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Abstract

This paper documents a significant increase of risk-prices in the
presence of learning. I solve a model with long-run risk where both,
the level and persistence of expected consumption growth are unob-
served. I introduce a new methodology to quantify the effects of learn-
ing about parameter uncertainty and latent variables. The maximum
Sharpe ratios increase from .07 in the benchmark case without learn-
ing to .45 in the learning economy. In my model, the representative
consumer chooses state variables that are sufficient statistics of the
learning problems and, conditional on her information set, forms pos-
terior distributions of the states and future consumption growth. To
reduce the complexity of optimization, I present a novel numerical ap-
proach that approximates the agent’s continuation-value by nesting
the solutions of problems with different information sets.
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1 Introduction

How do macroeconomic variables and their evolution affect prices of finan-

cial claims? This is a fundamental question of asset pricing. To answer

it, economists introduce agents with well defined preferences and model the

economic environment. In these models agents are assumed to allocate re-

sources optimally which leads to equilibrium prices that depend on the state

of the economy.

The traditional approach assumes agents to have precise information

about the dynamics of the economy. Not only do these agents know the

model, but also all the parameters, and they observe all the macro quantities.

This paper deviates from the classical approach by allowing agents to

be uncertain about the parameters of the model and also by entertaining

the possibility that some macroeconomic variables are unobservable. I let

agents update their beliefs about the unknown quantities as new observa-

tions become available; this is the so-called learning process.

More precisely, I consider a representative agent with recursive prefer-

ences (see Kreps and Porteus 1978) and an economy that evolves according

to the one-channel long-run model of Bansal and Yaron (2004). Based on

this, I focus on the effect that learning in the presence of parameter uncer-

tainty and latent variables has on risk prices.

I choose the long-run model for two reasons. First, recursive preferences

disentangle the effects of risk aversion and intertemporal substitution for

asset prices. This separation, as noted by Ai (2007), allows me to choose

preference parameters that deliver an increase in the prices of risk in the
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presence of learning. Also Bakshi and Skoulakis (2009) use power utility

that links risk-aversion and intertemporal substitution, and show a modest

increase of risk-prices when the agent learns about volatility.

Second, Bansal and Yaron consider a predictable process for expected

consumption growth that cannot be measured. They also report that the

persistence parameter has a significant impact on expected returns. There-

fore, this model is an ideal tool to test the effect of learning, as it is reasonable

to assume that the agent faces the same uncertainty, concerning these two

variables as does the econometrician.

I present results for four information endowments. Firstly, the bench-

mark information set, full-information, refers to an economy in which the

agents know the model, can observe its parameters and expected consump-

tion growth, and where the only source of uncertainty comes from the

macroeconomic shocks. Secondly, similar to the model of Ai (2007), ex-

pected consumption growth is unobserved and filtered out from the eco-

nomic signals. Thirdly, expected consumption growth is observed, but the

agent learns its persistence as observations become available (Ghosh 2008

deals with a similar problem, where the persistence parameter is allowed to

take two values). Finally, the agent does not observe expected consumption

growth or its persistence and uses signals to calculate posterior distribu-

tions of both quantities. The solution to the last case represents the main

contribution of my work.

In order to compare the effect that information has for the risk-return

trade-off of consumption claims, I compare maximum Sharpe ratios across

economies. I focus on Sharpe ratios, the excess expected return per unit of
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standard deviation, because, as highlighted by Hansen and Sargent (2009),

different risks are priced under different information sets, and therefore risk

prices are not directly comparable across information structures.

To illustrate the effect of learning I document a sizeable increase in max-

imum Sharpe ratios: from .07 in the full-information case to an average of

.45 when, both the level and persistence of expected consumption growth

are unknown.

In this respect I argue that the significant impact that learning has on

risk prices in my model is due to two factors, (i) recursive preferences, and

(ii) the compound effect of dealing with two unobserved quantities. I show

that if the agent is uncertain about a single quantity, the effect of learning

is greatly reduced. This is consistent with Ai (2007) and Ghosh (2008).

As a methodological contribution, this paper also proposes how to pa-

rameterize the agent’s continuation-value when she solves a learning prob-

lem. Instead of using a discretized parameter space, as it is common in this

literature (e.g., Veronesi 1999; Veronesi 2000; Pakoš 2008; Ghosh 2008), I

propose to keep track of the conditional distribution of hidden processes and

unknown parameters, summarizing these distributions by sufficient statis-

tics. This method allows me to compute pricing implications, in the pres-

ence of parameter uncertainty and filtering problems. The evolution of the

sufficient statistics represents the dynamic behavior of the conditional dis-

tribution. This idea is inspired by recent work in particle learning from

Carvalho et al. (2009), that shows the benefits of using sufficient statistics

in sequential learning problems.

Additionally, this paper develops a new numerical solution for problems
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with learning about parameter uncertainty. I nest the solutions of problems

with different information sets reducing the dimensionality of the optimiza-

tion and requiring consistency across information structures. In this regard,

I develop the technique in the spirit of dynamic programming with boundary

conditions, allowing the volatility of the posterior distribution of quantities

of interest to act as a time-scale. That is, as this volatility tends to zero,

the finer and coarse information sets converge, and I impose convergence on

the solutions.

This paper is organized as follows. In section 2, I introduce the prefer-

ences and describe the economic dynamics and information structure. Sec-

tion 3 deals with the solution of the model and outlines the numerical tech-

nique. In section 4, I describe the data, and outline the MCMC estimation

procedure. Section 5 presents the results and section 6 concludes.

2 The Model

2.1 Preferences

I consider an endowment economy in discrete time. The representative agent

has recursive preferences, introduced by Kreps and Porteus (1978) and ap-

plied by Epstein and Zin (1989) and Weil (1989), over the stochastic con-

sumption path Ct. The agent’s continuation-value at time t, Vt, satisfies the

following recursion:

Vt =


(

(1− β)C1−1/ψ
t + β (RtVt+1)1−1/ψ

) 1
1−1/ψ

, ψ 6= 1

exp ((1− β) logCt + β log RtVt+1) , ψ = 1,
(1)
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where ψ > 0 is the intertemporal elasticity of substitution (IES), β ∈ (0, 1)

is the time-preference parameter, and Rt is the risk-adjusted conditional

expectation operator defined as

RtVt+1 =


(
E
[
V 1−γ
t+1 |Ft

]) 1
1−γ

, γ 6= 1

E [Vt+1|Ft] , γ = 1,
(2)

where γ > 0 is the risk-aversion parameter and Ft denotes the information

set of the representative agent at time t.

Following Hansen et al. (2007), the implied stochastic discount factor

has the following form:

St,t+1 = β

(
Ct+1

Ct

)−1/ψ [ Vt+1

RtVt+1

]1/ψ−γ
. (3)

2.2 Economy Dynamics

I specify processes for the persistent component of expected consumption

growth x and the economic signals s,

xt+1 = ρxt + σxεt+1 (4)

st+1 = M +Axt + Bεt+1, (5)

where εt+1 is a vector of standard normal shocks, and consumption growth

is stored in the first component of s,

∆ct+1 ≡ s1t+1.

6



The univariate process x comes from the long-run risk literature (Bansal and

Yaron 2004; Hansen, Heaton, and Li 2008) and drives the movements in the

conditional mean of consumption growth as well as affects the conditional

mean of the rest of the signals.

2.3 Information Structure

I describe below the different information endowments given to the repre-

sentative agent. I specify the state variables used under each information

structure, and provide the distribution of future signals (and therefore con-

sumption growth) and the evolution equations for each of the state variables,

conditional on the information set at time t. I define the state variables to

be sufficient statistics of the unknown quantities, inspired by the ideas of

particle learning from Carvalho et al. (2009).

2.3.1 Case 1: Full-Information

I consider a benchmark case where the agent observes all history of the

variables of interest and the parameters of the model are known. In this

case, as x is observed, the agent does not need to use the signal vector to

filter it, and the economic dynamics reduce to the one-channel long-run risk

model from Bansal and Yaron (2004).

From equation (5), the distribution of future signals conditional on the

information set at time t is

st+1|Ft ∼ N(M +Axt, BB
′).
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In this case, the only state variable is x, and equation (4) describes its

evolution.

2.3.2 Case 2: Learning ρ

The agent does not observe the persistence parameter ρ. I assume the x pro-

cess, and the rest of the parameters of the model are observable. The agent

enters each period with a prior distribution of ρ given her information set.

She uses the prior to construct predictive distributions of the economic sig-

nals. Also, as a new observation of x becomes available, the agent combines

this information with her prior to form a posterior distribution of the per-

sistence parameter. This combination defines the evolution equations of the

state variables. She uses the posterior as her prior next period, completing

the learning process.

Proceeding this way, I consider a truncated normal prior distribution

of ρ conditional on the information set of the agent at time t. I choose a

truncated distribution to ensure that ρ remains within (−1, 1):

ρ|Ft ∼ N(ρt, σσ′πrt ) and ρ ∈ (−1, 1).

Then the state variables are xt, ρt, and πrt . From equation (5), the

distribution of future signals conditional on the information set is

st+1 |Ft ∼ N
(
M +Axt, BB

′) .
Also, combining this prior with the state evolution equation (4), I ob-
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tain a truncated normal posterior distribution for ρ|Ft+1 with mean ρt+1

and variance σσ′πrt+1, where the posterior parameters depend on the prior

parameters and the new observation in the following way,

πrt+1 = (x2
t + (πrt )

−1)−1

ρt+1 = πrt+1(ρt(πrt )
−1 + xt+1xt).

This system, together with equation (4), completes the evolution equations

for the state variables.

2.3.3 Case 3: Latent Variable

Under this information structure, the agent knows all the parameters of

the model and observes signals. The persistent component of expected con-

sumption growth x remains unobserved. As the state space system (4–5)

is linear and Gaussian, the agent uses the Kalman filter to form her beliefs

about the hidden process. Therefore, the filtered distribution of xt given the

history of signals is

xt|Ft ∼ N(mt, π
x
t ),

where mt and πxt are obtained from the signals using the Kalman filter; its

explicit form can be found in the Appendix.

The state variables the agent considers are mt, πxt . With this prior, the

subjective distribution of signals conditional on the information set is

st+1| Ft ∼ N
(
M +Amt, π

x
t AA

′ +BB′
)
.
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As the agent acquires more information, the parameters of the filtering

distribution evolve, following the Kalman filter recursions:

πxt+1 = ρ2πxt + σσ′ − (ρπxt A+Bσ′)′(AA′πxt +BB′)−1(ρπxt A+Bσ′)

mt+1 = ρmt + (ρπxt A+Bσ′)′(AA′πxt +BB′)−1(st+1 −M −Amt).

2.3.4 Case 4: Latent Variable and Learning ρ

In this coarser information set, Ft contains neither ρ nor xt = (x1, . . . , xt). I

propose a hierarchical prior structure. For ρ, I consider the same truncated

normal prior as before. For x given ρ, I use a normal prior updated through

the Kalman filter.

As I am looking for closed-form evolution equations for the state vari-

ables, I take a first-order expansion of the Kalman filter mean, with respect

to ρ around ρt. I approximate the Kalman filter variance as the steady state

variance at ρt. This approach leads to the following prior:

ρ |Ft ∼ N(ρt, (σσ′)πrt ) and ρ ∈ (−1, 1)

xt |Ft, ρ ∼ N(at + bt(ρ− ρt), πxss(ρt)),

with πxss(ρt) satisfying the equation:

πxss(ρt) = ρ2
tπ

x
ss(ρt)+σσ

′−(ρtπxss(ρt)A+Bσ′)′(AA′πxss(ρt)+BB
′)−1(ρtπxt A+Bσ′)
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The distribution of signals conditional on the information set at time t is

st+1| Ft ∼ N
(
M +Aat, (b2tσσ

′πrt + πxt )AA′ +BB′
)
.

And in this case, the states are at, bt, πrt , ρt, and the evolution equations

are

at+1 = ρtat +K0
t (yt+1 −M −Aat)

bt+1 = at + bt(ρt −K0
tA) +K1

t (st+1 −M −Aat)

πrt+1 = (σσ′b2tA
′(πxss(ρt)AA

′ +BB′)−1A+ (πrt )
−1)−1

ρt+1 = πrt+1(σσ′btA′(πxss(ρt)AA
′ +BB′)−1 (st+1 −M −Aat +Abtρt) + ρt(πrt )

−1),

where K0
t , and K1

t , are known quantities at time t and can be found in the

Appendix.

3 Model Solution

I solve the model numerically, approximating the logarithm of the continuation-

value consumption ratio

vct = log
(
Vt
Ct

)
.

Scaling by consumption and taking logarithms to equation (1), I obtain the

following recursion that must be satisfied by the continuation-value con-
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sumption ratio:

vct =


1

1−1/ψ log ((1− β) + β exp [(1− 1/ψ)Qt (vct+1 + ∆ct+1)]) , ψ 6= 1

βQt (vct+1 + ∆ct+1) , ψ = 1,

(6)

where Qt is the logarithm of the risk-adjusted expectation operator R; that

is,

Qt(zt+1) = log Rt exp(zt+1) =


1

1−γ log E [exp((1− γ)zt+1)|Ft] , γ 6= 1

log E [exp(zt+1)|Ft] , γ = 1,

(7)

As introduced in section 2.3, a set of state variables describes each in-

formation structure. I differentiate between two types of states that I will

denote by y and π:

y = (y1, y2, . . . , yk)

π = (π1, π2, . . . , πl).

The states y denote, refer either to the level (if observed) or to the

mean of a conditional distribution. For example, if the agent observes the

x process, xt would be a y state. Also, mt would be a y state when the

representative agent uses the signals and the Kalman filter to estimate means

of x at each point in time.

The state variables denoted by π correspond to the estimates of the

conditional variance of the quantity of interest, for example, πrt in the case
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where the agent learns about ρ.

This separation between y and π variables allows me to nest the problems

with different information structures. That is, as we go from finer to coarser

information sets, we should include the solutions to the former in the latter.

To do so, I require that the solution under the richer information set is a

special case of the solution under the smaller information set.

The state variables summarize the information of the economy available

to the agent at each point in time. Therefore, I follow Judd (1998), to

approximate vc by an nth-order complete polynomial of the state variables,

with the following form:

vct ≡ f(yt, πt; a) =
∑

i1+i2+...+ik+l≤n
i1,...,ik+l≥0

ai1,...,ik+lTi1(y1
t ) · · ·Tik(ykt )(π1

t )
ik+1 · · · (πlt)ik+l ,

(8)

where Tl(·) denotes to the lth-order general Chebyshev polynomial; π states

contribute to the approximated function as a power series, whereas y-states

contribute through the Chebyshev polynomials.

The cases where some of the π variables are equal to zero correspond to

a solution under a finer information set. Under this formulation, problems

about learning unobserved parameters always contain the full-information

solution as a special case, that is, when the solution function is evaluated

at at point with all the π variables equal to 0. This “boundary” condition

is of the following form:

vcbt ≡ f(yt, 0; a) =
∑

i1+i2+...+ik≤n
i1,...,ik≥0

ai1,...,ik,0,...,0Ti1(y1
t ) · · ·Tik(ykt ). (9)
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My approach involves calculating the solution when all the variables are

observed and then using this solution as the “boundary” condition for more

complicated problems. I proceed by adding unobservable quantities one at

a time until I have accounted for all. By doing so, I increase parsimoniously

the number of parameters as I explore coarser information sets.

This approach shares common ground with finite horizon dynamic pro-

gramming problems with boundary conditions. I give π state variables the

same role that time has in finite horizon problems. A desirable feature of

my solution is that in models where agents learn perfectly, the estimates

of the volatilities approach zero as information accumulates and the solu-

tion under the coarser information set must adapt to converge to the finer

information-set solution.

I now describe the parametrization of the continuation-value consump-

tion ratio for each of the information sets, and the restrictions that the

nesting approach impose on the function coefficients.

3.1 Case 2: Full-Information

Under full-information, I parameterize the solution to depend on the level of

two variables, ρ and x; ρ is not properly a state variable, as it is a parameter

assumed to be known, but I treat it as such in order to use this solution as

the boundary condition in subsequent problems:

f(x, ρ; aFI) =
n∑

i1=0

n−i1∑
i2=0

aFIi1,i2Ti1(x)Ti2(ρ). (10)
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3.2 Case 2: Learning ρ

When ρ is unknown, I use two state variables, ρt, and πrt , to parameterize

its distribution under the agent’s information set Ft. So the states in this

case are x, ρ, and πr, and the form of the approximation is

f(x, ρ, πr; ar) =
n∑

i1=0

n−i1∑
i2=0

n−i1−i2∑
i3=0

ari1,i2,i3Ti1(x)Ti2(ρ)(πr)i3 . (11)

I impose the boundary restriction that

ari1,i2,0
.= aFIi1,i2 , for all i1, i2 ∈ {0, 1, . . . , n} s.t. i1 + i2 ≤ n.

3.3 Case 3: Latent Variable

The state variables in this case are the conditional mean (m), and the condi-

tional variance (πr) of the latent process x. I also parameterize the solution

in terms of ρ because I will use this solution as a special case for the coarser

information set problem:

f(m, ρ, πx; ax) =
n∑

i1=0

n−i1∑
i2=0

n−i1−i2∑
i4=0

ari1,i2,i4Ti1(x)Ti2(ρ)(πx)i4 . (12)

I impose the boundary restriction that

axi1,i2,0
.= aFIi1,i2 , for all i1, i2 ∈ {0, 1, . . . , n} s.t. i1 + i2 ≤ n
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3.4 Case 4: Latent Variable and Learning ρ

In this case I use a, b, πx, ρ, and πr as states, and the approximation takes

the following form:

f(a, b, πx, ρ, πr) =
∑

i1+i2+i3+i4+i5≤n
i1,i2,i3,i4,i5≥0

axri1,i2,i3,i4,i5Ti1(a)Ti2(b)Ti3(ρ)(πx)i4(πr)i5

(13)

Using the previous solutions, I have the following restrictions:

axri1,i2,i3,0,0 = aFI

axri1,i2,i3,0,i5 = ar

axri1,i2,i3,i4,0 = ax.

4 Data and Model Estimation

I use aggregate consumption of nondurables and services and corporate earn-

ings from the National Income and Product Accounts. The data have quar-

terly frequency and spans from the first quarter of 1947 to the second quarter

of 2009. I use the data to construct the time series of the logarithm of con-

sumption growth and the logarithm of the earnings to consumption ratio.

The series are seasonally adjusted and in real terms, and are deflated by the

GDP deflator, also from the National Accounts.

I choose the signal in equation (5) to be the logarithm of corporate earn-

ings divided by aggregate consumption. The work of Lettau and Ludvigson
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(2001) and Santos and Veronesi (2005) motivates this measure of the eco-

nomic environment that the work of Hansen, Heaton, and Li (2008) proved

to be relevant in identifying long-run risk. The time series of the earnings-

consumption ratio presents a high degree of persistence that would be crucial

in identifying the latent process x.

I estimate the parameters and moments of the latent variable in the

state-space system (4–5) using MCMC methods. In particular, I use the

Gibbs sampler (see, for example, Johannes and Polson 2009, Gamerman

and Lopes 2006, Rossi, Allenby, and McCulloch 2006). As my system is

linear with Gaussian errors I choose the natural normal inverse Wishart

conjugate priors.

In order to be able to identify the latent process, I restrict the coefficients

of the system in the following way:

xt+1 = ρxt + (σx, 0, 0) εt+1 (14)

∆ct+1 = Mc + xt + (0, Bc, 0) εt+1 (15)

et+1 − ct+1 = Ms +Asxt + (0, Bc,s, Bs) εt+1, (16)

where the error process εt+1 has a three-dimensional normal distribution

with mean 0 and covariance matrix equal to the identity. The innovations

to the latent process are assumed, therefore to be orthogonal to the rest of

the signals, and I allow for the signals to be conditionally correlated as well.

I use normal priors for A, M , and ρ, inverse gamma for σx, and inverse

Wishart for B.

The Gibbs sampler in this system works in a straightforward manner.
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Start the iteration with an initial set of parameters and a realization of

the latent process. Draw from the distribution of each of the parameters

and the latent process, conditional on the observed signals and the rest of

the unknown quantities. I use those samples as conditioning variables in the

next draw to generate a new sample. I iterate this process until convergence.

To sample from the conditional distribution of the latent variable, I use

the Forward Filtering Backward Sampling (FFBS) algorithm. FFBS, is a

multiple-sampling method proposed simultaneously by Frühwirth-Schnatter

(1992) and Carter and Kohn (1994), that provides a sequential method to

sample from the smoothed distribution of xT = (x1, . . . , xT ).

To understand how FFBS works, first note that from standard Kalman

filter results, the conditional distribution of xt|st,Θ (for convenience I denote

the vector of parameters by Θ) is normal with mean mt and variance vt.

The most important insight from this filtering technique is noticing that the

probability density function π(xt|xt+1, s
T ,Θ) for t = 1, . . . , T − 1 satisfies

the following:

π(xt|xt+1, s
T ,Θ) = π(xt|xt+1, s

t+1,Θ) ∝ π(xt+1|xt,Θ)π(xt|st+1,Θ)

∝ π(xt+1|xt,Θ)π(st+1|xt,Θ)π(xt|st,Θ),

where the dynamic structure of the problem justifies the equality. All rele-

vant information that future signals carry about xt is redundant once xt+1

is known. Note also that the timing of the model makes st+1 dependent on

xt. The proportionality relations come from applying Bayes theorem twice,

first to (xt|xt+1, s
t+1,Θ) and then to (xt|st+1,Θ), to make use of the filtered
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distribution (xt|st,Θ) obtained in the previous step.

Therefore, the distribution of xt given xt+1, the history of signals, and

the parameters is also normal with mean ms
t and variance vst ,

vst = (A′(BB′)−1A+ v−1
t + ρ2σ−2

x )−1

ms
t = (vst )

−1
(
(st+1 −M)′A′(BB′)−1A(st+1 −M) +mtv

−1
t + ρxt+1σ

−2
x

)
.

The conditional distribution of the parameters, given the history of sig-

nals and the history of x, follows the standard conjugate prior calculations

(see for example Gamerman and Lopes 2006). The parameter estimates,

corresponding to diffuse priors, are in Table 1 and the posterior histograms

and convergence plots are in figures 1 and 2. Figure 3, plots the filtered

hidden process.

5 Empirical Results

In order to evaluate the effect that different information sets have on asset

prices, I compare maximum Sharpe ratios (the slope of the mean-standard

deviation frontier) across economies. I focus on this measure, because, as

noted by Hansen and Sargent (2009), different risks are priced under different

information sets, and therefore risk prices are not directly comparable across

information structures.

As Hansen and Jagannathan (1991) show, the standard deviation of the

one-period stochastic discount factor divided by its expected value represents

an upper bound for the Sharpe ratio of the economy. Therefore, I use the
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form of the stochastic discount factor from equation (3) and my solution

for the continuation-value to calculate the required standard deviation and

expected value. With these quantities in hand, I calculate the one-period

maximum Sharpe ratio. I also compute the time series of one-period risk-

free rates as the reciprocal of the expected value of the one-period stochastic

discount factor.

I calibrate the preference parameters to provide plausible levels for the

average risk free rate and the maximum Sharpe ratio of the model with

learning about persistence and conditional mean of consumption growth. I

choose, risk-aversion parameter to 4.5, IES to 1.5, and the time-preference

parameter to .995. These give me an average one-year risk-free rate of 5%

and a maximum Sharpe ratio just below .5. In order to obtain comparable

results I keep these parameters constant across information structures.

As the agent updates her beliefs about the unknown quantities, I need

to specify prior distributions. The prior for ρ is a truncated normal centered

at .9671, the mean of the posterior distribution of ρ obtained in section 4

and the prior standard deviation is .0165, the standard deviation of the same

posterior. The prior for the hidden process at time zero is normal with mean

0 and the Kalman filter steady-state standard deviation from equation (21)

that is 4.2810−4.

Figure 4 plots time series of maximum Sharpe-ratios implied by the state

variables filtered by the agent under each information set. I note that being

uncertain about both, expected consumption growth, and its persistence has

a significant effect on the risk-return trade-off. This uncertainty increases

maximum Sharpe ratios to .45, from .07 in the economy without learning.
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I also find that uncertainty only about persistence of consumption growth,

leads to a maximum Sharpe ratio around .16. While in the case when only

expected consumption growth is unobserved my measure of the risk-return

trade-off is .08. Therefore, when the agent learns about two quantities that

are closely related, the uncertainty compounds producing sensibly higher

risk prices, compared to the cases of learning about each quantity sepa-

rately.

Figure 5 plots the time-series of annualized one-period risk-free rates.

The effect that learning has on Sharpe ratios translates to risk-free rates,

the learning economies see an increase on the risk-free rate with respect to

the full-information benchmark. I also notice the compounding effect, with a

significant increase in the rate when both quantities, expected consumption

growth and its persistence, are unobserved.

Finally, I would like to note that the significant impact that learning

has on risk prices is due to two factors, recursive preferences and the com-

pound effect of dealing with two related unobserved quantities. As noted

in Ai (2007), recursive preferences contribution comes through the separa-

tion between risk aversion and intertemporal elasticity of substitution. This

separation makes risk prices to increase in the presence of learning. The

compounded effect of learning about two related hidden quantities is the

reason why I document a larger increase in prices of risk, than Ghosh (2008)

and Ai (2007). These authors study learning problems in economies sim-

ilar to mine and focus on the effect of learning about a single quantity in

isolation.

My work can be applied to solve learning problems with non-linear dy-
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namics, and opens the door to quantifying the complete learning premium

in more realistic economies where the agents have the same information as

the econometrician.

6 Conclusion

The contribution of this paper is three-fold. First, I quantify a sizeble effect

of learning on risk prices. I solve a learning problem where both, expected

consumption growth and its persistence are unobserved, and I show that

this uncertainty has a significant effect for risk-prices, pushing maximum

Sharpe ratios to .45 from .07 in an economy without learning. I also show

that the compounding effect of learning about this two quantities is sizably

larger than considering the learning problems separately.

Second, I propose a method to parameterize the agent’s continuation-

value, when she solves a learning problem. I suggest using sufficient statistics

to summarize the conditional distribution of hidden processes and unknown

variables. This approach is inspired by recent work in particle learning from

Carvalho et al. (2009) and avoids using a discretized parameter space, as is

common in the literature.

Third, the paper develops a new numerical solution for models with

learning about parameter uncertainty. I solve a set of nested dynamic pro-

gramming problems, taking advantage of the fact that information sets are

naturally nested. My approach has the spirit of dynamic programming with

a boundary condition. I use the solution to a problem with a finer informa-

tion set as the “boundary” condition for problems with coarser information
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sets. To do this, I give to the volatility of the unknown quantity the same

role that time has in dynamic programming problems with boundary con-

ditions. I impose the restriction that, as the volatility approaches zero, the

solution of the problem with the coarser information set converges to the

solution of the finer information set. This reduces the dimensionality of the

problem and ensures consistent solutions across information sets.

My work can be applied to solve learning problems with non-linear state

evolutions and opens the door to quantify the complete learning premium

in economies where the agents and the econometrician have the same infor-

mation.
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A Appendix

A.1 Learning

Bellow I present some calculations for the evolution of the sufficient statistics

in the different information sets.

A.1.1 Latent variable. The Kalman Filter

In the case that the conditional expected value of consumption growth is

not observed, I use the Kalman filter to obtain the evolution of the states.

Consider the system (4–5). Suppose, the agent knows the model and the

parameters and does not observe the latent process x. Suppose further, I

start at period t+ 1 with knowledge of a filtered distribution from period t,

xt|st ∼ N(mt, π
x
t ), then using the system equations I have

 xt+1

st+1


∣∣∣∣∣∣∣ st ∼ N

mt

 ρ

A

 ,

 ρ2πxt + σxσ
′
x ρA′πxt + σxB

′

ρAπxt +Bσx AA′πxt +BB′



(17)

the properties of the multivariate normal implies that xt+1|st+1 is also nor-

mal, let’s denote it’s mean and variance by mt+1 and πxt+1

Kt =
(
ρAπxt +Bσ′x

)′ (
AA′πxt +BB′

)−1 (18)

πxt+1 = ρ2πxt + σxσ
′
x +Kt

(
ρAπxt +Bσ′x

)
(19)

mt+1 = ρmt +Kt (st+1 −M −Amt) (20)
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Equation (19), describes the evolution of the variance of the hidden process

conditioned on the signal history. Iterating this equation I can compute the

steady state variance, that satisfies the following equation

πxss = ρ2πxss + σxσ
′
x +

(
ρAπxss +Bσ′x

)′ (
AA′πxss +BB′

)−1 (
ρAπxss +Bσ′x

)
(21)

Substituting the solution to equation (21) on equations (18) and (20) I

obtain the steady state Kalman gain, and evolution of the mean of the

filtered distribution in the steady state

Kss =
(
ρAπxss +Bσ′x

)′ (
AA′πxss +BB′

)−1 (22)

mss
t+1 = ρmss

t +Kss (st+1 −M −Amss
t ) (23)

A.1.2 Learning ρ

The agent has a truncated normal prior distribution over ρ, at time t

ρ|Ft ∼ N
(
ρt, σ

2
xπt
)

and ρ ∈ (−1, 1) (24)

Notice that I can rewrite equation (14) to get

xt+1 = ρtxt + σxxt
√
πt

(
ρ− ρt
σx
√
πt

)
+ (σx, 0, 0)εt+1

So the uncertainty about the parameter ρ introduces heteroscedasticity in

the “subjective” distribution of the state x. This implies the agent faces the
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following conditional distribution of evolution of xt+1

xt+1 |Ft ∼ N
(
ρtxt, σx

√
x2
tπt + 1

)
(25)

Using Bayes theorem

p(ρ|xt+1) ∝ p(xt+1|ρ, xt)p(ρ|xt)

where the terms on the right hand side are Gaussian and truncated Gaussian,

and therefore the posterior distribution ρ|Ft+1 is also truncated Gaussian.

Writing down the distributions in equation A.1.2 using the prior and 25, I

complete the square to get

πrt+1 = (x2
t + (πrt )

−1)−1

ρt+1 = πrt+1(ρt(πrt )
−1 + xt+1xt).

A.1.3 Latent variable and learning ρ

In this problem I consider a hierarchical priors for the unknown quantities

so

ρ|st ∼ N(ρt, πrt ) and ρ ∈ (−1, 1) (26)

xt|st, ρ ∼ N(mt(ρ), πxt (ρ)) (27)

where mt(ρ) and πxt (ρ) follow the Kalman Filter evolutions. In order to

obtain closed-form equations for the evolution of the states I approximate
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πxt (ρ) at the steady state variance at ρt. That is

πxt (ρ) ≈ πxss(ρt)

where πxss(ρt) satisfies the steady state equation for the variance of the

Kalman filter (21)

πxss(ρt) = ρ2
tπ

x
ss(ρt)+σxσ

′
x+
(
ρtAπ

x
ss(ρt) +Bσ′x

)′ (
AA′πxss(ρt) +BB′

)−1 (
ρAπxss(ρt) +Bσ′x

)
with this approximation of the variance, the Kalman gain is linear in ρ.

From equation (18) the Kalman gain is now

Kt(ρ) =
(
ρAπxss(ρt) +Bσ′x

)′ (
AA′πxss(ρt) +BB′

)−1

=
(
ρtAπ

x
ss(ρt) +Bσ′x

)′ (
AA′πxss(ρt) +BB′

)−1 +A′
(
AA′πxss(ρt) +BB′

)−1
πxss(ρt)(ρ− ρt)

= K0
t +K1

t (ρ− ρt)

Then, from equation (20), and taking a first order approximation of mt(ρ)

centered around ρt, ( mt(ρ) ≈ at + bt(ρ− ρt) ) I have

at+1 + bt+1(ρ− ρt+1) = ρ(at + bt(ρ− ρt)) +Kt(ρ)(st+1 −M −Aat + bt(ρ− ρt))

≈ at(ρt −K0
t A) +K0

t (st+1 −M) +

+[ρt −K0
tA+ (1−K1

tA)at +K1
t (st+1 −M)](ρ− ρt)

The previous equation give me evolutions for the states at and bt.

Under the approximations described above I have the following evolution

for the sufficient statistics that control the distribution of the observable
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signals given the information set

st+1|ρ, st ∼ N
(
M +A (at + bt(ρ− ρt)) , πxss(ρt)AA′ +BB′

)
so, combining this with the prior, using Bayes theorem, I have that the

posterior distribution of ρ is also truncated normal with parameters

πrt+1 = (σσ′b2tA
′(πxss(ρt)AA

′ +BB′)−1A+ (πrt )
−1)−1

ρt+1 = πrt+1(σσ′btA′(πxss(ρt)AA
′ +BB′)−1 (st+1 −M −Aat +Abtρt) + ρt(πrt )

−1),

A.2 Numerical approach

I approximate the continuation value consumption ratio by a function of the

states f(y, π; a), as in equation (8)

f(y, π; a) =
∑

i1+i2+...+ik+l≤n
i1,...,ik+l≥0

ai1,...,ik+lTi1(y1) · · ·Tik(yk)(π1)ik+1 · · · (πl)ik+l ,

where y and π are vectors that contain the two types of states (see section

3) and a is a vector of coefficients. The objective is to find a coefficients

a, such that the equilibrium condition (6) and the boundary condition are

satisfied. The boundary condition implies that

f(y, 0; a) = fb(y; ab),

and the boundary solution also satisfies the equilibrium condition (6) for a

problem with a finer information set.
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I therefore choose coefficients that minimize the discrepancy between

both sides of condition (6) over a set of grid points in the states. Therefore,

I will approximate two functions, one for the boundary problem and then I

use the solution at the boundary to solve augmented problem.

I construct a grid for y, y1, . . . , yMy where My is the number of grid

points in the y variables. and another grid for π with Mπ, π1, . . . , πMπ .

Then, the total number of grid points is M = MyMπ.

First, I solve the boundary problem. That can be written in the following

way

minab,λ
My∑
i=1

λi

s.t.

−λi ≤ Bb(yi; ab) ≤ λi,

λi ≥ 0

for i = 1, . . . ,My

where ab are the coefficients of the boundary function and Bb is a measure

of discrepancy between the two sides of (6), that is

Bb(y; ab)
.=


(1− 1/ψ)fb(y; ab)− log ((1− β) + β exp [(1− 1/ψ)Q (fb(y+; ab) + ∆c+)]) , ψ 6= 1

fb(y; ab)− βQ (fb(y+; ab) + ∆c+) , ψ = 1,

(28)

The operator Q is a distorted conditional expectation defined in 7, y+ and

∆c+ represent the next “period” realization of the states and consumption

growth. Then, conditioning on current information (y), I calculate Q us-
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ing the conditional the conditional distributions derived on section 2.3. I

compute Q numerically using quadrature methods. As the conditional dis-

tributions of the states and consumption growth are normal, I follow Judd

(1998) and use Gauss-Hermite quadrature.

Second, I proceed similarly to solve the full problem, although now, I

impose that the boundary condition is satisfied. As explained in section

3, I restrict the coefficients of the augmented problem, so that when π =

0 the solution satisfies the boundary condition. To write down the new

minimization problem, parameterize the vector of coefficients as follows

a = (ab, anb)

where ab are the coefficients at the boundary obtained in the previous step

and anb are the parameters that only have influence if π > 0. With this

parametrization I solve the following minimization problem

minanb,λ
My∑
i=1

Mπ∑
j=1

λi,j

s.t.

−λi,j ≤ B(yi, πj ; (ab, anb)) ≤ λi,j ,

λi,j ≥ 0,

for i = 1, . . . ,My and j = 1, . . . ,Mπ

where B is also a scalar function that measures discrepancy between the

left-hand-side and right-hand-side of the equilibrium condition (6). The only
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differences is that the function evaluated is that of the augmented problem

and not that of the boundary, and that the expectations are taken under

the coarser information set of the augmented problem.

A.2.1 Precision

In the t grid I use is of size M = 5, 000, and the rule is to use 10 nodes for y

variables and 5 for π variables. I use Chebychev and power polynomials of

order 3 and I approximate each integral using 25 quadrature nodes. To test

the accuracy of my approximation method, I compute a unit-less discrepancy

measure outside the grid points. The highest errors were of the order of 10−3

in the case where I learn about ρ and x. For the full information economy

I obtain error measures of the order of 10−7.
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Figure 1: Parameter histograms for the model in equations (14) through
(16). These estimates are based on 400,000 Gibbs sampler iterations with a
burn-in period of 65,000.
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Figure 2: MCMC convergence plot for the parameters of the model in equa-
tions (14) through (16). These estimates are based on 400,000 Gibbs sampler
iterations with a burn-in period of 65,000.
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Figure 3: Median, 95, 5 percentiles estimates for the latent process of the
model in equations (14) through (16). These estimates are based on 400,000
Gibbs sampler iterations with a burn-in period of 65,000.
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Figure 4: Time series of annualized maximum Sharpe ratios implied by the
model for each information set. From the bottom to the top we have, full-
information (dotted line), latent conditional mean (dashed line), learning ρ
(dashed dotted), and combination of learning ρ and latent conditional mean
(solid line).
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Figure 5: Time series of annualized risk-free rates implied by the model for
each information set. From lower to higher we have, full-information (dotted
line), latent conditional mean (dashed line), learning ρ (dashed dotted line)
and combination of learning ρ, and latent conditional mean (solid line).
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