
1 Formalization Of Probabilistic Generators For Stochastic Dynamical Systems

Throughout this paper, � denotes a �nite alphabet of symbols. The set of all �nite but possibly unbounded

strings on� is denoted by�?, the Kleene ? operation [8]. The set of �nite strings over� form a concatenative

monoid, with the empty word � as identity. Concatenation of two strings x; y 2 �? is written as xy. Thus

xy x�y xy� �xy. The set of strictly in�nite strings on � is denoted as �!, where ! denotes the �rst

trans�nite cardinal. For a string x 2 �?, jxj denotes the length of x and for a set A, jAj denotes its

cardinality.

1.1 Quantized Stochastic Processes

Definition 1 (QSP). A QSP H is a discrete time �-valued strictly stationary, ergodic stochastic process,

i:e:

H fXt Xt is a �-valued random variable for t 2N [ f0gg

A stochastic process is ergodic if moments can be calculated from a single, su�ciently long realization,

and strictly stationary if moments are not functions of time.

We next formalize the connection of QSPs to PFSA generators.

Definition 2 (�-Algebra On In�nite Strings). For the set of in�nite strings on �, we de�ne B to be the

smallest �-algebra generated by fx�! x 2 �?g.

Lemma 1. Any QSP induces a probability space �!;B; �.

Proof. Using stationarity of QSP H we can construct a probability measure � B! 0; 1 by de�ning for any

sequence x 2 �? n f�g, and a su�ciently large number of realizations NR of H, with �xed initial conditions:

�x�! lim
NR!

�
# of initial occurrences of x

��
# of initial occurrences of
all sequences of length jxj

�
and extending the measure to elements of BnB via at most countable sums. Note that ��!

P
x2�? �x�! 1,

and for the null word ���! ��! 1. �

For notational brevity, we denote �x�! as Prx.

Classically, states are induced via the Nerode equivalence, which de�nes two strings to be equivalent if

and only if any �nite extension of the strings is either both accepted, or both rejected [8] by the language

under consideration. We use a probabilistic extension [5].

Definition 3 (Probabilistic Nerode Relation). �!;B; � induces an equivalence relation �N on the set of

�nite strings �? as:

8x; y 2 �?; x �N y () 8z 2 �?
��
Prxz Pryz 0

�_
jPrxz=Prx� Pryz=Pryj 0

�
(1)

For x 2 �?, the equivalence class of x is denoted as x.

It follows that �N is right invariant, i:e:

x �N y ) 8z 2 �?; xz �N yz (2)

A right-invariant equivalence on �? always induces an automaton structure.

Definition 4 (Initial-Marked PFSA). An Initial-Marked PFSA is a 5-tuple Q;�; �; e�; q0, where Q is a

�nite state set, � is the alphabet, � Q�� ! Q is the state transition function, and e� Q�� ! 0; 1

speci�es the conditional symbol-generation probabilities. � and e� are recursively extended to arbitrary

y �x 2 �? as �q; �x ��q; �; x, and e�q; �x e�q; �e��q; �; x. q0 2 Q is the initial state. If the next symbol

is speci�ed, our resultant state is �xed; similar to Probabilistic Deterministic Automata [7]. However,

unlike the latter, we lack �nal states. Additionally, we assume our graphs to be strongly connected.
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De�nition 4 has no notion of a �nal state, and later we will remove initial state dependence using

ergodicity. First we formalize how the notion of a PFSA arises from a QSP.

Lemma 2 (From QSP To A PFSA). If the probabilistic Nerode relation has a �nite index, then there

exists an initial-marked PFSA generator.

Proof. Every QSP represented as a probability space�!;B; � induces a probabilistic automatonQ;�; �; e�; q0,
where Q is the set of equivalence classes of the probabilistic Nerode relation (De�nition 3), � is the alphabet,

and:

�x; � x� (3)

e�x; � Prx 0�

Prx 0
for any choice of x 0 2 x (4)

q0 is identi�ed with �, and �nite index of �N implies jQj < . �

The above construction yields a minimal realization unique up to state renaming.

Corollary 1 (To Lemma 2: Null-word Probability). For the PFSA Q;�; �; e� induced from a QSP H:

8q 2 Q; e�q; � 1 (5)

Proof. For q 2 Q let x 2 �? such that x q. From Eq. (4), we have:

e�q; � Prx 0�

Prx 0
for x 0 2 x (6)

Prx 0

Prx 0
1 (7)

�

While many reported approaches de�ne the probability of the null-word to be unity, we can derive it

from our formulation.

1.2 Canonical Representations

Next we de�ne canonical representations to remove initial-state dependence. We use e� to denote the matrix

representation of e�, i:e:, e�ij e�qi; �j , qi 2 Q; �j 2 �. We need the notion of transformation matrices ��.

Definition 5 (Transformation Matrices). For an initial-marked PFSA G Q;�; �; e�; q0, the symbol-speci�c

transformation matrices �� 2 f0; 1g
jQj�jQj are:

��jij

(e�qi; �; if �qi; � qj

0; otherwise
(8)

Transformation matrices have a single non-zero entry per row, reecting our generation rule that given

a state and a generated symbol, the next state is �xed. States in the canonical representation (denoted

as }x) are identi�ed with probability distributions over states of the initial-marked PFSA. Here x denotes

the string in �? realizing this distribution, beginning from the stationary distribution on the states of the

initial-marked representation. }x is an equivalence class, and hence x is not unique.

Definition 6 (Canonical Representations). An initial-marked PFSA G Q;�; �; e�; q0 uniquely induces a

canonical representation QC ; �; �C ; e�C , with QC being the set of probability distributions over Q,

�C QC �� ! QC , and e�C QC �� ! 0; 1, as follows:

1. Construct the stationary distribution on Q using the transition probabilities of the Markov Chain

induced by G, and include this as the �rst element }� of QC . The transition matrix for this

induced chain is the row-stochastic matrix M 2 0; 1jQj�jQj, with Mij

P
��qi;�qj

e�qi; �.
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2. De�ne �C and e�C recursively:

�C}x; �
1

jj}x��jj1
}x�� , }x� (9)

e�C}x; � }x e� (10)

For a QSP H, the canonical representation is denoted as CH.

Ergodicity of QSPs, which makes }� independent of the initial state in the initial-marked PFSA, implies

that the canonical representation is initial state independent (See Figure ??), and subsumes the initial-marked

representation in the following sense:

Let E fei 2 0 1jQj; i 1; � � � ; jQjg denote the set of distributions satisfying:

eijj

(
1; if i j

0; otherwise
(11)

Then we note:

1. If we execute the canonical construction with an initial distribution from E , then we get the initial-

marked PFSA (with the initial marking missing).

2. If during the construction we encounter }x 2 E for some x, then we stay within the graph of the

initial-marked PFSA for all right extensions of x. This thus eliminates the need of knowing the initial

state explicitly (See Figure ??), provided we �nd string x, which takes us within or close to E .

Consequently, we denote the initial-marked PFSA induced by a QSP H, with the initial marking removed,

as PH, and refer to it simply as a "PFSA" (dropping the quali�er \initial-marked\). States in PH are

representable as states in CH as elements of E . Next we establish a key result: we always encounter a state

arbitrarily close to some element in E in the canonical construction starting from the stationary distribution

}�.

Theorem 1 (�-Synchronization of Probabilistic Automata). For any QSP H over �, the PFSA PH satis�es:

8� 0 > 0;9x 2 �?; 9# 2 E ; jj}x � #jj 5 � 0 (12)

where the norm used is unimportant.

Proof. We show that all PFSA are at least approximately synchronizable [3, 9], which is not true for

deterministic automata. If the graph of PH (i:e:, the deterministic automaton obtained by removing the

arc probabilities) is synchronizable, then Eq. (12) trivially holds true for � 0 0 for any synchronizing string

x. Thus, we assume the graph of PH to be non-synchronizable. From de�nition of non-synchronizability, it

follows:

8qi; qj 2 Q;with qi , qj ; 8x 2 �?; �qi; x , �qj ; x (13)

If the PFSA has a single state, then every string satis�es the condition in Eq. (12). Hence, we assume that

the PFSA has more than one state. Now if we have:

8x 2 �?;
Prx 0x

Prx 0
Prx 00x

Prx 00
where x 0 qi; x

00 qj (14)

then, by the De�nition 3 , we have a contradiction qi qj . Hence 9x0 such that

Prx 0x0
Prx 0

,
Prx 00x0
Prx 00

where x 0 qi; x
00 qj (15)

Since: X
x2�?

Prx 0x

Prx 0
1; for any x 0 where x 0 qi (16)

we conclude without loss of generality that 8qi; qj 2 Q, with qi , qj :

9xij 2 �?;
Prx 0xij

Prx 0
>

Prx 00xij

Prx 00
where x 0 qi; x

00 qj
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It follows from induction that if we start with a distribution } on Q such that }i }j 0:5, then for any

� 0 > 0 we can construct a �nite string x
ij
0 such that if �qi; x

ij
0 qr; �qj ; x

ij
0 qs, then for the new distribution } 0

after execution of x
ij
0 will satisfy } 0s > 1� � 0. Recalling that PH is strongly connected, Now, for any qt 2 Q,

there exists a string y 2 �?, such that �qs; y qt. Setting x
i;j!t
? x

ij
0 y, we can ensure that the distribution } 00

obtained after execution of x
ij
? satis�es } 00t > 1�� 0 for any qt of our choice. For arbitrary initial distributions

}A on Q, we consider contributions arising from simultaneously executing x
i;j!t
? from states other than just

qi and qj . Nevertheless, it is easy to see that executing x
i;j!t
? implies that in the new distribution }A

0

, we

have }A
0

t > }Ai }Aj � � 0. It immediately follows that executing of the string x1;2!jQjx3;4!jQj � � �xn�1;n!jQj,

where

n

(
jQj if jQj is even

jQj � 1 otherwise
(17)

would result in a �nal distribution }A
00

which satis�es }A
00

jQj > 1 � 1
2n�

0. Appropriate scaling of � 0 then

completes the proof. �

Theorem 1 induces the notion of �-synchronizing strings, and guarantees their existence for arbitrary

PFSA.

Definition 7 (�-synchronizing Strings). An �-synchronizing string x 2 �? for a PFSA is one that satis�es:

9# 2 E ; jj}x � #jj 5 � (18)

The norm used is unimportant.

Theorem 1 does not yield an algorithm for computing synchronizing strings (See Theorem 3). It simply

shows that one always exists. As a corollary, we estimate an asymptotic upper bound on the e�ort required

to �nd it.

Corollary 2 (To Theorem 1). At most O1=� strings need to be analyzed to �nd an �-synchronizing string.

Proof. Theorem 1 works by multiplying entries from the e� matrix, which cannot be all identical (otherwise

the states would collapse). Let the minimum di�erence between two unequal entries be �. Then, following

the construction in Theorem 1, the length ` of the synchronizing string, up to linear scaling, satis�es: �` O�,

implying ` Olog1=�. The number of strings to be analyzed therefore is at most all strings of length `, which

is given by

j�j` j�jOlog1=� O1=� (19)

�

Next, we describe the basic principle of our inference algorithm. PFSA states are not observable; we

observe symbols generated from hidden states. This leads us to the notion of symbolic derivatives, which

are computable from observations.

We denote the set of probability distributions over a set of cardinality k as Dk. First, we specify a count

function.

Definition 8 (Symbolic Count Function). For a string s over �, the count function #s �? ! N [ f0g,

counts the number of times a particular substring occurs in s. The count is overlapping, i:e:, in a

string s 0001, we count the number of occurrences of 00s as 0001 and 0001, implying #s00 2.

Definition 9 (Symbolic Derivative). For a string s generated by a QSP over �, the symbolic derivative

is a function �s �? ! D j�j � 1 as:

�sxji
#sx�iP

�i2�
#sx�i

(20)

Thus, 8x 2 �?; �sx is a probability distribution over �. �sx is referred to as the symbolic derivative

at x.
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For qi 2 Q, e� induces a distribution over � as e�qi; �1; � � � ; e�qi; �j�j. We denote this as e�qi; �. We

show that the symbolic derivative at x can be used to estimate this distribution for qi x, provided x is

�-synchronizing.

Theorem 2 (�-Convergence). If x 2 �? is �-synchronizing, then:

8� > 0; lim
jsj!

jj�sx� e�x; �jj 5a:s: � (21)

Proof. The proof follows from the Glivenko-Cantelli theorem [15] on uniform convergence of empirical

distributions. Since x is �-synchronizing, we have:

8� > 0; 9# 2 E ; jj}x � #jj 5 � (22)

Let x �-synchronize to q. Thus, every time we encounter x while reading s, we are guaranteed to be

distributed over Q, and at most � distance from the element of E corresponding to q. Assuming that we

encounter njsj occurrences of x within s, we note that �sx is an approximate empirical distribution for e�q; �.
Denoting Fnjsj as the perfect empirical distributions (i:e: ones that would be obtained for � 0), we have:

lim
jsj!

jj�sx� e�q; �jj
lim
jsj!

jj�sx� Fnjsj Fnjsj � e�q; �jj
5 lim
jsj!

jj�sx� Fnjsjjj

a.s. 0 by Glivenko-Cantelliz                    }|                    {
lim
jsj!

jjFnjsj � e�q; �jj 5a:s: �
We use njsj ! as jsj ! , implied by the strong connectivity of our PFSA. �

Next we describe identi�cation of �-synchronizing strings given a su�ciently long observed string s.

Theorem 1 guarantees existence, and Corollary 2 establishes that O1=� substrings need to be analyzed till

we encounter an �-synchronizing string. These do not provide an executable algorithm, which arises from

an inspection of the geometric structure of the set of probability vectors over �, obtained by constructing

�sx for di�erent choices of the candidate string x.

Definition 10 (Derivative Heap). Given a string s generated by a QSP, a derivative heap Ds 2�
?

!

D j�j � 1 is the set of probability distributions over � calculated for a given subset of strings L � �?

as follows:

DsL f�sx x 2 L � �?g (23)

Lemma 3 (Limiting Geometry). Let D limjsj! limL!�? DsL, and U be the convex hull of D. If u is a

vertex of U, then

9q 2 Q; such that u e�q; � (24)

Proof. Recalling Theorem 2, the result follows from noting that any element of D is a convex combination

of elements from the set fe�q1; �; � � � ; e�qjQj; �g. �

Lemma 3 does not claim that the number of vertices of the convex hull of D equals the number of

states, but that every vertex corresponds to a state. We cannot generate D in practice since we have a �nite

observed string s, and we can only calculate �sx for a �nite number of x. Instead, we show that choosing a

string corresponding to the vertex of the convex hull of the heap, constructed by considering O1=� strings,

gives us an �-synchronizing string with high probability.

Theorem 3 (Derivative Heap Approximation). For s generated by a QSP, let DsL be computed with

L �Olog1=�. If for some x0 2 �Olog1=�, �sx0 is a vertex of the convex hull of DsL, then

Probx0 is not �-synchronizing 5 e�jsj�O1 (25)
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Proof. The result follows from Sanov's Theorem [6] for convex set of probability distributions. Note that

if jsj ! , then x0 is guaranteed to be �-synchronizing (Theorem 1, and Corollary 2). Denoting the number

of times we encounter x0 in s as njsj, and since D is a convex set of distributions (allowing us to drop the

polynomial factor in Sanov's bound), we apply Sanov's Theorem to the case of �nite s:

Prob
�
KL

�
�sx0jj}x0 e�� > �

�
5 e�njsj� (26)

where KL�jj� denotes the Kullback-Leibler divergence [12]. From the bound [16]:
1

4
jj�sx0 � }x0 e�jj2 5 KL

�
�sx0jj}x0 e�� (27)

and njsj ! jsj� jsjO1, where � > 0 is the stationary probability of encountering x0 in s, we conclude:

Prob
�
jj�sx0 � }x0 e�jj > �

�
5 2e�

1
2
jsj�O1 e�jsj�O1 (28)

�

Figure ?? illustrates PFSAs, derivative heaps, and �-synchronizing strings. Next, we present our inference

algorithm. Next, we use the preceding theoretical development to construct an e�ective procedure to infer

PFSA PH from a su�ciently long run from a QSP H, and a pre-speci�ed � > 0.

2 Algorithm GenESeSS

2.1 Implementation Steps

We call our algorithm \Generator Extraction Using Self-similar Semantics", or GenESeSS which for an

observed sequence s, consists of three steps:

1. Identi�cation of �-synchronizing string x0: Construct a derivative heap DsL using the observed

trace s (De�nition 10), and set L consisting of all strings up to a su�ciently large, but �nite, depth. We

suggest as initial choice of L as logj�j 1=�. In L is su�ciently large, then the inferred model structure

will not change for larger values. We then identify a vertex of the convex hull for D, via any standard

algorithm for computing the hull [2]. Choose x0 as the string mapping to this vertex.

2. Identi�cation of the structure of PH, i:e:, transition function �: We generate � as follows: For each

state q, we associate a string identi�er xidq 2 x0�
?, and a probability distribution hq on � (which is

an approximation of the e�-row corresponding to state q). We extend the structure recursively:

(a) Initialize the set Q as Q fq0g, and set xidq0 x0, hq �sx0.

(b) For each state q 2 Q, compute for each symbol � 2 �, �nd symbolic derivative �sxidq �. If

jj�sxidq � � hq 0�jj 5 � for some q 0 2 Q, then de�ne �q; � q 0. If, on the other hand, no such q 0 can

be found in Q, then add a new state q 0 to Q, and de�ne xidq 0 xidq �, hq 0 �sxidq �.

The process terminates when every q 2 Q has a target state, for each � 2 �. Then, if necessary, we

ensure strong connectivity using [14].

3. Identi�cation of arc probabilities, i:e:, function e�:
(a) Choose an arbitrary initial state q 2 Q.

(b) Run sequence s through the identi�ed graph, as directed by �, i:e:, if current state is q, and the

next symbol read from s is �, then move to �q; �. Count arc traversals, i:e, generate numbers N i
j

where qi
�j
!
Ni
j

qk.

(c) Generate e� by row normalization, i:e:, e�ij N i
j=
P

j N
i
j

[7, 4] use similar recursive structure extension. However, with no notion of �-synchronization, they are

restricted to inferring only synchronizable or short-memory models, or large approximations for long-memory

ones (See Figure ??).
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2.2 Complexity Analysis & PAC Learnability

While hq (in step 2) approximates e� rows, we �nd the arc probabilities via normalization of traversal count.

hq only uses sequences in x0�
?, while traversal counting uses the entire sequence s, and is more accurate.

GenESeSS has no upper bound on the number of states; which is a function of the complexity of the

process itself.

Theorem 4 (Time Complexity). Asymptotic time complexity of GenESeSS is:

T O
��
1=� jQj

�
� jsj � j�j

�
(29)

Proof. GenESeSS performs the following computations:

C1 Computation of a derivative heap by computing �sx for O1=� strings (Corollary 2), each of which

involves reading the input s and normalization to distributions over �, thus contributing O1=�� jsj �

j�j.

C2 Finding a vertex of the convex hull of the heap, which, at worst, involves inspecting O� points (encoded

by strings generating the heap), contributing O1=�� j�j, where each inspection is done in Oj�j time.

C3 Finding �, involving computing derivatives at string-identi�ers (Step 2), thus contributing OjQj� jsj�

j�j. Strong connectivity [14] requires OjQj j�j, and hence is unimportant.

C4 Identi�cation of arc probabilities using traversal counts and normalization, done in time linear in the

number of arcs, i:e OjQj � j�j.

Summing the contributions, and using jsj > j�j,

T O1=�� jsj � j�j 1=�� j�j jQj � jsj � j�j jQj � j�j

O
��
1=� jQj

�
� jsj � j�j

�
�

Theorem 4 shows that GenESeSS is polynomial in O1=�, size of input s, model size jQj, and alphabet size

j�j. In practice, jQj � 1=�, implying that

T O

�
jsjj�j

�

�
(30)

An identi�cation method is said to identify a target language L? in the Probably Approximately Correct

(PAC) sense [17, 1, 10], if it always halts and outputs L such that:

9�; � > 0; PdL?; L 5 � = 1� � (31)

where d�; � is a metric on the space of target languages. A class of languages is e�ciently PAC-learnable

if there exists an algorithm that PAC-identi�es every language in the class, and runs in time polynomial

in 1=�, 1=�, length of sample input, and inferred model size. We prove PAC-learnability of QSPs, by �rst

establishing a metric on the space of probabilistic automata over �.

2.3 PAC Identifiability Of QSPs

Lemma 4 (Metric For Probabilistic Automata). For two strongly connected PFSAs G1; G2, denote the

symbolic derivative at x 2 �? as �sG1
x and �sG2

x respectively. Then,

�G1; G2 sup
x2�?

�
Jx lim

js1j!
lim
js2j!

jj�s1G1
x� �s2G2

xjj

�
de�nes a metric on the space of probabilistic automata on �.
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Proof. Non-negativity and symmetry follows immediately. Triangular inequality follows from noting that

jj�s1G1
x��s2G2

xjj is upper bounded by 1, and therefore for any chosen order of the strings in �?, we have two

` sequences, which would satisfy the triangular inequality under the sup norm. The metric is well-de�ned

since for any su�ciently long s1; s2, the symbolic derivatives at arbitrary x are uniformly convergent to some

linear combination of the rows of the corresponding e� matrices. �

Theorem 5 (PAC-Learnability). QSPs for which the probabilistic Nerode equivalence has a �nite index

is PAC-learnable using PFSAs, i:e:, for �; � > 0, and for every su�ciently long sequence s generated

by QSP H, we can compute P 0
H as an estimate for PH such that:

Prob
�
�PH;P

0
H 5 �

�
= 1� � (32)

The algorithm runs in time polynomial in 1=�; 1=�, input length jsj and model size.

Proof. GenESeSS construction implies that, once the initial �-synchronizing string x0 is identi�ed, there is

no scope of the model error to be more than �. Hence:

Prob
�
�PH;P

0
H 5 �

�
1� Prob

�
jj�sx0 � }x0 e�jj > �

�
)Prob

�
�PH;P

0
H 5 �

�
= 1� e�jsj�O1 (Using Eq. (28))

Thus, for any � > 0, if we have jsj O1=� log 1=�, then the required condition of Eq. (32) is met. The

polynomial runtimes are established in Theorem 4. �

2.3.1 Remark On Kearns’ Hardness Result

We are immune to Kearns' hardness result [11], since � > 0 enforces state distinguishability [13].

3 Summary & Conclusion

We establish the notion of causal generators for stationary ergodic quantized stochastic processes on a

rigorous measure-theoretic foundation, and propose a new inference algorithm GenESeSS for identi�cation of

probabilistic automata models from su�ciently long traces. We show that our approach can learn processes

with long range dependencies, which yield non-synchronizable automata. Additionally, we establish that

GenESeSS is computationally e�cient in the PAC sense. The results are validated on synthetic and real

datasets. Future research will investigate the prediction problem in greater detail in the context of new

applications.
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