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Problem set 2

Aggregation

Exercise 1: Homothetic but not identical preferences
Consider a set of agents i = 1, 2, ..., I with preferences indexed by a vector

β:

ui (x) ≡ f (x; β) =
m∑
l=1

βl log (xl)

where
m∑
l=1

βl = 1, βl ≥ 0 all l.

We assume that different agents have different βi vectors.
Given a vector of λ weights, the Social Planner’s problem is:

max
{xi

l}

I∑
i=1

λif
(
xi; βi

)
subject to

I∑
i=1

xil = ēl for l = 1, 2, ..,m.

1.1) Question. Write down the foc for xil

1.2) Question. Use the foc for xil for different agents i, and feasibility for
the lth commodity to obtain an expression for γl in terms of ēl, {λi}Ii=1 and

{βil}
I

i=1

1.3) Question. Write down an expression for the relative shadow values
for two commodities, γl/γk, depending on (ēk/ēl) and the vectors {λi}Ii=1 ,

{βil}
I

i=1 and {βik}
I

i=1 .

1.4) Question Write down γl/γk for λi = 1 and λj = 0 for all j 6= i.
What do you conclude about the dependence of the relative shadow values
on the vector of λ′s?
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1.5) Question. In the competitive equilibrium version of this model, do
relative prices depend on the distribution of wealth? [Hint: use your answer
to the previous question.]

Exercise 2. Aggregation without identical and homothetic pref-
erences (first example)

Consider the case where preferences are indexed by two vectors βi =
(βil )

m

l=1 and θi = (θil)
m

l=1 as follows:

ui (x1, x2, ..., xm) =
m∑
l=1

βil log
(
xil − θil

)
The constants θij are interpreted as a subsistence level of consumption of
good l for agent i. (The above preferences are known as Stone-Geary.)

2.1) Question. Write down the foc for the social planner problem for xil

2.2) Question. Use the foc(s) for the social problem for xil for all agents
for commodity l and the market clearing condition for l to obtain an ex-
pression for γl. Your answer should be a function of (βil )

I

i=1 , ēl, (λi)
I
i=1 and

θ̄l where

θ̄l =
I∑
i=1

θil .

2.3) Question. Derive an expression for γl/γk. Does it depend on
(λi)

I
i=1? Assuming that βil = βjl for all j, i ∈ I, l = 1, ..,m, does γl/γk depend

on (λi)
I
i=1?. Are preferences in this case identical? Are they homothetic?

2.4) Question. Assume that βil = βjl for all j, i ∈ I. In the com-
petitive equilibrium version of this model, do relative prices depend on the
distribution of wealth? [Hint: use your answer to the previous question.]

Exercise 3. Aggregation without identical and homothetic pref-
erences (second example)
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Consider the case where preferences are indexed by two vectors βi =
(βil )

m

l=1 and θi = (θil)
m

l=1 as follows:

ui (x1, x2, ..., xm) = −1

2

m∑
l=1

βil
(
xil − θil

)2
In this case (quadratic utility), the constants θil are interpreted as the sati-
ation point of that particular good, for if xil > θil the marginal utility of an
additional unit of xil is negative.

3.1) Question. Write down the foc for the social planner problem for xil

3.2) Question. Use the foc(s) for the social problem for xil for all agents
for commodity l and the market clearing condition for l to obtain an ex-
pression for γl. Your answer should be a function of (βil )

I

i=1 , ēl, (λi)
I
i=1 and

θ̄l where

θ̄l =
I∑
i=1

θil .

3.3) Question. Derive an expression for γl/γk. Does it depend on
(λi)

I
i=1? Assuming that βil = βjl for all j, i ∈ I, l = 1, ..,m, does γl/γk depend

on (λi)
I
i=1?. Are preferences in this case identical? Are they homothetic?

3.4) Question. Assume that βil = βjl for all j, i ∈ I. In the com-
petitive equilibrium version of this model, do relative prices depend on the
distribution of wealth? [Hint: use your answer to the previous question.]

Exercise 4. Identical but not homothetic preferences: lack of
aggregation.

Assume I = m = 2 and that households have the following identical
preferences:

ui (x1, x2) =
x1−ρ

1

1− ρ
+

x1−β
2

1− β
; i = 1, 2

4.1) Question. Write down the foc for the social planner problem for xil
l = 1, 2
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4.2) Question. Use the foc(s) for the social problem for xil for all agents
for commodity l and the market clearing condition for l to obtain an expres-
sion for γl. Your answer should be a function of ēl, (λi)

I
i=1 , ρ and β.

4.3) Question. Derive an expression for γ1/γ2. Does it depend on λ1

and λ2 if β 6= ρ?

4.4) Question. In the competitive equilibrium version of this model, do
relative prices depend on the distribution of wealth? [Hint: use your answer
to the previous question.]

Exercise 5. Aggregation without identical and homothetic pref-
erences (third example)

Consider the case where preferences are indexed by two vectors σ, β =
(βl)

m
l=1 and θi = (θil)

m

l=1 as follows:

ui (x1, x2, ..., xm) =
m∑
l=1

βl
(xil − θil)

1−σ

1− σ

The constants θij are interpreted as a subsistence level of consumption of
good l for agent i. (The above preferences are known as Stone-Geary.)

5.1) Question. Write down the foc for the social planner problem for
xil.

5.2) Question. Use the foc(s) for the social problem for xil for all agents
for commodity l and the market clearing condition for l to obtain an ex-
pression for γl. Your answer should be a function of σ, ēl, βl, (λi)

I
i=1 and

θ̄l where

θ̄l =
I∑
i=1

θil .

5.3) Question. Derive an expression for γl/γk. Does it depend on
(λi)

I
i=1? Does γl/γk depend on (λi)

I
i=1?. Are preferences in this case iden-

tical? Are they homothetic?

5.4) Question. In the competitive equilibrium version of this model, do
relative prices depend on the distribution of wealth? [Hint: use your answer
to the previous questions.]
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Exercise 6. Concavity of the “representative agent” utility

Let X i ⊆ Rm be the consumption possibility set of agent i, and ui : X i →
R the utility function of agent i.

Let λi ≥ 0 be the weight of agent i in the social planner’s problem. Define
the representative agent utility function u (x;λ) : X → R where X is the set
sum of the X i and

u (x;λ) =̇ max
{xi}

m∑
i=1

λiu
i
(
xi
)

subject to

xi ∈ X,
I∑
i=1

xi = x .

6.1 ) Question. Show that if that X i is convex for each i = 1, ..., I, then
X is convex.

6.2 ) Question. Show that if that X i is convex and ui is concave for
each i = 1, ..., I, then u (x;λ) is a concave function of x. You need to show
that given any x̂ ∈ X, x̄ ∈ X and ρ ∈ (0, 1) ,

u (ρx̂+ (1− ρ) x̄;λ) ≥ ρu (x̂;λ) + (1− ρ)u (x̄;λ)

Hint: use as a feasible consumption for each agent i when the aggregate
consumption is ρx̂ + (1− ρ) x̄ the convex combination of the consumption
for each agent i used when the aggregate consumption was x̄ and x̂.

6.3) Question. Assume that each ui is strictly increasing, concave and
differentiable, that X i = Rm. Let ē ∈ Rm

+ . Show that

∂u (ē;λ)

∂xl

is decreasing as a function of ēl for any l = 1, 2, ....,m. What is the economic
interpretation of this? (maximum two lines).
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Exercise 7. Adding production: PO and CE: allocations, shadow
values and price.

Recall that in our abstract GE notation there are m goods in the com-
modity space ( L = Rm). To simplify the introduction of production into our
analysis of P.O. allocations and shadow values, and of C.E. allocations and
prices, we split the m goods into types: final output and inputs. Recall that
abstract GE notation allows a good to be either. We let the first r goods,
l = 1, 2, ..., r be the final goods, produced by the firms and consumed by
households. We let the second m− r goods, l = r + 1, r + 2, ...,m be inputs
supplied by the households and bought by firms.

Moreover we let the production possibility set of firm j, Y j, be described
by a production function. We also specialize the model so that each firm
produces only one type of final goods using all the inputs. To further simplify
the problem we also allow only one type of firm producing each final good
(we return to this below). Hence there is one firm (type) for each final output
produced, so J = r and hence firm j produces final good l = j, 1 ≤ j ≤ r .
(The general case allows a firm to produce jointly many final goods).

The production function f j describes the production possibility set Y j. Recall
that in the abstract GE notation, purchases from firms are negative numbers,
and sales from firms are positive numbers. Thus, we specify the production
of final good l = j using quantities of inputs −yr+1, −yr+2, ...,−ym be
described by a production function f j : Rm−r

+ → R+,

yj = f j (−yr+1,−yr+2, ...,−ym−r)

where the function f (·) is increasing and concave in its m − r arguments.
Take, for example, the Cobb-Douglas case:

f j (n1, n2, ..., nm−r) = A (n1)
α1 (n2)

α2 · · · (n2)
αm−r

Formally the production possibility set Y j is described as follows: y ∈
Y j if and only if

i) firm j produces only final output of good j, i.e.

yl = 0 for 1 ≤ l ≤ r and l 6= j .

ii) final good l = j is produced with the production function f j, i.e.

yj ≤ f j (−yr+1,−yr+2, · · · ,−ym) .
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For the utility function we let ui : Rr
+ × Rm−r

− → R be increasing and
concave in x. The first r commodities are final goods consumed by the
households, so that

xl ≤ 0 for l = r + 1, ...,m

and that the second m − r commodities are inputs, supplied by the house-
holds, so that

xil ≤ 0 for l = r + 1, ...,m

For example, the r+1 commodity may represent labor services, so xr+1 <
0 means that the household is selling these services, i.e. suppling labor. We
may also allow for some of these inputs not to enter in ui, i.e. to have
∂ui/∂xl ≡ 0. An example of such a case is land. In such a case we should set
xl = 0 for this input, and let el > 0 be the endowment of land supplied by
this household.

Summarizing, a feasible allocation {xi, yj} must satisfy:

xil ≥ 0, for l = 1, 2, ..., r(
−xir+s

)
≥ 0, for s = 1, 2, ...,m− r

for all i = 1, ..., I and

f l
(
−ylr+1,−ylr+2, ...,−ylm

)
− yll ≥ 0, (1)(

−ylr+s
)
≥ 0, for s = 1, 2, ...,m− r

for all l = 1, 2, ..., r(= J), and market clearing:

I∑
i=1

xil =
J∑
j=1

yjl +
I∑
i=1

eil (2)

for all l = 1, 2, ...,m.
We can obtain the PO allocations by solving

max
{xi,yj}

I∑
i=1

λiu
i
(
xi
)

subject to {xi, yj} being feasible.

7.1) Question. Write the Lagrangean for the planner’s problem. Use
γl as the multiplier for the market clearing constraint of good l (2), and ρl as
the multiplier of the production function for l (1).
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We say that an allocation is interior if:
a) xil > 0 for all i = 1, ..., I and l = 1, ..., r,
b) −xir+s > 0 for all i = 1, ..., I and s = 1, ...,m− r,
c) yll > 0 for all l = 1, ..., r
d) −ylr+s > 0 for all l = 1, ..., r and s = 1, ...,m− r.

7.2) Question. Let {x̄i, ȳj} be a PO allocation. Derive the first order
condition (foc) for the Lagrangean written in question 7.1. Assume, to sim-
plify that the allocation is interior. Write the foc separately for the following
cases:

a) foc with respect to (wrt) xil , for i = 1, 2, ..., I and l = 1, ..., r,
b) foc wrt xil for i = 1, 2, ..., I and l = r + 1, ...,m, assuming xil < 0,
c) foc wrt yjj for j = 1, 2, ..., r assuming yjj > 0, and

d) foc wrt yjl for j = r + 1, r + 2, ...,m assuming yjl < 0.

7.3) Question. Let {x̄i, ȳj} be an interior PO allocation. Show that for
any two final goods, l, k = 1, ..., r :

=
∂u1 (x̄1) /∂xl
∂u1 (x̄1) /∂xk

=
∂u2 (x̄2) /∂xl
∂u2 (x̄2) /∂xk

= · · · =
∂uI

(
x̄I
)
/∂xl

∂uI (x̄I) /∂xk

=
∂fk

(
ȳk
)
/∂yr+1

∂f l (ȳl) /∂yr+1

=
∂fk

(
ȳk
)
/∂yr+2

∂f l (ȳl) /∂yr+2

= · · · =
∂fk

(
ȳk
)
/∂ym

∂f l (ȳl) /∂ym

Give an economically interpretable label to these equations (maximum
two lines).

7.4.) Question. Let {x̄i, ȳj} be an interior PO allocation. Show that
for any final good l = 1, ..., r , and any input r + s, s = 1, 2, ...,m− r :

∂f l
(
ȳl
)

∂yr+s

=
∂u1 (x̄1) /∂xr+s
∂u1 (x̄1) /∂xl

=
∂u2 (x̄2) /∂xr+s
∂u2 (x̄2) /∂xl

= · · · =
∂uI

(
x̄I
)
/∂xr+s

∂uI (x̄I) /∂xk

Give an economically interpretable label to these equations (maximum
two lines).

7.5.) Question. Show that if an interior allocation {x̄i, ȳj} satisfies
the equations in Question 7.3 and 7.4, and market clearing (2), then the
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allocation is PO. In particular, construct the Lagrange multipliers γl for l =
1, 2, ...,m, and ρk for k = 1, 2, ..., r, and the weights λi for i = 1, 2, ..., I and
check the (sufficient) foc derived in Question 7.2.

We now turn to the analysis of the CE for this economy. We let p =
(p1, p2, ..., pm)′ the price vector.

The firm’s j = 1, 2, ..., J (= r) problem

πj = max
y∈Y j

p y

can be written as

πj = max
(−yr+s)≥0, s=1,...,m−r

pj f
j ((−yr+1) , (−yr+2) , · · · , (−ym))−

m−r∑
s=1

pr+s (−yr+s)

The household’s i = 1, 2, ..., I problem is

max
x∈Xi

ui (x)

subject to

px ≤ pei +
J∑
j=1

θijπ
j

can be written as
maxui (x)

subject to

xl ≥ 0 for l = 1, 2, ..., r

−xr+s ≥ 0 for s = 1, 2, ...,m− r

and
r∑
l=1

pl xl ≤
r∑
l=1

pl e
i
l +

m−r∑
s=1

pr+s
(
−xr+s + eir+s

)
+

J∑
j=1

θijπ
j .

7.6) Question. Write the foc for the firm’s j problem assuming that
yj is interior.
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7.7) Question. Write the foc condition for the household’s i problem
assuming that xi is interior. Use µi to denote the Lagrange multiplier on the
household’s i budget constraint.

7.8) Question . Show that if {x̄i, ȳj, p} is a CE with an interior alloca-
tion, then the equations in Questions 7.3 and 7.4 are satisfied.

7.9) Question. Assume that {x̄i, ȳj, p} is a CE with an interior allo-
cation. Use your answer to the previous question 7.8 to show that {x̄i, ȳj}
is a Pareto Optimal allocation. What is the relationship between the price
p and Lagrange multipliers γ? What is the relationship between the Lagrange
multipliers µi and the weights λi ?

7.10) Question. Assume that {x̄i, ȳj} is an interior PO allocation. Use
your answer to the previous questions (7.3, 7.4. 7.6. 7.7), to find a price
p so that {x̄i, ȳj, p} is a CE for some ownership structure. Make sure you
specify how the given allocation is used to construct the prices p, and to check
that the allocation and prices indeed constitute a competitive equilibrium.
Specify the ownership structure (i.e. the θij and the ei).

7.11) Question. Suppose that there are several firms that can produce
the same final good j using inputs l = r + 1, r + 2, ...,m but possibly using
different technologies. In particular, let’s denote two such a firms by h and
q with production functions fh and f q. Assume that {x̄i, ȳj, p} is a CE. What
is the relationship between ∂fh

(
ȳh
)
/∂yr+s and ∂f q (ȳq) /∂yr+s ?
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Exercise 8: ”Donward Slopping Demand”

In this problem we examine the λ−weighted planner’s problem for a pure-
exchange economy. We want to relate the Lagrange multipliers of the en-
dowment vector of the planner’s problem to the prices in the corresponding
competitive equilibrium (CE). In particular we want to find conditions under
which the relative price of a good decreases as its endowment increases. We
find that when a good is normal, then if the endowment of that good in-
creases, its relative shadow value for the planner will decrease. The question
is divided into 5 sections, and has a total of 185 points. This question was
the final exam in 2006.

Part I. Social Planner’s problem [35 points].
Let L ≡ Rm be the commodity space (i.e. there are m goods), let e ∈ L be

the aggregate endowment. Let ui : Rm
+ → R be the utility function of each

agent i = 1, 2, ..., I. We assume that all ui are strictly increasing and strictly
concave. Let λ ∈ RI

++ be the Pareto weight assigned to each agent. Consider
the representative agent utility U : Rm

+ ×RI
+ → R defined as

U (e;λ) = max
xi∈Rn

+, i=1,...,I

∑
λi u

i
(
xi
)

(3)

such that
I∑
i=1

xi = e. (4)

I.1) [5 points] Form the Lagrangian of the problem denoting by γ ∈
Rm the Lagrange multiplier of the constraint (4). Make sure to use the
convention of the signs so that γ will be positive. Your answer should be one
line.

I.2) [5 points] Write the foc of the problem w.r.t. xi. Your answer should
be one line.

I.3) [5 points] Use the envelope theorem to find an expression for ∂U (e;λ) /∂e.
Your answer should be one line. Be carefull on writing all the argument of
the functions involved.
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I.4) [10 points] Show that U (e;λ), as defined in (3), is concave on e, i.e.
that for all κ ∈ (0, 1) and ê, ẽ ∈ Rm

+ :

U (ē;λ) > κU (ê;λ) + (1− κ)U (ẽ;λ) ,

where
ē = κê+ (1− κ) ẽ.

[Hints: Let xi (ê;λ) and xi (ẽ;λ) be the solution of each of the problems.
Define x̄i as

x̄i = κxi (ê;λ) + (1− κ)xi (ẽ;λ) .

Show that x̄i is feasible for ē and use the concavity of each ui to establish
the result.]

I.5) [10 points] Let λ′ = α λ for an arbitrary scalar α > 0, so that λ′ are
a rescaled version of the weights λ. Show that

U (e;λ′) = αU (e;λ) .

Letting xi (e, λ) be the optimal allocation and γ (e, λ) the Lagrange multiplier
of the feasibility constraint in the original problem, show that

xi (e, λ′) = xi (e, λ) ,

γ (e, λ′) = α γ (e, λ) .

[Hint: Use the necessary foc for the problem with λ to verify that sufficient
foc for the problem with λ′.]

Part II. Agents’ problem in a Competitive Equilibrium. [60
points]

Given prices p ∈ Rm
+ and expenditure y ∈ R+, define the indirect utility

function of agent i as
V i (y; p) = max

x∈Rm
+

ui (x) , (5)

subject to:
p x = y. (6)

A competitive equilibrium for an economy described by utilities and en-
dowments {ui, ei} is an allocation and price vector {xi, p} such that xi solves
problem (5) for yi = pei and markets clear,

I∑
i=1

xi = e, (7)
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where

e ≡
I∑
i=1

eI . (8)

II.1) [5 points] Form the Lagrangian of the problem (5) letting µi be
the Lagrange multiplier of the budget constraint (6). Make sure to use a
convention for the signs so that µi will be positive. Your answer should be
one line.

II.2) [5 points] Write the foc of the problem w.r.t. xi. Your answer should
be one line.

II.3) [5 points] Use the envelope theorem to find an expression for ∂Vi (y, p) /∂y.
Your answer should be one line. Be carefull on writing all the argument of
the functions involved.

II.4) [15 points] Let’s consider the case where there are two commodi-
ties, i.e. m = 2. Find conditions on u1 ≡ ∂ui/∂x1, u2 ≡ ∂ui/∂x2, u12 ≡
∂2ui/∂x1∂x2, and u22 = ∂2ui/∂x2∂x2 so that good 1 is a normal good:

∂xi1 (y, p)

∂y
> 0.

In particular differentiate the following foc’s with respect to y:

u1 (x1 (y) , [y − x1 (y) p1] /p2)

u2 (x1 (y) , [y − x1 (y) p1] /p2)
=
p1

p2

,

where we suppress the argument p and the superindex i for clarity. Write
this equation as

φ (x1 (y) , y) =
p1

p2

,

where

φ (x1, y) ≡ u1 (x1, [y − x1p1] /p2)

u2 (x1, [y − x1p1] /p2)
,

and hence
∂x1

∂y
=
∂φ

∂y
/

[
− ∂φ

∂x1

]
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[Hint: if you obtain an expression such as

(u2)
2 u11 − 2u1u2 u12 + (u1)

2 u22,

notice that it equals

= (u2 u1)

[
∂2u

∂x∂x

]
(u2 u1)

′ ,

which is negative since it is quadratic function of the second derivative of u.]

II.5) [10 points] Define the marginal rate of substitution as:

m (x1, x2) =
u1 (x1, x2)

u2 (x1, x2)
.

Compute and expression for

∂

∂x2

m (x1, x2) .

II.6) [5 points] Use your answers to II.4 and II.5 to show that ∂x1 (p, y) /∂y >
0 iff ∂m (x1, x2) /∂x2 > 0.

II.7) [15 points] Interpret your answer to II.5 using a graph with x1 and
x2. You must produce 3 figures. In figure 1 good x1 is a normal good. In
figure 2 good one has zero income elasticity. In figure 3 good one has negative
income elasticity. In each figure draw two budget lines that corresponds
to the same relative prices p1/p2 but with different income. Graph x2 in
the horizontal axis of each figure. Include the two indifferent curves that
correspond to the choices for the two different budget sets, one for low income
and one for high income. Include also an indifference curve that intersects
the budget line with the highest income and that keeps x1 at the same level
as the optimal choice for the low income.

For future reference, we state without proof, that if ui is strictly concave,
then V i (y, p) is strictly concave in y. (the proof of this proposition follows
the same logic than the one of question I.4)
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Here is the proof for completeness: Let y = ωy1+(1− ω) y2 for ω ∈ (0, 1).
Let x (yj; p) be the optimal solution. Then

p [ω x (y1, p) + (1− ω) x (y2, p)] ,

= ω px (y1, p) + (1− ω) p x (y2, p) ,

= ω y1 + (1− ω) p y2,

= y,

and hence ω x (y1, p) + (1− ω) x (y2, p) is budget feasible for y. Thus

V i (y, p) ≥ ui (ω x (y1, p) + (1− ω) x (y2, p)) ,

= ω ui [x (y1, p)] + (1− ω)ui [ x (y2, p)] ,

= ω V i (y1, p) + (1− ω)V i (y2, p) .

III. Interpretation of prices in a CE as multipliers in the Pareto
problem [15 points]

Consider the solution of the planner’s problem (3) xi and its associated la-
grange multiplier vector γ for a vector of weights λ and aggregate endowment
e.

Consider a CE for the economy with allocation x̄i, associated price vector
p and lagrange multipliers µi for the constraint (6).

III.1) [10 points] Let’s denote by {p, x̄i} the price and allocationa in a CE,
and by {µi} the corresponding Lagrange mulitpliers of the budget constraints
in tha agent problem for an economy with endowments {ēi} . Let’s denote by
{xi} a Pareto Optimal allocation solving the planner’s problem with weights
λ in an economy with aggregate endowment e. Assume that e =

∑I
i=1 ē

i. If
x̄i = xi what is the relationship between γ and p? What is the relationship
between µi to λi ? (your answer should be two formulas)

III.2) [5 points] In a CE only relative prices are determined, i.e. the CE
has the same allocation for the price vector p than for the vector κp for any
κ > 0.. What is the analogous property for the planner’s problem? Your
answer can be done in one line. [Hint: It suffices to point out which previous
question addressed this issue.]

IV. Relative prices p and “relative multipliers γ” [35 points]
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Let’s index the endowment of the n commodity by ε, i.e.:

e = (e1, ..., en, ..., em) = (e1, ..., ε, ..., em)

so that en = ε > 0.

IV.1) [5 points] Consider the derivative of the planner’s problem defined
in (3). Argue that ∂U (e;λ) /∂en is decreasing in ε. Your answer can be done
in one line using properties of U previously obtained.

The previous question has shown that if the endowment of a commodity
n increases its associated shadow value γn in the social planner decreases.
But we have also shown that the units of γ are meaningless, i.e. only relative
values of γ matter. This leads us to analyze the following ratio:

γn (e)

γj (e)
=
γn (e1, ..., ε, ..., em)

γj (e1, ..., ε, ..., em)
=
∂U (e;λ) /∂en
∂U (e;λ) /∂ej

(9)

We now show that γn (e) /γj (e) is not necessarily decreasing in en = ε for
j 6= n. To see this, consider a simpler case where there is only one agent and
two goods, so that trivially x1 (e, λ) = e and U (e, λ) = u (e), where u (·) is
the utility function of agent i = 1. We are asking whether

γ1 (e1, e2)

γ2 (e1, e2)
=
∂u (e1, e2) /∂e1

∂u (e1, e2) /∂e2

,

is decreasing in e1.

IV.2) [10 points] Consider the case of I = 1 and m = 2. Find an expression
for

∂

∂e1

[
γ1 (e1, e2)

γ2 (e1, e2)

]
,

by differentiating with respect to e1 the left hand side of the previous ex-
pression and find a condition in terms of the second derivatives u11, u22 and
u21 that determines the sign of ∂ [γ1/γ2] /∂e1.

IV.3) [5 points] Use your answer to II.4-II.7 to give and economic inter-
pretation to the condition you obtained in IV.2. Your answer can be done in
one line.

16



IV.4) [5 points] Since your previous answer involves second derivatives,
write down the three inequalities that u11, u22 and u21 must satisfies for u to
be strictly concave.

IV.5) [10 points] Show that it is possible to have

∂

∂e1

[
γ1 (e1, e2)

γ2 (e1, e2)

]
< 0,

and u to be strictly concave. In particular, consider the following example
of quadratic preferences:

u (x1, x2) = −1

2
(x1 − 2)2 − 1

2
(x2 − 2)2 + b x1x2,

which are strictly concave if b2 < 1 and strictly increasing in the range
x2 < 2 and x1 < 2. Show that

∂

∂e1

[
γ1 (e1, e2)

γ2 (e1, e2)

]
< 0,

evaluated at
e1 = e2 = 1,

even though u is strictly concave.

V. Representative Agent’s problem in a CE. [45 points]

In this section we analyze the problem of the representative agent facing
prices, i.e. we analyze the problem of a decision maker that has to allocate
expenditure across I units in order to maximize the utility of the represen-
tative agent.

Let V i (·) be the function defined in (5), let p ∈ Rm be an arbitrary
“price” vector and let ȳ ∈ R be total expenditure. The following problem
maximizes the weighted sum of utilities assigning expenditure yi to each
agent and letting them trade at prices p:

V (ȳ, p;λ) = max
yi∈R+,i=1,...,I

I∑
i=1

λiV
i (yi, p) , (10)
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subject to:
I∑
i=1

p yi = ȳ. (11)

Interpretation: we will show that V (y, p;λ) is the indirect utility function
that correspond to the utility function U (x;λ) of the representative agent.

V.1) [5 points] Write the Lagrangian for problem (10) using θ ∈ R for the
multiplier on constraint (11). Make sure to use a convention of the signs to
that θ will be positive. Your answer should be one line.

V.2) [5 points] Write the foc for the Lagrangian of the problem (10).

V.3) [5 points] Use V.2) and the envelope to find an expression for ∂V (ȳ, p;λ) /∂ȳ in
terms of ∂V i (yi, p) /∂y, and the vectors λi .Your answer should be one line.

For future reference, we state without proof that if all V i (y, p) are strictly
concave in y then V (ȳ, p;λ) is strictly concave in ȳ.

Here is the proof for completeness: Let ȳ = ω ȳ1 + (1− ω) ȳ2 for ω ∈
(0, 1) . Let yi (y, p;λ) be the corresponding optimal policies. Then we have
that

p
[
ωyi (ȳ1, p;λ) + (1− ω) yi (ȳ2, p;λ)

]
,

ω pyi (ȳ1, p;λ) + (1− ω) pyi (ȳ2, p;λ) ,

= ȳ,

and hence
ωyi (ȳ1, p;λ) + (1− ω) yi (ȳ2, p;λ) ,

is feasible for ȳ, and thus

V (ȳ, p;λ) ≥ ω
∑
i

λiV
i
(
yi (ȳ1, p;λ) , p

)
+ (1− ω)

∑
i

λiV
i
(
yi (ȳ2, p;λ) , p

)
,

= ωV (ȳ1, p;λ) + (1− ω)V (ȳ2, p;λ) .

V.4) [5 points] Assume that all V i (y, p) are strictly concave in y. Let
yi (ȳ, p;λ) be the optimal solution of problem (10). Show that it is strictly
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increasing in ȳ. Hints: Use the foc of the problem as well as the strict con-
cavity of V (ȳ, p;λ) on ȳ.

V.5) [15 points] Now we show that V (ȳ, p;λ) is the indirect utility func-
tion that corresponds to the utility function of the representative agent im-
plicitly defined by the planner’s problem:

V (ȳ, p;λ) = max
x

U (x;λ) , (12)

subject to:
p x = ȳ.

V.5.a) [5 points] Write the foc for problem (12). Your answer should be
one line. Be carefull on writing all the argument of the functions involved.

V.5.b) [10 points] Let xi (e, λ) be the solution of the social planner’s prob-
lem (3) and γ (e, λ) be its associated multiplier for weights λ. Let e be the
aggregate endowment and let

p = γ (e, λ) ,

ȳ = p e.

Let xi (ȳ; p, λ) be the solution of problem (10). Show that

xi (ȳ; p, λ) = xi (e, λ) .

[Hints: Construct the sufficient foc of problem (10) guessing that θ = 1.
For this, use the necessary foc of problem (3) and first construct a solution
to the sufficient conditions for the foc of the (5) problem with µi = 1/λi.
Find an expression for the envelope ∂Vi/∂y.]

Notice that we have established that the optimal decision rule x (ȳ, p, λ)
can be written as

x (ȳ, p, λ) =
I∑
i=1

xi
(
p, yi (ȳ, p;λ)

)
where xi (p, y) is the solution of the agent problem and where yi (ȳ, p;λ) is
the solution to the problem (10).

V.6) [10 points] Show that if each agent utility ui (x) is such that good
1 is a normal good, then good one is normal in the utility function of the
representative agent U (x;λ).
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[Hints: Normality of good 1 for the representative agent is equivalent to
saying that the optimal choice x1 (ȳ, p;λ) is strictly increasing in ȳ. Use that
yi (ȳ, p;λ) is increasing in ȳ.]
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