THE UNIVERSITY OF CHICAGO
Department of Economics
Econ 304: Math Camp
Selected practice problems, lectures 1-4

4. If {sp},—, is a sequence of real numbers with limit L, prove that this limit
18 unique.

Assume L and M are two limits of the sequence {s,,} . Take ¢ = |L — M|.
Then In;, € N such that Vn > ny, we have |L — s,| < e. Also, Inp; € N such
that VYn > npr |[M — s,| < €. Therefore, |L— M| =c+e > |L—s,|+|M —s,| =
|L—sp|+|8n — M| > |L— M]|. So, we obtain the false result |L — M| > |L — M|,
and this means our assumption was wrong.

5. If {sn},—, is a sequence of real numbers such that s, < M, for all n and
lim,, o 8, = L, prove that L < M.

We prove this by contradiction. Assume L > M and take ¢ = L — M. By
definition of L, 3N € N such that ¥Yn > N we have |L — s,| < ¢ = L — M.
Therefore, L — s, < L — M, which implies s,, > M. But this contradicts out
initial assumption.
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10.(a) Decide whether the sequence {n”—_;} has a limit and find it if it does.
n=1

The sequence diverges. To show this we need to find £ > 0 such that VN €
2
N, L € R there exists n > N such that |;"7 — L| > ¢. This condition will be

satisfied in particular if T:j; — L > . For convenience let us do the following
decomposition:
n? n? +5n —5n — 25 + 25 25
= =n-—5+ .
n+2 n—+5 n+5

We will now look for n that satisfies a condition, n — 5 — L > &, which is even

stronger than the previous one, since n2—_f5 > 0. Let M smallest integer that is

greater than €+ L+ 5. Clearly, n = max { N, M} satisfies satisfies \n"—; —L| > ¢,

and so we have shown that the sequence {n”—js} diverges.

. 3n 1™
(b) Decide whether the sequence {n+?n2 }

n=

) has a limit and find it if it does.

The sequence converges to 0. To see this we divide both numerator and
denominator by n? and use properties of the limits.

11. Prove that if {|sn|}S2, converges, then {s,}52, is bounded. Must {s,}5°
also converge?



Let L be the limit of {|s,|}32,; and take ¢ = 1. Since {|s,|}52; con-
verges, N € N such that ||s,| — L| < 1 Vn > N. This implies |s,| — L <
1Vn > N, or |s,] < 1+ L V¥n > N. Therefore {s,}52, is bounded by
max {L + 1, max;—1, n {s;}}. Note that {s,}>2; need not converge in general.

Consider, for example {(—1)"} ;.

14. Let s, = 32520 Show that {s,}52, is monotone and bounded and that

limy, o0 8 = 3.

First, note that using the expression for the sum of arithmetic progression

_ 1+2+ 4n _ n(n+1)/2 _ n+tl _
we can write s, = = = 5. = + - Clearly {s,}p2; is

decreasing and bounded from below by 5. Also, usmg propertles of the limit we
1

can gEt hmnﬂoo (% + ;) - hmn%oo 2 + hmnﬂoo n 2 + 0

17. If {s,},>, is a Cauchy sequence of real numbers having a subsequence that
converges to L, prove that {sn}ff:1 itself converges to L.

Let {sn, };=, be the convergent subsequence of {sn},-; and let L be its limit.
Let us take an arbitrary ¢ > 0.. Define ¢’ = 5. We know that 3K € N such that
|sn, — L] < ¢’ Vi > K. We also know that EIM € N such that s, — spm| < €’
Vn,m > M. Define N = max{M,nk} and for an arbitrary n > N let us find
n; > n. Since {s,} -, is Cauchy, we must have |sn Sn,;| < €. Also, since
{sn, }ioq converges to L, we must have |s,, — L| < &’. But then

|sn, — L] [, — Sn; + Sn; — L
|sn — Sn;| + [sn, — L]

< =45
=5+5=

IA

Therefore, s, — L.
21. Prove that if lim,_, .+ f(x) =lim,_,,- f(z) = L, then lim,_, f(z) = L.

Recall the definitions: lim,_ .+ f(z) = L if Ye > 0 3§; > 0 such that
|f(z) — L] < e whenever a < z < a 4+ 01; similarly, lim, .- f(z) = L if
Ve > 0 302 > 0 such that |f(x) — L| < € whenever a — d3 < = < a. Take
0 = min{d1, d2}. Note that conditions a — 0 < z < a and a < © < a+§ together
imply |z —a| < . Therefore, we have | f(xz) — L| < € whenever |z —a| < ¢, which
means lim,_,, f(x) = L.

23. Show that if p and o are metrics for M, then so is p+ o.

To verity that p = p+o is a metric we just verify that if satisfies all properties
of a metric whenever p and o satisfy them.
1. p(z,2) =0, o(z,2) =0,Vz € M
= p(z,z) +o(z,z) =0,Vz € M
= p(z,z) =0,Vz € M.



2. p(x,y) >0, o(x,y) >0,Ve,y € M,z #y
= p(z,y) +o(z,y) >0,Yz,y € M,z #y
= p(z,y) > 0,Vo,y € M, x £ y.

3. plz,y) = p(y,2), oz, y) =0y, x),Vo € M
= p(z,y) +o(z,y) = py,x) + o(y,z),.Vo € M
= p(z,y) = ply,x), Ve € M.

4. p(z,y) + oy, 2) 2 p(z, 2), o(z,y) + 0(y,2) = o(z,2)
= p(z,y) + p(y, 2) + oz, y) + o(y,2) > p(z,2) + o(z, 2)
=z, y) + Wy, z) = plw, 2).

32. Let f and g be continuous real-valued functions on a metric space M. Prove
that A={x € M : f(z) < g(z)} is open.

Let us take an arbitrary xo € A and define € = g(z¢) — f(x0). By continuity
of f there exist 05 > 0 such that |f(z) — f(z0)| < § whenever |z — x| < Jy.
Similarly, there exist §, > 0 such that |g(z) — g(z0)| < § whenever |z —z¢| < 0.
Define 6 = min{dy,d,} and notice that |f(z) — f(zo)| + |g(x) — g(z0)| < e.
This implies that |f(z) — f(zo) — g(x) + g(zo)| < & = g(xg) — f(zo). This, in
turn, implies f(z) — f(z0) - g(z) + g(z0) < g(z0) — f(z0). or. £(z) - glz) < 0.
Therefore, f(z) < g(z) whenever |z — x| < 0.

36. Prove the any finite subset of a metric space is closed.

Let FF C M be a finite set and let L be the limit of a convergent sequence
{8,352, on F. We must prove L € F. Take ¢ = min, yer -y p(2,y). Since
{sn}22 is convergent, it must also be Cauchy by Theorem 1.13 from the lec-
tures. Therefore there must exist N € N such that p(sp,sm) < & Vn,m > N.
But then it must be that s, = s,, Vn,m > M because s,,S, € F and
P(Sn, Sm) < Ming yep o2y p(z, y). Therefore s, = L, ¥Yn > N and since s,, € F,
we conclude that L € F.

40. The discrete metric assigns distance 1 to any pair of distinct points in R.
Prove that [0, 1] is not connected as a subset of R when the metric is the
discrete metric.

The way to prove the claim is to show that any set is closed under a discrete
metric. Consider an arbitrary set A. Let & be the discrete metric described above
and let s,, — L, s,, € A. This implies that 3N € N such that s,, = L Vn > N
(consider ¢ < 1 to demonstrate this). Therefore L € A whenever s, € A Vn,
and so A must be closed. But then [0, 1] can be covered by two disjoint closed
sets, e.g., [0,1/2] and (1/2,1], and therefore [0, 1] is not connected.

41. Prove the any finite subset of a metric space is compact.



Let FF C M be a finite set and let {s,}52; be an arbitrary sequence on
F. Since {s,}32, is an infinite sequence, it has to take some value, zg € F
infinitely many times (very easy to prove by contradiction). Let {s,,}52, be a
subsequence of {s,}52, such that s,, = zg, Vi. Clearly, s, — 2o. And since
{5, }52; was an arbitrary sequence, F' must be compact.

42,43. Prove that every closed and bounded subset of R™ is compact. Prove
that A x B is a compact subset of R? whenever A and B are compact
subsets of R.

Let us first prove the second part of the claim. Let us take an arbitrary
sequence {sp,} = {(S1n,82n)} in A X B and consider a sequence {s1,} in A
constituted by first components of every s,. Since A is compact, this sequence
has a converging subsequence, {si,,}. Now, let us consider {t,} = {sn,}, a
subsequence of {s,} with the property that its first components converge. For
the same reason as previously, {¢, } must have a subsequence {t,, } such that the
sequence of its second components converges. But if {t1,, } and {ta,, } converge,
so must {t,,} (easy to prove). Now let us prove that every closed and bounded
subset of R™ is compact. The proof is very similar. Take a closed and bounded
set C' € R™ and an arbitrary sequence {s;}, s; € C,Vi. Since {s;} is bounded
so must be {sg;}, K = 1,..,n (easy to show). Consider the sequence {s1;}.
It must have a convergent subsequence {sy;, }. Now, as before we go back to
the original n-dimensional sequence and take a subsequence {¢;} = {s;,,}. The
first coordinates of ¢;’s converge. By repeating the same procedure for all other
coordinates one by one we will obtain a convergent subsequence of {s;}, which
was just an arbitrary sequence in C' € R™. Therefore C' must be compact.

47. Prove that the mazximization problem

o0

1
max Z on (sinz,)e it

{z1,22,...} 1
subject to x,, € R and |x,| < 2 for every n, has a solution. (Hint: consider
the space M of real sequences {x,}.. | such that |x,| < 2 for every n,
and consider metric p(z,y) = > oo | 5x|Tn — yn| for z = {z,}7 | and
y= {yn}le in <M.)

To apply the corollary of Theorem 1.31 we just have to convince ourselves
that the constraint set {{z,},., such that z, € R and |z,| < 2 for every n}
is compact and the function f: M — M, such that f,(z) = (sinx,) e+ is
continuous.



