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In a previous paper (J. Phys. Chem. 1994, 98, 3444), we showed, within the framework of the reaction
coordinate representation of the dynamics of a chemical reaction, that application of a complex scaling
transformation to the reaction coordinate leads naturally to the definition of transition states with complex
energies and to the definition of an operator whose expectation values are the lifetimes of these states. That
analysis has the unphysical feature of not eliminating the dependence of the lifetime operator on the positive
angle parameter of the unitary transformation that generates the scaling of the reaction coordinate. In this
paper, we reexamine the approach used earlier and remove this unphysical feature of the analysis. We recover
the results of our earlier analysis and provide an interpretation of other related results in the literature.

I. Introduction

Considerable effort has been devoted to the development of
a quantum transition state theory of reaction rate which is
complementary to the classical transition state theory of reaction
rate.
Consider, first, the classical version of the theory.1-14 In this

case the transition state is a dividing surface in phase space
which both defines the separate subspaces of reactants and
products and has the property that a system trajectory which
crosses it does not recross. In the most widely used version of
the classical theory15 the dividing surface is defined in the many-
body configuration space, but that definition does not always
satisfy the condition that system trajectories can cross only once.
The most recent versions of classical transition state theory16-35

identify the dividing surface with the system separatrix, which
is difficult to determine in a many-body system but which does
satisfy the requirement that a system trajectory can only cross
once. The use of the separatrix for the dividing surface also
properly incorporates the nonlinear dynamics of the system.
All of the preceding leads to the inference that if the

conventional definition of the dividing surface in configuration
space is adopted, classical transition state theory will be most
accurate if the reaction occurs by passage over a simple barrier
on the potential energy surface, without the intervention of long-
lived collision complexes. Nevertheless, classical transition state
theory is also useful to describe reactions in which long-lived
collision complexes occur,35 although in such cases it is better
to define the dividing surface as the system separatrix. Leaving
aside the need to use quantum mechanics to describe a molecular
system, it can be said that the principal difficulty associated
with treating reactions that involve a long-lived collision
complex can be avoided by proper choice of the dividing surface
in the full phase space of the system.
Consider, now, the quantum version of transition state

theory.31,37-42 If a long-lived collision complex exists, the states
of the complex have eigenenergies of the formEj

res ) Ej -
iΓj/2 corresponding to the fact that these states are metastable.
Of course, in the scattering theory description of the reaction,
these metastable states appear as scattering resonances. Seide-
man and Miller43,44 have shown that for a direct bimolecular
reaction, which involves penetration through a simple barrier
on a potential energy surface and for which there are no

metastable states, the eigenenergies have the same form as do
the Siegert eigenenergies associated with scattering resonances.
Starting from a different point of view, Truhlar and Garrett45

have used the fact that the cumulative reaction probabilities
obtained from accurate quantum mechanical calculations of
several direct bimolecular reactions have features that can be
associated with resonances as a motivation for reformulating
transition state theory for bimolecular reactions in terms of the
properties of resonances.46,47 Given this formulation, it is useful
to have a convenient method for calculating the widths of
transition state resonances.
In a previous paper, we showed,48 within the framework of

the reaction coordinate representation of the dynamics of a
chemical reaction, that application of a complex scaling
transformation to the reaction coordinate leads naturally to the
identification of transition states as resonances, where we use
the term “resonance” to indicate that the energy of a state is
complex. That analysis, which also leads to the definition of a
resonance width operator whose expectation values are the
lifetimes of the resonances, has the unphysical feature of not
eliminating the dependence of the transition width operator on
the positive angle parameter of the unitary transformation that
generates the scaling of the reaction coordinate. In this paper,
we reexamine the approach used earlier and remove this
unphysical feature of the analysis. We recover the results of
our earlier analysis and provide an interpretation of other related
results in the literature.

II. Complex Scaling of the Reaction Coordinate

The complex scaling transformation of a dynamical system
is based on replacement of the ordinary coordinates with
complex coordinates via the substitution49-54

The transformation is carried out by use of the unitary scaling
operator

whereŜ is the generator of the scaling transformation andθ is
a positive angle parameter. Under the dilatation transformation
(2.1) the wave function is defined by
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r f r exp{iθ} (2.1)

Û(θ) ) exp{iŜθ} (2.2)

Û(θ) ψ(r ) ) exp{i(n2)θ}ψ(reiθ) (2.3)
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wherer is ann-dimensional vector. It is easy to show that

A direct evaluation of (2.4) yields

Inserting the identities

into (2.5) we find

A comparison of (2.7) with (2.4) yields the following form for
the generatorS:

If r is a Cartesian coordinate (2.8) can also be written in the
form

after introduction of the conjugate momentum operatorp )
(p/i)∇.
We suppose that all atomic motion except that along the

reaction coordinate is bounded. This assumption is valid both
for a direct bimolecular reaction and for the penetration of a
barrier on the potential energy surface. We choose to apply
complex scaling only to the reaction coordinate, denoteds. Use
of (2.2) then leads to

wherex represents all coordinates except the reaction coordinate.
The specific form of the dilatation operator which generates a
transformation of only the reaction coordinate is

which can also be written

when we make the identificationp̂s ) (p/i)(d/ds). We now
substitute (2.12) into (2.2) to obtain an explicit expression for
the complex scaling operator:

S is an invariant of the motion which, we shall see, is directly
related to the virial.

III. The Complex-Scaled Hamiltonian

Consider the reaction path Hamiltonian operator

whereµ is the reduced mass. Because the reaction coordinate
is the only coordinate relevant to our discussion, in the following
we omit reference to the other coordinates unless otherwise
specified.
The complex scaled Hamiltonian operator takes the form

We now expandĤθ(s) in powers ofθ by employing the operator
identity55

and the following commutation relations:

Let

Â) iŜθ ) -θ
2p

[p̂ss+ sp̂s] (3.5a)

B̂) Ĥ(s) ) ∑
j

p̂j
2

2µ
+
p̂s
2

2µ
+ V(s,x) (3.5b)

Û(θ) ) exp{iŜθ} ) exp{-θ
2p

[p̂ss+ sp̂s]} (2.13)

Ĥ(s,x) ) 1
2µ
(p̂2 + p̂s

2) + V(s,x) (3.1)

Ĥθ(s) ) Û(θ) Ĥ(s) Û-1(θ) ) eiŜθĤ(s)e-iŜθ ) Ĥ(seiŜθ) (3.2)

eÂB̂e-Â ) B̂+ [Â, B̂] + 1
2!
[Â, [Â, B̂]] + 1

3!
[Â, [Â, [Â, B̂]]] +

... (3.3)

[sp̂s, H(s)] ) [p̂ss, H(s)] (3.4a)

[sp̂s, H(s)] ) [sp̂s, p̂s22µ
+ V(s,x)] ) [sp̂s, p̂s22µ] + [sp̂s, V(s,x)]

) [s, p̂s
2]
p̂s
2µ

+ s[p̂s, V(s,x)]

) p̂s[s, p̂s]
p̂s
2µ

+ [s, p̂s]
p̂s
2

2µ
+ s[p̂s, V(s,x)]

) ip
p̂s
2

µ
- ips

∂V(s,x)
∂s

(3.4b)

d
dθ
[Û(θ) ψ(r )]θ)0 ) iŜψ(r ) (2.4)

d
dθ
[Û(θ)ψ(r )]|θ)0 ) d

dθ[exp{i(n2)θ}ψ(reiθ)]|θ)0

) [ i2 exp{i(n2)θ}ψ(reiθ) + i exp{i(n2)θ}dψ(reiθ)
dθ ]|θ)0

(2.5)

dψ(reiθ)
dθ

|θ)0 ) ∇ψ(r )‚r (2.6a)

∇‚[ψ(r )r ] ) ψ(r ) + ∇ψ(r )‚r (2.6b)

d
dθ
[Û(θ)ψ(r )]|θ)0 ) i

2
[∇‚r + r ‚∇]ψ(r ) (2.7)

Ŝ) 1/2[∇‚r + r ‚∇] (2.8)

Ŝ) i
2p
[p‚r + r ‚p] (2.9)

Û(θ) ψ(s,x) ) eiθ/2ψ(seiθ,x) (2.10)

Ŝ) 1
2[ ddss+ s

d
ds] (2.11)

Ŝ) i
2p
[p̂ss+ sp̂s] (2.12)
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whereupon we find that

and

Finally, applying (3.3)-(3.8) to (3.2), the complex-scaled
Hamiltonian operator takes the form

This representation of the transformed Hamiltonian operator has
several advantages. The complex virial theorem,56 i.e., the
analog of the conventional virial theorem,57 can be obtained
directly from (3.9). Furthermore, it is obvious from the form
of the expansion displayed in (3.9) why the transformation (2.1)
leads to a rotation of the continuum energy spectrum to the
lower complex energy plane by an angle (2θ).

IV. Variational Stationary Point and the Complex Viral
Theorem

Given the complex-scaled Hamiltonian operatorĤθ(s) and a
resonance stateΦ(s), the expectation value of the resonance
energy is a functional of the scaling parameter:

The stationary point ofW(θ) with respect to variation ofθ
determines the true resonance energy. We write

whereθc is the stationary point value ofθ. SinceW(θ) is, in
general, a complex functional ofθ, we write

whereWR(θ) andWi(θ) are real numbers for a givenθ. Using
(4.3), (4.2) becomes

We must expect to find thatθR * θi for a trial wave function
which is not an eigenfunction.
To locate the variational minimum (4.4) we return to the

complex-scaled Hamiltonian

and calculate the derivative

which can be rewritten in the form

Application of the stationary condition (4.2) to (4.6) leads to

Equation 4.7 is the complex analog of the virial theorem which
requires that, in a stationary state, the expectation value of the
potential energy is equal to the negative of twice the expectation
value of the kinetic energy.
We now use the complex virial theorem (4.7) to determine

the stationary pointθc. For convenience, we express the
complex virial theorem in the alternative form

Thenθc can be obtained from the implicit relation

by iteration.

V. Time Evolution of the Resonance States

A scattering resonance is conveniently described as a state
with finite lifetime; for the cases of interest to us it can be
represented as a superposition of bound and continuum states
with complex energy

whereEj is the energy of the isolated narrow resonance andΓj

is the full width at half-maximum (fwhm) of this resonance.

[Â, B̂] ) (-i2θ)[p̂s22m- 1
2
s
∂V(s,x)

∂s ] ) (-i2θ)Ĥ1

[A, [Â, B̂]] ) (-i2θ)2[p̂s22m- 1
2
s
∂V1(s,x)

∂s ] ) (-i2θ)2Ĥ2

......

[Â,...[Â, B̂]] ) (-i2θ)n[p̂s22m- 1
2
s
∂Vn-1(s,x)

∂s ] ) (-i2θ)nĤn

(3.6)

Ĥn )
p̂s
2

2m
+ Vn(s,x), n) 1, 2, 3, ...,∞ (3.7)

V1(s,x) ) - 1
2
s
∂V(s,x)

∂s

Vn(s,x) ) - 1
2
s
∂Vn-1(s,x)

∂s
, n) 2, 3, ...,∞ (3.8)

Ĥθ(s) ) Ĥ + (-i2θ)Ĥ1(s) +
(-i2θ)2

2!
Ĥ2(s) +

(-i2θ)3

3!
Ĥ3(s) + ...+

(-i2θ)n

n!
Ĥn(s) + ... (3.9)

W(θ) ) 〈Φ(s)|Ĥθ(s)|Φ(s)〉 (4.1)

dW(θ)
dθ |θ)θc

) 0, Eres) W(θc) (4.2)

W(θ) ) WR(θ) - iWi(θ) (4.3)

dWR(θ)
dθ |

θ)θR
) 0,

dWi(θ)
dθ |

θ)θi
) 0 (4.4)

Ĥθ(s) ) ∑
n)0

∞ (-i2θ)n

n!
Ĥn(s), Ĥ0(s) ) Ĥ(s) (4.5)

dĤθ(s)

d(-i2θ)
) ∑

n)0

∞ (-i2θ)n

n!
Ĥn+1(s) ) Ĥ1(se

iθ) (4.6a)

dĤθ(s)

d(-i2θ)
) U(θ)[p̂s22m- 1

2
s
∂V(s,x)

∂s ]Û-1(θ) (4.6b)

dW(θ)
dθ |θ)θc

) 〈 dĤθ(s)

d(-i2θ)〉|θ)θc

) 〈Φ(s)|U(θ)
(p̂s22m- 1

2
s
∂V(s,x)

∂s )Û-1(θ)|Φ(s)〉|
θ)θc

) 0 (4.7)

〈p̂s22m〉e-i2θc - 〈(12s′∂V(s′,x)∂s′ )
s′)se-iθc

〉 ) 0 (4.8)

e-i2θc )
〈(12s′∂V(s′,x)∂s′ )

s′)se-iθc
〉

〈p̂s22m〉
(4.9)

Ej
res) Ej - iΓj/2 (5.1)
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The time evolution of a state with complex energy is
exp{-i(Ej - iΓj/2)t/p}, and its amplitude decays as exp{-(Γj/
2)t/p}.
The complex scaling transformation described in the last

section localizes the resonance states and isolates them from
the continuum part of the spectrum. Indeed, a transformed
scattering resonance acts like a bound state with square
integrable wave function. Under the complex scaling operation
the Hamiltonian of the system assumes the form

The time evolution of the system after complex scaling is
described by the time-dependent Schro¨dinger equation

The formal solution to (5.3) is

which has exactly the same form as for the unscaled system
evolution.

The time evolution operator in (5.4) can also been expanded
in powers ofθ by use of the operator identities

and

A direct evaluation of the operators yields

with Ĥ0(s) ) Ĥ(s), and

as before.

If the initial state is a resonance stateΨn(s) with eigenenergy
(En - iΓn/2), then

and the norm|ψn(s,t)| ) exp{-(Γnt/p)}|ψn(s,0)| decays expo-
nentially with a life timeτ ) pΓn

-1.

VI. The Resonance Energy

The scaled Hamiltonian operator can be formally separated
into real and imaginary parts:

With this separation, and noting that all theĤn(s) should have
real expectation values, we define the resonance energy and
resonance width operators by, respectively,

Assuming that the expansion displayed in (6.3) is convergent,
for potential functions satisfying

the resonance width operator may be approximated by

and the angle parameter may be approximated by

which then gives

Equations 6.5-6.7 are also a useful approximation for the
calculation of resonance energy and width in systems with a
nearly harmonic potential energy surface.
Note thatÊres(θ) andΓ̂(θ) are determined simultaneously, so

have the same eiegenfunctions, i.e., whenθ ) θc the operators
Êres(θ) and Γ̂(θ) commute.
Although (6.2) and (6.3) are complicated, there are some

special cases which are simple to analyze.

Ĥθ(s) ) Û(θ) Ĥ(s) Û-1(θ) (5.2)

ip
∂

∂t
Ψθ(s,t) ) Ĥθ(s) Ψθ(s,t) (5.3)

Ψθ(s,t) ) exp{- i
p
Ĥθ(s)t}|Ψθ(s,0) (5.4)

eÂeB̂ ) exp{A+ B+ 1/2[A,B] + ...} (5.5)

exp{- i
p
Ĥθ(s)t} ) exp{-iŜθ} exp{- i

p
Ĥ(s)t} exp{iŜθ}

(5.6)

exp{-
i

p
Ĥθ(s)t} ) exp{-

i

p
∑
n)0

∞ (-i2θ)n

n!
Ĥn(s)t} (5.7)

Ĥθ(s) ) Ĥ + (-i2θ)Ĥ1(s) +
(-i2θ)2

2!
Ĥ2(s) +

(-i2θ)3

3!
Ĥ3(s)

+ ...+
(-i2θ)n

n!
Ĥn(s) + ... (5.8)

ψn(s,t) ) exp{- i
p(En - i

Γn

2 )t}ψn(s)

Ĥθ(s) ) [Ĥ0 -
(2θ)2

2!
Ĥ2(s) +

(2θ)4

4!
Ĥ4(s) + ...+

(-1)n(2θ)2n

(2n)!
Ĥ2n(s) + ...] - i[(2θ)Ĥ1(s) -

(2θ)3

3!
Ĥ3(s) +

...+
(-1)n-1(2θ)2n-1

(2n- 1)!
Ĥ2n-1(s) + ...] (6.1)

Êres(θ) ) Ĥ0 -
(2θ)2

2!
Ĥ2(s) +

(2θ)4

4!
Ĥ4(s) + ...)

∑
n)0

∞ (-1)n(2θ)2n

(2n)!
Ĥn(s) (6.2)

Γ̂(θ)

2
) (2θ)Ĥ1(s) -

(2θ)3

3!
Ĥ3(s) +

(2θ)5

5!
Ĥ5(s) + ...)

∑
n)1

∞ (-1)n-1(2θ)2n-1

(2n- 1)!
Ĥ2n-1(s) (6.3)

Ĥn , Ĥn-1 (6.4)

Γ̂(θ)

2
) (2θ)( p̂22µ

- 1
2
s
dV(s)
ds ) (6.5)

d
d(2θ)[(2θ)Ĥ1(s) -

(2θ)3

3!
Ĥ3(s)] ) 0 (6.6)

(2θ) ) (2Ĥ1(s)

Ĥ3(s) )1/2 (6.7)
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Consider the harmonic potentialV(s) ) ks2/2. It is easy to
show that

so that the corresponding resonance energy and width operators
are

It is obvious that the harmonic oscillator wave function is a
joint eigenfunction of these operators with expectations values

The stationary point with respect to variation ofθ is determined
by

The possible choices ofθ are restricted toθ ) 0 andθ ) π/4
becauseθ ) π/2 is nonphysical by definition. We note that

and for eitherθ ) 0 or θ ) π/4 one obtains

Thus, as expected, complex scaling does not alter the physical
nature of a bound state of the system.
We now consider scattering by the parabolic barrierV(s) )

-ks2/2. The resonance energy and width operators are

As before, the harmonic oscillator wave function is a joint

eigenfunction of these operators, and the stationary point with
respect to variation ofθ is obtained from

The only physical solution isθ ) π/4. Note that this solution
also satisfies (6.15a). The substitution ofθ ) π/4 into (6.14)
yields

which is the resonance width operator for scattering over a
parabolic potential barrier.48,58

Consider, now, the anharmonic potential function59

Depending on the value ofâ, this potential supports both bound
and resonant states. It is easy to show that for the potential
function (6.17)

The resonance width operator is approximated by

with

To proceed further we choose a set of near harmonic basis
functionsφn, such that

wherec1 andc2 are constants. Because theφn are close to but
not exact harmonic oscillator functions,c1 is small but not zero.
Using (6.21) and (6.22) we find

If c1 , c2

Ĥ0 ) Ĥ2 ) Ĥ4 ) ...) Ĥ2n )
p̂2

2µ
+ 1
2
ks2 (6.8a)

Ĥ1 ) Ĥ3 ) Ĥ5 ) ...) Ĥ2n-1 )
p̂2

2µ
- 1
2
ks2 (6.8b)

Êres(θ) ) ( p̂2
2µ

+
1

2
ks2)∑

n)0

∞ (-1)n(2θ)2n

(2n)!
) ( p̂2

2µ
+
1

2
ks2) cos(2θ)

(6.9a)

Γ̂(θ)

2
) ( p̂2

2µ
-
1

2
ks2)∑

n)1

∞ (-1)n-1(2θ)2n-1

(2n- 1)!
Ĥ2n-1(s) )

( p̂2
2µ

-
1

2
ks2) sin(2θ) (6.9b)

〈Êres(θ)〉 ) 〈( p̂22µ
+ 1
2
ks2)〉 cos(2θ) (6.10a)

〈Γ̂(θ)

2 〉 ) )〈( p̂22µ
- 1
2
ks2)〉 sin(2θ) (6.10b)

d〈Êres(θ)〉
dθ

) -2〈( p̂22µ
+ 1
2
ks2)〉 sin(2θ) ) 0, θ ) 0,

π
2

(6.11a)

d
dθ〈Γ̂(θ)

2 〉 ) 2〈( p̂22µ
- 1
2
ks2)〉 cos(2θ) ) 0, θ ) π

4

(6.11b)

〈( p̂22µ
+ 1
2
ks2)〉

n
) (n+ 1

2)pω, 〈( p̂22µ
- 1
2
ks2)〉

n
) 0
(6.12)

Eres) (n+ 1/2)pω, Γn ) 0 (6.13)

Êres(θ) ) Ĥ cos(2θ) (6.14a)

Γ̂(θ)/2) Ĥ1 sin(2θ) (6.14b)

d〈Êres(θ)〉
dθ

) -2〈Ĥ〉 sin(2θ) ) 0, θ ) 0,
π
2
(6.15a)

d
dθ〈Γ̂(θ)

2 〉 ) 2〈Ĥ1〉 cos(2θ) ) 0, θ ) π
4

(6.15b)

Γ̂

2
) ( p̂22µ

- 1
2
s
dV(s)
ds ) (6.16)

V(s) ) 1/2µω2s2 - âs4 (6.17)

Ĥ1 )
p̂2

2µ
- 1
2

µω2s2 + 2âs4

Ĥ3 )
p̂2

2µ
- 1
2

µω2s2 + 8âs4 (6.18)

Γ̂(θ)

2
≈ (2θ)( p̂22µ

- 1
2

µω2s2 + 2âs4) (6.19)

(2θ) ≈ (2Ĥ1(s)

Ĥ3(s) )1/2 (6.20)

〈φn| p̂22µ
- 1
2

µω2s2|φn〉 ) c1 (6.21)

〈φn|s4|φn〉 ) c2 (6.22)

〈φn|2Ĥ1(s)

Ĥ3(s)
|φn〉 )

c1 + 2c2â
c1 + 8c2â

(6.23)

〈φn|2Ĥ1(s)

Ĥ3(s)
|φn〉 ) 1

4(1+
c1
8c2â)

(6.24)
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Since

for small ε, whenc1 , c2 we may write (6.24) in the form

Using (6.25) in (6.20) leads to

and from (6.19) we then find the resonance width

As expected, whenâ is approaches zero the resonance width
approaches zero (note the singularity in 1/â asâ approaches
zero).

VII. Relationship between the Quickert-LeRoy-Miller
Semiclassical Theory of Tunneling and Complex Scaling

Quickert, LeRoy, and Miller have suggested that the semi-
classical analysis60 of tunneling through a barrier can be formally
transformed into the analysis of bounded motion in theinVerted
barrier potential. QLM’s suggestion follows from analysis of
the system dynamics in imaginary time, in which case the
conjugate momentum is pure imaginary:

Using τ as the time, Newton’s equation of motion reads

which implies that the system dynamics is governed by the new
Hamiltonian

If V(q) is a potential barrier, so that-V(q) is a potential well,
(7.3) supports bounded motion. By virtue of the transformation
(7.1), the energies of the bound states in the inverted potential
correspond to the imaginary parts of the complex energies in
the original problem hence correspond to resonance widths from
which lifetimes can be obtained.
The relationship between the complex-scaling approach

described in this paper and the QLM analysis of tunneling can

be developed as follows. We first rewrite the resonance width
operator defined earlier by taking advantage of the relations

Inserting (7.4) into the width operator

yields

which can be simplified to

or

As shown in the last section, for a harmonic motionθ ) π/4 at
the stationary point, whereupon eq 7.6 becomes

which is identical with the result of the QLM semiclassical
theory.

VIII. Model Calculations

A. Threshold Resonances for Barrier Crossing Dynamics.
As an example of the use of the resonance width operator we
describe a very simple scheme for locating resonances near the
energy threshold for barrier crossing. Specifically, we use our
analysis to estimate the threshold resonance energy and width
for an unsymmetric potential that resembles the first vibra-
tionally excited adiabatic one-dimensional potential energy
surface for the O+ H2 reaction. The one-dimensional asym-
metric potential barrier

is a modified Eckart potential.47-48,61 With V1 ) 870.75 meV,
V2 ) 598.64 meV,R ) 3 a0-1, andx2 ) -x1 ) 0.6a0, eq 8.1

e-ε ) 1- ε + 1
2
ε
2 - ...

1
1+ ε

) 1- ε + ε
2 - ...

〈φn|2Ĥ1(s)

Ĥ3(s)
|φn〉 ≈ 1

4
exp{-

c1
8c2â} (6.25)

(2θ) ≈ 1
2
exp{-

c1
4c2â} (6.26)

Γ ≈ (c1 + 2âc2) exp{-
c1
4c2â} (6.27)

t ) -iτ

pj ) µdq
dτ

) -ip (7.1)

µ
d2q(τ)

dτ2
)
dV(q)
dq

(7.2)

H ) p2

2µ
- V(q) (7.3)

Ĥ1 )
p̂2

2µ
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2
s
d
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Ĥ2 )
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2µ
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2
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2
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......

Ĥn )
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2µ
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2
s
d
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n
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2
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p̂2

2µ
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Γ̂(θ)

2
)
p̂2

2µ
- V(s) (7.7)

V(x) )
V1e

R(x-x1)

[1 + eR(x-x1)]2
+

V2e
R(x-x2)

[1 + eR(x-x2)]2
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resembles the first vibrationally excited adiabatic potential
surface for the one-dimensional O+ H2 reaction. We take the
reduced mass in this system to beµ ) 6526.3me, whereme is
the mass of the electron. The parameterR will be varied to
modify the potential shape. The resonances supported by eq
8.1 have been studied by Friedman and Truhlar,47 with whose
results we will compare our calculations.
Since this potential is very near harmonic for the parameters

we use, a harmonic approximation gives very satisfying results.
The resonance width operator takes the form

where the effective potential is given by

Specifically, we find

The expectation value of the operator in (8.2) gives the
resonance width. A system potential function and an effective
potential are displayed in Figure 1.
The effective potential can be expanded in a Taylor series

and the harmonic frequency, for the given parameterR, can be
evaluated from

whereupon the resonance width isΓ(R) ) pω(R), and the
resonance lifetime isτ(R) ) p/Γ(R) ) 1/ω(R).
The potential parameters for the systems studied are listed

in Table 1. Table 2 lists the resonance widths obtained from
eq 8.6 using the harmonic approximation for the ground state
vibrational frequency; it also lists the results from Truhlar’s
calculations.

To evaluate the real part of the resonance energy we note
that the complex scaling transformation creates a pseudobound
state. According to the virial theorem, for any bound state
motion the average kinetic energy of a system is equal to its
virial, i.e., 〈T̂〉 ) 〈1/2x(dV(x)/dx)〉. We conclude that the virial
for the pseudobound state generated from the transformed
resonance must have a positive value.
The resonance center is given by the expectation value

from which we find the real part of the energy to be

For convenience, we have defined the virial operator as a
function of reaction coordinate

which is displayed in Figure 2. We note that the virial is only
positive for a small range ofx, namely fromx ) a to x ) b
with a maximum atx ) x0 (the position of the minimum of the
effective potential). Figure 2 also shows why the scheme
proposed in this paper is only useful for locating resonances
near threshold. Clearly, the condition that the virial be positive
is only useful as a locator of a resonance if the energy domain

Figure 1. Schematic plot of the modified Eckart potential function
(eq 8.1) and the corresponding effective potential function (eq 8.4).
Specifically, in this plot, the potential parameterR ) 2.4 a0-1.

Figure 2. Virial function, W(x), for the quasibound state and the
effective potential function.x ) a andx ) b are the turning points of
theW(x) function.

TABLE 1: Critical Positions for the Resonances in
Configuration Space on the Modified Eckart Potential
Energy Surface (Eq 8.1)a

R (a0-1) a (a0) b (a0) x0 (a0) V(x0) (meV)

2.4 -0.463 931 0 -0.287 116 246.542
2.3 -0.440 269 0 -0.268 359 251.845
2.2 -0.413 118 0 -0.246 746 257.496
2.0 -0.349 953 0 -0.197 636 269.858
1.8 -0.283 930 0 -0.151 223 283.452
1.7 -0.254 362 0 -0.132 720 290.538

a x0 is the minimum position of the effective potential;x ) a andx
) b are the turning points of the virial functionW(x) as given in Figure
1.

TABLE 2: Resonance Widths (meV) of the Modified
Eckart Potential Function As Generated from the Harmonic
Frequency As Defined in Eq 8.6

R (a0-1) Γ(R) ref 47

2.4 40.8 44.2
2.3 37.5 43.1
2.2 34.5 37.8
2.0 29.8 31.0
1.8 27.9 28.9
1.7 27.6 28.5

〈ÊR〉 ) 〈T̂〉 + 〈V(x)〉 (8.7)

ER ) 〈V(x)〉 + 〈12xdV(x)dx 〉 (8.8)

W(x) ) 1
2
x
dV(x)
dx

Γ̂

2
) [ p̂22m+ Veff(x)] (8.2)

Veff(x) ) - 1
2
x
dV(x)
dx

(8.3)

Veff(x) ) -
2RV1e

2R(x-x1)

[1 + eR(x-x1)]3
+

RV1e
R(x-x1)

[1 + eR(x-x1)]2
-

2RV2e
2R(x-x2)

[1 + eR(x-x2)]3
+

RV2e
R(x-x2)

[1 + eR(x-x2)]2
(8.4)

Veff(x) ) Veff(x0) + 1
2
k(R)(x- x0)

2 +

1
3!(d3Veff(x)dx3 )

x)x0

(x- x0)
3 + ... (8.5)

ω(R) ) [k(R)/µ]1/2 (8.6)
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over which the virial is positive is small, which is the case near
threshold but not far above threshold.

The evaluation of the expectation values in eq 8.8 is carried
out using the ground state harmonic wave function derived from
the effective potential for the resonance width, with the
fundamental frequency given in (8.6)

whereA is a normalization constant. Table 3 lists the resonance
energies calculated from eq 8.8 and, for comparison, the results
of Truhlar’s calculations.

The simple scheme described here for the calculation of the
resonance energy is seen to be quite accurate, our results
differing from Friedman and Truhlar’s calculations by only
∼0.24 to 1.7%. The resonance widths are also accurate, being
smaller than Truhlar’s by∼3 to 8%. The discrepancy between
our results and Truhlar’s is due, for the most part, to our use of
the harmonic approximation.

B. A Simple Realistic Model: Collinear Reaction between
H and H2. We now examine the calculation of the expectation
value of the resonance width operator for the collinear reaction
of H with H2. Specifically, we consider a special two-
dimensional representation of this reaction on the LSTH
potential surface.62 We label the atoms H, H′, and H′′ and define
q1 to be the H-H′ separation,q2 to be the H′-H′′ separation,
andq3 ) q1 + q2 to be the H-H′′ separation. The Cartesian
coordinates are mass scaled such thatx1 ) µ1/2q1, x2 ) µ1/2q2,
and

We now use the Miller-Handy-Adams63 reaction path
formalism to reduce the description of the dynamics of a many
degree of freedom polyatomic molecule to an effective reaction
path analysis. In the reaction path formalism the reactive
trajectory is determined by the minimum energy path, and small
displacements from that path, on the potential energy surface.
The usual analysis keeps the full dimensionality of the reacting
system, albeit with a focus on motion along and orthogonal to
the minimum energy path.63,64 However, we consider the
definition of a reaction path in a reduced dimensionality
representation.

The Hamiltonian for anN-particle molecular system is, in
Cartesian coordinates,

wherex andp are the 3N-dimensional coordinate and conjugate
momentum vectors. Leta ) (a1,...,a3N) be a vector on the
reaction path. Then the potential energy functionV(x) can be
expanded near the reaction path in powers of (x-a). When
only terms to second order are retained

whereF is the force constant matrix. Because the displacement
vector (x - a) is orthogonal to∇V(a) in the 3N-dimensional
vector space, the linear term in eq 3.70 vanishes. For simplicity,
and because they are not of interest for our purposes, the motions
corresponding to molecular rotations and translation of the center
of mass are removed by use of the projector

wherePGRT is the projection operator for the translational and
rotational motions. Following the application ofPGRT, a normal-
mode analysis is carried out.
A normal-mode representation of the Hamiltonian for the

reduced system involves the diagonalization of the projected
force constant matrix, which in turn generates a reduced
dimension potential energy surface in terms of the mass-weighed
coordinates of the reaction path:30

In (8.13), theQk {k) 1, ..., 3N- 7} are the generalized normal
coordinates and theωk(s) {k ) 1, ..., 3N - 7} are the
corresponding normal-mode frequencies. The kinetic energy
is then

where theBkl’s are coupling constants.
With this analysis, the reaction path Hamiltonian for the

two-dimensional representation on the LSTH potential surface
is given by

whereq is a perpendicular motion coordinate,ps and pq are
their conjugate momenta,ω(s) is the vibrational frequency
associated with motion alongq, κ(s) is the curvature of the
reaction path, andV(s) is the potential energy along the reaction
path. Figure 3 displaysV(s) as a function ofs and Figure 4

TABLE 3: Resonance Energy Center,ER(r) (meV), of the
Modified Eckart Potential Function As Generated from the
Harmonic Frequency

R (a0-1) 〈T̂〉 〈V(x)〉 ER(R) ref 47

2.4 4.989 242.107 247.10 251.38
2.3 4.053 248.330 252.38 254.38
2.2 3.239 254.789 257.83 258.01
2.0 2.000 268.383 270.38 270.83
1.8 1.231 282.683 283.92 284.65
1.7 0.978 289.966 290.94 291.64

〈V(x)〉 ) ∫abV(x)|φ(x,R)|2 dx

〈12xdV(x)dx 〉 ) 1
2∫abxdV(x)dx

|φ(x,R)|2 dx

φ(x,R) ) A exp{-
µω(R)
2p

(x- x0)
2} (8.9)

µ )
mH(mH′ + mH′′)

mH + mH′ + mH′
) 2
3
mH

H(p,x) ) ∑
i)1

3N pi
2

2mi

+ V(x1,...,x3N) (8.10)

V(x) ≈ V(a) + ∇V(a)‚(x - a) + 1
2
(x - a)‚F‚(x - a)

(8.11)

FP ) (1- PGRT)‚F‚(1- PGRT) (8.12)

V(s,Q1,...,Q3N-7) ) V(s) + ∑
k)1

3N-71

2
ωk

2(s)Qk
2 (8.13)

T) ∑
k)1

3N-71

2
Pk

2 +
1

2

[ps - ∑
k,l)1

3N-7

QkBkl(s)Pl]
2

[1 + ∑
k)1

3N-7

QkBk(3N-6)(s)]
2

(8.14)

H )
ps
2

2(1+ κ(s)q)
+
pq

2

2
+ 1
2

ω2(s)q2 + V(s) (8.15)
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displays a contour plot of the LSTH potential surface along the
reaction path. If the curvature function of eq 8.15 is expanded

then (8.15) can also be written as

with U(s,q) , V(s).
The reaction path (defined as the minimum energy path on

the potential energy surface) is followed by solving the
equations65

wheres is the reaction coordinate andx(s) is the reaction path.
Equation 8.17 is the simplified Hamiltonian function we have

used for the numerical calculation of the resonance widths for
the collinear H+ H2 reaction on the LSTH potential energy
surface. It is well-known that the reaction path potential on
the LSTH surface is very nearly harmonic at the saddle point.

We find that the effective potential (8.3) obtained from the
complex-scaling analysis is also nearly harmonic at the bottom
of the well (Figure 5). Accordingly, we have carried out
calculations of the resonance widths and lifetimes for the
collinear H+ H2 reaction using Miller’s semiclassical potential-
inversion analysis and the complex-scaling analysis using the
harmonic approximation discussed in sections VI and VII. The
results of these calculations are listed in Table 4. Note that the
lifetime is defined here as∆t ) p/Im(E) ) 2τ. We find that
both the semiclassical potential-inversion analysis and the
complex-scaling analysis are in good agreement with the value
obtained by Sadeghi and Skodje66 from a time correlation
function analysis using a slightly different double-many-body-
expansion (DMBE) potential energy surface.67 In particular,
the resonance width obtained from the complex scaling analysis
is in nearly perfect agreement with that obtained by Sadeghi
and Skodje.
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