Theory of Income, Fall 2008
Fernando Alvarez, U of C

Problem Set 5

1 Convergence after a permanent productivity shock in the
Neoclassical Growth Model

Let f (k) = € k“ be a neoclassical production function with productivity parameter ¢ > 0
and capital share parameter a € (0,1). The law of motion of capital is given by dk/dt =
f (k) — ¢ (we set depreciation rate to zero). Preferences are [;° e ?'U (c(t))dt for U (c) =
=7/ (1 =), with v > 0.

Ezercise 1. Continuous time Fuler Equation . Write down the differential equation that
¢ must satisfy in an optimal path. Your solution should contain, p, f’(k), dc/dt, ¢ and 7.

FEzercise 2. Steady states . Write down two equations in two unknowns (¢* and k*) that
determine the steady state values of consumption and capital.

Ezercise 3. Steady state consumption-capital ratio . Write an expression for the steady
state value of consumption over capital, i.e. ¢*/k* as a function of p and a.

Ezercise 4. Slope of the saddle path or optimal consumption function . Let ¢ (k) be the
value of consumption that belong to the saddle path for a given capital k. In this exercise you
need to find an expression for the slope of the saddle path evaluated at (¢*, k*), i.e. you need
to find ¢’ (k*) . Notice that ¢ (k) is also the optimal decision rule for consumption for a given
k.

4.1) Derive the following quadratic equation:

21—«

/ * _cl * :_&
¢ (k%) [p— ¢ (k)] e

whose positive solution is ¢ (k*).
4.2) Give an intuitive explanation of why ¢’ (k*) is decreasing in 7. Your explanation should
contain, at most, three lines.

[Hint for 4.1: To obtain the quadratic equation, evaluate

de (k*) . dc/dt
= lim ——
dk keke dk/dt’

where dc/dt is the expression obtained in 1) and dk/dt is the law of motion of capital, and
where ¢ is written as a function of k, i.e. ¢ = ¢(k) in both expressions. You need to

use L’Hopital’s rule to find an expression for the right hand side, since at the steady state



dc/dt = dk/dt = 0. To use L’Hopital, differentiate the denominator and the numerator with
respect to k, and evaluate them at the steady state value k*].

Ezercise 5. Impact effect on consumption of a permanent change in productivity . Suppose
that at time ¢ = 0 the economy is in a steady state corresponding to productivity . Suppose
that at t = 0 we learn that productivity will immediately and permanently increase by a very
small amount from e to &’ (> €). We let ¢* (-) and k* (-) be the steady state consumption and
capital levels and ¢ (k,-) be the optimal consumption decision rules -as a function of capital-
that corresponding to each productivity level € and ¢’.

It turns out that consumption at time ¢ = 0 may increase, decrease or stay the same value
relative to the old steady state, i.e. that ¢ (k* (¢),e") > (<) ¢* (e) = ¢ (k* (¢),¢).

5.1. Draw a phase diagram, labelling the saddle paths and steady states for both values
of productivity (¢ and &’) that is consistent with ¢ (k* (¢),&’) > ¢* (¢) = ¢ (k* (¢) , €) . Indicate
c(k*(e),€") in your diagram. Make sure that your phase diagram respects the qualitative
properties shown in 3) and 4) for the consumption-capital ratios and the slopes of the saddle
paths. Draw the saddle path as if it has constant slope.

5.2. Draw a phase diagram, labelling the saddle paths and steady states for both values
of productivity (¢ and ¢’) that is consistent with ¢ (k* (¢),€’) < ¢* (¢) = ¢(k* (¢) ,€) . Indicate
c(k*(e),€') in your diagram. Make sure that your phase diagram respects the qualitative
properties shown in 3) and 4) for the consumption-capital ratios and the slopes of the saddle
paths. Draw the saddle path as if it has constant slope.

5.3. Explain why it may be the case that consumption does not increase in impact (i.e.
explain case 5.2). Make sure to mention the income effect and intertemporal substitution
effects of the increase in productivity in your explanation.

5.4. Given your previous explanation, for which values of 7 do you think that case 5.2 will
occur 7 Explain.

Hints. Use 3), 4) to argue that ¢ (k* (¢),e) = ¢ (k* (¢/) ,€’) . Use a phase diagram to argue
that whether ¢ (k* (¢),&’) > (<) ¢*(¢) depend on whether ¢ (k* (¢),e) = ¢ (k*(¢/),€’) is
smaller (higher) than ¢* (¢) /k* () = ¢* (¢/) /k* (€').

2 Investment in the Neoclassical Growth Model and Business

Cycles

This exercise examines the dynamic behavior of gross investment in the neoclassical growth
model. Specifically, it considers the adjustment path to the steady state, starting with a
capital stock below its steady state value. Since capital is the state variable and since the
dynamics of the neoclassical growth model are stable, net investment (i.e. the change in the

stock of capital) must be decreasing in its adjustment path. Nevertheless, the behavior of



gross investment (i.e. the change in capital plus the value of depreciation) can be different.
In particular, below it is shown that gross investment could either increase or decrease in the
adjustment path to steady state. Moreover, the investment to GDP ratio could be increasing.

This question is interesting because the neoclassical growth model is used as a simple
business cycles model where unanticipated permanent productivity shocks are the source of
fluctuations. In particular, we will like to see if the adjustment path after a permanent
unexpected increase in productivity is consistent with the increase in investment typical of an

expansion.

The planner’s problem is to maximize

%) 1—
/ e_ptic *) 7alt,
0
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subject to
k= Ak® — ¢ — Sk.

That is, the production function is Cobb-Douglas, preferences are of the CRRA form with
relative risk aversion «, p is the discount rate and § is the depreciation rate of capital. The

solution to this problem is given by the Euler Equation and the law of motion of capital:

¢ = %(aAka—l—(pM)),

kE = Ak —c— ok,

Ezercise 1. Letting x be gross investment, i.e. = = k + 0k, show that the linear approxi-
mation of z (¢) around the steady state satisfies

z(t) —a = (k(0) = k%) exp (A1) [A1 + 9],

for all £ > 0,where A1 solves

(p+9) (p+d(1—-a)
pP— \/P2+4(1_04)7 <#)

)\1: 92 ’

and where z* and k* are steady state values. [Hint: the following steps will be useful:
Step 1 : Differentiate the equation for k& with respect to ¢ and insert the ¢ equation
into the result you obtain. This gives a second order differential equation in k (the Euler

equation!). Linearize the resulting equation, that is, obtain
k=g (i k) 2 g (0,k%) + g;, (0, k") e+ g& (0,67 (k — k),
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and compute the coefficients. You should obtain k = pk — f” (k*) (¢* /) (k — k*). Moreover,
denoting z (t) = k (t) — k* the last equation becomes z = pz — f” (k*) (¢*/7) z

Step 2 : Argue that the solution to the last differential equation is z (t) = Bexp (At)
where \ solves the quadratic equation A2 — p\ + (c*/v) f” (k*) = 0. Pick the stable solution

(i.e. the negative root of \), which satisfies

N 45” () (/) _

Step 3 : Show that for the functional forms we are using:

(p+9) (p+5(1—a))

£ 067 (/) = (o= 1) -

which implies

p— \/P2 + 4(1 _ a) (P';(S) <P+5s—a)>

AL = 5

Step 4 : Use

z(t) = k(t)+0k(t)
= ()4 6(z(t) + k)

and replace the linearized solution to obtain the result].

Ezercise 2. Let A1 (p) be the solution of \; as a function of the parameters p = (p, 9,7, a).
Show that
AL(p)+6 >0,

if and only if

- )

What does this imply for the dynamics of investment = close to the steady state if:

p/6+(1—a)

a) v is large enough so that v > (1 — «) [ } , what is the intuition for this?

p/d+(1—a)

«

p/d+(1—a)

«

b) if § is small enough so that v < (1 — «) [ } , what is the intuition for this?

c) if a is small enough so that v < (1 — «) [ ] , what is the intuition for this?

[Hint: how does the marginal productivity of capital vary with a close to the steady state?]

[Hint: Let F'(p) = 2 (A1 (p) +0), and use the explicit expression for A; derived above.



Show that

F(p)=25+,0—\/(25+p)2+ <4(p+5)j [(1_a) </’/5+<1_0‘)> _7]>

(07

a) vy is the inverse of the elasticity of substitution. Everything else equal, a higher v implies
that the agent is less willing to substitute intertemporally. She wants a flat consumption path,
as close to the steady state consumption as possible. This implies that she will invest little
(even starting with investment below its steady state value) and it will take longer to converge
to the steady state.

b) In the limit, we know that if 6 = 0 then investment is zero in the steady state. Thus,
along the transition path, investment is always coming from above its steady state value. For
¢ close enough to zero this is still true.

¢) The marginal productivity of capital is f/ (k) = aAk®~ L. Close to the steady state (i.e.

linearizing it around £*) it satisfies
P k) = 1 O5) 4 £ () (= ).
Thus

(o= 1) f' (k) /k

k—k*

frk) =~ f(E)+(a=1)f (k)
= [ (k) <1+(1—a)k*_k>

k*

= (p+9) <1+(1—a) kkk>

where the last line uses that in the steady state f’(k*) = p + . Thus, close to the steady
state, for k < k* we have 0f’ (k*) /0o < 0. This means that as « declines, the marginal
productivity of capital increases (close to k*) and hence, the benefits from investing increases.

Hence investment will come from above its steady state value.

Ezercise 3. Consider the following set of parameters. The first set is

a=03, A=1, v=2, p=0.075, § =0.075



and the second is
a=04, A=1, v=2, p=0.05 6§ =0.10

Compute A1 + & for these two set of parameters.

Now we examine the behavior of the ratio z/y, where y denotes GDP. This ratio is a
natural business cycles indicator, high in the expansions and low in the recessions. It has the
added advantage of being independent of common “trends” in z and y.

We focus in the following quantity:

ok aW @
“(’“)‘<m<k>/y<k>d K >

where x (k) , and y (k) are investment and GDP as function of capita (i.e. p (k) is the elasticity
of the investment to GDP ratio with respect to capital). We are interested in this quantity

evaluated at k = k* which we simply refer to as p. This can be written as

B B (k) /v (k1)
(k@) = <x<k<t>>/y<k<t>)d K )

- (m(t)l/y(t)d (t)d/ty(t)> / (kit) dlizz(st)>

L
o0 = T met

for the linear approximation to the solution of the model.

Then we study

Ezercise 4. Show that

A
W= Fl +1—-«
[Hint: Start by finding the linearized approximation of u (k(¢)). To that end, note that

v(t) = ﬁdﬁt) — ﬁdz—?). Then use the linear approximations

z(t)—z" = (M +9)(k(t)—k"),

gy = (O k() — ).

k(t)—k = (k(0)—k")exp (M),

dk (t) Jdt = (k(0) — k*)exp (Ait) Ay

to obtain the derivatives. Replace them into your expression for p (k(t)). Lastly, take the

limit as ¢ goes to infinity and use the equations relating z*, k* and y* to obtain .



FExercise 5. Show that

1
Iim p=(1—-¢a) |1l - —|.
p/tPO'u ( ) [ \/701]

Is the path of x (t) /y () increasing or decreasing through time if k£ (0) < k*, p/¢ is small, and

~va > 1?7 Does this setting of parameters made investment/GDP in the model procyclical?

Ezxercise 6. Show that

lim = —00.
p/6—00 :

Is the path of z(t)/y(t) increasing or decreasing through time if k(0) < k* and p/d is
very large? Is this consistent with the interpretation of the adjustment to steady state as an

expansion?
Ezercise 7. Consider the following set of parameters. The first set is
a=03, A=1, v=2, p=0.075, § =0.075

and the second is
a=04, A=1, v=2, p=0.05 § =0.10

For each setting of parameters compute A;/d + (1 — ) and comment if they are consistent

with the procyclicality of z/y.

Exercise 8. Suppose that the economy is in steady state with A = 1. Use the first set of
parameters (o = 0.3, v =2, p = 0.075, § = 0.075) for all the calculations.

i. What is the steady state investment to GDP ratio z*/y*?

Assume that A unexpectedly changes to A’ = (1 + &)™, or approximately (1 — a) £/100 %, for
small e. Assume that A" will stay at that level forever.

ii. What is the % change in the steady state capital? Denote this capital by £**. Does the
steady state value x/y depend on A?

iii. Use the definition of p above to compute the change in the investment/GDP ratio
x/y on impact. Your answer should be a function of u, (z*/y*) and e. [Hint. Let z (k) =
z (k) /y (k) , use a first order approximation for z around £** and evaluate it at k = k*].

iv. Using the reference numerical values for all parameters, compute the new value of

x/y just after the change in productivity if e = 0.1 (10%).



3 Investment Specific Technological Progress

Consider the following version of the neoclassical growth model

max /OO e Plu(c(t))dt
0

st. prz(t)+c(t) = Fk(t),e"],
E(t) = elx(t)—06k(t), allt>0,
given k(0) = ko >0,

where F' has constant returns to scale, and (inelastically supplied) labor is normalized at
unity. Labor-augmenting technical change occurs at the rate v > 0, and investment-specific
technical change at the rate 1. The constant pj corresponds to the initial (time ¢ = 0) price

of investment in terms of consumption.

Ezercise 1. Formulate the Hamiltonian using c¢ as the only control variable and write the

first order conditions for an optimum.
Ezercise 2. Reduce the system obtained in 1 to a pair of differential equations in (¢, k) .

Use the following functional form for the remaining of this question:

C].—O’

u(e) = T o >0,

F (k:,e”’t) = A ko‘e(l_a)vt, 0<a<l.

Balanced Growth Path. Suppose 7,7 > 0. Consider the growth rates of capital and
consumption in the long run. Conjecture that in the long run the ratio of consumption to
capital falls at the rate . That is, conjecture that along the balanced growth path c(t)/k(t) =

xz*e~ ", where z* is a constant that must be determined.

FEzercise 3. Calculate the long run growth rates for capital (gx), consumption (g.) and

output as function of the parameters o, o, 9,7 and 7.

Ezercise 4. How would you measure the contributions to long term growth of labor-
augmenting technical change and investment-specific technical change for the US economy?
[Sketch only, 10 lines maximum. Hint: A good answer should mention measuring TFP (total
factor productivity) being careful on the units on which GDP and factors are measured, and

the rate at which the investment deflator and the consumption deflator grow. Notice also that



labor-augmenting technical change is closely related to TFP when the production function is
Cobb-Douglas].

For the rest of the question consider the case where n =~ = 0.

Ezercise 5. Draw the phase diagram corresponding to the system in b. Have ¢ in the
vertical axis and k in the horizontal axis. Indicate the k = 0 and ¢ = 0 locus, the steady state
values k*, c*. Include arrows indicating the direction of movement in each relevant quadrant,
display the saddle path clearly, and indicate typical paths of trajectories that start close but
not on the saddle path.

Ezercise 6. Find an expression for the steady state capital stock k* as a function of pg,
a,p and 6. Find an expression for the value of capital relative to GDP, i.e. ppk*/y* where

y* is the steady state output.

Ezercise 7. Find an expression for the steady state consumption ¢* as a function of py,
a, p and 0. Find an expression for the value of consumption relative to GDP, i.e. ¢*/y* where

y* is the steady state output.

For the remaining of this question, consider the case of no depreciation, i.e.
6 =0.

Ezercise 8. What is the steady state value of investment z*7 What is the steady state

value of investment ppz*/y* relative to GDP.

Ezercise 9. Assume that k (0) is smaller than the its steady state value k*. Draw a figure
with time ¢ in the horizontal axis, and output y (), investment z (¢), and consumption c ()
in the vertical axis. Label the steady state values for output, investment and consumption,
y*, * and ¢* in the vertical axis. Make sure y (t) = ¢ (f) + prx (t) and that 2* is as in exercise
8.

Ezercise 10. Assume that k(0) = k* is the steady state value of capital for the price
pi. Assume that at time ¢ = 0, the price of capital decreases to pj with p) < p; and will

** and x™*. Draw a figure

remain there forever. Denote the new steady state values as y™*, ¢
with time ¢ in the horizontal axis, and output y (¢), investment z (¢) and consumption c(t) in
the vertical axis. Make sure y (t) = c(t) + pj.x (¢t) and that z* and z** are as in exercise 8.
Label the steady states values for output y* and y**, investment z* and x** and consumption

¢ and ¢* in the vertical axis. Show whether ¢* < ¢(0) or ¢* > ¢(0) and whether y* < y (0) or
y*=y(0) .



What do you learn about the “cyclicality” of consumption? That is, would the transition
caused by a permanent decrease in py, starting from a steady state capital look like an economic
boom? (recall that in a boom consumption and GDP both increase together). How do you

think your answer will change for a higher (positive) value of the depreciation §7

4 Habit Formation model

Assume that agents select ¢ (t) and [ (¢) for ¢ > 0 to maximize

/0 e (e (t) — s () — AL db,

subject to

for all t > 0, for given s (0).

In this problem c is consumption, [ labor, w the real wage, p the discount factor, s the
undepreciated stock of past consumption or the habit level, § the depreciation rate of con-
sumption in the habit level, and u (¢ — ds) — Al the period utility function.

As it is clear from the expression above the agent has no access to a savings account or
a storage technology. At each point in time the agent must decide how much to work (or
consume). The problem is not static because we assume that preferences depend on labor
[, and consumption ¢ relative to the depreciated stock of consumption s.

We can write this problem as

00 A
max e Pt [u c(t) —ns(t)) — —c(t)] dt,
[ (e(t) s (6) ~ 2t

subject to
5(t)=c(t)—0s(t),

for all ¢ > 0 given s (0). We will ignore the non-negativity conditions for [ (¢).
We will assume that 0 < < d, 6 > 0,p > 0 and w > 0. At some points we will also

assume that u has constant relative risk aversion 7, i.e.

|

u(x) = T

i

for v > 0.
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Ezercise 1. Write the Hamiltonian H (¢, s, \) . Which is the control and which is the state?

Ezercise 2. Write the first order conditions (these are two equations H. = 0 and A = ... ).

Your answer should be in terms of the parameters p, d, 7, w and the function w.

Ezercise 8. Use the previous equations, including the one for §, to solve for steady state

c as a function of the parameters of the model.

Ezercise 4. Show that the long run elasticity of consumption and labor supply is

Fin = e (3] -3

i.e. this is the percentage change in steady state consumption for a 1% change in wages.

Ezercise 5. To be able to draw the phase diagram for this model we want to eliminate
A from the system of three equations (one for A, one for § and H, = 0). This is analogous to
what we did in the neoclassical growth model. You must show that you can solve for A and

express the system of two differential equations in § and ¢ as

$ = c—9s,
/

¢ = Ll Ol || S o) (e ).

FEzercise 6. Define the function 6 (s) as giving the combinations of (¢, s) = (0 (s), s) such

that ¢ = 0, where ¢ is given in question 5. Show that, at the steady state level s*

e l(p+20) — 1]
=T

Ezercise 7. Show that, since n < §, then

0< 0 (s*) <.

From now on assume that the utility function v has CRRA ~.

Ezercise 8. Show that dé¢/de > 0, where ¢ is the equation found in exercise 5 evaluated
at steady state values ¢* and s*. [Hint. Using that u has CRRA it is easy to show that
d(¢/c) /de > 0. This, of course, implies that d¢/de > 0].

Ezercise 9. Draw the phase diagram. To simplify draw the phase diagram as if both the

5 = 0 and the ¢ = 0 loci were linear. Put s in the x-axis and c in the y-axis. Make sure to
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draw arrows with the directions in which s and ¢ will move in all relevant quadrants. Make
sure that you include some arrows that intersect the § = 0 and ¢ = 0 loci at points different
from the steady state, and that the slope of these arrows are consistent with the ¢ and
equations (either they cross vertically or horizontally). Make sure your graph is readable, the
points you’ll obtain depend on it! Plot the saddle path, make sure that it crosses the right
quadrants, and that it has the right slope (i.e. that it is stepper or flatter than the relevant

¢=0or $ =0 loci).

Ezercise 10. Assume that at time ¢ = 0, the habit levels s (0) is given by the steady state
value s*. Then, “unexpectedly”, agents learn at time ¢ = 0 that w will be higher, say w > w
for T periods, and then it will return to the steady state value w. That is, w(t) = w for
t =(0,7), and w(t) = w for ¢ > T. You have to analyze the path for optimal consumption
and habit for the case of this transitory increase in wages. In this page you must draw
a phase diagram with both saddle path corresponding to w and w, but the flow (arrows)
should correspond to w. Remember that s cannot “jump” at time ¢ = 0 but consumption can.
Remember also that at time ¢ = 7" the system must land continually (with respect to time) in
the saddle path corresponding to w. In this phase diagram you must draw the trajectory in
the c-s space that the agent will chose. Make sure that this trajectory is clearly labeled, that
includes arrows showing the direction of movement, that it starts at the right height (i.e. the
qualitatively correct level of ¢) and that if it crosses any of the ¢ =0 or $ = 0 it does so with
the right slope. In the next page you must also draw two figures with time ¢ in the horizontal
axis and with the optimal path of ¢ (one figure) and s in the vertical axis. Start these figures
at some time ¢ < 0 and clearly label the time periods ¢t = 0, ¢t = T and include horizontal
lines for the steady state values for consumption c*and ¢* and habit s*, §* that correspond to
the values of w and w, respectively. You should obtain the qualitative features of these time
trajectories from your previous figure. Make sure your graphs are readable, the points you’ll

obtain depend on it!
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