Theory of Income, Fernando Alvarez

UofC, Fall of 2008

Final Exam

The exam consists of one long problem. It is a particular example of the neoclassical
growth model with endogenous labor supply. We consider conditions under which
labor converges to its steady state from below or from above when the starting capital
stock is below its steady state. This question is interesting because hours worked are

procyclical, high in booms and low in recessions. The exam has a total of 240 points.

Instructions: All the answers should be in the space provided, just below each
question. Your preliminary calculations [which will NOT be graded] should be done
elsewhere. Do not use the back of the exam pages, except, perhaps, for intermediate

calculations [that will NOT be graded].

Consider the following version of the (Gary) Hansen economy:

/Ooo e (e (1)1 —n (1)) dt

subject to

E(t)+0k(t)+c(t)=F(k(t),n(t))

Throughout, use u. for the derivative of u w.r.t. ¢, and u; for the derivative of u w.r.t.

¢, where { =1 —n.

1) [10 points] Write the Hamiltonian for this problem. Use A for the co-state and

use ¢ and n as controls.

Answer:



H(e,n k) =u(c,1 —n)+ A[F (k,n) —c— 0k

2) [10 points| Write the first order conditions for this problem (this are 3 equations,
2 of them ode’s)

Answer:

H. = 0: u.(c,1—=n)=2A
H, = 0: w(c,1—n)=\F,(k,n)
A = pA=\[F; (k,n) =0

3) [40 points]
3.i) Use the foc w.r.t. ¢ and the one w.r.t. n to arrive to one equation linking
¢, nand k (so ¢ is an implicit function of k,n) Your answer should involve derivatives

of u and F' only.

Answer:

From now on, assume that u is additively separable in ¢ and ¢, in particular assume

that

where B is a positive constant and o > 0.



3.ii) Use the equation in 3.i to define a function n (¢, k) that solves it. From now

on denote the elasticities of n (¢, k) as follows:

B k On(ck)
Te T (e, k) Ok

B ¢ On(ck)
Te T T (c,k) Oc

Notice the — in the definition of .. Show that

Ye > 0

Write down two lines explaining the intuition behind the 7, = 1 result.

Answer: the equation defining n (¢, k) becomes

B =F, L,l :
n(c, k)

Since the LHS is independent of k, so has to be the RHS. Since F}, is monotone in
k this implies that (k/n) (¢, k) is independent of k. That is, n (¢, k) = kn (c). This
immediately implies

kE On(ck) k

TNk ok kﬁ(c)ﬁ(c) =1

For the other elasticity, differentiate the expression defining n w.r.t c:

—k

o—1
Boc = Fnk—2nc
n

since F,,; > 0 given the assumption of CRS, this implies n. < 0. Hence

Ye = n(c, k) (—ne) >0

3.iii) Using the assumption that u is additively separable in ¢ and ¢, use the H. =

0 and A equations derived in 2) to derive an equation for ¢ as a function of ¢ and
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k/n. This equation should use derivatives of the functions F' and the constants
p, o and 9.

Answer: Rewrite the A equation as
. k
e (Ba) -6
and from the H. = 0 equation we obtain

P .
R YN
O'C /

ézg[ﬂ<gﬁ>—®+pﬂ

3.iv) What value(s) of o, if any, allow this model to have a balanced growth path

thus

with labor augmenting technology growing at a constant rate, where consumption
grows at the same rate than technology and labor supply n, is constant? (Recall, this

was a problem set!)
Answer: 0 =1 (i.e. u(c,1 —n) =loge — Bn).

4) [30 points| Use the law of motion of capital and the answers to 3.i, 3.iii to write
a system of two differential equations in ¢ and k. [Hint: replace n by n(c, k) ]. In
particular:

4.1) Write ¢ = f (¢, k). Give an expression for f using the F'(-,-) and n (-,-) and
the parameters p, § and o.

4.ii) Show that f (¢, k) does not depend on k. [Hint: Use your answer to 3.ii.]

4.iii) Write k = g (¢, k). Give an expression for g using the functions F (-,-) and

n (+,-) and the parameter §.

Answer:



¢ = s =2 A (rgt) e+
k= g(e,k)=F(kn(kc))—dk—c

Further, using the answer to 3.ii we know that k/n (¢, k) is independent of k, hence,

f (¢, k) does not depend on k.

Let k*,c*,n* be the steady state values. Recall that

k*
Fy, (_*a1> =p+0
n

5) [40 points| Let ¢ (k) be the optimal consumption, or equivalently the saddle path
of this system. We want to find an expression for

_ de(k)
Cr, = dr R

the derivative of the optimal consumption function evaluated at the steady state, or
equivalently the slope of the saddle path. We will use that

Cde(k)  defdt é(k) g
FT A T Ak[dE T T () e

where ¢ is the RHS of the ¢ equation where ¢ has been replaced by c(k), i.e.
f(c(k),k) and k (k) is the RHS of the k equation where ¢ has been replaced by
the function c (k) , i.e. g (c(k),k). In particular

¢ (k) e (e (k) k) g
i (k) [k=k g(c(k), k) [o=p

Since at steady state ¢ = k = 0 we use L'Hopital’s rule to compute ¢ by totally

Cr —

differentiating f and ¢ w.r.t. k£ and evaluating the derivatives at steady state, i.e.

[ (k) K) =k fe(c(R), k") cr + fr (c(K7) , K7)
g(e(k), k) le=re ge(c (k) k") cr + gi (c (k*) , k)
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5.1) To do this compute the following derivatives f, (¢ (k*), k%), fx (c (k*), k*), g. (¢ (K*) , k*),

gk (¢ (k*), k*) in terms of the parameters

5/07 Py Sis Ve (y*/k*)v (y*/C*)

where

_ W Fw (BfnY) kP (5,1)
e = —kFF—=—/— 1 7 = e

F, (k*,n*) n*

= F (k*,n*)
B ke
N

In particular find the expressions for

fe(c (k™) k) =

in terms of /0 and 7,

fe(c(kK7) k") =

in terms of a real number (use your answer to 4.ii)

Je (C (k*) ) k*) =



in terms of (y*/c*), s; and ,

gr (¢ (k7). k) =

in terms of p, (k*/y*) and s;.

Answers:

g(c,k)=F (k,n(k,c)—0k—c

* * C* k* k* o 1 B (%) Fkk (%’1) TLCC*
A ) e e e [
= —Z(p+0)7.

fr(c(k), k) = 0

Nk Eantng JET Y
gelc) )= F”"C”:WECC_*”:‘(%E”)

b=+ y—Sl

g (c(F) ) = Ff—o+ Fimp=pt 22 Moy O

5.ii) Show that ¢, solves a quadratic equation:

* * 9
(p+(%) 51— (1+y_*51 %)Ck> o =—c —(0+p) 7
Is g

Argue that the solution is given by

S (p+6) v.+p+ (%) s
1+z—:81 Ye

C —



Hint: your answer should use 5.i), and and brief -one line- argument on the root you

selected)
Answer:
o = fe(c (k) k) cx
ge (¢ (k) k*) . + g (e (k*) , k*)
_§ (p + 6) VeCh
p+ Z—isl - (1 + Zé—:Sl’}/Z) Cr
thus

* * 9
(p + %Sl — (1 - %81%) Ck) = ——(p+0) 7k

o
This equation has two roots, one is zero, which is not the slope of the saddle path (we
know that is has strictly positive slope) and the other root is the slope of the saddle

path, and given by
S (pt0) vetp+ (E) s
1+ Zé— S1 e

C —

6) [10 points| From now on, let F' be Cobb-Douglas with capital share 6. Find an
expression for 7,.[Hint: use the definition of n (-, -) and the functional forms for u and

F, and don’t forget the — sign in the definition of +,.]
Answer: The function n (¢, k) solves
B =(1—0)k'n(c, k)™’

thus

This implies:



7) [30 points] Let ¢ the elasticity of the optimal decision rule:
k*
Y= — Ck
c

7.i) Write ¢ in terms of

e/0,0/0,0, p, s, (Y /k*), (y*/c)

Remark: the steady state values (y*/k*) and (y*/c*) only depend on p, § and 6 (and
not on ¢ and o).
7.ii) How does 1 depend on 7 Write two lines with the intuition for this result.

7.iii) How does 1) depend on o7 Write two lines with the intuition for this result.

Answer:

7.4)
oMo /) §ptd) Tt () s
c* (y*/k*) 1+% 5%

Given the remark, (y*/c*) and (y*/k*) do not depend on € or . In fact, they are

y_* — w — lgk*f’—ln*l—ﬁ — p_+5
k* k* 0 0

and from the ¢ = 0 equation

C* — k*en*ke_&k*

(1
- L* 501{;*6—1”*1—0_5}

- V)Tfé_}
_p+6(1—9)1

= k*
0

thus
y* y_*k* _pto 0

= ket 0 p+6(1—0)
p+9

p+0(l—46)

9



7.ii) 9 is increasing in e: for a given k consumption is smaller, this is so because the
household finds it optimal to invest a lot given the higher concavity of the production
function

7.iii) 1 is decreasing in o: the saddle path is closer to the ¢ = 0 equation. Agents
dislike big intertemporal changes in consumption, hence they stay close to the ¢ =0
(and hence to the steady state level of consumption ¢*). (To see this better, draw
the phase diagram and realize that the ¢ = 0 equation is horizontal, if £k is in the

horizontal axis and ¢ in the vertical axis.)

8) [30 points] Let 7 (k) = n(c(k),k) be the optimal employment decision rule.
Define the elasticity of the optimal decision rule with respect to k as

B di (k)
n* dk

8.1) A robust empirical regularity is that hours worked are highly procyclical in
the US for the post-WWII period (i.e. total employment increases in booms and
decreases in recessions). What sign should v have in order for the predictions of the
model to be consistent with that observation (hint: how should we think about an
expansion, as a period where capital is below or above steady state?)

8.ii) Compute v as a function of v, and .

8.iii) Compute v as a function of

0,y /k"), (y"/c"),p, 0,0

[More hints: Recall that for a Cobb-Douglas s; = 1 — 6 and ¢ = 1 — 6. Use the

expressions for ¢, ¢ and v, obtained above.]

Answer:

8.1)
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N = Ng+ NeC,

k k c k
Sk = ot nemep =1, 0
n n n c
hence
v=1—7y.7¢

8.i1) Recall

o (yr)e) 5 (p+6) +p+ (L) s

¢ = —Cr = J
k) 1+L 59
_ /e P p+d) o+ () 1-90)
(y*/k*) 1+% (1-6) 5
Thus
N ' R il G ) 4 (5)(1-6)
“(y /) 1+%Z (1-6) ¢
_ o) 1 p+d) 4+ (F) (1-0)
0 (y/k*) 1+% (1-0) ¢
_ o w/e) 5 e+d) +p+ () (1-0)
(y*/k*) O+ (1-0)

9) [40 points] Let v (o) be the elasticity of the optimal labor decision rule as a
function of o.

9.i) How does v (o) varies with o7 Write down two lines explaining the intuition
behind this result. (Hint: mention income and substitution effects)

9.ii) What is the sign of lim, ., v (o) ?

9.iii) What is the sign of lim, g v (o) ?

9.iv) Find an expression for o, as a function of 6, p, and ¢*/k* for which v = 0.

Answer:
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or

or

or

or

9.i) v (o) is strictly decreasing in o.

9.i)

lim v(o) = 1- W/ 20 (p+6) +p+ (L) 1-0)
e 0 (k) E(1—0
W) i) 415+ ()
(y*/k*) v
Bl ) ”
Ty {5@”) +1—9+(E)}
-y B(H(S) +1og)
k*

9.iii)

Lo (o+9) ot () 1-0)
= LT (1-0)

g [17 (p+9) +p+(i—:> (1—0)] :§+Z—: (1-10)
- [1% (p+0) +p]+<§) (Z—) 1-0="+2 -0
g {% (p+0) +p} =

o= 0" !
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