Theory of Income, Fall 2008
Fernando Alvarez, U of C

Problem Set 4

1 Neoclassical Growth Model: Exogenous Growth

Let the exogenous time augmenting productivity growth gross rate be A > 1. Feasibility is
given by
¢ + kt+1 =F (kt, /\tnt) — (1 — (5) ke,

where F' is a neoclassical constant returns to scale production function, k; is capital, ¢; is
consumption, n; is labor, and § is the depreciation rate of capital. The endowment of time

per period is normalized to 1, so that leisure is I; = 1 — n;. Preferences are given by
(0. 0]
Zﬂtv (ct,1 —my).
t=0

The consumer has a budget constraint given by

o0 oo
Zpt [cr + @) = Zpt [weng + kyvy]
t=0 t=0

and the law of motion of capital is
kt+1 =2+ (1 - (5) ]{Jt,

where p; is the Arrow-Debreu price of consumption goods at time ¢ in terms of time zero
consumption good, and w; and v; are the real wage and rental rate of capital in terms of
consumption goods at period t.

The firm’s problem is

Iglax F (kt, )\tnt) — wynyg — viky.
t,Tt

Ezercise 1. Let ry; be the time t interest rate, i.e. p¢/pry1 = 1+ 1. Use the budget

constraint of the household, and the law of motion of capital to show that, as long as x; > 0,
V41 = Tt + d.

[Hint: Consider an investment of 1 at ¢, renting it on ¢ + 1 and consuming the undepreciated

capital at t 4 1].



Ans: In fact, there is no need to use the budget constraint of the household to obtain this
result. Consider instead the following arbitrage argument: the household borrows one unit
of good at period t and invests it to construct capital and rent it to the firm the following
period. The next period the household has to repay (1 + r;) and receives (1 — ¢) +v41. That
is, since a fraction § of the capital depreciates, the household receives (1 — ) units of capital
plus the rental rate v;11. Since net cash-flows at ¢ are zero, they have to be zero at t + 1 as
well. Thus,

1—04+v1—(14+m)=0

or

Vg1 =T+ 0,

as desired.

Exercise 2. Write down the first order condition w.r.t. ¢;, n; and k1. Use p for the
multiplier on the budget constraint [Hint: Replace z; in the household budget constraint
using the law of motion of capital]. Combine the FOC for ¢; for two consecutive periods to
obtain a relationship between the marginal rate of substitution between ¢; and ¢;y1 and ry.
Combine the FOC with respect to ¢; and n; to obtain a relationship between the marginal

rate of substitution between n; and ¢; and w;.

Ans: Replacing z; into the household budget constraint, we note that the latter becomes

Zpt [wing — ¢t + (vg + 1= 8) ky — kyga] = 0.
=0

Thus, the Lagrangian of the household’s problem is given by

max Z,@tU (ct, 1 —ng) +p Zpt [weng — et + (Ve + 1 —8) ky — kg1
(LR S t=0

The FOCs w.r.t. ¢;, n; and k;11 are, respectively

U (ct, 1 —mny) = upg, t=0,1,2,.. (1)
ﬁtUl—n (Cta 1- nt) = UPptWt, t= 07 17 2> . (2)

and
—pt + Di+1 (Ut+1+1*5) =0, t=0,1,2,.. (3)

Pt
Pt+1

So, we see that the last equation implies the no-arbitrage condition (1 + ;) =
1-6.

= Ut4+1 +



Now divide (1) at period ¢ 4+ 1 with the same equation at period ¢ to get

B, (a1, 1 — mys1) _ D1

B'Ue (c1,1 =) P
Canceling terms and using (14 ;) = pﬁl we get
/BUC (ct+17 1- nt—l—l) _ 1 (4)
Uc(ct,l—nt) 1—|—7‘t7

that is, the marginal rate of substitution between consumption at ¢t + 1 and ¢ must equal its
relative price. This is the standard Euler equation.
Dividing (1) with (2) we obtain
Uc(ct,l—nt) . 1

()

Ur—n (Ct7 - nt) B Uht7

that is, the marginal rate of substitution between consumption and leisure must equal the
relative price of consumption versus leisure.

Finally, the firm’s problem is

II;(laXF (k:t, )\tnt) — wny — Uik,
1,1t

which gives the following optimality conditions:
F (i, A'ny) = vy, (6)
and

Fn (kﬁt, )\tnt) )\t = Wt. (7)

Ezercise 3. Use the expression for the rental rate of capital v; for ¢ > 1 and the law of
motion of capital for ¢ > 0 (solving for z;) to show that the household’s budget constraint

can be written as

o0 o
ZPtCt = poko (vo +1—19) + Zptwtnt-
t=0 t=0

Ans: Start with the budget constraint

Zpt [t + kiyr — (1 —0) ke] = Zpt [wing + viky] .
t=0 t=0



Consider the terms involving only capital:

Zpt [ktr1 — (L =d+v) k] = ZptktJrl _Zpt(1_5+vt)kt
=0 =0 =0
= > pkipa— Y pi(1 =0 +wvi) ki —po (1= +wo) ko
=0 =1
= Zptkt—l—l _Zpt+1(1 — 0+ vit1) k1 — po (1 — 6 + vo) ko
=0 =0

= Dt — P41 (1 — 0 + veg1)] ker1 — po (1 — 0 + o) ko.
=0

Thus, the budget constraint becomes
o0 oo oo
Zptct = Zptwtnt + Z [Pe+1 (1 =0 +vir1) — pe] k1 + po (1 — 6 + vo) ko.
t=0 t=0 t=0
Using the equilibrium condition pyy1 (1 — § + v441) = py, this equation reduces to
o0 o0
Zptct =po (1 =6+ wvo)ko+ Zptwtnh
t=0 t=0
as was to be shown.

Definition: A balanced growth path is given by an initial capital kg and A such that it is

optimal to set

g = ¢ )\t,
ke = koAl
ny = no,
_ )\t
wy = wo,
T = To,

for all t > 0.

Ezercise 4. Write down the FOC for the household imposing a balanced growth path. Use
the FOC for the household and firm’s problem as well as feasibility to write down the system

of equations in cg, ng, ko, wo, 7o that a balanced growth path must satisfy.

Ans: Evaluating the firm’s FOCs at the balanced growth path we get
Fk (ko)\t,ng)\t) =70+ 5,
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and
Fn (ko)\t,no)\t) )\t = wo)\t.

Since F'(k,n) is homogeneous of degree one, all its partial derivatives are homogeneous of

degree zero. Thus, we can rewrite the above equations as
Fy, (ko,mo) =10 + 6, (8)

and

Fn (k(), no) = wop. (9)
The household’s FOCs evaluated at the balanced growth path are
Uc (Co)\t, 1-— 77,0) = /3 (1 + T‘g) Uc (Co>\t+1, 1-— no) y (10)
and

Ul—n (Co)\t, 1-— no)
UC (Co)\t, 1— no)

= wo'. (11)
Finally, feasibility in the balanced growth path is given by
coN' + koA = F (ko X', A'mg) + (1 — ) koAl
or, using that F (ko)\t, )\tno) = M\F (ko,no),
co + koA = F (ko,n0) + (1 — 0) ko. (12)

Note that we have 5 equations, (8), (9), (10), (11) and (12), in 4 unknowns: (co, no, wo, 7o)
(recall that kg is given). Does that mean that the model is overidentified? No, in fact the
equations that come from the firm’s problem determine only one equilibrium quantity: the
capital to labor ratio. To see this, dividing (8) and (9) and using the homogeneity of degree

zero of the partial derivatives we obtain

Fy, (ko/no,1) 10+ 6
Fn (k?[)/n(),l) wo ’

(13)

so we can only obtain the capital to labor ratio. The intuition for this is that since technology
displays constant returns to scale, the scale of the firm remains undetermined in equilibrium.
In other words, the absolute demand for capital and labor is not determined by looking at
the firm’s problem.

Therefore, the quantities (cg, ng, wo, 7o) are pinned down by the system of equations given
by (10), (11), (12) and (13).



Ezercise 5. Show that if preferences are of the form
=

L=y

v(c,1 —n)= h(l—n), (14)

for vy # 1, or
v(e,1—n)=logc+h(l—n),

then there is a balanced growth path.

Ans: We must show that the above system of equations has a solution. Let’s focus on
the case v # 1. From the household’s conditions (10) and (11) we obtain

(coN) v (1 =mng) = B(L+10) (coA )0 (1 —ny),

and )
(1= " (coX) 70 (1= mp) \
— = WoA .
(coX)) T v (1 = no)
The first equation gives
1=6{1+r) A7, (15)

so we solved for the equilibrium interest rate 7o = A7/ — 1. The second equation implies

co v (1—ngp)

1—~v(1—mng) -

which can be used to solve for consumption as a function of labor and the wage rate:

v (1 —ngp)
= =(1- SASIaLS
co = f(no,wo) = (1 —7)wo 1= no)
Using equations (15) and (13) we can solve for the capital to labor ratio as a function of
wg and parameters:
F (ko/no,1) ~ NV/B+6—1
Fy (ko/m0,1) wo ’

or
ko/no = g (wo),
where g (wp) solves
Fi(g(wo),1) _ N/B+5—1
Fu (g (wo), 1) wo

Using feasibility and the definition of ¢g and kg/ng we notice that

co+ ko (A= (1 =9)) = F (ko, no),



or

f (no,wo) + :(())no A=(1-=9)) =noF (ko, 1) ,

f (o, wo) + g (wo) no (A — (1 = 98)) =noF (g (wo),1).

Consider solving this equation for ng as a function of wy:
ng = h (wo) .

Finally, since ko is given, we can use the equation ko/ng = g (wg) or ko = h (wg) g (wo) to
solve for wy as a function of kg (one equation in one unknown). Once we know wp we can
solve for the rest of the equilibrium variables.

The case of log utility can be done in exactly the same way and is left as an exercise.

FEzercise 6. Assume that v (¢, () is strictly concave and increasing in (¢, !) and have the form
described in (14). Consider first the case where y € (0,1). What are the properties of h (1)?
i.e. is it positive or negative, increasing or decreasing, concave or convex? Next, consider the
case where v = 1. What are the properties of h ()7 i.e. is it increasing or decreasing, concave
or convex? Finally, consider the case where v > 1. What are the properties of h (I)? i.e. is

it positive or negative, increasing or decreasing, concave or convex?

Ans: Consider the following first and second order derivatives (here I = 1 — n is leisure).
For v # 1,

— () >0
=0
= >
—

vy (e, l) = 1—'yh”(l)<0’
and for v =1,
ve(e,l) = 1/¢>0,
v (e, l) = R () >0,
vee (1) = —1/¢?,
v (e, l) = H'(1).

i) If v € (0,1), from v, > 0 we have h (I) > 0, from v; > 0 we require b’ () > 0 and from

vy < 0 we obtain A" (1) < 0 (h (1) is positive, increasing and concave).



it) If v = 1, h (1) can be positive or negative. From v; > 0 we obtain A’ (I) > 0 and from
vy < 0 we require h” (1) < 0 (h(l) is increasing and concave).

ii1) If v > 1 we have (1 —~) < 0. From v, > 0 we require A (I) > 0, from v; > 0 we obtain
h' (1) < 0 and from vy < 0 we require h” (1) > 0 (h (1) is positive, decreasing and convex).

FEzercise 7. Let v(c,1 —n) be
U(Cvl_n) :g(c—n"/a),

for 0 > 1 and g strictly increasing and concave. What is the income elasticity of the labor
supply for this utility function? Show that this preferences are inconsistent with a balanced

growth path. [Hint: In a BGP we must have

v (co)\t, 1-— no)

= wo\!
Ve (co)\t, 1-— no) o

but
v (co)\t, 1— ng) 7 g (co)\t — ng/o)

Ve (co)\t, 1— ng) q (co)\t - ng/a)

so compare the LHS and RHS of the last equality].

nd ' =ngt = wel,

Ans: Following the hint, if there exists a BGP, it must satisfy

ng_l = wo'.
But this equation implies that labor is not constant over time, so these preferences are incon-
sistent with a BGP. In general, the condition equating the marginal rate of substitution with

the wage rate is
g (c—nf/o) 51 _
T = Wi,
g' (¢t —nf /o)

so that the elasticity of labor supply with respect to the wage rate is 1/ (¢ — 1). For a balanced

growth path to exist, this elasticity must be zero.

Ezercise 8. Show that if the economy admits a balanced growth path for an open set of
parameters 3, A and J, preferences must be of the form in (14). [Hint: Write down an Euler
equation-like expression relating the marginal rate of substitution of consumption between
t and £+ 1 with r. Impose the balanced growth condition on this, noticing that this expression
must be satisfied for all ¢. Differentiate this expression with respect to ¢ to obtain a differen-
tial equation, whose solution implies that v is of the form B (1 —n) 4 ¢!=70=™h (1 —n) or
B (1—n)+logc+ h (1 —n) where v is a function of (1 — n). Use this, and the condition that



marginal rates of substitution equal relative prices on a balanced growth path to establish the

required result].

Ans: First, we know that in any balanced growth path the following equation must hold
for all ¢
Ue (coX, 1 —1ng) = B (1 + 19) Ue (coX™™,1 = ng) . (16)

We want to differentiate the last expression with respect to t. To do that, recall that

)\t _ elog N _ et log A
so that d\'/dt = \'log \. Taking the derivative w.r.t. ¢ we obtain
U, (co)\t, 1-— no) coNlog A\ = B (14 1g) Uee (co)\t+1, 1-— no) coA L log .

Dividing the last expression by equation (16) we find

U (co)\H'1 1-— no)
A= ’ AT
“ Uc (Co)\t+1, 1- no) “

Moreover, noting that ¢; = cgA?, this expression implies that any BGP must satisfy

Uee (1,1 —ng) o Uee (ct41,1 —np)
Ct = Ct+1,
Ue (¢, 1 —ng) )

Ue (ct41,1 —no
for all ¢;. Equivalently,

Ue (¢, 1 —n)

U (e, 1—n) ¢ = constant (independent of c).

Note that it could be the case that the constant may depend on n. So, let us rewrite the last

condition, without loss of generality, as

Uee (¢,1 —n)

Uc(c,l—n)cz_’Y(l_n)

where v (1 — n) means that the constant is function of (1 — n). To avoid cumbersome notation,

keep n implicit and rewrite the last equation as

where u(c) = U (¢,1 —n). That’s a second order differential equation, so we will find its

solution. Rewrite it as

u” (c)c = —yu' (c)



Now we will integrate both sides of the equation with respect to c. For the left side expression,

use integration by parts, i.e.,

W (¢)ede = ' (¢)c — | o' (c) de.
/ /

Then
u' (c)c— /u' (¢)dc = —’y/u' (¢)de,
N u'(c)c:(l—’y)/u'(c)dc

W () e— (1—7)u(e) = 4,
where A is a constant of integration. Multiply both sides of the equation by ¢~2~7) to obtain
W () — (1= u(e) e = A4,

Now note that

d(u(c) c_(1_7))
dc

= () — (1 =) u(ec) e,

Thus, we have
d (u(c) c_(l_V))
dc

Finally, integrate the last equation with respect to ¢ to obtain

= Ac (),

(I—=v) 1-n

where v/ (1 — =) is another constant of integration. Now solving for u (c) we get

( ) B 0(177)
u(c) = v,
(1=1)
or, making n explicit,
Uled=m) = BL-n)+ -5 (1)
c,1l—n)= —-n)+ —F—v(l—n
1=y =n))

This is the solution of the differential equation given by the intertemporal condition, where

we make explicit the fact that in general the constants will depend on n. Now we must also

10



make sure that the intratemporal condition is satisfied. Recall the intratemporal condition:

Ul—n (Co)\t, 1-— no)

= woAl.
U, (co)\t, 1-— no) o

Using the U obtained above and letting 0 (1 — n) = % the last equation reads

B (1) + (o)) ) [if (1~ mg) 7/ (1= mg) & (1 — o) log(coA')]
(1= (1= 1)) B (1 = o) (coX’) """

= wo)\t.

Now, notice that the above equation must hold for all t. It follows that it is necessary and
sufficient that
B' (1 —mnp) =+ (1-mng) =0,

otherwise the equation will depend on ¢, concluding that the only preferences consistent with

a BGP are
=

U(c,lfn):aJrl_7

v(l—n),

where a and « are constants and v # 1.

The case of log utility can be done in exactly the same way and is left as an exercise.

2 Deriving the Euler Equation in Continuous Time

In this question we obtain the continuous time Euler Equation by taking limits of the discrete
time Euler equation. The point of this is to realize that although the expression for the
continuous time counterpart is less intuitive that the one for the discrete time -which has the
natural interpretation of equating marginal cost to marginal benefit- they are really the same.

The idea is to consider a sequence of discrete time dynamic programing problems. In
each problem the length of time between periods where the state is decided is denoted by A.

Decisions are taken at times 0, A, 2A, 3A,.... The sequence of states to be chosen is

{za@in tioy = {22,220, 3, ..},
where xg is given. Setting A = 1 we obtain the standard problem analyzed in the class notes.
We adjust the discount factor for each problem accordingly letting

1

ﬂ:ma

so that p has the interpretation of a discount rate.

For each A we write the period return function during the interval of time of length A as

11



F, and the corresponding return function per unit of time as F'. They satisfy:

A 1
F(xt,$t+A) =AF <33t, Z (33t+A - wt)) )

where t = A for some integer i. It helps to write these return functions as

Flog)=af(a50-0).

or

F(z,2A4+2)=A F(z,),

where we define & as the change per unit of time on the state:

or using time subscripts:

for t = 1A and any integer i.
Likewise we can define the feasible correspondence I' for the change per unit of time & in

terms of the feasible correspondence for levels I' as

I'z)={¢t:yel(z), y=2A+2x}.

Thus for each A we consider the problem

(e.0) t
1
max E F(24n, ,
{zernaty =0 <1 +Ap) ( tA (t+1)A)

subject to

rapna €T (wa)

for all t > 0, where x( given.
Equivalently, we can write this problem as a choice of the sequence of discrete time changes
{ZiatZo -
0o 1 t R
max A F (za, Tn),
{8} ; (1 + Ap)

subject to

TiA € f (th) )

TiarA = Tia + Tia A,

12



for all ¢ > 0, and for given xg.

We emphasize that the optimal sequence {m(tﬂ) A}:io that solves the problem with inter-
val of length A is a function of A.

For future reference, we also introduce the notation for the changes per unit of time on
the change per unit of time of the state, denoting it by z;:

1

T = A (Tt4a — 1),

for all t = 4A and an integer i.

FEzercise 1. Derive a formula for F,, and F; in terms of OF /dx and OF /di. In particular

use the relationship between F and F to show that

By (.8 +0) = SLF (2.8),

F(x,2) — —F (x,%).

Fy(z,2A+x) = A% 9%

Ans: Differentiating

F(z,2A+2x)=A F (z,1),

w.r.t. £ and £ we obtain:

Fp(z,2A + )+ Fy(z,2A + ) = A%F(:ﬁ,n&),

and 5
Fy(z,2A+x) = %F (x, %) .

Inserting this in the previous expression we have

. 0 ~, . 9 A, .
F, (z,2A +z) = Aa—xF(x,a:) — %F(m,x)

Ezercise 2. Write the Euler Equations for the problem where we chose the sequence of
levels of the state: {a:(tﬂ) A}toi()' Your Euler equation should involve Fy, F,, A, p and be

evaluated at x4, xy1a and x;yoa. [Hint: This is the standard problem].

Ans: The Euler equation is

1

Fy(x, xi40) + <1+Ap

> Fy (xt4n, Tiy2a) = 0.

13



Ezercise 3. Rewrite the Euler equation obtained in 2 replacing the x4 A in Fy in terms

of A | z; and %, and replacing the z; oA in F in terms of A | ;1A and Zy4A.

Ans: Using the definition of &; we can write the EE as

Fy (w4, 24 A + 24) + ( > Fp (zipn, ToyAD 4+ 2400) = 0.

1+ Ap

Ezercise 4. Use the relationship between the derivatives of F' and F found in 1 into your

expression for the Euler equation found in exercise 3.

Ans: Using the relationship between the derivatives of F' and F' we can write this EE as

9. 1 o . . 9 . ,
%F(xt,xt) + (H—Ap> [AamF(l‘HAJHA) - %F(ﬂﬂHA,?EHA) =0.

Ezercise 5. Show that by rearranging the terms in the expression found in 4, the Euler
equation can be written as:
1[0 -

. 0 - .
A [&-UF(DUHA,JJHA) - %F(!L’tth)}

0

A .
— p%F (w4, ) + %F@HA@HA)‘

Ans: Multiplying both sides of the answer in 4 by (1 4+ Ap) yields

. 0 - . 0 - ]
(w1, 1) + {A&:F@HAJHA) - %F(xt+A7$t+A) =0,

or rearranging,

110 - 0 - 0 - 0 -
— | = F i - —F )| = p=rF } —F i .
NG (Tt+a, Te4a) 95 (ﬂftyﬂ?t)} Paz (T4, Tt) + oz (Tt+na, Tt4a)
Assumptions. The next steps consists on taking the limit of the above expression as
A — 0. For this we will assume that as we take the limit as A — 0, the solutions are such
that the resulting path x (¢) is twice differentiable with respect to time, so that the following

limits are well defined and given by the corresponding expressions:

im ;oA = 2
A0 + )
. T A — Tt .
lim =42t = Ty,
A—0 A
lim & A = .%"t
A0 t+ )
. B — By -
lim ——— z,

A—0 A

14



for all ¢.

Ezercise 6. Use the Assumptions to show that the limit of the RHS of the expression in
o is

. . . . 0 .
glglo P%F (m¢, T4) + %F (Tepa, Tira)| = P%F (m4, &) + aF (w4, Ty) .

Ans: Use the assumption that x () is twice differentiable and hence the expressions for

the limits written above.

Ezercise 7. Taking the limit of the LHS of the expression in 5 is more subtle. Use the
expressions for the limits as A — 0 in the Assumptions to show that the limit as A — 0 of

the LHS of the EE derived in 5
. 1[0 -~ . 0 - .
ill_{log [(%F(IHAJEHA) - &.EF(xt,$t)] ;
requires the use of L’Hopital’s rule for its evaluation.

Ans: The LHS is

limao | F (@erardrra) = & (o i)

1[0 - . . ‘
kglo A [%F (wera,drra) = %F (@ xt)} B lima.o A
_ S (wy,dy) — B F (w4,81) _ 0
0 0"
Thus we use L’Hopital’s rule and compute
. , J - . . 0[O - . 9 . .
AIEIOZ [%F(xt+A’$t+A) B (%F(wt’xt)} - glinoﬁiA [&bF(fEHA,!EHA) - %F(xt,xt)
. 0 0 - ]
= A A gt (e dia)

Ezercise 8. We now apply L’Hopital’s rule to evaluate the limit as A — 0 of the LHS of
the EE derived in 5. To do so use the definitions

Tgen = T+ @A,

Tien = Tp+ TA,

so that 5 5
(2 n, dpin) = oo F (ﬂft + A, @y + i‘tA) ,
0% 0%

in computing the derivative
0

0 - .
oA %F (Tt+a, Teea) -

15



Show that

110 - 0 - , 0? . 0?

lim — |2 F A — L -2 ;
AR |aat s Bira) = g B (@n @) | = 5 52 Bz, &) &t 5o00

F (ZEt, ZL‘t) l’t

[Hint: Use the assumptions to take the limit].

Ans: Applying I’Hopital’s rule, and replacing z;4A and ;1A by the expressions above

we can compute the derivative

o 0 7 0 0
A 9 F(xiin, Ttea) = A 8xF <96t + @A, Ty + ﬂftA)
0% - 0?
= aiL‘axF (ﬁt + A, Iy + $tA) Ty + oF 8$F ($t + A, Iy + SITtA) T,

and taking the limit

82 . ) ) 32
Fwe, &) &+ 001

. g 0 - .
ilino ﬂ%F (Tirn, Tegpa) = 920

(l“t, CCt) t

Summarizing,

0% . 0?

1[0 . ~ . .
AILHOZ aﬁF($t+A,ZL‘t+A) — %F(ﬂ?t,ﬂ?t) = MF (ﬂl‘t, .I‘t) Tt + 8,’13833 (It, $t) t

Ezercise 9. Use your answers to question 5, 6 and 8 to obtain the continuous time Euler

equation:

82 R ) ) 82
gian T @ dt) Bt 5o

0 - .
F(.%'t,.%'t> .

F (x4, &) + e

. : 0
F(l‘t,l‘t) Tt = p%

Ans: Tt follows from taking the limits in 5 as A — 0, which is done in 6 and 8.

3 Continuous time agent’s problem

Ezercise 1. Let the discrete time budget constraint for a problem with length of time period
A be
A+ A +ACt +AT,§ = Awt (1 — ?t) + (1 +A7”‘t (1 —ﬂ))at,

where a; are assets, w; wages, 7 lump sum taxes, T4 income tax rate, and r; the interest rate.

Show that as A goes to zero this gives the following asset accumulation equation:

at)+ct)+7t)=0—-701)[w®)+r(t)a(t)].
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[Hint: Rearrange the discrete time expression, divide by A, and take limits].
Ans: Subtracting a; from both sides of the budget constraint and dividing by A we obtain

AN — Ot
A

Let A — 0 and use lima 0 (ai4a — a¢) /A = a(t) to obtain

tet+mi=w (1 —7T¢) +1 (1 —T4) ag.

at)+ct)+7@t)=0Q—=70)[w®)+7r®)a(t)].

Exercise 2. Show that the following present value budget constraint
/ [e(8) +7(s) —w (s) (1= 7 (s))] e~ i TN Egs = a (1),
t

is a solution of the previous asset accumulation equation. [Hint: Differentiate this expression

with respect to time].

Ans: We will differentiate the above expression with respect to t. To that end, recall

Leibniz’s rule: Let I (s) = f;((j)) f (z,s)dx, then,

b(s) z,s
zwngwﬁw%@—fmww“ﬁ+/¥>mg;)ﬂ'

Using that formula, compute the derivative with respect to ¢t of the above expression:

at) = —le@®)+70) —w(t)(1-7(t))e i ra-7u)d

+ Utm [c(s)+7(s)—w(s)(1—7(s))]e ff’"@)(l—*(“))d“ds] xr(t) (1= 7 ()

=a(t)

or, rearranging,
a(t)+ct)+7t)=0—=7@)[w(t)+r(t)a(t)].

Aside: Let us follow the backward procedure by solving the differential equation directly.
To this end, let R (s) be defined as

R(s) = ¢ i r(1-7(w)du,

Then, integrating the budget constraint from period ¢ to some period T' gives

17



T T
/t[C(S)+T(8)—(1—?(8))10(8)]3(5)618:[ [r(s) (1 =7 (s))a(s) —a(s)] R(s)ds.

Now, note that

d(a(s)R(s))
ds

where we have used the fact that

(= [7r(u) (1 —7(u)du) _ B
! () (1= 7(9)).

Thus, the RHS of equation (17) can be written as

To R
—/t st: —a(s)R(s)T = —a(T)R(T) +a(t),
where we have used the fact that
R(t)=e" JEr(u)(1—7(u))du _ 1.

Using these results, and taking the limit as T goes to oo we find that expression (17) can

be written as

T
Tlgn c(s)+7(s)—(1=7(s)w(s)|R(s)ds = —Tlim a(TYR(T)+al(t)
o t —00
/t [e () +7(s) = (L =7 () w (s)] e o rM=T0luds = a(y), (18)

as long as the following no-Ponzi-game condition holds:

lim a(T)e i r@0=7@)du _ o

T—o0o

Ezercise 8. Formulate the problem of an agent with utility

/ T e (e (1)) d,
0

of choosing consumption subject to the present value budget constraint (at time ¢ = 0) obtained

in the previous exercise. Write the Lagrangian using A for the multiplier of the present value

18



budget constraint. Show that the FOC with respect to ¢ (¢) is:
e Pt (c(t)) = Ae™ IS r(s)(1=7(s))ds_

Show that this equation implies

W _1a—r@)r)—g / [_c(t) U"(C(t)q ‘

U'(c(t))

[Hint: Differentiate both sides of the FOC with respect to time].

Ans: The Lagrangian is

/0 T ey (c(t))dt+ A [a (0) — /0 b [e(t) +7(t) —w(t) (1 — 7 (t))] e JorA=T(Dds gy |
The FOC w.r.t. ¢(t) is then
e "'V (c(t)) = Ne™ Jo r()(1=7(s))ds
Differentiating the first order condition w.r.t. ¢ we obtain
—pe U (e (1)) + e U (c () é(t) = Ae™ o TOIATEE [y (1) (1 — 7 (1))].
Using the FOC again to eliminate A we find
—pe PU" (c(t)) + e U (c(t) e (t) = e U (e () [=r (t) (1 — 7 ()],

or

oy RO ION]

or

as was to be shown.

Ezercise 4. Consider the budget constraint of the government with purchases ¢;, lump
sum taxes 7; and income taxes at rate 7 (t), and government assets (i.e. minus government
debt) b, :

birn + Agr = T (Awy + Aray) + A1y + b (14 Ary) .

Show that, as A goes to zero it implies:
b(t)+g(t) =7 () (w(t)+7 () a(®)+7) +bE)r(H),
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and that it corresponds to the following present value budget constraint:

b(t) + /t N [7(s)+7(s) (w(s) +7(s)a(s)) —g(s)]e J rWdugs = .

Ans: Repeat the same steps of exercises 1 and 2.

Ezxercise 5. Walras’ law. Show that if i) a,c,7,7,w,r satisfy the asset accumulation
equation for the households, ii) b,g,7,7,w,a,r satisfy the asset accumulation equation for

the government, iii) there is equilibrium in the asset market, i.e.
a(t)+b(t) =k(t),

for all ¢ > 0, and iv) firms maximize profits, so that:

for all £ > 0. Then the allocation is feasible, i.e.

k(t)+c)+g@)=f(k(@®),
holds for all ¢t > 0.

Ans: Adding the asset-accumulation equations for the household and the government we

obtain the asset-accumulation equation for the economy as a whole:

a)+b@)+c®)+g@®)+71t) = M=7O]w@®) +r@)a@®)]+7®) |[wE)+r ) at)]
+7(t)+b(t)r(t)
a)+b)+c@)+gt) = wt)+rt)|at)+b(t)].

If there is equilibrium in the asset markets, i.e.,

a(t)+b()=k(t) V>0,

and firms maximize profits, so that



then it follows that

that is, the equilibrium allocation must be feasible.

Ezercise 6. Ricardian Equivalence. Let a,b,7,g,7,w, k be an equilibrium with lump sum
taxes, so 7 (t) = 0 all t. Consider the following fiscal policies with lump sum taxes 7" and debt
b’ satisfying:

0 t o0 t
/ 7 () e o) gy — / 7 (t) e Jordsgy
0 0

and b’ (0) = b(0) . Show that o', b, 7", g, 7, w, k is also an equilibrium with lump sum taxes for
some path of assets a’ such that a’ (0) = a (0). [Hint: You must show that agents still maximize
with the same choices ¢ given 7/, 7, w, for some path of assets a’ with a’ (0) = a (0) given, that

firms maximize their profits, and that the government budget constraint also holds].

Ans: First let’s define a competitive equilibrium with lump sum taxes: It is a set of
allocations (a (t),c(t),g(t),b(t),7(t),r (t),w(t),k(t)) for all ¢ such that:

1. Given {7 (t),r (t),w(t)} and a (0), {a(t),c(t)} solve the consumer’s problem,

2. Given {g (¢t)} and b(0), {b(¢t), 7 (t)} are such that the government budget constraint
is satisfied,

3. Firm’s optimize given {r (t),w (¢)},

4. The asset market clears: k(t) = a (t) +b(t), Vt > 0, and

5. The goods market clears: k (t) + ¢ (t) 4+ g (t) = w (t) + 7 (t) k (t), ¥t > 0.

As we showed in the previous question, if the first four conditions are satisfied, the fifth
is automatically satisfied.

Now suppose that government chooses another fiscal policy (7/,b") such that

oo )

/ 7 () e Jo s gy — / 7 (1) e ho s gy (20)
0 0

and b’ (0) = b(0).

We must show that (a’ (t),c(t),g ),V (t),7 (t),r (t),w(t),k(t)) for all ¢ is also an
equilibrium with lump-sum taxes. To do this let’s see that the above conditions 1 to 4 are
still satisfied for those allocations and prices where a’ will be defined below.

1. Given {7/ (t),r (t),w (t)} and a (0), {c(¢)} still solves the consumer’s problem for
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some a’ (to be found below). The consumer’s problem is:

max/ e U (c (b)) dt,
c(t) Jo

s.t.:a (O) = /OO [C (t) —w (t)] e fot T(s)dsdt + /OO - (t) e fot T(S)dsdt.
0

0

Using (20), the budget constraint is equivalent to

o0 t 0 t
a(0) = / [c(t) —w(t)] e Jordsqy 4 / 7 (t) e Jo s gy,
0 0

Thus, if the new tax policy satisfies (20), the budget set of the consumer is exactly the same
under the two fiscal regimes. Therefore, the optimal consumption choice will be the same
(otherwise {c(¢)} wouldn’t be an optimal choice for the initial fiscal policy). Notice, though,
that the asset allocation need not be the same.

2. Given {g ()} (the same in both regimes) and using ¥’ (0) = b(0), by construction
{V/ (t),7' (t)} satisfies the government budget constraint.

3. If {r(t),w ()} do not change, the firm’s problem is exactly the same as before and
the same policies are chosen.

4. Market clearing: Given the same {k (¢)}, this condition reads
a' (t)+ 0" (t) = k(t)

that is, the level of assets held by the consumers adjust to the change in the government’s
assets in such a way that the total stock of capital remains unmodified.

In other words, we have shown that for the new fiscal policy (7/,b'), the allocation and
prices (a’ (t),c(t),g(t),b' (t),7 (t),r (t),w(t),k(t)) for all ¢ constitutes a competitive equi-
librium, where a’ (t) = k (t) — V' (¢).
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