1(w)={b,q}, and player 2's action set is

Co={f/f, f/n, n/f, n/n}. The feasible actions in C; are 2's possible strategic plans for fighting or
not depending on whether 2 sees 1 have beer or quiche respectively; so for example "f/n" denotes
the strategy "2 should fight if 1 chose beer, but 2 should not fight if 1 chose quiche". Then the

players' payoffs (u1,u2) depend on their actions and on 1's type as in the following table:

(p=9) 2's choice (if b)/(if q) (p=.1) 2's choice (if b)/(if q)

t1=s ff n/f  n/n t=w  fIf  f/n n/f  nhn
b 1,0 1,0 3,1 3,1 b 0,1 0,1 2,0 20
q 0,0 2,1 0,0 2,1 q 1,1 3,0 1,1 3,0

It is not hard to find incentive-compatible mechanisms that satisfy all nontrivial incentive
constraints as strict inequalities. For example, a mediatior could ask player 1 to confidentially
report his type and then could choose a pair of actions to recommend (privately telling each

player only his or her own recommended action) that depends on 1's reported type according to

the following table:
ti=s  fif  fn n/f  nhn ti=w  fIf  fn n/f  nn
b 0 0 59 .01 b .01 .01 38 0
q 0 39 0 .01 q .01 .58 .01 0

So this Bayesian game is elementary and has no nontrivial dual solution or dual reduction.

Our conclusion that Beer-Quiche is an elementary game may seem surprising given that
this example has been discussed extensively in the literature on Nash equilibrium refinements.
The reason is that the analysis may be very different if we look at the normal representation of
this game in strategic form. To construct this normal-form game, we redefine player 1's choices
as being strategic plans that specify whether 1 should have beer or quiche depending on whether
I's type is strong or weak respectively; so for example "b/g" denotes the strategy "1 should have
beer if 1's type is strong, but 1 should have quiche if 1's type is weak". Then for any pair of

strategies for the two players, their expected payoffs (ui,u2) would be as in the following table:
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2's choice (if b)/(if q)

I's choice (if s)/(if w)  ff i n/f n/n
b/b 0.9, 0.1 0.9, 0.1 2.9,0.9 2.9,0.9
blg 1.0, 0.1 1.2, 0.0 2.8, 1.0 3.0, 0.9
/b 0.0, 0.1 1.8, 1.0 0.2, 0.0 2.0, 0.9
9/q 0.1,0.1 2.1,0.9 0.1,0.1 2.1,0.9

This game has two pure-strategy Nash equilibria, (¢/q,//n) and (b/b,n/f), but iterative
elimination of weakly dominated strategies leaves only the (b/b,n/f) equilibrium. As noted
above, any strategies that can be eliminated by weak domination can also be eliminated by dual
reduction, where a can be a profile of deviation strategies that take each weakly dominated pure
strategy to the randomized strategy that dominates it. For the normal-form version of the Beer-
Quiche game, two rounds of iterative dual reduction can yield a dual-reduced game where the
players' only reduced actions are (b/b,n/f) equilibrium pair.

We should try to understand why the analysis of this normal-form model should be so
different from the Bayesian model. In the Bayesian game, we found a coordination mechanism
that yields strict incentives for honesty and obedience by a mediated communication plan that
guides the players to behave differently depending on whether player 1 reports his type to be
strong or weak. In this mechanism, the weak type of player 1 is willing to report his weakness
truthfully because it yields a greater probability of their being guided to an outcome where he
safely consumes the quiche that he prefers. But the normal-form analysis is based on a general
assumption that the players would make all their decisions strategically before player 1 learns his
type, and this assumption rules out any possibility that their behavior could depend on
communication that would be different for different types. A crucial step in the normal-form
analysis of Beer-Quiche is the elimination of player 1's g/b strategy because it can be dominated
by a randomized mixture of b/g (with probability 0.2) and ¢g/q (with probability 0.8); but this
calculation depends on the assumption that player 2's strategic reaction to 1's choice of b or ¢
would be the same for both of player 1's types.

Thus, when we admit the possibility of communication in our analysis, the normal-form
model and the Bayesian model here represent fundamentally different situations. If it is possible
for a mediator to ask player 1 to report his type and then give different guidance to the players

depending on what player 1 reports, then the Bayesian game model is appropriate, and the

33



normal-form analysis may then be misleading.
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