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Selected practice problems, lectures 9-10

1. Find the derivatives of the following functions:

(a) f(x) = 11x5 � 6x3 + 8

f 0(x) = 55x4 � 18x2

(b) f(x) = 1

f 0(x) = 0

(c) f(x) = (x2 + 1)2

f 0(x) = 4x(x2 + 1)

(d) f(x) = x3

1�x

f 0(x) = 3x2�2x3
(1�x)2

(e) f(x) = (x2 � 1)(x� 3)

f 0(x) = 3x2 � 6x� 1

(f) f(x) = ax+b
cx+d

f 0(x) = ad�bc
(cx+d)2

4. Use the inverse formula for a derivative to �nd the derivative of
p
x at

x = 2:

y = f(x) =
p
x) x = f�1(y) = y2

f 0(x) =

�
df�1(y)

dy

��1
= [2y]

�1
=
�
2
p
x
��1

=
1

2
p
x

7. Find two positive numbers whose sum is 40 and whose product is maxi-
mized.

The problem we need to solve here is

max
x2[0;40]

(40� x)x
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The �rst-order condition for this problem is

d (40� x)x
dx

= 40� 2x = 0

And the second condition for the maximum is satis�ed, d(40�2x)dx = �2 < 0:
So the two numbers are x1 = 20 and x2 = 20:

12.(a) Use integration by parts to evaluate the following integral:R 1
0

x
(x+1)2

exdx

As I said many times on the TA sessions, the trick that works in most
problems that are not straightforward is addind and subtracting the same
thing:Z 1

0

x

(x+ 1)
2 e
xdx =

Z 1

0

x+ 1� 1
(x+ 1)

2 e
xdx =

Z 1

0

ex

x+ 1
dx�

Z 1

0

ex

(x+ 1)
2 dx

Z 1

0

ex

(x+ 1)
2 dx =

�ex
x+ 1

����1
0

�
Z 1

0

�ex
x+ 1

dx

Z 1

0

x

(x+ 1)
2 e
xdx =

Z 1

0

ex

x+ 1
dx+

ex

x+ 1

����1
0

�
Z 1

0

ex

x+ 1
dx

= � ex

x+ 1

����1
0

= �e
2
+ 1

13. Use Taylor�s theorem to prove that for all x 2 R;

(a) ex = 1 + x+ x2

2! +
x3

3! + :::

The Taylor�s expansion around the point x0 takes the form

f(x) =
1X
i=0

f (i)(x0)(x� x0)i
i!

We will use x0 = 0 for all functions in this problem. Note that

d(i)ex

dxi

����
x=o

= exjx=o = 1:

So we �nally get

ex =
1X
i=0

xi

i!
= 1 + x+

x2

2!
+
x3

3!
+ :::

(b) sin(x) = x� x3

3! +
x5

5! �
x7

7! + :::
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d(i) sinx

dxi

����
x=o

=

8<: 0 , if n is even
1 n = 1 + 4i; i = 1; 2; :::
�1 n = 3 + 4i; i = 1; 2; :::

Therefore,

sin(x) =
1X
i=0

�
x1+4i

(1 + 4i)!
� x3+4i

(3 + 4i)!

�
= x� x

3

3!
+
x5

5!
� x

7

7!
+ :::

(c) cos(x) = 1� x2

2! +
x4

4! �
x6

6! + :::

d(i) cosx

dxi

����
x=o

=

8<: 0 , if n is odd
1 n = 4i; i = 1; 2; :::
�1 n = 2 + 4i; i = 1; 2; :::

Therefore,

cos(x) =

1X
i=0

�
x4i

(4i)!
� x2+4i

(2 + 4i)!

�
= 1� x

2

2!
+
x4

4!
� x

6

6!
+ :::

16. Use the separating hyperplane theorem to prove that if the linear system
of n equations in m unknowns,

An�mxm�1 = bn�1;

has no solution, then there exists p 2 Rn, nonzero, such that pTA = 0;
and pT b 6= 0: (That is, some linear combination of the equations cancels
all the variables on the left-hand side, yet produces non-zero number on
the right-hand side.)

Consider the non-empty closed and convex set (both properties are easy to
check) C = fy 2 Rn : y = Ax; for some x 2 Rmg and bote that b =2 C. You
can check easily that if y 2 C; then �y 2 C; for any � 2 R: Now we use he
separating hyperplane theorem to argue that there exists p 2 Rn and c 2 R such
that pT y > c > pT b; for all y 2 C: Note that it also means that �pT y � c;
for all � 2 R: But this is only possible if pT y = 0 for all y 2 C: Therefore,
pTAx = 0; for all x 2 Rm: This can only be true if pTA = 0: And we know
that pT b 6= 0 because pT b < c < pT y = 0:
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