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Abstract

We show how to nonparametrically identify and estimate the distribution of random coeffi-
cients that characterizes the heterogeneity among agents in a general class of economic choice
models. We introduce an axiom that we term separability and prove that separability of a
structural model ensures identification. Identification naturally gives rise to a nonparametric
minimum distance estimator. We prove identification of distributions of utility functions in
multinomial choice, distributions of labor supply responses to tax changes, and distributions
of wage functions in the Roy selection model. We also reconsider the problem of endogeneity
in economic choice models, leading to new results on the two-stage least squares model.
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1 Introduction

Heterogeneity among decision makers, be they firms or consumers, is a critical feature of economic
life that is important for the study of many policy problems. A classic example is models of demand
for differentiated products. We observe many competing products, each with different character-
istics, being offered for sale. The presence of these differentiated products suggest that consumers
have heterogeneous preferences for product characteristics. In order to model the demand for these
products, we need to estimate the distribution of consumers’ heterogeneous preferences.

Likewise, in the classic Roy model, a worker chooses between different sectors of employment
based on the wage offered to that worker in each sector. As we observe workers picking different
sectors, it is likely that workers have heterogeneous wage outcomes in the various sectors. We
observe in the data only the wage of the sector the worker picked. To model substitution between
sectors as circumstances change, we need to know the distribution of the heterogeneous wage
functions in each of the sectors. The Roy model is mathematically similar to the competing risks
model, where an agent dies from the deadliest of several diseases he might have. It is likely the
response to diseases may be heterogeneous across agents.

In both the differentiated products demand model and the Roy model, the key unknown object
to researchers is a distribution of heterogeneity. In demand, it is the distribution of preferences
for product characteristics. In the Roy model, it is the distribution of wage outcome functions for
each of the sectors. This paper presents tools for identifying and estimating the distributions of
heterogeneity in a class of economic models that includes the multinomial choice demand model
and the Roy selection model. We focus on the common data scheme in applied microeconomics
where the researcher has access to cross-sectional rather than panel data. For example, in a
demand environment, we observe different agents making choices at different budget sets. In the
Roy model, we observe different workers making employment choices in different labor markets.
We will characterize each agent in the population by a behavioral parameter θ ∈ Θ, which we will
refer to as a “random coefficient” as θ is heterogeneous in the population with distribution G. We
seek the nonparametric identification and estimation of G.

The nonparametric identification and estimation of distributions of random coefficients is well-
understood in the case of the linear regression model with random coefficients. Let y = a + x′b,
where x is a real vector with continuous support and y is a real vector of outcome variables. In
the random coefficient model, a and b are heterogeneous vectors of intercept and slope parameters,
respectively. One example is a Cobb-Douglas production function in logs, where y is log output,
x is a vector of log inputs, a is total factor productivity, and b is the vector of input elasticities.
Compared to a model without random coefficients, the random coefficient regression model allows
the effect of changing inputs x to vary across firms: b is a heterogeneous parameter. Some firms
in the same industry may have labor-intensive technologies and others may have capital-intensive
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technologies. In the random coefficient production function model, the object of interest is the
distribution of random coefficients G (a, b), or the joint distribution of total factor productivities
and input elasticities. Knowledge of G (a, b) tells us the distribution of production functions in
an industry, which is an argument to answering many policy questions, for example the effects
of taxing some particular input. In a seminal paper, Beran and Hall (1992) first demonstrated
the non-parametric identification of the distribution of the slope and intercept parameters in the
linear model. In follow-up work, Beran and Millar (1994) and Hoderlein, Klemelä and Mammen
(forthcoming) investigate the nonparametric estimation of G (a, b) in the linear model.

The only attempt at extending identification to a nonlinear setting is Liu (1996). He studies
the model y = g (x, θ), where g (·, ·) is a known continuous function, θ is a finite vector of real
parameters, and, as above, y is a real vector of outcome variables and x is a real vector with
continuous support. For example, g (·, ·) might represent some nonlinear production function, such
as the constant elasticity of substitution (CES). The object of interest is G (θ), the distribution
of the heterogeneous parameters or random coefficients. Although he writes that “general results
for the nonlinear model seem impossible”, he does show that some traction on the problem is
achieved under two main regularity conditions, which we will also adopt to some extent, but will
also generalize. The key regularity conditions in Liu are that the underlying distribution G over Θ
in the population is a multinomial distribution, and further that the component functions gi that
constitute g = (g1, . . . , gm) are each real analytic in x. Under these assumptions, he shows that
the distribution G can be identified from the joint distribution of (y, x).

Despite generalizing the linear in random coefficients model to a nonlinear setting, Liu’s results
are still limiting from the point of view of economic application. An important assumption in Liu
is that the underlying relationship between y and x for any θ ∈ Θ is continuous. Unfortunately for
applied work, requiring the relationship between y and x to be continuous is a major constraint.
Discrete choice and the Roy selection models are altogether ruled out, as each of these economic
mechanisms induces a discontinuity between the response and the covariates. However it is for these
very class of problems that identification of unobserved heterogeneity has been the most critical
from a policy perspective, as we argued before. Additionally, Liu requires that the regressors x are
distributed independently of the random coefficients θ, thus ruling out any potential endogeneity
of the regressors. Endogeneity is of course a fundamental concern in economic applications.

We show that distribution of the random coefficients, i.e., the distribution G, can be nonpara-
metrically identified in a much wider class of economic models. We first assume independence
between the regressors x and the random coefficients θ, but allow for a discontinuous economic
relationship between the outcome y and the regressors x. In particular we consider a general class
of models in the form of y = f(x, θ) = Υ (g (x, θ) , x), where the vector-valued function g is a
“regular” continuous functions (we will use a weaker form of the real analytic assumption to define
“regular”), and the transformation Υ is the source of the discontinuity between y and x. The Roy
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selection model, censored regression models, and multinomial choice demand models all have such a
representation. In the event that f(x, θ) = g(x, θ), then we are back to the setup considered in Liu.
To our knowledge, we are the first to prove that the joint distribution of random, choice-specific
utility functions is identified in a multinomial choice model. Likewise, we prove that the joint
distribution of random, sector-specific return functions is identified in the Roy selection model.

While we initially proceed under the classical assumption that x and θ are independent in
the population, we can allow for endogeneity among a subset of regressors that is modeled as a
triangular system of equations with instruments. Our results provide important economic general-
izations of the classic two-stage least squares (2SLS) model. For example, we allow the response of
an endogenous regressor to an instrument to be heterogeneous across the population. Also, there
are no monotonicity assumptions on the response to the instrument. We also are one of the first
papers to address endogeneity in multinomial choice models in a nonparametric setting. Demand
estimation is a widely-used tool in industrial organization, marketing and other fields. We show
how to use a triangular system and instruments to address price endogeneity.

While the results above are attained assuming a sufficient regularity in the underlying func-
tional relationships g(x, θ) that exhibit heterogeneity in the population (that we capture through
a generalization of real analytic functions), for certain policy questions, this degree of regularity
is not required. For example, we consider an extension of Liu to the case of continuous response.
Fixing a point of interest x?, we are able to identify the distribution of marginal effects at x?, or
the distribution of ∂g(x,θ)

∂x

∣∣∣
x=x?

when θ is a random variable. A marginal effect is a causal policy
parameter, for example the effect of taxes on hours of worked at a tax level x?. We identify not
just the mean labor supply response to the tax change, but the distribution of responses. Unlike
Liu and our results on multinomial choice, to identify the distribution of marginal effects we do
not rely on assuming that the g (x, θ) are real analytic functions.

Having shown identification for a general class of nonlinear models, we can adopt the Beran and
Millar (1994) nonparametric minimum distance estimator and show that the estimator continues
to be consistent in the nonlinear random coefficients setting. In fact the multinomial assumption
on the distribution of heterogeneity G has an affinity with the minimum distance estimator, as
the estimator maximizes a minimum distance criterion over a set of multinomial distributions. As
noted by Foster and Hahn (2000) in their application of Beran and Millar (1994), each support
point of the multinomial distribution has the natural interpretation as a “type” in the population,
and the multinomial assumption is thus that there are a finite number of types in the population
whose number, location, and masses need to be identified from the data.
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2 The Identification Problem

We consider a general class of economic models where each modelM can be described by a tuple
M = (Θ,X ,Y, f). The set Θ denotes a functional space representing the feasible set of types of
agents admitted by the model. The set X denotes the set of economic environments in the support
of the data generating process. The set Y is the (measurable) outcome space. The function
f : X × Θ → Y maps an agent’s type θ ∈ Θ and economic environment x ∈ X to an outcome
y = f(x, θ) ∈ Y. The joint distribution of outcomes and environments (y, x) is identified from the
i.i.d. data. What remains to be identified is the distribution of types G ∈ G in the population,
where G is a set of probability measures over Θ.1

Let A ⊆ Y be a measurable subset of the outcome space. Assuming stochastic independence
between the structural error θ and the covariates x, if G0 ∈ G is the true distribution of types in
the population, we have that

PrG0 (A | x) = G0 ({θ ∈ Θ | f(x, θ) ∈ A}) =
∫

1 [f(x, θ) ∈ A] dG0 (θ) . (1)

Thus the distribution G0 is identified up to the measure it assigns to sets of the form IA,x =
{θ ∈ Θ | f(x, θ) ∈ A}, which are indexed by a point x and a set A ⊆ Y. The problem is whether
the class of such sets IA,x is rich enough to point identify G0 within a class of distributions G.

To state this problem precisely, let Pr (· | x) be a probability measure over Y for a given value
x ∈ X of the environment. Let P = {Pr (· | x) | x ∈ X} denote a collection of such probability
measures over all possible economic environments and let P denote the set of all such collections
P . Then we can view (1) as a mapping L : G → P. We will say the modelM is identified relative
to G if L is a one-to-one map. That is, for any G,G′ ∈ G and G 6= G′, there exists an experiment
in the data (A, x) where A ⊆ Y and x ∈ X such that PrG (A | x) 6= PrG′ (A | x), where PrG (· | x)
and PrG′ (· | x) are the images of G and G′ respectively under L.

The question behind the identification problem is whether the same economic population G

facing exogenously varying economic environments x ∈ X will have revealed preferences, in the
form of the reduced form relationship in the data Pr (A | x), that are informative enough to iden-
tify G. Mathematically, the identification problem can be understood as an existence problem.
Identification requires showing that, for any two potential distribution of types, there always exists
an experiment in the data (A, x) that can empirically distinguish between these distributions. In
the next section, we show that there exists such an experiment (A, x) if the economic model M
satisfies a separability condition.

1In parametric models, the type space Θ is a finite dimensional space. In the application of our main result,
we will treat the type space Θ as an infinite dimensional functional space that nests all “regular” finite dimensional
functional forms (where “regular” functional forms will be a slight generalization of analytic functions and thus
encompass a wide range of economic relationships). For the development of the general theory, however, we make
no explicit use of any structure on Θ and thus treat it as an arbitrary type space.
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We focus on nonparametric identification, which in our context means that we do not put
any parametric structures on either the type space Θ or the set of distributions G. A lack of
nonparametric identification calls into question any parametric estimator of the model: apparently
the parametric estimator is only consistent because of parametric functional form restrictions either
on the types θ or the distribution G. Our main restriction is that we take G to be the class of all
finite distributions over Θ. Thus the restriction being placed on the distribution of types G ∈ G
is that the set of types having positive support in the population is at most finite. However,
the number of support points, the location of the support points and their masses are a priori
unknown and need to be identified from the data. Thus G constitutes an infinite dimensional
space of distributions. The class G can be defined without requiring any a priori structure on
Θ, thus allowing us to be nonparametric about the type space Θ.2 As will be demonstrated
later, the ability to be nonparametric about Θ allows for the general applicability of our results
to specific economic contexts. Variations on the discrete mixtures assumption (finite with known
number of types, finite with unknown number of types, countable with known support, countable
with unknown support) are common in the statistics and econometrics literatures (Teicher, 1963;
Yakowitz and Spragins, 1968; Liu, 1994; Kasahara and Shimotsu, 2008; Allman et al., 2009; Hu
and Shum, 2009).3

3 Separability

Recall the basic question is whether the class of sets of the form IA,x = {θ ∈ Θ | f (x, θ) ∈ A}
generated by the model M is rich enough to identify G0 within the class of finite distributions
G. We now show that an affirmative answer to this question holds under a condition on M that
we term separability. Separability is a strengthening of what is clearly a necessary condition for
identification: for any two types θ and θ′, there exists an A ⊂ Y and x ∈ X such that f(x, θ) ∈ A
and f(x, θ′) /∈ A, i.e., θ and θ′ can be separated by (A, x). In order to state separability formally,
we first define I-sets, which are objects that play a critical role in the remainder of the paper.

Definition 3.1. For any set of types T ⊂ Θ, and for any A ⊆ Y and x ∈ X , the I-set ITA,x is
defined as

ITA,x ≡ {θ ∈ T | f (x, θ) ∈ A} .

An I-set is the set of types within an arbitrary subset of types T ⊂ Θ whose response is in the set A
2This contrasts with the class of distributions that admit density functions, which is non-nested with the class

of discrete distributions, and would have to be defined contingent on the measurability properties of the underlying
space Θ. This is difficult to do with general infinite-dimensional spaces.

3The space of countable (indeed finite) distributions is dense in the space of all probability measures over Θ so
long as Θ is a metrizable topological space (Aliprantis and Border, 2006, Theorem 15.10).
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at the covariates x. The key feature of I-sets is that they are strictly a property of the underlying
economic choice modelM (and are independent of the particular distribution of heterogeneity G).
Our main result shows that if I-sets exhibit enough variation, then identification is achieved.

Definition 3.2. The model M is separable if, for any finite set of types T ⊂ Θ, there exists a
pair (A, x) such that corresponding I-set ITA,x is a singleton.

In the definition, T ⊂ Θ can be any arbitrary, finite subset. The full set of feasible types
Θ within the model is typically an uncountably infinite set that is quite distinct from the finite
subsets T considered in the definition. We now state and prove our main result.

Theorem 3.3. If the modelM is separable, then the model is identifiable with respect to the class
of finite distributions.

Proof. Recall that identification requires showing that the mapping L : G → P defined by (1) is
one to one. Thus for G0, G1 ∈ G with G0 6= G1, we must have that PrG0 (A | x) 6= PrG1 (A | x) for
some A ⊆ Y, x ∈ X . In particular, for any point P ∈ L(G), we show that L

(
G0
)

= L
(
G1
)

= P

implies G0 = G1.
Observe that we can represent any G ∈ G by a pair (T, p), where T = {θ1, . . . , θn} ⊂ Θ is a

finite set of types and the probability vector p = {pθ}θ∈T comprises non-negative masses that sum
to one over T . Given the representation (T, p) for G ∈ G, we can express (1) as

PrG (A | x) =
∑
θ∈IT

A,x

pθ. (2)

If G0 is represented by (T 0, p0) and G1 is represented by (T 1, p1), then we can redefine p0 and
p1 so that G0 and G1 are represented by (T, p0) and (T, p1) respectively, where T = T 0 ∪ T 1 (for
example, if θ ∈ T −T 0, then set p0

θ = 0). T is still finite. Moreover if we define the vector {πθ}θ∈T
such that ∀θ ∈ T, πθ = p0

θ − p1
θ, then G

0 = G1 if and only if πθ = 0 for all θ ∈ T .
Our goal is to show that L

(
G0
)

= L
(
G1
)
implies G0 = G1. Observe that L

(
G0
)

= L
(
G1
)

implies that for all A ⊆ Y and x ∈ X , PrG0 (A | x) = PrG1 (A | x) = Pr (A | x), which by (2)
implies that ∑

θ∈IT
A,x

πθ = 0, (3)

for all I-sets ITA,x. We now show that (3) implies πθ = 0 for all θ ∈ T . Assume to the contrary
that T2 = {θ ∈ T | πθ 6= 0} is non-empty. By separability, we can produce a singleton IT2

A,x = {θ?}.
Furthermore, we can re-write (3) as∑

θ∈IT
A,x

πθ =
∑
θ∈IT2

A,x

πθ +
∑

θ∈IT−T2
A,x

πθ =
∑
θ∈IT2

A,x

πθ = πθ? 6= 0,
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which contradicts (3). Hence it must be that T2 is empty, and thus πθ = 0 for all θ ∈ T .

The above theorem is properly viewed as an existence theorem, and asserts that under separa-
bility of the model, an identifying experiment (A, x) must always exist.4

The proof of Theorem 3.3 can be adapted almost without change for the case where separability
applies to countable sets T ⊂ Θ. We do not pursue that here because considering arbitrary
countable sets T makes verifying separability more difficult in common economic models used in
structural work. A finite distribution is indexed by the number of support points, the identity of
each support point, and the mass of each support point. The theorem states that the researcher
can identify the number, identity and the mass of the support points. As the number of support
points of an element of the class of finite distributions can be arbitrarily large, it is not possible to
reject the finite support assumption with a finite dataset.5

4 Simple Examples

This section presents two examples, one of a model that is clearly identified and one of a model
that is clearly unidentified. We show that the former model satisfies separability and the latter
model does not.

Let the model by y = θ, with θ ∈ Θ ⊆ R. This model is clearly identified because the
distribution of y is the distribution of θ. This model also satisfies the sufficient condition of
separability. Let ITy = {θ ∈ T | θ = y}. Then choosing any y? = θ? for any θ? ∈ T gives ITy equal
to just the singleton {θ?}.

Now consider the model y = θa + θb, with θ = (θa, θb) ∈ R2. This model is clearly not
identified and thus it is instructive to consider where separability fails. Consider the I-set ITy =
{θ ∈ T | θa + θb = y}. For a counterexample to the sufficient condition of separability, let T ={
θ1, θ2

}
such that θ1

a + θ1
b = θ2

a + θ2
b but the types are distinct, so θ1

a 6= θ2
a. For y? = θ1

a + θ1
b ,

ITy? = T and for any y 6= y?, ITy = ∅. Thus, separability is not satisfied.

4The identification is non-constructive in the sense that it does not attempt to recover the underlying distribution
over types (T, p) from the distribution of the data P = {Pr (· | x) | x ∈ X}. That is, we do not consider a structure
(T, p) to be the value of a functional H (P ) of the data P (which is a typical approach used in the nonparametric
identification literature because it ties identification to an analog estimator, see, e.g., Chesher (2003)). Rather the
theorem shows the weaker result that the mapping L : G → P is injective. But this is the defining property of
nonparametric identification: different structures have different observable implications.

5The class of finite distributions G̃ over any infinite-dimensional set Θ is an infinite-dimensional space. Assume
to the contrary that the space G̃ was instead k-dimensional for a finite integer k. Then any k+1 elements of G̃ would
be linearly dependent. Let δθ denote the Dirac delta probability measure that assigns mass 1 to θ ∈ Θ. Because Θ
is an infinite set, we can always find k+1 elements of Θ, say {θ1, . . . , θk+1}, and as a result we can always find k+1

elements of G̃, namely {δθ1 , . . . , δθk+1}. However {δθ1 , . . . , δθk+1} can never be a linearly dependent set. Thus G̃
must be infinite dimensional.
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5 Strong Identification and Minimum Distance Estimation

We now show that our definition of identification along with an additional regularity condition
on the model implies the traditional definition of identification as employed in the econometrics
literature (see e.g., Manski (1994)). Under this usual definition, we say a model is identified if the
joint distribution of the observable random variables uniquely pins down the underlying structural
object. In the present case, the joint distribution of (x, y) is observed in the data. Furthermore,
for any G ∈ G, the model predicts a joint probability measure of the random vector (x, y). In
particular, for any measurable sets B ⊆ X and A ⊆ Y, the model’s prediction of the probability
of the event B ×A is

L (G,FX) (B,A) =
∫
x∈B

∫
θ∈Θ

1 [f (θ, x) ∈ A] dG (θ) dFX (x) =
∫
x∈B

PrG (A | x) dFX (x) , (4)

where FX is the marginal distribution of x. We will say the model is strongly identified if L(·, FX)
as a function over the space of distributions G is one to one.

We now show the additional structure under which identification (as defined in the previous
sections) implies this stronger form of identification. For any G,G′ ∈ G, simple identification tells
us that there exists an identifying experiment A ⊆ Y and x ∈ X such that

PrG (A | x) 6= PrG′ (A | x) ,

or in the language of I-sets, ∑
i∈IT

A,x

qi 6= 0,

for qi = G(θi) − G′(θi) and T = {θ1, . . . , θn} being the union of the supports of G and G′. If, in
addition to the existence of the identifying experiment (A, x), we also have a neighborhood B of x
such that ITA,z = ITA,x for all z ∈ B, then it is straightforward to show using (4) that

L (G,FX) (B,A) 6= L (G′, FX) (B,A) ,

and thus strong identification holds. We can thus formally state:

Lemma 5.1. Identification of the modelM implies strong identification if for any finite set of types
T ⊂ Θ and identifying experiment (A, x), there exists a neighborhood B of x such that ITA,z = ITA,x
for all z ∈ B.

For all the models we consider, strong identification follows from simple identification under
the regularity conditions that we assume. For this reason, we will focus on the main substantive
aspect of both types of identification, which is to show the existence of an identifying experiment
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(A, x), which we pursue via separability.

5.1 The Minimum Distance Estimator

Once strong identification has been established, it is straightforward to adapt the nonparametric
minimum distance estimator of Beran and Millar (1994) and Beran (1995), which was established
for the linear-in-random-coefficients model, to our general setting. The minimum distance estima-
tor minimizes the distance between the empirical distribution of x and y and the model’s prediction
of the joint distribution of x and y. Let Q0 be the true distribution of x, y, Q̂n the empirical distri-
bution with n observations of (xi, yi), and L (G,FX) the model’s prediction of the joint distribution
of x, y given a distribution of unobserved types G and a distribution of independent variables FX
(as expressed in (4)).

Let d (, ) be a distance function that metrizes weak convergence. For example, d could be the
Lévy-Prokhorov metric on the space of multivariate distributions or a metric derived from the
norm over characteristic functions. Let Gm be a class of finite distributions over Θ with m support
points. The minimum distance estimator Ĝn is

Ĝn ∈ arg inf
G∈Gm(n)

d
[
Q̂n,L

(
G, F̂nX

)]
,

where m(n) is any increasing function of n with m(n) → ∞ as n → ∞. Assuming that the
operator L satisfies strong identification and is continuous, then we can mimic the proof in Beran
(1995) to show that Ĝn consistently approaches the true distribution G0 ∈ G. The key feature of
the minimum distance estimator is that consistency fundamentally relies on identification of the
model. Linearity was only needed by these previous authors to show identification. Given our
identification results, the consistency proof in Beran applies to our models, so we do not repeat
the argument.

6 The No Ties Property on Function Spaces

Verifying that a choice model M satisfies separability in many of the structural models that
follow will be related to the underlying functional space Θ or a part of that space satisfying a “no
ties” property that we formalize in this section. The discussion of marginal effects in Section 10
demonstrates that separability can be used for models whose constituent functions do not satisfy
the “no ties” property. However, the “no ties” property will be used in most of our models.

There are two versions of the no ties property, both a strong and a weak version, and both
properties are satisfied by functional spaces that are quite commonly used in economic models.
Indeed, both classes are generalizations of the class of real analytic functions. To establish some
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notation, for a given non-empty rectangle X ⊆ Rk, let Ck,mX denote the set of continuous functions
from X to Rm. We will also use the assumption of continuity throughout the paper.

Definition 6.1. A set of functions Sk,mX ⊆ Ck,mX satisfies the strong no ties property (SNTP) if
for any finite subset of functions {g1, . . . , gn} ⊂ Sk,mX and any open U ⊆ X , there exists a point
x ∈ U such that gi(x) 6= gj(x) for any distinct gi and gj in {g1, . . . , gn}.

The SNTP is in a specific sense a “generic” property of Ck,mX . To see this, let Pk,mX ⊂ Ck,mX
denote the set of vector-valued polynomial functions over X , i.e., g = (g1, . . . , gm) ∈ Pk,mX if and
only if gi : X → R is a polynomial function over X for each i = 1, . . . ,m. Notice that Pk,mX is an
infinite dimensional functional space, and it satisfies the SNTP. If X is closed and bounded, then by
the Stone-Weierstrass theorem Pk,mX is dense in Ck,mX in the supremum norm. More generally, the
set of vector-valued real analytic functions (which contains Pk,mX ) satisfies the SNTP. See Appendix
A for a proof.6

A more general condition than the SNTP is the weak no ties property (WNTP), which relaxes
the need to break ties in any open set U ⊆ X . The WNTP holds for the space of real analytic
functions.

Definition 6.2. A subset Wk,m
X ⊆ Ck,mX satisfies the weak no ties property (WNTP) if for any

finite subset {g1, . . . , gn} ⊂ Wk,m
X there exists x ∈ X such that gi(x) 6= gj(x) for any distinct gi

and gj in {g1, . . . , gn}.

In many but not all of the models we consider, we show separability and hence identification
of choice modelsM with respect to finite distributions G by exploiting the SNTP or the WNTP
on the underlying functional space of types Θ, or on portions of that space.

As the maximal set of functions that satisfy SNTP and WNTP have not been determined,
invoking either property is, under current knowledge, a restriction to the class of real analytic
functions.7 One practical consequence of our identification results in the remaining sections is that
they immediately apply to identification of a nonparametric distribution in parametric models
specified up to a finite number of heterogeneous parameters, if that parametric model uses a
functional form choice that lies in the class of real analytic functions. Commonly used production
and demand functions, such as the translog, are real analytic. The class of real analytic functions
excludes many functions of traditional interest, such as piecewise linear functions and splines.

6Real analytic functions are defined formally in the appendix, but roughly speaking, they are functions that can
be locally parameterized by a countable parameter vector. The space of real analytic functions nests all polynomials
of any finite order. Examples of real analytic functions include the simple functions such as exp, sin, and log, as
well as algebraic combinations and compositions of these functions.

7Real analytic functions are differentiable and thus we restrict attention to functions of variables with continuous
support. If discrete characteristics d exist, we can condition on them. In other words, we can identify a distribution
G (g | d) over functions g (x | d), for the Liu (1996) example, for each observable value of d.
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7 Multinomial Choice

Multinomial choice is a key model used in empirical industrial organization to model consumer
demand. Demand functions are useful for measuring market power and predicting the welfare gain
from new goods. This section shows how discrete choice models of demand are nonparametrically
identified within our framework. As discrete choice introduces a discontinuity between an agent’s
response and the covariates, it falls outside of the scope of the nonparametric random coefficients
literature to date. We will show identification using a common condition in the literature, a large
support condition on one regressor.8

Consider an agent θ making a discrete choice from among J products and one outside good.
Let Y = {0, 1, . . . , J}, where 0 is the outside good. Each product j ∈ Y −{0} is characterized by a
scalar characteristics wj ∈ R. We let v ∈ RK denote the observed characteristics of the consumer
and the menu of product characteristics (the J products) excluding the scalar characteristics,
w = (w1, . . . , wJ). We let x = (v, w) ∈ RK+J denote the entire menu of consumer and product
characteristics including the scalar characteristics. We will follow the usual convention that the
permissible range of variation in each wj for j ∈ J is independent of the product characteristics v.

Assumption 7.1. Let V ⊂ RK , the support of v, be a non-empty rectangle. Let x = (v, w) ∈ X =
V ×W1 × · · · ×WJ where Wj = R for each j ∈ J .

A type θ = u =
(
u1, . . . , uJ

)
is a vector of functions of the product characteristics v ∈ V .

That is, a type is a function u : V → RJ . Utility functions are heterogeneous across the units of
observation. The goal is to identify their distribution.

Assumption 7.2. The function u is statistically independent of the observable choice set x =
(v, w).

We discuss endogeneity in Section 9.3. To show separability, we will need a monotonicity
assumption for the special regressor wj .

Assumption 7.3. The utility of a type u purchasing product j is uj (v) + wj.

The quasi-linearity of the utility for choice j in wj ensures that at any v there will be a set
of wj ’s where a given type u will switch to a different choice. Otherwise, it could be that a type
will never to switch choices at any observable set of product characteristics. We also introduce an
outside good that we label good j = 0 whose utility is normalized to 0 for each agent. An agent’s
response at x = (v, w) is given by the discrete choice that maximizes utility, or

f (x, θ) = arg max
j∈Y

{
uj(v) + wj

}
,

8This large support condition is not related to the condition of “identification at infinity” implicitly used in
Lewbel (2000), as pointed out by Magnac and Maurin (2007). We use large support on wj to induce agents with
high preferences for a particular good (at a particular v) to switch choices.
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where u0(v) + w0 ≡ 0. We restrict attention to utility functions that satisfy the weak no-ties
property.

Assumption 7.4. The type space Θ of feasible utility functions satisfies the WNTP.

Example 7.5. A special case of the model is when uj (v) + wj = v′jβ + wj + εj , where vj is a
vector of product characteristics for choice j, εj is a scalar, choice-specific unobservable, and β is
a vector of marginal utilities that are heterogeneous across consumers. We let v = (v1, . . . , vJ).
The scale normalization is on wj instead of εj , as in the logit model of McFadden (1973). The
functions uj (v) = v′jβ + εj are real analytic in v, and hence the class Θ satisfies the WNTP. Our
theorem below, for this example, will show the nonparametric identification of the joint distribution
G (β, ε1, . . . , εJ) under the assumption that G has a finite number of support points.

In the general model, letting the utility to product j also depend on the characteristics of
products k 6= j can capture the idea of context or “menu” effects in consumer choice. Even if
such effects are not economically desirable, there is no cost to us in mathematical generality and
thus we let the whole menu v enter as an argument to each uj . The choice-specific scalar wj ,
however, enters preferences in an additively separable way (and hence preferences are quasilinear
in this scalar characteristic). One example is that wj could be the price of good j, in which case
uj (v) is type u’s reservation price for product j, and preferences are better expressed as uj (v)−wj .
However, wj could be some non-price product characteristic or, with individual data, an interaction
of a consumer and product characteristic, like the geographic distance between a consumer and a
store.

Implicit in the quasilinear representation of preferences uj (v) + wj is the scale normalization
that each type’s coefficient on wj is constrained to be 1. The normalization of the coefficient on
wj to be ±1 is innocuous; choice rankings are preserved by dividing any type’s utilities uj (v) +wj

by a positive constant. Thus if w admitted a type-specific coefficient α > 0, then the type (u, α)
would have the exact same preferences as the type

(
u(v)
α , 1

)
. The assumption that wj has a sign

that is the same for each type u is restrictive. Such a monotonicity restriction on one covariate
will be generally needed to show separability in the variety of discrete choice models we present.
The sign of wj could be taken to be negative instead (as in the case where wj is price), and it is
trivial to extend the results to the case where wj ’s sign is unknown and constant a priori.

Theorem 7.6. Under assumptions 7.1, 7.2, 7.3, and 7.4, the distribution of utility functions in
the multinomial choice model is identified with respect to the class of finite distributions.

Proof. We verify separability. Let a finite T ⊂ Θ be given, where T = {u1, . . . , uN} and each ui is
a vector of utility functions. We consider I-sets of the form

IT0,v,w = {u ∈ T | f ((v, w) , u) = 0} ,
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or just those types u ∈ T that pick the outside good 0 at x = (v, w). To show separability, we will
find a x = (v, w) such that IT0,v,w is a singleton.

According to Definition 6.2, there exists a v ∈ V such that ui (v) 6= uk (v) for all ui 6= uk,
ui, uk ∈ T . Because the set of vectors {u (v) | u ∈ T} is finite, there exists a minimal vector ui (v).
By minimal vector, we mean ujk (v) > uji (v) for some j ∈ Y − {0}, ∀uk 6= ui. There could be
multiple minimal vectors; we focus on one. Then set the vector −w = ui (v). This means that the
vector of product specific utilities ui (v) + w = 0 for type ui. Now we can lower the vector w by
an epsilon so that ui (x) purchases the outside good and all other types uj ∈ T −{ui} purchase an
inside good at x = (v, w). Thus, IT0,v,w = {ui}.

7.1 Literature Review for Multinomial Choice

Matzkin (2007) surveys the literature on heterogeneous choice, emphasizing the scarcity of results
on discrete choice models about the nonparametric identification of the distribution of heterogene-
ity, the distribution G of u, even though random coefficients are a critical tool in the empirical
literature. Even papers that emphasizes the flexibility of a particular specification for heterogeneity
do not formally prove identification (McFadden and Train, 2000; Rossi and Allenby, 2003; Burda
et al., 2008).9 To our knowledge, we are the first to prove the identification of general distributions
of heterogeneity in multinomial choice models without relying on logit errors.

Briesch, Chintagunta and Matzkin (2009) study the identification of a discrete choice model
where the payoff to choice j is, in our notation, V (j, vj , ω) +wj + εj , where V is a nonparametric
function, wj is a special regressor with a sign restriction, εj is an additive error and ω is a scalar
unobservable that enters the utility functions for all J choices in a continuous way. Matzkin
(2007) extends these results to a model where utility is wj + V (j, vj , ω) and ω is a vector of J
unobservables, although there is no separate εj term. These specifications, with their restricted
dimensions of heterogeneity, do not nest ours.

For multinomial choice, the most commonly used empirical model with unobserved heterogene-
ity is the random coefficients logit model. Bajari, Fox, Kim and Ryan (2009) were the first to prove
the identification of the random coefficients logit model with continuous characteristics. They use
calculus to show that all of the moments of the random coefficients are identified. The proof relies
on linearity, uj (v) = v′jβ + εj with εj having the type I extreme value distribution, but, unlike
other work, only variation in vj around its mean value is needed. Neither of the papers above deal
with endogenous regressors.

Berry and Haile (2008) identify a distribution Ft (· | v) of utility values t = (t1, . . . , tJ) condi-
9There is a some work on multinomial discrete choice models examining the nonparametric identification of the

distribution of a choice-specific error εj and related parameters in models without random coefficients or random
functions (Manski, 1975; Thompson, 1989; Matzkin, 1993; Lee, 1995). There is a larger literature on binary choice
and ordered choice, such as Manski (1975), Cosslett (1983) and many others.
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tional on v, where tj = uj (v) for a particular v. Thus, they do not achieve full identification of a
choice model where utilities are given by random utility functions or random coefficients. Identify-
ing an unconditional distribution of utility functions rather than a conditional distribution of utility
values has several uses in structural empirical work. For example, utility functions can be used to
identify the utility differences of particular structural types u at old and new choice sets. For exam-
ple, our theorem allows us to identify the joint distribution of

{
uj (v′) + w′j − uj (v)− wj

}J
j=1

, the
utility improvement for each of the J products if choice sets or observable consumer characteristics
in x = (v, w) change. We can also identify the distribution of{

arg max
j∈Y

{
uj (v′) + w′j

}
− arg max

j∈Y

{
uj (v) + wj

}}
, (5)

the differences in maximized utility values, one version of a “treatment effect” for changing (v, w)
to (v′, w′). By contrast, the distribution Ft (t1, . . . , tJ | v) does not assign utility to particular
structural types, and so a researcher cannot calculate (5). The lack of utility functions prevents
the researcher from computing a distribution of welfare changes, a major use of structural demand
models.10

Chiappori and Komunjer (2009) discuss some assumptions under which they can show the
identification of a multinomial choice model without additive regressors. Manski (2007) considers
the identification of a counterfactual choice function when there is a fixed number of decision
problems x and hence a fixed number of types with different responses at those x’s. He also
imposes independence between choice sets x and preferences and focuses on set identification. We
point identify a distribution of utility functions on the space of all functions satisfying the WNTP,
Definition 6.2.

Studying the case of J = 1, one inside good and one outside good, Ichimura and Thompson
(1998) use the Cramér and Wold (1936) theorem for identification, which relies critically on a
linear index functional form: v′jβ+wj . We use only the quasi-linearity of uj (v)+wj in wj and the
WNTP. A space of linear functions distinguished by the parameter β trivially satisfies the WNTP
as in example 7.5. A key assumption in both papers is monotonicity in at least one regressor
wj . Ichimura and Thompson also need full support on all covariates (both v and w) to apply
the Cramér-Wold theorem. Further, Ichimura and Thompson need an identification condition
that reduces to our monotonicity condition that the sign of wj in uj (v) + wj is known. We need
large support on only w in Theorem 7.6. Gautier and Kitamura (2007) provide some alternative
identification arguments (the results are the same) and a computationally-simpler estimator for
the model of Ichimura and Thompson. The arguments in Ichimura and Thompson and Gautier
and Kitamura have not been extended to the case of multinomial choice.

10Using the Berry and Haile Ft (t1, . . . , tJ | v), the researcher can calculate E
ˆ
t′1 + w′1 | x′

˜
− E [t1 + w1 | x], as

this requires only distributions of utility values at each choice set x, not the distribution of utility functions.

15



7.2 Purchasing Multiple Products with Complementarities or Substi-
tutes in Preferences

None of the previous papers allow a consumer to purchase two or more goods simultaneously. In
contrast, Gentzkow (2007) and Liu, Chintagunta and Zhu (forthcoming) study choice situations
where each discrete choice j = 0, . . . , J indexes a bundle of composite choices. For example,
a consumer can purchase cable television separately (j = 1), purchase an internet connection
separately (j = 2), purchase both cable television and an internet connection together as a bundle
(j = 3), or purchase nothing, the outside good (j = 0). The goal in this situation is to distinguish
between explanations for observed joint purchase: are consumers observed to buy cable television
and an internet connection at the same time because those who watch lots of television also have
a high preference for internet service, or is there some causal utility increase from consuming both
television and internet service together? The goal is to distinguish unobserved heterogeneity in
preferences for products, which may be correlated across products, from true complementarities.

In our notation, unobserved heterogeneity is just captured by a distribution G (u) that gives
positive correlation between the utility functions u1 (v), u2 (v), and u3 (v). True complementarities
are measured by

∆ (v) ≡ u3 (v)−
(
u1 (v) + u2 (v)

)
.

If utility is uj (v)−wj and wj is the price of j, then ∆ (v) is the monetary value of complementarities
to the consumer. ∆ (v) > 0 represents a positive benefit from joint consumption. As utility
functions are random functions across the population, there is a distribution of complementarity
functions ∆ (v) implied by G (u).

As we have already explored in Theorem 7.6, we can identify the joint distribution of hetero-
geneity, which means we can identify the distribution of complementarities as a function of the
joint distribution G (u), if prices wj are bundle-specific. Thus, we need to observe different choice
situations where the bundle is or is not aggressively priced relative to the singleton packages. This
is the data scheme for Liu et al.: they observe different bundles of telecommunications services at
different prices, across geographic markets.

8 The Roy Selection Model and the Competing Risks Model

The Roy selection model is often used in labor economics to study the voluntary sorting of workers
into different sectors. Workers are assumed to pick the sector that offers the highest wage, but only
the wage from the chosen sector is measured in the data. In order to perform a counterfactual,
one needs to identify the joint distribution of wage outcomes across all sectors, for all workers.

Borrowing notation from multinomial choice, we let yj = uj (v) + βjwj describe the wage yj
of a worker for selecting sector j out of a set J = {1, . . . , J} of J sectors. Wages are observed
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for all workers, although an outside option of non-participation can trivially be added. Compared
to multinomial choice, we can identify a sector- and agent-specific parameter βj on the special
regressor wj in each sector j because the wage yj will be measured for the recorded sector. The
transformation function

f (x, θ) =
(

arg max
j∈J

{
uj (v) + βjwj

}
,max
j∈J

{
uj (v) + βjwj

})
gives us both the sector chosen by each worker and the wage of the worker in the chosen sector,
for x = (v, w) and θ = (u, β) where β =

(
β1, . . . , βJ

)
. The goal will be to identify G (θ) or

G ((u, β)), the joint distribution of sector-specific return functions. Results for the Roy selection
model automatically apply to the competing risks model

f (x, θ) =
(

arg min
j∈J

{
uj (v) + βjwj

}
,min
j∈J

{
uj (v) + βjwj

})
,

where we observe the disease that kills each patient and the age of death yj = uj (v) + βjwj .
Our assumptions are similar to those for the multinomial choice model.

Assumption 8.1. Let V ⊂ RK , the support of v, be a non-empty rectangle. Let x = (v, w) ∈ X =
V ×W1 × · · · ×WJ where Wj = R for each j ∈ J .

A type θ = (u, β), with u =
(
u1, . . . , uJ

)
and β =

(
β1, . . . , βJ

)
, is a tuple comprising a vector

of functions of the sector and individual characteristics v ∈ V and a vector of sector-specific slope
coefficients on the special regressor wj . We will identify the distribution G ((u, β)).

Assumption 8.2. The type (u, β) is statistically independent of the observable choice set x =
(v, w).

We do not discuss omitted variable bias in the Roy selection model, but results on multinomial
choice in Section 9.3 extend almost automatically to this case. To show separability, we will need
a monotonicity assumption for the special regressor wj .

Assumption 8.3. The outcome of an agent selecting sector j is uj (v) + βjwj, where βj > 0, for
j = 1, . . . , J .

Assumption 8.4. The type space Θ is a product space Θu×Θβ, where Θu is a space of functions
and Θβ ⊆ RJ . Further, each function uj (v) is real analytic, so that the induced function space
for the vector of functions ũ (v, w) =

(
ũ1 (v, w1) , . . . , ũJ (v, wJ)

)
, where ũj (v, wj) = uj (v) +βjwj,

satisfies the WNTP.
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In other words, ũj (v, wj) is real analytic if uj (v) is real analytic. With these assumptions, we
can prove identification, and hence consistency of the minimum distance estimator.

Theorem 8.5. Under assumptions 8.1, 8.2, 8.3, and 8.4, the distribution of sector-specific wage
functions in the Roy model is identified with respect to the class of finite distributions. Also, the
distribution of disease-specific death functions is identified with positive probability in the competing
risks model.

The proof and a necessary lemma are placed in an appendix. The proof directly verifies a
condition we call reducibility, which is necessary and sufficient for separability.

8.1 Literature Review on the Roy Selection Model and the Competing
Risks Model

Heckman and Honore (1990) study nonparametric identification in the Roy model, focusing on ob-
served rather than unobserved heterogeneity. They present many different models. Their Theorem
12 features a wage function gj (v, w)+εj , where gj (v, w) is a homogeneous function, i.e. a function
that is the same for all consumers. The error εj is a scalar unobservable, heterogeneous across the
population, and independent of (v, w). In Theorem 12, non-primitive assumptions are placed on
gj (v, w) so that the vector

(
g1 (v, w) , . . . , gJ (v, w)

)
has range equal to RJ . This non-primitive

assumption plays a similar role as our primitive assumption of a special regressor w. Compared
to Heckman and Honore (1990), we focus on the empirically relevant case where workers have un-
observed heterogeneity, meaning that the functions

(
g1 (v, w) , . . . , gJ (v, w)

)
vary across the units

of observation. In a labor setting, if v indexes aspects of a training program offered in different
intensities in different settings, some workers might respond to the training program more than
others. Lee and Lewbel (2009) (see also the references therein) study the equivalent competing
risks model using non-nested assumptions with Heckman and Honore (1990). They also do not
allow for non-additive unobserved heterogeneity.

Note that none of the papers reviewed here use identification at infinity, which is used in
Heckman (1990) to study the so-called generalized Roy model, without non-additive unobserved
heterogeneity. We study the generalized Roy model with unobserved heterogeneity and without
using identification at infinity in Fox and Gandhi (2009).

9 Endogenous Regressors

9.1 Endogenous Regressors and Nonadditive Random Functions

Endogenous regressors are often encountered in social-science applications. Consider the context
of nonadditive random functions as in Liu (1996), where a type is a continuous mapping g : RK →
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RM . It is possible that some subset of the regressors, say the first J < K regressors are not
stochastically independent of an agent’s type g ∈ Θ (due perhaps to endogenous sorting into x’s).
Denote the first J regressors (the endogenous regressors) as ṽ = (ṽ1, . . . , ṽJ) and the last N = K−J
regressors (the exogenous regressors) as v = (v1, . . . vN ).

Endogenous regressors show up in a variety of applications where modeling heterogeneity is
critical. For example, if a type g corresponds to a demand function that is heterogeneous across
markets, then characteristics such as price are often dependent with g itself (markets with less
elastic demand will face a higher price). Likewise, if a type g corresponds to a production function,
which is heterogeneous across firms, the firm’s choice of inputs v will typically depend on the firm’s
technology g whenever firms choose inputs to maximize profits. For example, firms with labor-
intensive technologies will hire more workers.

To handle the endogeneity problem, we extend the method of instrumental variables to allow for
both heterogeneity in the primary economic equation (that is heterogeneity in random functions
g), along with heterogeneity in how a type responds to the instrument. That is, we treat the
instrumental variables (IV) equation as a non-additive random function as well. In particular, we
assume that there exists a vector of instruments z = (z1, . . . , zJ) ∈ Z ⊂ RJ that are independent
of the type g and that, along with the exogenous regressors v ∈ V , determine the endogenous
regressors through an auxiliary equation ṽ = h (v, z).11 A type consists of a pair of functions
θ = (g, h), and the choice model in turn can be expressed as a recursive system of equations. For
an economic environment x = (v, z) ∈ V × Z = X and type (g, h), the choice model f (x, θ) =
f ((v, z) , (g, h)) predicts two outcomes, namely ṽ ∈ RJ and y ∈ RM , where

y = g (ṽ, v)

ṽ = h (v, z) .

While the choice model can be solved to yield a reduced-form relationship y = r (v, z) = g (h (v, z) , v),
the structural object of interest for policy analysis is the distribution of the causal relationship
g (ṽ, v). In particular, if the distribution G of types (g, h) can be recovered, then we can recover the
distribution of the causal or marginal effect ∂

∂ṽ g (ṽ, v), which in many cases is the main structural
feature of interest.12

The essential feature of the model is that the exogenous variables (v, z) are stochastically
11We work with the just-identified case where there are as many instruments as there are endogenous regressors.

Our result extends in a straightforward fashion to the overidentified case where there are more instruments than
endogenous regressors.

12A common situation in demand estimation is that the endogenous regressor is price and price is the same across
all consumers in a market. In this case, a conventional assumption is that the unobservables that are correlated
with price (market-level demand shocks, say) are independent of consumer-level unobservables reflecting individual
heterogeneity. Statistical independence between unobservables is a special case of our framework, which does not
impose such assumptions. Further, in a world with J competing products, the unobservables reflecting demand and
supply for one product may be statistically dependent with the prices of all products.
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independent of the type (g, h), although the distribution of g can depend on ṽ conditional on the
exogenous regressors (v, z), which is the source of the endogeneity problem. A special case of this
model is linear two-stage least squares (2SLS) where all of the coefficients in both the outcome
and IV equations are random with potential joint dependency in the coefficients across equations.
That is, the random coefficients in the primary equation have an unrestricted joint distribution
with the random coefficients in the IV equation. We discuss the economic importance of this
example below.

We will show nonparametric identification of heterogeneity so long as the instruments satisfy a
local full rank condition, which amounts to the instruments being capable of varying the endogenous
regressors locally in an open set for any type. We formalize the conditions on the model below.

Assumption 9.1. Let the support of the exogenous variables x = (v, z) be the Cartesian product
V × Z, where V ⊆ RN and Z ⊆ RJ are both non-empty rectangles.

For simplicity of exposition, we take a type to be a pair (g, h) such that g : RK → RM and
h : RK → RJ are both vector-valued analytic functions (as defined in the appendix), which are
known to satisfy the strong no ties property (at the expense of notational complexity, we could
also express conditions in terms of the weak no ties property, but the generality does little to
aid understanding). We also require that the IV equation h is capable of “moving around” the
endogenous variables in a sense we make formal below.

Assumption 9.2. The type space Θ consists of pairs (g, h) such that g and h are both vector-
valued analytic functions where the derivative Dzh(v, z) of a type’s IV equation with respect to
the instruments satisfies the following conditions: (i) it exists in the interior of V × Z, and is
continuous in (v, z) ∈ V ×Z; and (ii) the derivative Dzh(z, v) with respect to z has full rank J for
almost all (in the sense of Lebesgue measure) z ∈ Z.

Such a full rank restriction is a formal way of saying that the instrument z is a locally powerful
instrument almost everywhere. For any type (g, h) ∈ Θ, almost everywhere local variation in z

can induce the endogenous regressors (ṽ1, . . . , ṽJ) to vary locally in a full rank way, holding the
exogenous regressors v fixed. Thus fixing v ∈ V and for almost all z ∈ Z, the local variation in ṽ
induced by the local variation in z is not restricted to a lower dimensional subspace.

Finally, to be valid instruments, the instruments must be independent of the agent’s type.

Assumption 9.3. The type (g, h) is stochastically independent of the instruments and exogenous
regressors x = (v, z).

We now show that we can use the variation in the exogenous variables to identify the distribution
G over the space of types Θ.
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Theorem 9.4. Under assumptions 9.1, 9.2, and 9.3 the distribution of nonadditive random func-
tions (g, h) with endogenous regressors is identified with respect to the class of finite distributions.

Proof. We proceed by showing separability of the model. Thus we take an arbitrary finite set of
types T ⊂ Θ and seek to construct a singleton I-set. To fix I-set notation, observe that the choice
variables of the model are (y, ṽ) ∈ RM+J and the exogenous variables are (v, z) ∈ V × Z. Hence
for any finite set of types T ⊂ Θ, we consider I-sets that take the form

IT(y,ṽ),(v,z) = {(g, h) ∈ T | h(v, z) = ṽ and g (h(v, z), v) = y} .

Let T1 = {h | ∃ g such that (g, h) ∈ T}. That is, T1 is the set of distinct IV equations that arise
within the set of types T . By definition of the WNTP (which is satisfied by analytic functions),
there exists a tie breaking point (v, z) ∈ V × Z (which without loss can be assumed to be an
interior point) such that for any distinct functions hi and hj in T1, hi(v, z) 6= hj(v, z). Consider
a point ṽ∗ from the set of values {h(v, z) | h ∈ T1}. By construction, ṽ∗ is attained at a unique
h ∈ T1; a unique h ∈ T1 satisfies ṽ∗ = h(v, z). Let us denote this unique h ∈ T1 as h1. By finiteness
of the number of types in T1 and the fact that each h ∈ T1 is continuous, h1(t1, t2) 6= h(t1, t2)
for all h ∈ T1 with h 6= h1 and all (t1, t2) ∈ W ⊆ V × Z, where W is a sufficiently small open
neighborhood containing (v, z). There are now two cases to consider.

In case 1, the set T2 = {(g, h) ∈ T | h = h1} is a singleton, which contains the single type
that we denote as (g1, h1). If we let y∗ = g1(ṽ∗, v), then IT(y∗,ṽ∗),(v,z) is a singleton, namely a set
consisting of only (g1, h1) ∈ T .

In case 2, we have that the set T3 = {g | (g, h1) ∈ T2} is not a singleton. Observe that by
Assumption 9.2, we can find a z∗ ∈ Z such that (v, z∗) ∈W and the Jacobian Dzh1(v, z∗) has full
rank J . Furthermore, by the continuous differentiability of h1, the Jacobian Dzh1(t1, t2) has full
rank J for all (t1, t2) in a sufficiently small ball U ⊆W containing (v, z∗).

As a consequence of the Jacobian having full rank everywhere in U , the change of variable
mapping (v, z) 7→ (h(v, z), v) defined over U , which we denote by R, is an open mapping by
consequence of the open mapping theorem,13 and thus the image R(U) is an open set in RK . Now
using the SNTP (which is satisfied by analytic functions), there exists (v′, z′) ∈ U ⊆ V × Z such
that for all distinct functions gi and gj in T3, gi (h1 (v′, z′) , v′) 6= gj (h1 (v′, z′) , v′). We can now
repeat the argument from case 1 to generate a singleton I-set. That is, we can pick any point y∗

from the set of values {g(h1(v′, z′), v′) | g ∈ T3} ⊂ RM , and observe that by construction y∗ is
attained at a unique g ∈ T3, which we can denote as g1. Then observe the I-set IT(y∗,h1(v′,z′)),(v′,z′)

13The matrix of partial derivatives of R is of the form A =

»
Dvh(v, z) IN
Dzh(v, z) 0J,N

–
, where IN is an identity matrix

with N rows and 0J,N is a matrix of all 0’s with J rows and N columns. The matrix A is invertible because
Dzh(v, z) is invertible. Therefore, by the open-mapping theorem, (v, z) 7→ (h(v, z), v) is an open mapping.
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is a singleton consisting of only the type (g1, h1).

9.2 The Generality of the Identification Result for Endogenous Regres-
sors

The generality of the identification argument we have just proved should not be lost in the notation.
A special case of Theorem 9.4 is showing identification for a linear IV model, 2SLS, with random
coefficients in both the first stage and the outcome equation. Let y, ṽ, v and z all be scalars for
exposition. A type (h, g) is a system of equations

ṽ = a0 + avv + azz

y = b0 + bvv + bṽ ṽ, (6)

where a type θ can be represented as the unknown, random parameters θ = (a0, av, az, b0, bv, bṽ).
Theorem 9.4 shows that the joint distribution of θ, G (θ), is identified using local variation in v

and z. Of course the linearity in (6) is just an example; Theorem 9.4 identifies a joint distribution
over functions in a nonparametric function space.

The system (6) allows more general economic behavior than has previously been shown to
be identified in the literature. In common with much of the literature, the response to ṽ is
heterogeneous, as bṽ is a random coefficient. However, here the response to the instrument, az,
is also a random coefficient. In contrast with the assumptions made in the literature on the
local average treatment effect (LATE, see Imbens and Angrist (1994)) and some selection models
(Vytlacil, 2002), some agents may have az > 0 and respond positively to the instrument, and other
agents may have az < 0 and respond negatively to the instrument.14 Further, the response to the
instrument may be correlated with the response to the treatment. The joint distribution G (θ)
may be such that those agents with the most to the gain from the treatment (a high marginal
effect bṽ) tend to have a high az. For a given z, this model allows agents to sort into an intensity
of treatment ṽ based on the expected gains from treatment, bṽ.

Consider an example. Firms differ in both their input demand functions (the first stage) and
their production functions. Let y be the log output of a firm, v the age of the firm (which is
independent of θ), ṽ the log number of workers hired by the firm (an endogenous choice variable),
and z the price of labor. In this example, variation in input costs allow identification of the
distribution of production functions in some industry. This framework is general. First, firms
vary in how labor inputs affect outputs: the labor input elasticity bṽ is heterogeneous. Second,
firms with higher labor elasticities may have higher input demand elasticities: Corr (az, bz) > 0.

14The treatment effect literature tends to focus on discrete endogenous regressors; we focus on endogenous re-
gressors with continuous support. We show identification of the generalized Roy selection model in Fox and Gandhi
(2009).
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Third, there is no monotonicity in az, some firms may have az < 0. Say the price of labor goes up
everywhere and workers are laid off at some firms. Then, due to a general equilibrium effect, some
firms might actually increase their labor inputs. Identification of G (θ) allows the identification of
the joint distribution of az and bz as well as of the other coefficients.

9.3 Endogenous Regressors in Multinomial Choice

We now consider the endogeneity problem that arises in multinomial choice. Recalling the discus-
sion of the multinomial choice model in Section 7, an endogeneity problem arises when an agent’s
preferences as captured by the utility function u are not independent of some elements of the
agent’s choice set (v, w). Such endogeneity could arise if, for example, the choice set (v, w) that an
agent faces is partly “designed” on the basis of information related to its type or preferences u. A
classic example of this source of endogeneity arises in a principal-agent relationship, in which the
principal designs the menu of contracts (v, w) facing the agent using information that is correlated
with the agent’s type u but that is not observable by the econometrician.15 The principal has
incentives (i.e., screening) to use all information in contract design. Therefore, the endogenous
choice of a menu of choices will induce a statistical endogeneity problem.16

In this section, we show how to solve the endogeneity problem posed by endogenous product
characteristics in multinomial choice by way of a triangular system of equations that follows much
the same logic as endogenous regressors in nonadditive random functions. Essentially, the trian-
gular system jointly models the decisions of both the principal and the agent, and uses exogenous
variation in the characteristics of the principal-agent relationships to achieve identification. We
extend the notation from Section 7. Given v ∈ RN , ṽ ∈ RM and w ∈ RJ , the agent has utility
for choice j given by uj (ṽ, v) + wj . Thus we let the first M elements of the vector of choice
characteristics facing the agent be potentially endogenous, and denote these elements by ṽ ∈ RM

and the remaining exogenous elements by v ∈ RN . We refer to these endogenous elements ṽ as the
principal’s “prices” as they are strategically set by the principal. A special case of this framework
is where N = J and there is one endogenous price per product.

To handle the problem, we introduce a vector of instruments z = (z1, . . . , zM ) ∈ Z ⊆ RM that
are stochastically independent of preferences u. In addition, the instruments are capable of shifting
the endogenous choice characteristics through the principal’s “pricing” or IV equation ṽ = h(v, z)
for z ∈ Z, v ∈ V , and h : V ×Z → RM .17 Thus a type corresponds to a pair of functions θ = (u, h)

15The standard market-level price endogeneity problem considered in footnote 12 also applies here, assuming that
the price determination process can be written as the first stage of a triangular system.

16Pioner (2008) presents an alternative approach to identification based on a particular model of screening by a
monopolist.

17We do not allow the w’s to be endogenous or enter the pricing equation. For example, the w’s could reflect
variation or information that is unobserved and exogenous to seller behavior. Or the w’s can capture an observable
consumer attribute, such as location, that the seller cannot use as a basis for price discrimination or that does not
convey information on a consumer’s preferences u.
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consisting of a vector-valued utility function and an IV equation. The model is such that for
any economic environment x = (v, w, z), the response f ((v, w, z), (u, h)) consists of the principal’s
choice of prices ṽ and the agent’s choice of product j that are linked through the recursive system

j = arg max
j∈Y

{
uj(ṽ, v) + wj

}
ṽ = h(v, z).

Thus a type (u, h) indexes a principal agent relationship, where the pricing equation h is potentially
heterogeneous due to differing information sets or preferences among principals. Of course the
joint distribution G((u, h)) over types allow the principal’s pricing function h to be stochastically
dependent with the agent’s preferences u, reflecting the fact that the principal can condition
its pricing policy h on information related to the agent’s preferences u that is unobserved to
the econometrician. The instruments z are most naturally interpreted as the marginal costs of
providing each good, although they could represent any observed characteristics of the principal,
including observed dimensions of its information set or any other demographic taste shifters.

By assuming exogeneity of x = (v, w, z), however, we are assuming that the process that
matches principals to agents is exogenous and only pricing is endogenous (otherwise agents with
certain unobservable preferences may be more likely to match with principals with certain observ-
ables, thus making z an invalid instrument). Extending our framework to deal with endogenous
matching is a current subject of research. Nevertheless there are numerous applied settings that fit
our current version of the model. Consider Einav, Jenkins and Levin (2009), where the principal
is a subprime auto dealer and the agents are the customers who exogenously arrive and desire
cars with certain characteristics (v, ṽ, w). The principal can design contract terms ṽ such as the
minimum down payment and the interest rate. Consumers will have heterogeneous preferences
over minimum down payments and interest rates, perhaps reflecting varying liquidity constraints.

We assume that types are pairs (u, h) such that u and h are both vector-valued analytic
functions, and (u, h) is independent of the regressors (v, w, z) ∈ V × RJ × Z, where V ⊆ RN

and Z ⊆ RM are both non-empty rectangles. Thus we exactly mimic the assumptions of the
previous section (with u now playing the role of g).

Theorem 9.5. Under Assumption 7.3, and the assumptions of Section 9.1, the distribution of
(u, h) ∈ Θ in the multinomial choice model with endogenous regressors is identified with respect to
the class of finite distributions.

Proof. We provide only a sketch of the details of the proof as it is largely a repetition of techniques
for showing separability that have already been illustrated in the previous theorems. For any finite
set of types T ⊂ Θ, we form a singleton I-set of the form

IT(0,ṽ),(v,w,z) =
{

(u, h) ∈ T | h(v, z) = ṽ and uj (h (v, z) , v) + wj ≤ 0 ∀j ∈ {1, . . . J}
}
,
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where recall good 0 is the outside option that has a normalized utility of 0. The I-set corresponds
to the set of types whose IV equation yields ṽ at x = (v, w, z) and choose the outside good.

The proof for showing the existence of such a singleton I-set exactly follows the proof of
Theorem 9.4, except with a relabelling of the relevant terms. For example, consider the last step
of the proof. Instead of picking an arbitrary point u∗ ∈ RJ from the set of values {u(h1(v′, z′), v′) |
u ∈ T3}, we instead pick a minimal element, which by construction is attained at a unique u ∈ T3,
which we denote u1. Then setting the special regressors w to a sufficiently small amount below
−u1, say w∗, then we have that IT(0,h1(v′,z′)),(v′,w∗,z′) is a singleton, consisting of only the type
(u1, h1) ∈ T .

9.4 Literature review on endogenous regressors

Chesher (2003) studies the nonparametric identification of a triangular system of equations where
the functions in the system are non-random: the same for all types. Heterogeneity enters only
through scalar error terms in each equation, and those error terms are assumed to enter the non-
random functions monotonically. We allow each type to have its own function and we impose no
monotonicity assumptions about how unobservables relate to outcome variables and endogenous
regressors. We also do not impose monotonicity assumptions on how the instruments affect en-
dogenous regressors, which are common in the literature on treatment effects (Imbens and Angrist,
1994; Vytlacil, 2002). Newey, Powell and Vella (1999) and Newey and Powell (2003) use a mean
independence assumption in a model where heterogeneity enters the outcome equation as only an
additive error, instead of a random function.18 Imbens and Newey (2009) study a system (g, h) like
ours, except that the heterogeneity in the IV equation h is restricted to be a scalar. We allow h to
be a random, nonadditive function. Further, Imbens and Newey require the scalar disturbance to
enter h strictly monotonically. Imbens and Newey also define to the object of interest to be what
they describe as a quantile structural function. We show the full identification of all aspects of our
model, namely the joint distribution of the heterogeneous functions (g, h). There are many other
approaches in the nonparametric instrumental variables literature (see the above papers for more
references); we know of no others that identify a distribution over systems of functions.

Hoderlein, Klemelä and Mammen (forthcoming) examine a linear triangular system such as (6),
except that the coefficients a0, ax, az from the first stage are homogeneous. Only the parameters
in the outcome equation are heterogeneous. Their approach relies critically on linearity, while we
identify a nonparametric distribution on a nonparametric class of functions.

As discussed in Section 7.1, this is the first paper to identify a structural distribution of hetero-
geneity in multinomial choice that nests the standard additive random coefficients specification,

18Our model can be related to the nonparametric regression literature on models with additive errors, y =
m (x)+ ε (x), by the change of variables m (x) = Eg [g (x) | x] and ε (x) = g (x)−Eg [g (x) | x]. Again, many of these
models do not identify an unrestricted distribution for ε (x) when the function ε is dependent with x.
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xβ + εj . Therefore, we are also the first to identify a distribution of heterogeneity in such a model
with endogenous regressors.

As Section 7.1 mentions, Berry and Haile (2008) do not identify a full distribution of utility
functions or random coefficients, but do adopt a different approach to endogeneity. They require
both individual- and market-level data and assume that the endogeneity occurs only in variables
(like price) that vary at the market but not individual levels. They use individual data to trace
out utility realizations within a market and variation across markets to address an endogeneity
problem. One could replace their step where they trace out utility values with our Theorem 7.6.
In recent work, Chiappori and Komunjer (2009) use a different approach to allowing endogeneity
in multinomial choice models.

10 Marginal Effects: Is the Real Analytic Assumption Needed?

In some cases, the policy counterfactual of interest is the treatment effect associated with a marginal
change in x at some point of policy relevance, x?. In this model, the economic environment
x ∈ X ⊂ Rm. A type θ in the data generating process is a function g : X → Rm, and the
choice model is such that g’s choice behavior at x ∈ X is f(x, g) = g(x). There is some true
distribution G of the functions g in the data generating process. In this section, the object of
identification is the distribution H of marginal effects Dg (x∗) for some specified x?, where Dg (x)
is the derivative of the function g : X → Rm at an interior point x ∈ X . To repeat, we focus on
identifying the distribution H of marginal effects. Focusing on this distribution centered at a point
x? will “localize” the problem and allow us to gain identification using only local variation in x, i.e.
variation in x around x?. By localizing the problem, we will not need to rely on an assumption
that each g is real analytic. We will assume that each g is differentiable.

Examples of marginal effects or simple transformations of marginal effects include marginal
products of firms for particular inputs and demand elasticities of firms. Demand elasticities, for
example, are key inputs into analyzes of competition and merger approval. Compared to models
with homogeneous marginal effects, we allow each firm to have a different production function and
for each firm to face a different demand curve.

The derivative of a multivariate function from Rk to Rm at a point x is a linear transformation
from Rk to Rm that can be represented by the Jacobian matrix

Dg (x) =


∂g1(x)
∂x1

· · · ∂gm(x)
∂x1

...
. . .

...
∂g1(x)
∂xk

· · · ∂gm(x)
∂xk

 ,
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where ∂gm(x)
∂xk

is the derivative of the mth outcome with respect to the kth input. As each type
g ∈ Θ (assuming it is differentiable) gives rise to such a k × m Jacobian matrix Dg (x) for any
interior point x? ∈ X , there exists a distribution of the Jacobian Dg (x) at x∗ induced by the
distribution G over random functions g. Recall that the distribution of marginal effects cannot be
directly observed in the data, as we observe only cross-sectional data and so cannot link the same
individuals across different x environments (as can be done with panel data).

If the distribution of the marginal treatment effect is the policy counterfactual of interest,
then rather than seek identification over random functions g, which is sufficient for identifying the
policy counterfactual, we can seek identification of the distribution of marginal effects directly.
The counterfactual of interest is the distribution over the marginal treatment effect Dg (x) at an
interior point x∗ ∈ X . Let the underlying type space Θ denote all functions from X to Rm that
are differentiable at x∗. Observe that within Θ, there exist types g 6= g′ that differ from each
other globally (there exist a x ∈ X such that g(x) 6= g′(x)) but have the same local behavior at
x∗ (g(x∗) = g′(x∗) and Dg(x∗) = Dg′(x∗)). From a policy perspective that is concerned with the
distribution of marginal effects at x∗, the distinction between g and g′ is not policy relevant. In
marginal effects, we will be able to proceed without invoking the WNTP (or the assumption of
real analytic functions) precisely because we care only about local behavior, namely causal effects
at some x? ∈ X .

Thus we group all policy equivalent types in Θ as members of the same equivalence class. Let ∼
denote the equivalence relation among elements of Θ defined as g ∼ g′ if and only if g(x∗) = g′(x∗)
and Dg(x∗) = Dg′(x∗). The relation ∼ forms equivalence classes and we let the set of equivalence
classes form a new type space that we denote as Θx∗ . For any equivalence class [θ] ∈ Θx∗ (which
consists of all policy identical functions from Θ), we choose any representative member function
g ∈ [θ] to represent the choice behavior of the class. We let this representative member function g
stand for the class [θ] as a whole.

The policy problem is to identify the distribution H over the policy relevant type space Θx∗ .
Given any rectangle X ⊂ Rk containing x∗, we can show finite separability of the model and
hence identification. This is a natural conclusion: given arbitrarily local variation in economic
environments about x∗ we can identify the distribution of marginal effects at x∗.

This is the main lemma that produces the key tie breaking result that we need to generate a
singleton.

Lemma 10.1. For any finite set of functions gi : X → Rm for i = 1, . . . , n that are differentiable
at x∗ ∈ X , if gi(x?) = gj(x?) and Dgi (x?) 6= Dgj (x?) for all i 6= j, then for any ball Bε (x?) with
ε > 0, there exists a xε ∈ Bε (x?) such that gi (xε) 6= gj (xε) for all i 6= j.

Proof. To establish some notation, recall the derivative of g : X → Rm at x ∈ X ⊂ Rk is a linear
function that we denote Dg[x] : Rk → Rm, and recall the value of this function at any v ∈ Rk is
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Dg[x](v). By assumption, Dgi[x?] − Dgj [x?] 6= 0, where 0 refers to the 0 map from Rk to Rm.
Then the kernel of the linear map Dgi[x?] − Dgj [x?], which we denote by Si,j , has dimension
strictly less than k, because there exists v ∈ Rk such that Dgi[x?]−Dgj [x?])(v) 6= 0. As the finite
union of subspaces S = ∪i,jSi,j cannot equal the k-dimensional space Rk, we can find an element
v ∈ Rk−S. By the construction of v, Dgi[x?](v) 6= Dgj [x?](v) for all i 6= j. Hence for any positive
λ ∈ R++, we have by the linearity of a derivative,

Dgi[x?](λv)−Dgj [x?](λv)
||λv||

= c 6= 0. (7)

Observe that by the definition of differentiability (Carter, 2001),

gi (x? + λv)− gj (x? + λv) = (Dgi[x?](λv)−Dgj [x?]) (λv) + η(λv) ‖λv‖

where η(h)→ 0 as h→ 0. Hence by (7),

lim
λ→0

gi (x? + λv)− gj (x? + λv)
||λv||

6= 0.

Thus there exists λi,j such that for all 0 < λ < λi,j , gi (x? + λv) 6= gj (x? + λv). Let λ̄ = mini,j λi,j .
Then for any Bε(x?), finding λ such that x? + λv ∈ Bε(x?) and 0 < λ < λ̄ completes the proof.

Assumption 10.2. X is a non-empty rectangle.

Assumption 10.3. Economic environments x ∈ X are distributed independently of types g ∈ Θ.

Theorem 10.4. Under Assumptions 10.2 and 10.3, the distribution H over the type space Θx? is
identified in the class of finite distributions. That is, the distribution of marginal effects at x? is
identified.

Proof. The proof verifies separability of the model. Consider a finite subset of types T = {g1, . . . , gN} ⊂
Θx∗ . An I-set is

ITy,x = {g ∈ Θx | g (x) ≤ y} .

There are two cases to consider.
The first case is that there is a unique type in T who has a minimal response at x?. Let

{g1(x?), . . . , gN (x?)} be the set of responses of the types in the I-set at x?. Let y? be a minimal
vector from this set. If there a unique type gi in T such that y? = gi (x?), then we have that ITy∗,x?

is a singleton, namely a set consisting of only the single type gi.
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The second case is when multiple types take on the minimal value y? at x?, and thus ITy∗,x∗ is
not a singleton set. Observe that since T is finite and since each g ∈ T is continuous, there exists
an ε > 0, say ε̄, such that x ∈ Bε̄(x∗) implies that for g ∈ ITy∗,x and g′ ∈ T − ITy∗,x∗ , g′(x) � g(x)
(since by construction g′(x∗) � g(x∗)). In addition, observe that for any pair of functions gi and
gj in ITy∗,x∗ , gi (x?) = gj (x?) but Dgi (x?) 6= Dgj (x?). Thus by Lemma 10.1, for any ε > 0, there
exists a xε ∈ Bε (x?) such that gi (xε) 6= gj (xε) for all pairs of functions gi and gj in ITy∗,x∗

. Choose
ε > 0 small enough so that for any x ∈ Bε(x?), x ∈ X and ε < ε̄. Then for any x ∈ Bε(x?),
there exists a minimal element y∗ of the set {g1(x), . . . , gN (x)} that is attained by a unique type,
y∗ = gi(x) for a unique type gi ∈ T .19 Thus ITy∗,x is a singleton consisting of only gi.

10.1 Literature Review for Marginal Effects

Hoderlein and Mammen (2007) and Hoderlein and Mammen (2009) (and the references in those
papers) study the identification of the average (mean) marginal effect, E [Dg (x)], at x?. Our
framework allows us to identify the distribution H of marginal effects Dg(x), not only the mean.
Further, they study only the case of m = 1, or a scalar outcome. We allow for a vector-valued
outcome variable.

Identifying a distribution of effects, not just the mean, is important when the payoff to some
policy is not a linear function of the marginal effects. For example, the change in marginal product
of a CEO may be leveraged over all of his subordinates, while a change in the marginal product
of a production worker is not leveraged because that worker has no subordinates.

11 Conclusions

There exist few nonparametric identification theorems for the distribution of heterogeneity in
many economic models estimated every day in applied microeconomics. We introduce a prop-
erty of economic models, known as separability, that is a sufficient condition for identification of
the distribution of heterogeneity. We also show that, under a strengthening of the definition of
identifiability, that identification leads to consistency of a minimum distance estimator.

We provide new identification results, and hence new consistency results, for models of consid-
erable applied interest. We identify distributions of utility functions in multinomial choice models,
distributions of sector wage functions in the Roy model, and distributions of marginal effects in
the production function model. We use instruments to correct for omitted variable bias while iden-
tifying distributions of production functions and distributions of utility functions in multinomial

19To see this point more precisely, observe that a minimal element of the set {g(x) | g ∈ ITy∗,x∗} is attained by a
unique type in ITy∗,x∗ . This follows from the construction that at x, all types in ITy∗,x∗ make distinct choices. Let
this unique type be denoted as gi. Then by construction of ε < ε̄, y∗ = gi(x) continues to be a minimal element of
the set {g(x) | g ∈ T}, and gi ∈ T is the unique type at which y∗ is attained.
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choice models. Our results on 2SLS extend those in the literature by allowing random coefficients
in both stages of the model and for heterogeneous responses to the instrument without sign re-
strictions. We identify a distribution of policy changes at a particular policy level without relying
on panel data or an assumption that the unknown functions are real analytic functions.

Our two main assumptions are that the distribution of heterogeneity takes on a finite number
of support points (although the number of support points is learned in identification) and, in many
models, that functions lie in the space of real analytic functions. The main applied use of results
based on the real analytic assumption is that the identification theorems nests many semipara-
metric models, where the researcher specifies a parametric model known up to a finite vector of
heterogeneous parameters. The distribution of heterogeneous parameters is treated nonparametri-
cally because economic theory gives little guidance as to proper functional forms for distributions
of unobserved heterogeneity.

A The Space of Real Analytic Functions Satisfies the WNTP

and the SNTP

This appendix shows that the space of all real analytic functions satisfies both the WNTP and the
SNTP.

Definition A.1. Let X be a non-empty rectangle in Rk. A function g : X → R is real analytic
if, given any interior point ξ ∈ X , there is a power series in x− ξ that converges to g (x) for all x
in some neighborhood U ⊂ X of ξ.

Real analytic functions must be infinitely differentiable.

Definition A.2. If a function g = (g1, . . . , gm) : X → Rm is such that each of its m component
functions gi is real analytic, then g is a vector-valued real analytic function.

A property of the space of real analytic functions is that for any two distinct real analytic
functions g, g′ : X → R, and for any open, connected set U ⊆ X , g and g′ cannot agree on the
whole of U : there must exist x ∈ U for which g(x) 6= g′(x) (Krantz and Parks, 2002, Corollary
1.2.6). This property can easily be seen to extend to the space of vector-valued real analytic
functions Ak,mX . Let us call this property the pairwise tie breaking property. The following is now
a straightforward result.

Proposition A.3. The set of vector-valued real analytic functions satisfies the strong no ties
property.

Proof. Consider any finite set of vector-valued real analytic functions {g1, . . . , gn} ⊂ Ak,m. We
show by induction on n that the property holds for any finite number of elements n. The base
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case n = 2 holds by the above property of vector-valued real analytic functions (for any open set
U ⊆ X , take any non-empty ball within U , which is connected, and apply the pairwise tie breaking
property to this ball). Assume that the proposition holds for n − 1, and consider {g1, . . . , gn}
and an open set U ⊆ X , which without loss we can take to be an open ball (U contains such a
ball, and balls are connected). By the induction hypothesis, there exists a point x ∈ U such that
gi(x) 6= gj(x) for any gi 6= gj and i, j ∈ {1, . . . , (n− 1)}. By the fact each gi is continuous and the
set of functions is finite, these inequalities are preserved in a small open ball B1 ⊆ U around x.
Now consider the function gn, and observe that by the pairwise tie breaking property, there exists
an x1 ∈ B1 such that gn(x1) 6= g1(x1). Furthermore, by continuity, this inequality is preserved
in a small ball B2 ⊆ B1 containing x1. Now repeat the argument, except comparing gn with g2,
producing the a ball B3 ⊆ B2, etc. At the end of the process, a non-empty ball Bn ⊆ B is produced
for which any x ∈ Bn satisfies the definition of the SNTP, i.e., x ∈ Bn implies gi(x) 6= gj(x) for
any distinct gi and gj in {g1, . . . , gn}.

B Proof of the Identification of the Roy Model: Theorem 8.5

First we introduce a condition known as reducibility.

Definition B.1. The modelM is reducible if, for any finite set of types T ⊂ Θ, i) there exists
a non-empty I-set and ii) for any non-empty I-set ITA,x with two or more elements, there exists a
new pair (A′, x′) such that the I-set ITA′,x′ is non-empty and a strict subset of ITA,x.

Verifying reducibility also verifies separability.

Lemma B.2. A modelM is separable if and only if it is reducible.

Proof. Say the model is reducible and let T be given. There is a non-empty I-set ITA,x. Then find
a non-empty ITA′,x′ that is a strict subset. Because T is finite, iteratively applying this scheme will
result in a singleton I-set and hence separability. Now say the model is separable and let T be
given. First, part i) of the definition of reducibility is satisfied because there exists a non-empty
I-set: the singleton set from separability. For part ii), let ITA,x be non-empty with at least two
elements. Separability applies to any finite T̃ ⊆ Θ, in particular T̃ = ITA,x. So by separability,
there exists a singleton subset of ITA,x.

The advantage of working with reducibility is that we can focus on an I-set with two types,
without loss of generality. The difficult part is verifying part ii of Definition B.1. If a non-empty
subset can be found for all I-sets with two types, then a non-empty subset can be found for all
I-sets with three or more types by focusing on two of the types. We now provide a proof of the
identification of the Roy model, Theorem 8.5, using reducibility.
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Proof. Let a finite T be given. An I-set is

IT
j,

h
y

j
,ȳj

i
,v,w

=
{

(u, β) ∈ T | f ((v, w) , (u, β)) ∈ {j} ×
[
y
j
, ȳj

]}
.

By the above argument, we can restrict attention to T = {(u1, β1) , (u2, β2) , (u3, β3)} and an I-set
where IT

j,
h
y

j
,ȳj

i
,v,w

= {(u1, β1) , (u2, β2)} and so T − IT
j,

h
y

j
,ȳj

i
,v,w

= {(u3, β3)}. We need to prove

that there exists
(
j′,
[
y′
j
, ȳ′j

]
, v′, w′

)
such that IT

j′,
h
y′

j
,ȳ′j

i
,v′,w′

= {(u1, β1)} or {(u2, β2)}.

The first case is when uj1 (v) + βj1wj 6= uj2 (v) + βj2wj at the initial (v, w). Then restricting the
interval to

[
y′
j
, ȳ′j

]
⊂
[
y
j
, ȳj

]
so that

[
y′
j
, ȳ′j

]
includes one outcome but not the other will produce

a singleton I-set. Type (u3, β3) will still have an outcome outside the new
[
y′
j
, ȳ′j

]
.

The second case is when uj1 (v) + βj1wj = uj2 (v) + βj2wj at v and wj but either uj1 (·) 6= uj2 (·)
as functions or βj1 6= βj2. Thus, uj1 (v) + βj1wj 6= uj2 (v) + βj2wj as functions of v and wj . Each
uj1 (v) + βj1wj is a real analytic function because the sum of two real analytic functions is real
analytic. By a property of real analytic functions, in any open set around (v, wj) there exists a
point

(
v′, w′j

)
such that uj1 (v′) + βj1w

′
j 6= uj2 (v′) + βj2w

′
j . By making this set small, we can keep

types 1 and 2 picking choice j. By making this open set small and exploiting the continuity of
uj3 (v) + βj3wj in (v, wj), the outcome of type (u3, β3) can be kept outside the interval at

[
y
j
, ȳj

]
at
(
v′, w′j

)
, even if type (u3, β3) picked sector j at

(
j′,
[
y′
j
, ȳ′j

]
, v′, w′

)
. Thus, we are now in the

previous case and choosing
[
y′
j
, ȳ′j

]
⊂
[
y
j
, ȳj

]
can produce a singleton I-set.

The third case is when uj1 (v)+βj1wj = uj2 (v)+βj2wj as functions of v and wj and u
k
1 (v) 6= uk2 (v)

as functions of v for some choice k. Let w?,tk (v, wj) be the function 1
βk
1

(
ujt (v) + βjtwj − ukt (v)

)
for

type t. Type t will substitute to choice k whenever wk > w?,tk (v, wj). Because uk1 (v) 6= uk2 (v) and
uj1 (v) = uj2 (v) as functions, w?,1k (v, wj) 6= w?,2k (v, wj) as functions of v. Further, each w?,tk (v, wj)
is a real analytic function because it is an additive composition of real analytic functions. Exploiting
the real analytic property, we can find v′ such that w?,1k (v′, wj) 6= w?,2k (v′, wj) and all discrete
choices are preserved before wk is varied. Pick w′k = min

{
w?,1k (v′, wj) , w

?,2
k (v′, wj)

}
+ ε for

sufficiently small ε > 0. Then the type with the lower w?,tk (v, wj) will pick choice k and fall out
of the I-set, with the other type continuing to pick choice j with the same continuous outcome.
Type 3 will at most substitute to choice k and never to choice j.

If uj1 (v) + βj1wj = uj2 (v) + βj2wj as functions of v and wj and uk1 (v) = uk2 (v) for all choices
k ∈ J , then, because types 1 and 2 are different types, it must be that βk1 6= βk2 for some choice
k 6= j. Then w?,1k (v, wj) 6= w?,2k (v, wj) as a function of v. So by the properties of real analytic
functions, we can find a v′ where w?,1k (v′, wj) 6= w?,2k (v′, wj) and then repeat the argument in the
previous paragraph. Thus, the model is reducible, hence separable, and hence identified.
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