Theory of Income, Fall 2008
Fernando Alvarez, UofC

Problem set 2

Aggregation

Exercise 1: Homothetic but not identical preferences
Consider a set of agents ¢ = 1,2, ..., [ with preferences indexed by a vector

G-
u' (z) = f(2:8) =Y Bilog (z))

where .
d Bi=14=0all
=1
We assume that different agents have different 5° vectors.
Given a vector of A weights, the Social Planner’s problem is:

I
mae > A f (24 )
o

subject to
I
Za:} =¢ forl=1,2,..,m.
i=1

1.1) Question. Write down the foc for z

1.2) Question. Use the foc for x} for different agents i, and feasibility for
the [ commodity to obtain an expression for 7; in terms of &, {)\i}le and

B},

1.3) Question. Write down an expression for the relative shadow values
for two commodities, 7;/v%, depending on (éx/¢;) and the vectors {)\i}le ,

{6;}11:1 and {512}11:1 :

1.4) Question Write down /7 for \; = 1 and A; = 0 for all j # i.
What do you conclude about the dependence of the relative shadow values
on the vector of \'s?



1.5) Question. In the competitive equilibrium version of this model, do
relative prices depend on the distribution of wealth? [Hint: use your answer
to the previous question.]

Exercise 2. Aggregation without identical and homothetic pref-
erences (first example)

Consider the case where preferences are indexed by two vectors ' =
(ﬁ;)?; and 0" = (911)7;1 as follows:

ui (xla L2y -ees xm) = Zﬁll 1Og (.Z'; o 9[1)
=1
The constants 9; are interpreted as a subsistence level of consumption of
good [ for agent i. (The above preferences are known as Stone-Geary.)

2.1) Question. Write down the foc for the social planner problem for z;

2.2) Question. Use the foc(s) for the social problem for z} for all agents
for commodity [ and the market clearing condition for [ to obtain an ex-
pression for ;. Your answer should be a function of (ﬁf)l &, (M), and

i=1"
0; where
I
0= 6
i=1

2.3) Question. Derive an expression for 7;/v;. Does it depend on
(Ai)le? Assuming that 8; = 3/ for all j,i € I, 1 =1,..,m, does 7;/7), depend
on ()\,-)ilzl?. Are preferences in this case identical? Are they homothetic?

2.4) Question. Assume that 3 = 6{ for all 5,2 € I. In the com-
petitive equilibrium version of this model, do relative prices depend on the
distribution of wealth? [Hint: use your answer to the previous question.|

Exercise 3. Aggregation without identical and homothetic pref-
erences (second example)



Consider the case where preferences are indexed by two vectors 3* =
(5;)?;1 and §' = (9;);11 as follows:

, I~ ., .
ul (Ila'rQ? 7'1;771) = _526; ($; - 812)2
=1

In this case (quadratic utility), the constants 6 are interpreted as the sati-
ation point of that particular good, for if z} > 6! the marginal utility of an
additional unit of x! is negative.

3.1) Question. Write down the foc for the social planner problem for z

3.2) Question. Use the foc(s) for the social problem for z} for all agents
for commodity [ and the market clearing condition for [ to obtain an ex-
pression for ;. Your answer should be a function of (6})511 . e, (\), and

0; where
I
0 => 0
i=1

3.3) Question. Derive an expression for 7;/9;. Does it depend on
()\i)le? Assuming that 8; = 3/ for all j,i € I, =1,..,m, does /v depend
on (\;)_,?. Are preferences in this case identical? Are they homothetic?

3.4) Question. Assume that 3} = ﬁlj for all j,2 € I. In the com-
petitive equilibrium version of this model, do relative prices depend on the
distribution of wealth? [Hint: use your answer to the previous question.|

Exercise 4. Identical but not homothetic preferences: lack of
aggregation.

Assume I = m = 2 and that households have the following identical
preferences:

u (x1,29) =

4.1) Question. Write down the foc for the social planner problem for
1=1,2



4.2) Question. Use the foc(s) for the social problem for x! for all agents
for commodity [ and the market clearing condition for [ to obtain an expres-
sion for 7;. Your answer should be a function of ¢, ()\i)le ,p and .

4.3) Question. Derive an expression for 7;/7,. Does it depend on A\;
and Ay if 8 # p?

4.4) Question. In the competitive equilibrium version of this model, do
relative prices depend on the distribution of wealth? [Hint: use your answer
to the previous question.]

Exercise 5. Aggregation without identical and homothetic pref-
erences (third example)
Consider the case where preferences are indexed by two vectors o, § =

(B)~, and 6 = (0)),", as follows:

; s (=0T
U (L1, T, ooy Tpy) = Zﬁl

=1

The constants 93» are interpreted as a subsistence level of consumption of
good [ for agent 7. (The above preferences are known as Stone-Geary.)

5.1) Question. Write down the foc for the social planner problem for
5.2) Question. Use the foc(s) for the social problem for z} for all agents
for commodity [ and the market clearing condition for [ to obtain an ex-
pression for 7;. Your answer should be a function of o, &, 3, (Ai)le and

0, where
I
0= 6
i=1

5.3) Question. Derive an expression for 7;/9;. Does it depend on
()\i)i[:l? Does 7;/vx depend on ()\i)l.lzl?. Are preferences in this case iden-
tical? Are they homothetic?

5.4) Question. In the competitive equilibrium version of this model, do
relative prices depend on the distribution of wealth? [Hint: use your answer
to the previous questions.|



Exercise 6. Concavity of the “representative agent” utility

Let X* C R™ be the consumption possibility set of agent i, and u* : X —
R the utility function of agent 7.

Let A\; > 0 be the weight of agent 7 in the social planner’s problem. Define
the representative agent utility function u (x; ) : X — R where X is the set
sum of the X* and

m
u(z;A) =max » \u' (z')
1C —
subject to
¥ e X,
I
Y -

6.1 ) Question. Show that if that X* is convex for each i = 1, ..., I, then
X is convex.

6.2 ) Question. Show that if that X’ is convex and u’ is concave for
each i = 1,..., I, then u (z; \) is a concave function of z. You need to show
that given any # € X, 7€ X and p € (0,1),

u(p + (1= p)T;A) > pu(@;A) + (1 — p)u(Z; )

Hint: use as a feasible consumption for each agent ¢ when the aggregate
consumption is pZ + (1 — p) T the convex combination of the consumption
for each agent ¢ used when the aggregate consumption was & and .

6.3) Question. Assume that each u’ is strictly increasing, concave and
differentiable, that X* = R™. Let € € R"". Show that
Ou (&; )
8xl

is decreasing as a function of ¢; for any [ = 1,2, ...., m. What is the economic
interpretation of this? (maximum two lines).



Exercise 7. Adding production: PO and CE: allocations, shadow
values and price.

Recall that in our abstract GE notation there are m goods in the com-
modity space ( L = R™). To simplify the introduction of production into our
analysis of P.O. allocations and shadow values, and of C.E. allocations and
prices, we split the m goods into types: final output and inputs. Recall that
abstract GE notation allows a good to be either. We let the first r goods,
Il = 1,2,...,r be the final goods, produced by the firms and consumed by
households. We let the second m — r goods, [ =r + 1,7 + 2, ...,m be inputs
supplied by the households and bought by firms.

Moreover we let the production possibility set of firm j, Y7, be described
by a production function. We also specialize the model so that each firm
produces only one type of final goods using all the inputs. To further simplify
the problem we also allow only one type of firm producing each final good
(we return to this below). Hence there is one firm (type) for each final output
produced, so J = r and hence firm j produces final good [ =7, 1 <7 <r.
(The general case allows a firm to produce jointly many final goods).

The production function f7 describes the production possibility set Y. Recall
that in the abstract GE notation, purchases from firms are negative numbers,
and sales from firms are positive numbers. Thus, we specify the production
of final good [ = j using quantities of inputs —y,.11, —Yri2, ..., —Ym be
described by a production function f7: RT™" — Ry,

Y = 7 (=Yri1s —Yri2s oo —Ymr)

where the function f(-) is increasing and concave in its m — r arguments.
Take, for example, the Cobb-Douglas case:

(i, ngy ey ny) = A ()™ (n2) -+ (ng)*™ "
Formally the production possibility set Y7 is described as follows: y €
Y7 if and only if
i) firm j produces only final output of good j, i.e.
yy=0for1<I<randl#j.
ii) final good [ = j is produced with the production function f7, i.e.

Ui < I (=Yrits —Yri2, s —Ym) -
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For the utility function we let u’ : R, x R™™" — R be increasing and
concave in x. The first r commodities are final goods consumed by the
households, so that

<0 forl=r+1,..m

and that the second m — r commodities are inputs, supplied by the house-
holds, so that .
r;<0forl=r+1,...,m

For example, the r+1 commodity may represent labor services, so z,,1 <
0 means that the household is selling these services, i.e. suppling labor. We
may also allow for some of these inputs not to enter in u’, i.e. to have
Ou'/dz; = 0. An example of such a case is land. In such a case we should set
x; = 0 for this input, and let ¢, > 0 be the endowment of land supplied by
this household.

Summarizing, a feasible allocation {x’, 3’} must satisfy:

zi > 0, forl=1,2,..,r

(—xf,ﬂ,) > 0, fors=1,2,...m—r

forall2=1,...,1 and
Pt —Yogzo oo —Yim) — 41 20, (1)
(—yfdrs) >0, fors=1,2,....m—r

forall I =1,2,...,7(= J), and market clearing:

foralll=1,2,...,m.
We can obtain the PO allocations by solving

subject to {z%, 3’} being feasible.

7.1) Question. Write the Lagrangean for the planner’s problem. Use
v as the multiplier for the market clearing constraint of good [ (2), and p; as
the multiplier of the production function for [ (1).

7



We say that an allocation is interior if:
a)zi>0foralli=1,..,Tandl=1,...,r

b) — ,,+8>Oforallz_1 STand s=1,...m—r,
c)yl>0forall=1,.

d)

yr+s>0f0raﬂl—1 Srands=1,...m—r.

7.2) Question. Let {z*, 3’} be a PO allocation. Derive the first order
condition (foc) for the Lagrangean written in question 7.1. Assume, to sim-

plify that the allocation is interior. Write the foc separately for the following
cases:

a) foc with respect to (wrt) z} , for i = 1,2
b) foc wrt zj for i = 1,2 1,...,m, assuming ; <0
c) foc wrt y for j = 1,2,...,r assuming y; > 0, and

d) foc wrt ylj for j=r+1,r+2,...,m assuming ylj < 0.

,o,landl=1,..r
yooland l=7r+1,.

7.3) Question. Let {Z', 77} be an interior PO allocation. Show that for
any two final goods, [,k =1,

ou' (z') /0x;  Ou® (T%) [0 _ ul (z') [0z

oul (z1) JOx, — Ou(z2) /Oxy, oul (z1) [0z,
k(k)/ayvdrl k( )/8yr+2_”__afk(gk)/aym

of (7) [Oyrer — OF () /Oyrsz  Of'(F) /Oy

Give an economically interpretable label to these equations (maximum
two lines).

7.4.) Question. Let {z',9’} be an interior PO allocation. Show that
for any final good I =1,...,r , and any input r +s, s =1,2

N
01 (#)

ayr+s

ul (7Y) [0,y Ou (%) Oy Oul (2) JOmys
oul (z1) Jox;  Ou(z2) /0x;  Oul (%) /Oxy

Give an economically interpretable label to these equations (maximum
two lines).

7.5.) Question. Show that if an interior allocation {z’ 3’} satisfies
the equations in Question 7.3 and 7.4, and market clearing (2), then the

8



allocation is PO. In particular, construct the Lagrange multipliers ~; for [ =
1,2,...,m, and p for k = 1,2,....r, and the weights \; for ¢ = 1,2,.... [ and
check the (sufficient) foc derived in Question 7.2.

We now turn to the analysis of the CE for this economy. We let p =
(p1, P2, ..., bm) the price vector.
The firm’s j = 1,2,...,J (=) problem

7 =max py

yeYs
can be written as
J — CfI((— _ _ _ _
A (—yr+s)2%,las)il,...,m—r Dj f (( yr+1) ) ( yr+2> ) ) ( ym)) ;pr+s ( yr+s>

The household’s ¢ = 1,2, ..., I problem is

)
ms (o

subject to

J
po <pei+3 0

j=1
can be written as
max u' (x)
subject to
ry > Oforl=1,2,..,r
—Trys > 0Ofors=1,2,...m—r
and

T r m—r J
Dnam <Y pei+ Y prs (—wepstely,) + >0
=1 =1 s=1

J=1

7.6) Question. Write the foc for the firm’s j problem assuming that
1’ is interior.



7.7) Question. Write the foc condition for the household’s i problem
assuming that 2¢ is interior. Use y; to denote the Lagrange multiplier on the
household’s ¢ budget constraint.

7.8) Question . Show that if {Z%, 37, p} is a CE with an interior alloca-
tion, then the equations in Questions 7.3 and 7.4 are satisfied.

7.9) Question. Assume that {7%, 37, p} is a CE with an interior allo-
cation. Use your answer to the previous question 7.8 to show that {z’, ¢}
is a Pareto Optimal allocation. What is the relationship between the price
p and Lagrange multipliers 77 What is the relationship between the Lagrange
multipliers p; and the weights \; 7

7.10) Question. Assume that {z%, 7’} is an interior PO allocation. Use
your answer to the previous questions (7.3, 7.4. 7.6. 7.7), to find a price
p so that {z%,47,p} is a CE for some ownership structure. Make sure you
specify how the given allocation is used to construct the prices p, and to check
that the allocation and prices indeed constitute a competitive equilibrium.
Specify the ownership structure (i.e. the 6} and the e’).

7.11) Question. Suppose that there are several firms that can produce
the same final good j using inputs [ = r + 1,7 + 2,...,m but possibly using
different technologies. In particular, let’s denote two such a firms by h and
q with production functions f* and f?. Assume that {z, 3/, p} is a CE. What
is the relationship between 0" (§") /0y,+s and Of7 (y7) /Oy,ss 7

10



Exercise 8: "Donward Slopping Demand”

In this problem we examine the A—weighted planner’s problem for a pure-
exchange economy. We want to relate the Lagrange multipliers of the en-
dowment vector of the planner’s problem to the prices in the corresponding
competitive equilibrium (CE). In particular we want to find conditions under
which the relative price of a good decreases as its endowment increases. We
find that when a good is normal, then if the endowment of that good in-
creases, its relative shadow value for the planner will decrease. The question
is divided into 5 sections, and has a total of 185 points. This question was
the final exam in 2006.

Part I. Social Planner’s problem [35 points].

Let L = R™ be the commodity space (i.e. there are m goods), let e € L be
the aggregate endowment. Let u’ : RT — R be the utility function of each
agent 7 = 1,2, ..., I. We assume that all u’ are strictly increasing and strictly
concave. Let \ € Ri + be the Pareto weight assigned to each agent. Consider
the representative agent utility U : R x RL — R defined as

Ule;N) = g X IZ)\i u' (2) (3)
T T,oi=1.,

such that
Z 7' =e. (4)

[.1) [5 points] Form the Lagrangian of the problem denoting by ~ €
R™ the Lagrange multiplier of the constraint (4). Make sure to use the
convention of the signs so that v will be positive. Your answer should be one
line.

1.2) [5 points] Write the foc of the problem w.r.t. z’. Your answer should
be one line.

1.3) [5 points] Use the envelope theorem to find an expression for OU (e; A) /Oe.
Your answer should be one line. Be carefull on writing all the argument of
the functions involved.

11



I.4) [10 points] Show that U (e; A), as defined in (3), is concave on e, i.e.
that for all k € (0,1) and ¢, é € R :

U(e ) >rU N+ (1 —r)U(EN),
where
e=ré+ (1—r)e.
[Hints: Let z'(é;\) and 2’ (¢; \) be the solution of each of the problems.
Define 7° as . . ’
T =rx' (&N + (1 —r)z' (6 N).
Show that Z° is feasible for € and use the concavity of each u’ to establish

the result.]

.5) [10 points] Let X = « A for an arbitrary scalar a > 0, so that X" are
a rescaled version of the weights A\. Show that
Ule;N) =aU (e; M) .
Letting z° (e, \) be the optimal allocation and v (e, ) the Lagrange multiplier
of the feasibility constraint in the original problem, show that
(e, N) = a'(e, N,
v(eN) = av(eA).
[Hint: Use the necessary foc for the problem with X to verify that sufficient
foc for the problem with X'\

Part II. Agents’ problem in a Competitive Equilibrium. [60
points]

Given prices p € R and expenditure y € I, define the indirect utility
function of agent i as

V' (y;p) = o (x), (5)
subject to:
pr=y. (6)

A competitive equilibrium for an economy described by utilities and en-
dowments {u’, ¢'} is an allocation and price vector {z', p} such that x* solves
problem (5) for y* = pe’ and markets clear,

in =e, (7)



where

GEZGI. (8)

I1.1) [5 points] Form the Lagrangian of the problem (5) letting p; be
the Lagrange multiplier of the budget constraint (6). Make sure to use a
convention for the signs so that p; will be positive. Your answer should be
one line.

I1.2) [5 points] Write the foc of the problem w.r.t. z’. Your answer should
be one line.

I1.3) [5 points] Use the envelope theorem to find an expression for OV (y, p) /y.
Your answer should be one line. Be carefull on writing all the argument of
the functions involved.

I1.4) [15 points] Let’s consider the case where there are two commodi-
ties, i.e. m = 2. Find conditions on u; = Ju'/0xy, uy = Ou'/0xe, uyy =
0?u' /0x10, and ug = 0*u'/Dz20x4 so that good 1 is a normal good:

ox!
dy
In particular differentiate the following foc’s with respect to y:

u (@1 (), [y =1 (y) m]/p2) _ 1
ug (1 (y), [y — =1 (y)pl /p2)  po’

where we suppress the argument p and the superindex @ for clarity. Write
this equation as

6 (21 (y),y) = 2

p2’
where (.| | /)
UL (T1, |Y — T1P1) /P2
¢ (m1,9) = u (71, [y — 21p1] /192)7
and hence
0xq B 0¢p 0o
oy Oy [_8_331]

13



[Hint: if you obtain an expression such as
2 9 2
(u2)” w11 — 2uyug urg + (u1)” ug,

notice that it equals

= (ug ) [ 55‘3:} (uz w1,

which is negative since it is quadratic function of the second derivative of .|

I1.5) [10 points] Define the marginal rate of substitution as:

uy (71, T)
m(xy,x9) = ——————=.
(1, 22) uy (71, 72)
Compute and expression for
0
—m (21, 22) .
81'2 ( 1 2)

I1.6) [5 points] Use your answers to I1.4 and I1.5 to show that dx; (p,y) /0y >
0 iff Om (x1,x2) /Ox9 > 0.

I1.7) [15 points| Interpret your answer to I1.5 using a graph with x; and
Zo. You must produce 3 figures. In figure 1 good x; is a normal good. In
figure 2 good one has zero income elasticity. In figure 3 good one has negative
income elasticity. In each figure draw two budget lines that corresponds
to the same relative prices p;/ps but with different income. Graph zs in
the horizontal axis of each figure. Include the two indifferent curves that
correspond to the choices for the two different budget sets, one for low income
and one for high income. Include also an indifference curve that intersects
the budget line with the highest income and that keeps x; at the same level
as the optimal choice for the low income.

For future reference, we state without proof, that if 1’ is strictly concave,
then V' (y,p) is strictly concave in y. (the proof of this proposition follows
the same logic than the one of question 1.4)
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Here is the proof for completeness: Let y = wy; + (1 — w) ys for w € (0, 1).
Let z (y;;p) be the optimal solution. Then

plwx(yi,p) + (1 —w) x(y2,p)],
= wpr(y,p)+ (1 —w) px(y,p),
= wy+(1—-w) puy,
= v,

and hence w z (y1,p) + (1 —w) z (y2,p) is budget feasible for y. Thus

Vi(y,p) > ui(@x(ybp)Jr(l—w) z (y2,p)) ,
= wullr (y,p)] + (1 —w)u' [ (y,p)],
= WV (y,p) + (1= w) V' (32,p).

II1. Interpretation of prices in a CE as multipliers in the Pareto
problem [15 points]

Consider the solution of the planner’s problem (3) z* and its associated la-
grange multiplier vector ~ for a vector of weights A and aggregate endowment
e.

Consider a CE for the economy with allocation Z¢, associated price vector
p and lagrange multipliers y for the constraint (6).

I11.1) [10 points] Let’s denote by {p, z'} the price and allocationa in a CE,
and by {u;} the corresponding Lagrange mulitpliers of the budget constraints
in tha agent problem for an economy with endowments {&'} . Let’s denote by
{z'} a Pareto Optimal allocation solving the planner’s problem with weights
A in an economy with aggregate endowment e. Assume that e = 25:1 et If
7' = 2" what is the relationship between v and p? What is the relationship
between ' to \; ? (your answer should be two formulas)

I11.2) [5 points] In a CE only relative prices are determined, i.e. the CE
has the same allocation for the price vector p than for the vector kp for any
k > 0.. What is the analogous property for the planner’s problem? Your
answer can be done in one line. [Hint: It suffices to point out which previous
question addressed this issue.]

IV. Relative prices p and “relative multipliers +” [35 points]
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Let’s index the endowment of the n commodity by ¢, i.e.:

€= (€1, s nyesm) = (€1,..0,6, ..., )
so that e, = > 0.

IV.1) [5 points] Consider the derivative of the planner’s problem defined
in (3). Argue that OU (e; \) /Je,, is decreasing in €. Your answer can be done
in one line using properties of U previously obtained.

The previous question has shown that if the endowment of a commodity
n increases its associated shadow value 7, in the social planner decreases.
But we have also shown that the units of v are meaningless, i.e. only relative
values of v matter. This leads us to analyze the following ratio:

Yo (€)  Yn(e1,.s€em)  OU (e A) [Oey

vi(e)  vi(er, s nem)  OU (e;)) /ey

We now show that v, (e) /v; () is not necessarily decreasing in e,, = ¢ for
j # n. To see this, consider a simpler case where there is only one agent and
two goods, so that trivially z! (e, \) = e and U (e, \) = u (e), where u (+) is
the utility function of agent ¢ = 1. We are asking whether

(9)

7 (€1, €2) _ Ou (eq,e3) /ey
72 (e1,e2)  Ou (e, ez) /Dey’

is decreasing in e;.

IV.2) [10 points] Consider the case of I = 1 and m = 2. Find an expression

for
9 {71 (e1, 62)}
der [ 72 (er,e2) ]’
by differentiating with respect to e; the left hand side of the previous ex-
pression and find a condition in terms of the second derivatives w1, ugs and

ugy that determines the sign of 9 [y1 /2] /0e;.

IV.3) [5 points] Use your answer to II.4-I1.7 to give and economic inter-
pretation to the condition you obtained in IV.2. Your answer can be done in
one line.
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IV.4) [5 points] Since your previous answer involves second derivatives,
write down the three inequalities that w11, w9 and us; must satisfies for u to
be strictly concave.

IV.5) [10 points] Show that it is possible to have

9 {71 (61762)] <0,
der [ 72 (e1,e2)

and u to be strictly concave. In particular, consider the following example
of quadratic preferences:
1 o 1 2
u (21, x0) = ) (1 —2)" — 3 (xg —2)" 4+ b z129,
which are strictly concave if b*> < 1 and strictly increasing in the range
T9 < 2 and x; < 2. Show that

2 [ntal]

ey |72 (er, e2)

evaluated at
e = ey =1,

even though u is strictly concave.
V. Representative Agent’s problem in a CE. [45 points]

In this section we analyze the problem of the representative agent facing
prices, i.e. we analyze the problem of a decision maker that has to allocate
expenditure across [ units in order to maximize the utility of the represen-
tative agent.

Let V' (-) be the function defined in (5), let p € R™ be an arbitrary
“price” vector and let § € R be total expenditure. The following problem
maximizes the weighted sum of utilities assigning expenditure y; to each
agent and letting them trade at prices p:

I
V(5,pA) = max sz (vi.9), (10)

Yy €Ryi=1,...

17



subject to:
I
Zp Yi =Y. (11)
i=1

Interpretation: we will show that V' (y, p; A) is the indirect utility function
that correspond to the utility function U (z; A) of the representative agent.

V.1) [5 points] Write the Lagrangian for problem (10) using 6 € R for the
multiplier on constraint (11). Make sure to use a convention of the signs to
that @ will be positive. Your answer should be one line.

V.2) [5 points] Write the foc for the Lagrangian of the problem (10).

V.3) [5 points| Use V.2) and the envelope to find an expression for OV (g, p; \) /0y in
terms of OV (y;, p) /Oy, and the vectors ); .Your answer should be one line.

For future reference, we state without proof that if all V* (y, p) are strictly
concave in y then V (g, p; A) is strictly concave in 3.

Here is the proof for completeness: Let § = w 41 + (1 —w) g for w €
(0,1). Let y* (y,p; \) be the corresponding optimal policies. Then we have
that

plwy L,pA) + (1 —w)y (52,0 N)]
w py' (G, 0 A) + (1 —w) py' (T2, 0 ),

N

’

and hence ' '
wyl (glap> )‘) + (1 - w) y’t (g27p7 )‘) )

is feasible for y, and thus
V@pA) = wd AV (5,00, p)
+(1=w) Y ANV (G20 M) 1)

V.4) [5 points] Assume that all V*(y,p) are strictly concave in y. Let
y' (7, p; \) be the optimal solution of problem (10). Show that it is strictly
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increasing in y. Hints: Use the foc of the problem as well as the strict con-
cavity of V' (y,p; A) on g.

V.5) [15 points] Now we show that V' (g, p; A) is the indirect utility func-
tion that corresponds to the utility function of the representative agent im-
plicitly defined by the planner’s problem:

V(Y. A) = maxU (z; ), (12)

subject to:
pr=y.
V.5.a) [5 points| Write the foc for problem (12). Your answer should be
one line. Be carefull on writing all the argument of the functions involved.

V.5.b) [10 points] Let z* (e, \) be the solution of the social planner’s prob-
lem (3) and 7 (e, \) be its associated multiplier for weights A. Let e be the
aggregate endowment and let

p =9 (67 )‘) )
y = pe.
Let z’ (y; p, ) be the solution of problem (10). Show that
2 (g;p, A) = 2" (e, ).

[Hints: Construct the sufficient foc of problem (10) guessing that 6 = 1.
For this, use the necessary foc of problem (3) and first construct a solution
to the sufficient conditions for the foc of the (5) problem with p; = 1/\;.
Find an expression for the envelope 0V;/0y.]|

Notice that we have established that the optimal decision rule x (g, p, A)
can be written as

z(7,p, A Zx Py (5,05 0))

where 2’ (p,y) is the solution of the agent problem and where y* (i, p; \) is
the solution to the problem (10).

V.6) [10 points] Show that if each agent utility u’ (z) is such that good
1 is a normal good, then good one is normal in the utility function of the
representative agent U (x; \).
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[Hints: Normality of good 1 for the representative agent is equivalent to
saying that the optimal choice z (7, p; A) is strictly increasing in g. Use that
y' (g, p; ) is increasing in 7.]
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