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Chapter 4:
4. Let p be a prime of the form 4¢ + 1 and a a primitive root modulo p. If —1 = a™ (p), then
we have a?" = 1 (p), and thus by definition ¢(p) = p — 1 | 2n since p — 1 = 4t is the minimal

positive integer with this property for the primitive root a. We see p—1 | 2n iff %(pf 1)=2t|n.
If n is odd, then we have 2 | n, a contradiction. Thus, it is necessary that n be even. Then
(—=1)® = 1 and so we have (—a)"” =1 (p) iff a® = 1 (p). Thus, (—a)?~t =1 (p) iff a?~! =
(p) = a is a primitive root modulo p iff —a is a primitive root modulo p, as desired.

8. (=) Let a be a primitive root modulo p. Then by definition, p — 1 is the least positive
integer such that a?~! =1 (p). Since (p —1)/q < p — 1 for all prime divisors q of p — 1, we then
have a=D/4 £ 1 (p).

(<) Assume a(P~1/9 £ 1 (p) for all prime divisors q of p — 1. By Fermat’s Little Theorem,
for pta, we have a?~! =1 (p). We just need to prove the minimality of p — 1 for this property.
By Proposition 4.2.1, we have a is an n'® power residue modulo p iff a?®/? = 1 (p) with
d = (n,d(p)). Thus, we see if a is not a generator, then its order n divides p — 1, hence n divides
(p — 1)/q for some prime divisor ¢ of p — 1. Tt follows that a(P~1/¢ = 1 (p), a contradiction.
Therefore, a must be a generator of (Z/pZ)™ and thus a primitive root modulo p.

20. The result is straightforward for p = 2, so assume p to be an odd prime. For d a
divisor of p — 1, let d’ = (p — 1)/d and a a generator of (Z/pZ)™ (which exists since (Z/pZ)™
is cyclic). So every element of (Z/pZ)* is a multiple of a, and % = a?~' = 1 (p) and
p — 1 is the smallest positive integer such that this holds. Let oq : (Z/pZ)* — (Z/pZ)™
be defined by the action a — a?. It is easy to see that ¢4 is indeed a group homomorphism
(pa(aB) = (af)? = alB? = py(a) pa(B)), and thus that Im @4, which consists of the d*" powers,
is a subgroup of (Z/pZ)™ (it preserves the identity, inverses, and associativity, and we see if
o, € Im pg, then af € Im ¢4 simply by the property of ¢4 being a homomorphism already
mentioned). To see that Im ¢4 is of order d’, note that by the minimality of p — 1 for the
relation a?~* = 1 (p) to hold, we have d’ is the minimal positive integer such that (ad)d/ =1
(p), otherwise a could not be a generator as we assumed. Thus we have by definition that the
order of our resulting subgroup is d’ = (p — 1)/d.

For p=11,d =5, we see (p — 1)/d = 10/5 = 2, which says we will have a subgroup of order
2. We see this is true since 1° =3°=4°=5=9°=1 (11) and 2° =6° =7° =85 =10° = 10
(11), and our resulting subgroup is just {1,10}. By the last homework, we already knew there
were only 2 solutions to the equation z(1'=1/% = 22 = 1 (p), which were 1 and p — 1, our
resulting subgroup.

For p = 17, d = 4, we see (p — 1)/d = 16/4 = 4, so we will have a subgroup of order
4. Indeed, since we have 1* = 4* = 13* = 16* = 1 (17), 6* = 7 = 10* = 11* = 4 (17),
3*=5* =12 = 14* = 13 (17), and 2* = 8* = 9* = 15* = 16 (17), our resulting subgroup is
{1,4,13,16}.

For p =19, d = 6, we see (p — 1)/d = 18/6 = 3, so we will have a subgroup of order 3. This
is true since we have 16 = 76 = 86 = 116 = 126 = 185 =1 (19), 26 = 35 = 5% = 14% = 16° =
17 = 7 (19), and 4% = 6° = 9% = 10% = 135 = 155 = 11 (19), giving us a subgroup {1,7,11},
which is of order 3.

Chapter 5:

1. Gauss’ Lemma states (a | p) = (—1)*, with p being the number of negative least residues.
Thus, for p="7 and a =5, we see (p—1)/2=3 and 1-5,2-5, 3-5 are congruent to —2, 3, and
1 modulo 7. So =1, and thus (5| 7) = (-1)* = (-1)! = —1.



Forp=11land a =3, wesee (p—1)/2=5and 1-3,2-3,3-3,4-3,5-3 are congruent to
1, =5, =2, 1, and 4 modulo 11. So u = 2, and we have (3 | 11) = (=1)* = (=1)? = 1. Indeed,
52=62=3 (11).

Forp=13and a =6, wesee (p—1)/2=6and 1-6,2-6,3-6,4-6,5-6, 6-6 are congruent
to 6, —1, 5, —2, 4, and —3 modulo 13. So p = 3, and we have (6 | 13) = (=1)* = (-1)3 = —1.

And last, for p an odd prime and a = —1, we see 1(—1), 2(—1), 3(=1),..., (p — 1)/2(-1)
would form a total of (p — 1)/2 negative least residues (since each would be a negative least
residue). So p = (p — 1)/2, and we have (=1 | p) = (—=1)* = (=1)P~D/2, Thus, (—1 | p) = 1 iff
p=1(4)and (-1 |p)=-1iff p=3 (4).

6. Let p be an odd prime. We need to count the pairs (z,y) such that the equation 2? —y? = a
(p) holds. First, rewrite the equation 22 = 32 + a (p). We see if y? + a is a nonresidue, then
there are 0 solutions since there would be no x for which the equation could hold. If y? + a is
a residue, then there are 2 solutions since if a? = y? + a (p) then we also have (—a)? =y +a
(p) and o # —a since p is odd, and also there cannot be another element that is a square root
modulo p of y? + a since by Problem 20 above the action a — a? would form a subgroup of
order (p—1)/2 and thus there exist at most 2 square roots per element in the resulting subgroup
of (Z/pZ)™. Last, if the equation is divisible by p, then there is only one solution, namely
x = 0. Thus, for each fixed y, the number of z’s for which the equation holds is given by
1+ ((y*> 4+ a) | p). So summing over all elements in Z/pZ, we see then that the total number of
solutions are Zz;é(l + ((y?> +a) | p)), as desired.

7. Using the hint, let u = 2 +y and v = z — y, so the equation 22 — y? = a (p) becomes
w = a (p). If pta, we have p t uv. Since we know p  uwv for wv € {1,2,...,p — 1}, we see
there are only p — 1 distinct choices for uv (with respect to the least residues, there are (p—1)/2
choices for which u =x+y <z —y = v and (p — 1)/2 choices for which u =z +y >z —y = v),
and thus p — 1 solutions to the equation if p 1 a.

If p | a, then p | uv. Since p is prime, then either p | w or p | v. Since 0 is the only option
such that p could divide either u or v, we see there are p choices for v if u = 0 (including v = 0),
i.e. x = —y, and p — 1 choices for u if v =0 (excluding u = 0), i.e. x =y . So in total, there are
2p — 1 solutions if p | a, as we wanted to show.

8. Note: S-070(1+ (v +a) | p) = o 1+ poo((® +a) | p) = p+ X0 o((* +a) | p).
If p { a, by the previous problem there are p — 1 total solutions to the equation 22 — y*> = a (p).
Thus, S0 70((v> +a) | p) = S0 20(1+((0* +a) [p)) —p=(p—1) —p= 1.

If p | a, then by the previous problem there are 2p — 1 total solutions to our favorite equation.
Thus, 37 20((y* +a) [ p) = S6(1+ (4> +a) [ p) —p=(2p— 1) —p = p — 1, as we wanted
to show.

24. For p =1 (4), let m be such that p = 4m+ 1. Using Wilson’s Theorem, we see n = (2m)!
is a square root of —1 modulo p. Thus, working inside Z[i], we see p | n?2 +1 = (n —i)(n +1)
and hence p is not irreducible since p{n — ¢ and p{ n + i. So we know there exist a,b,c,d € Z
such that p = (a+bi)(c+di). Since Z[i] is a Euclidean domain with Euclidean norm |-|, we see
Ip|? = p? = |(a +bi)(c+di)|> = |a+bi]*|c+ di]*> = (a® + b?)(c® + d?). Since we see neither
factor of p has norm 1, then we must have p = a? 4+ b? = ¢ 4 d?, and so we are done.

29. Note for {1,2,...,p— 1} there are a total of p — 2 consecutive pairings, thus we will have
(RR)+ (NR)+ (RN)+ (NN) =p—2and so (RR) + (NR) =p—2— ((RN)+ (NN)) and
(RR)+ (RN)=p—2—((NR) + (NN). Also, using the results from Problem 1 for Chapter 5
above, we see using the property (ab | p) = (a | p)(b | p) from Proposition 5.1.2, gives us if p =1
(4), then (—a | p) = (=1 | p)(a | p) = (a | p) and thus (a | p) = 1 iff (—a | p) = 1. By Corollary
1 in this chapter, we see there are the same number of residues as nonresidues, that is both are

(p—1)/2.



Thus, so for the case p = 1 (4),we see (RN) +
(RN) = (NR) = (NN) = (p—1)/4 and (RR) = (p
(RR) + (NR) =227t —1 =222 and (NR) + (NN) = (RN) + (NN) =p—2 — 2 = 221,
And last, for the case p = 3 (4), we see (RR) + (NR)+ (NN)+[(RN)—1] = p—2 and
so (RR) = (NR) = (NN) = 3 and (RN) = 22 +1 = 2L So we have (NR) + (NN) =

(RR) + (NR) = 2272 = 222 and (RN) + (NN) :4(RR) +_( N)=p-2- 22 =10r1

NR)+ (NN)+ [(RR)+ 1] = p—2 and so
—1)/4 —1. So we have (RR) + (RN) =



