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In this exercise we will study the risk sharing implications for equilibrium allocations and

Pareto Optimal allocations in the context of a pure exchange economy, with one good, two

periods, S states of nature, and preferences given by expected utility. We will �rst specialize

to the case of a one period economy and then solve the two period version.

1 Uncertainty

Consider a one period pure exchange economy with uncertainty. Let there be S states of the

world and one physical commodity. We will index a commodity by the state, so there are

m = S goods, or L = Rm. Thus, we can interpret the vector x as the consumption of the

good in each of the di¤erent states. We will write xs for the good in state s. Thus the utility

function ui is a function of a vector on Rm: The endowment of agent i 2 I; denoted by ei are
also indexed by state s. We let �es be the aggregate endowment in state s.

Assume ui is given by

ui (x1; x2; :::; xs) =
�
vi
��1 �Xm

s=1
vi (xs)�s

�
(1)

where
�
vi
��1

(�) is the inverse function of vi, vi : R! R is the sub-utility function of agent

i and �s 2 Rm+ is the common probability of state s; with
Xm

s=1
�s = 1: We assume that vi

are di¤erentiable, strictly increasing and strictly concave. Notice that utility is measured in

consumption equivalent units. To note this, by the de�nition of certainty equivalence (CE(x))

we have that:

vi (CE(x)) =
Xm

s=1
vi (xs)�s

)

CE(x) =
�
vi
��1 �Xm

s=1
vi (xs)�s

�
To understand these preferences even more, consider a bundle in which x1 = x2 = :::xS =

x0:

Question 1. [5 points] What is
�
vi
� �1�XS

s=1
vi (x)�s

�
evaluated at x = x0?

Answer: �
vi
� �1�XS

s=1
vi
�
x0
�
�s

�
= x0
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Question 2. [10 points] State, without proof, a result that characterizes the Pareto

Optimal allocation, i.e., how xis depends on �es. State carefully all the characteristics of the

functions that are mentioned (for instance, what is the domain of the functions).

Hint: This comes straight from the notes.

Answer.Fix and arbitrary vector of � weights. The Pareto optimal allocation can be de-
scribed by a set of strictly increasing functions gi; gi : R+ ! R+, of the aggregate endowment,

i.e. the optimal allocation can be written as xis = gi (�es) for all i 2 I; s = 1; ::; S:

Question 3. [5 points] Take two arbitrary states, s and s0, write the Marginal Rate of
Substitution (MRS) between them using (1)

Answer.

MRSs;s0 =
@ui (x) =@xs
@ui (x) =@xs0

=
�s@v

i (xs) =@xs
�s0@vi (xs0) =@xs0

Question 4. [15 points] Assume that vi (x) = x1�
= (1� 
). What is the form of the

function gi (�es) that describes the PO allocation described in your answer to Question 2?

Answer.
We can solve the following program

max
fxisg

X
�iv

i
�
xis
�
s.t.

IX
i=1

xis = �es

by the fact that v�1 is a monotonous, increasing function. FOC:

�i
@vi
�
xis
�

@x
= �s

�i
�
xis
��


= �s

solving for xis,

xis =

�
�s
�i

�� 1



Then, X
i

xis = �es = �
� 1



s

X
i

�
1

�i

�� 1



= �
� 1



s

X
i

�
1



i

or,

�
� 1



s = �es

"X
i

�
1



i

#�1
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Finally,

xis = �es

"X
i

�
1



i

#�1
�
1



i

so,

xis = g (�es) = �i�es

where

�i �
"X

i

�
1



i

#�1
�
1



i

Consider the security market economy as the one described in your lecture notes. Recall

that the budget constraint is written in two (set of) equations. The �rst equation is given by

XK

k=1
hikqk =

XK

k=1
�ikqk

The second equation is one for each state s = 1; ::;m :

xis =
XK

k=1
hikdks + ê

i
s

Let security k = 1 be a risk-less bond, i.e. it pays dks = 1 in all states of nature. Security k = 2

is similar to a stock, it pays dks = �es: Assume complete markets, that vi (x) = x1�
= (1� 
)
and that log �e � N

�
�; �2

�
:

For future reference,

Question 5 [10 points] Compute the Certainty Equivalence of a boundle �x when log �e �
N
�
�; �2

�
.

Hint: recall that if X is lognormally distributed, then

E
�
X1�
� = exp�(1� 
)�+ (1� 
)2 1

2
�2
�

Answer.
CE (�x) = exp

�
�+ (1� 
) 1

2
�2
�

Question 6. [10 points] Write down and expression for the risk premium.
Hint: recall that the multiplicative risk premium is given by (1 + r2) = (1 + r1). With this

particular utility form, this is given by

1 + r2
1 + r1

=
E [�e�
 ]E [�e]

E [�e�
�e]
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Also, recall that if X is lognormally distributed, then

E [X] = exp

�
�+

1

2
�2
�

E
�
X�
� = exp

�
�
�+ 
2 1

2
�2
�

Answer.
1 + r2
1 + r1

= exp
�

�2

�
and for small 
�; the risk premium is given by:

r2 � r1 ' 
�2

2 A Two Period Economy

Consider a version of an endowment economy in which there is no uncertainty and there are

only two periods, then L = R2: Let ui (x1; x2) = F i (x0; x1) ; where F i : R2+ ! R

Question 7 .[5 points] Write down the Arrow-Debreu budget set.
Hint: One equation

Answer.
p0x

i
0 + p1x

i
1 � p0e

i
0 + p1e

i
1

Now we consider an alternative representation of the economy. Let d = 1 be the payo¤,

in period 1, of the security. Denote by q be the price of the security (measured in units of the

good x0 ), hi the purchases of this security by agent i; �i the endowment of this security by

agent i; and by êi0 and ê
i
1 the endowment of goods in period 0 and 1.

Question 8. [10 points] Write down the budget set of the corresponding security market
economy. This consists of two equations, one that applies to period 0;when the sale and

purchase of the security takes place, and the other for period 1:

Answer.

xi0 + qh
i = q�i + êi0

xi1 = hi + êi1
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Question 9. [10 points] How does the net interest rate relate to q?

Answer.
q =

1

1 + r

Question 10. [5 points] How does the Arrow Debreu prices p relate to the price of the
security q? (One line)

Answer.
q =

p1
p0

Question 11. .[5 points] In this context, what will be the endowments in the Arrow
Debreu economy ei that correspond to the endowments in the security market �i; and êi?

Answer.

êi0 = ei0

êi1 + �
i = ei1

Question 12. [10 points] What is the MRS in this case? Interpret your results and relate
them to the interest rate.

Answer.

MRS0;1 =
@F i (x0; x1) =@x1
@F i (x0; x1) =@x0

=
1

1 + r
=
p1
p0

The marginal rate of substitution is equal to the relative price of goods. The relative price

of consumption goods at date one in terms of the price of consumption goods at date zero is

equal to the inverse of the gross interest rate.

Specialize to the following Constant Elasticity of Substitution form:

F i (x0; x1) =
�
(1� �)x1��0 + �x1��1

� 1
1��

; for � > 0

Question 13. [20 points] Calculate the equilibrium interest rate only as a function of �; �
and �eo=�e1 (the ratio of the aggregate endowments in period 0 over period 1).

Answer.

1 + r =
1� �
�

�
�eo
�e1

���
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Question 14. [15 points] Give an intuitive explanation of how changes in �eo=�e1 a¤ect the
interest rate.

Answer.
@ (1 + r)

@ �eo�e1
= (��) 1� �

�

�
�eo
�e1

����1
< 0

Intuitively, you will like to smooth consumption over time, higher relative scarcity in

period 1 will make your demand for savings to increase and hence preasure the interest rate

to decrease.

Question 15. [10 points] Why the equilibrium interest rate does not depend on the

distribution of initial endowments?

Answer: Since p0=p1 is independent of the � -weights, relative prices are independent
of the distribution of wealth and there is aggregation. Alternative: identical and homothetic

preferences (as in problem set 2)

2.1 A Two Period Economy with Uncertainty

Consider a two period pure exchange economy with uncertainty. In the current period, com-

modity "0" is consumed, while in the next period, commodities "1"; :::"S" are consumed in

state s: This means that there are m = S + 1 commodities and L = RS+1;. ui is given by

ui (x0; x1; :::; xS) ; hence you have preferences over your consumption today, commodity "0";

and consumption tomorrow according to what state you are in. The endowment of agent i;

denoted by ei also belong to RS+1: We let �e be the aggregate endowment.

Question 16.[5 points] Consider the following securities. Denote by dks be the payo¤
of security k 2 K in sate s: Denote by qk be the price of security k (measured in units

of commodity "0"); hik the purchases of this security by agent i; �
i
k the endowment of this

security by agent i; and by êi the endowment of goods.

Write the budget constraint for the security market as a set of two equations, one that

applies to period 0 where consumption of x0 and trade take place, and a set of equations for

each state in period s:

Answer:
xi0 +

XK

k=1
hikqk =

XK

k=1
�ikqk + ê

i
0

The second equation is one for each state s = 1; ::;m :

xis =
XK

k=1
hikdks + ê

i
s
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Question 17. [10 points] Assume that prices and payo¤s in the security market are
consistent with state prices of the Arrow-Debreu economy, and that the endowments of both

economy are equivalent. Which Budget Set is larger?

Answer: If (x; h) is budget feasible in the security market economy, then x is budget
feasible in the Arrow-Debreu economy. This means that the budget set of the Arrow-Debreu

economy is larger.

Question 18. [5 points] When are the Budget Sets of the security market and the Arrow
Debreu economy the same?

Answer: The budget sets of both economies are equal provided that D (the matrix with

the payo¤s of the K securities in the m states) has full rank.

From now on specialize the utility to be separable, so that we can highlight both how agents

substitute consumption across the di¤erent states of the world as well as intertemporally. Let

preferences by given by

ui (x0; x1; :::; xS) = F i
�
x0;  

i (x1; :::; xS)
�

(2)

where

 i (x1; :::; xS) =
�
vi
��1�XS

s=1
vi (xs)�s

�
(3)

the subutility function  i : Rs+ ! R; �s is the common probability of state s. We assume

that vi is strictly increasing and concave and that F i is strictly increasing and concave in

both arguments.

Question 19. [5 points] Compute F i1=F
i
2; where F

i
j is the partial derivative of the function

F i with respect to argument j: Give an intuitive interpretation of your result.

Answer:

F i1=F
i
2 =

@F i (x0;  (x1; :::; xS)) =@x0

@F i (x0;  (x1; :::; xS)) =@ 
i (x1; :::; xS)

This is the marginal rate of substitution between consumption in period zero and period

1.

Question 20. [20 points] Take two arbitrary states, s and s0, where s > 0: What is the
MRS between these two states? Be very explicit in all the terms you write. Does it depend

on x0? Does it depend on F i? Why? (1 line).
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Answer:

@ui (x)

@xs
=

@F i
�
x0;  

i (x1; :::; xS)
�

@ i (x1; :::; xS)

@ i (x1; :::; xS)

@xs

@ui (x) =@xs
@ui (x) =@xs0

=
@ i (x) =@xs

@ i (x) =@xs0
=

�s@v
i (xs) =@xs

�s0@vi (xs0) =@xs0

Does it depend on x0? NO, Does it depend on F i? No.

Why? Separability.

It is easy to show that the following theorem holds for this economy:

Theorem 1 Fix and arbitrary vector of � weights. If xis is a Pareto optimal allocation, then
there are strictly increasing functions gi; gi : R+ ! R+, of the aggregate endowment, so that

xis = gi (�es) for all i 2 I; s = 1; ::; S:
Proof. We will use the theorem that we developed in the lectures notes (Uncertainty, page 6)

and separability of the utility function.

We will aim to prove the theorem by contradiction.

Assume X =
�
xis
	
i2I;s2S is a PO allocation. We can also de�ne this allocation as X =�

xi0; y
i
	
i2I where y

i =
�
xis
	
i2I;s�1. Say there is another feasible allocation X 0 such that�

xi0
�0
= xi0 but

�
yi
�0 � yi (this is analogous to say that

�
yi
�0 has higher certainty equivalent).

Then
�
yi
�0 pareto dominates yi (here we are using the theorem of the notes). Furthermore, by

separability X 0 � X. In other words, X 0 pareto dominates X. This contradicts the fact that

X was PO. Finally, note that we proved that separability implies that a PO allocation for the

whole program implies a PO allocation for the sub-program in period 1. Then, the theorem

that we have in the lectures notes applies there and thus the theorem stated here holds.

Question 21.[10 points] You need to answer True or False to the following questions
about the function gi on the previous theorem:

1) gi (�) depends on the � (weights).
True

2) gi (�) depends on F i.
False

3) gi (�) depends on �e0.
False

4) gi (�) depend on vi (�).
True

5) gi (�) depend on �s.
False
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Question 22. [15 points] Write down an expression for �rst order conditions for hi1;
hi2 and xi0: Use �i for the Lagrange multiplier of the budget constraint.

Answer:

�
xi0
�
: F i1 = �i�

hi1
�
: F i2

SX
s=1

@ i
�
xis
�

@xs
d1s = �iq1

�
hi2
�
: F i2

SX
s=1

@ i
�
xis
�

@xs
d2s = �iq2

Question 23. [20 points] De�ne the expected gross return of the securities 1 and 2, i.e
(1 + r1) = E [d1] =q1 and (1 + r2) = E [d2] =q2. What is the relationshipt between r1 and the

interest rate? Using your answer to Question 22, do 1 + r1 and 1 + r2 depend on the choice

of numeraire?

Answer:
We know that the interest rate is given by

F i2
F i1
=

1

1 + r

using the answers to question 22 we get that:

F i2
F i1

SX
s=1

@ i
�
xis
�

@xs
d1s = q1

1 + r1
1 + r

=

PS
s=1 d1s�sPS

s=1
@ i(xis)
@xs

d1s

Clearly 1 + r1 and 1 + r2 depend on the numeraire since q1 and q2 are measured in terms

of units of goods at time zero consumption.

Question 24. [20 points] De�ne the multiplicative risk premium as (1 + r2) = (1 + r1),

the ratio of the expected gross return of the securities 2 to 1. Write down an expression for

(1 + r2) = (1 + r1) : Does your answer depend on F i or xi0 ? Is your expression the same as the

one for an economy with uncertainty but with only one period (like the one discussed in the

class notes)?
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Answer:

1 + r2
1 + r1

=
E [d2]

E [d1]

PS
s=1

@ i(xis)
@xs

d1sPS
s=1

@ i(xis)
@xs

d1s

=
E [d2]

E [d1]

PS
s=1

@vi(xs)
@xs

d1s�sPS
s=1

@vi(xs)
@xs

d2s�s

=
E [d2]

E [d1]

E
h
@vi(xs)
@xs

d1s

i
E
h
@vi(xs)
@xs

d2s

i
Does your answer depend on F i or xi0 ? NO

Is your expression the same as the one for an economy with uncertainty but with only

one period (like the one discussed in the class notes)? YES, the separability property of the

utility function garanties this.

Now, we further specialize the utility function. Let F i
�
x0;  

i (x1; :::; xS)
�
=
�
(1� �)x1��0 + �

�
 i (x1; :::; xS)

�1��� 1
1��

;

for � > 0,  i (x1; :::; xS) given by (3) and vi (x) = x1�
= (1� 
) :

Question 25 .[5 points] Are the preferences described above identical and homothetic?
(yes or no answer)

Answer: Yes

Let security k = 1 be a risk-less bond, i.e. it pays dks = 1 in all states of nature. Assume

complete markets, and that log �es=�e0 � N
�
�; �2

�
and �e0 = 1: Recall that i X is lognormally

distributed, i.e. if logX is N
�
�; �2

�
then

E [X] = exp

�
�+

1

2
�2
�

E
�
X�
� = exp

�
�
�+ 
2 1

2
�2
�

Question 26. Use the answer to your previous question to �nd an expression for 1 +
r1: Your answer should be a function of the preference parameters �; �; 
 and the parameters

describing the distribution of the aggregagte endowment � and �: How does this compare

with your answer for the economy with two periods and no uncertainty?

Answer:

First note that  i (x1; :::; xS) =
�
vi
��1�XS

s=1
vi (xs)�s

�
=
�PS

s=1

�
xis
�1�


�s

� 1
1�


; re-

call that the solution to the PO are increasing functions of the aggregate endowment. These
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functions take the form gi (�es) =
�
1=

iX
i
�
1=

i

�es: Using this result, that �e0 = 1 and that log �es=�e0

has a normal distribution, we get:

 i (x1; :::; xS) =
�
vi
��1�XS

s=1
vi (xs)�s

�
=

 
SX
s=1

�
xis
�1�


�s

! 1
1�


=

 
SX
s=1

gi (�es)
1�
 �s

! 1
1�


=

 
SX
s=1

�
�i
�1�


(�es)
1�
 �s

! 1
1�


= �i

 
SX
s=1

(�es)
1�
 �s

! 1
1�


Then,

1 + r1 =
1

q1
=

"�
�

1� �

�
 (x1; :::; xS)


��PS
s=1

�
xis
��


�s�
xi0
���

#�1

=

2664� �

1� �

� ��i��� �PS
s=1 (�es)

1�
 �s
� 
��
1�
 PS

s=1 �e
�

s �s�

xi0
���

3775
�1

=

2664� �

1� �

� ��i���E ��e1�
s

� 
��
1�


E
�
�e�
s
�

�
xi0
���

3775
�1

=
�
�i
���1� �

�

�2664
h
exp

�
[1� 
]�+ (1� 
)2 12�

2
�i 
��

1�

exp

�
�
�+ 
2 12�

2
�

�
xi0
���

3775
�1

=
�
�i
���1� �

�

�"
exp

�
[
 � �]�+ [
 � �] (1� 
) 12�

2
�
exp

�
�
�+ 
2 12�

2
��

xi0
���

#�1

=
�
�i
���1� �

�

�"
exp

�
���+ (
 � �+ �
) 12�

2
��

xi0
���

#�1
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Using that gi (�es) =
�
1=

iX
i
�
1=

i

�es, we can de�ne � � �
1=

iX
i
�
1=

i

and thus,

1 + r1 =

24 �
1=

iX
i
�
1=

i

35��1� �
�

�"
exp

�
���+ (
 � �+ �
) 12�

2
��

xi0
���

#�1

For future reference,

1 + r2 = E [�es] q
�1
2

= E [�es]

�
1� �
�

�"
 (x1; :::; xS)


��PS
s=1 �esg

i (�es)
�
 �s�

xi0
���

#�1

= E [�es]

�
1� �
�

�2664
�
�i
��� �PS

s=1 �e
1�

s �s

� 
��
1�
 PS

s=1 �e
1�

s �s�

xi0
���

3775
�1

= E [�es]

�
1� �
�

�2664
�
�i
���

E
h
�e1�
s

i 
��
1�


E
h
�e1�
s

i
�
xi0
���

3775
�1

= E [�es]

�
1� �
�

�2664
�
�i
���

E
h
�e1�
s

i 
��
1�
+1�

xi0
���

3775
�1

= E [�es]

�
1� �
�

�2664
�
�i
���

E
h
�e1�
s

i 1��
1�
�

xi0
���

3775
�1

= E [�es]

�
1� �
�

�2664
�
�i
��� h

exp
�
[1� 
]�+ (1� 
)2 12�

2
�i 1��

1�
�
xi0
���

3775
�1

= E [�es]

�
1� �
�

�
266666664

24 �
1=

iX
i
�
1=

i

35�� �exp �(1� �)�+ (1� �) (1� 
) 12�2���
xi0
���

377777775

�1

Question 27. Use the answer to your previous question and the formulas for the expected
value of a lognormal, to �nd expression for the mulitiplicative risk premium (1 + r2) = (1 + r1)

in this economy. Your expression should be a function of the preference parameters �; �; 
 and
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the parameters describing the distribution of the aggregate endowment � and �: How does

this compare with the expression for an economy with uncertainty and only one period, like

the one in the class notes?

Answer.
Note that

q1 =

�
�

1� �

�
 (x1; :::; xS)


��PS
s=1

�
xis
��


�s�
xi0
����

�

1� �

�
 (x1; :::; xS)


��PS
s=1 g

i (�es)
�
 �s�

xi0
���

and

q2 =

�
�

1� �

�
 (x1; :::; xS)


��PS
s=1 �esg

i (�es)
�
 �s�

xi0
���

We want

1 + r2
1 + r1

=

PS
s=1 �es�sq1
q2

=

PS
s=1 �es�s

PS
s=1 g

i (�es)
�
 �sPS

s=1 �esg
i (�es)

�
 �s

=
E [�es]E

�
gi (�es)

�
�
E
�
�esgi (�es)

�
�
We discussed in detail that gi (�es) is a linear function of �es. Using this fact,

1 + r2
1 + r1

=
E [�es]E

h
�e�
s
i

E
h
�e1�
s

i = e
�

�2

�
' 
�2

Alternative: Using the results of question 26,
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1 + r2
1 + r1

=

E [�es]
�
1��
�

��
[�i]

��
[exp((1��)�+(1��)(1�
) 12�

2)]
(xi0)

��

��1
�
�i
�� �1��

�

��
exp(���+(
��+�
) 12�2)

(xi0)
��

��1
= exp

�
�+

1

2
�2
� �
exp

�
(1� �)�+ (1� �) (1� 
) 12�

2
���1�

exp
�
���+ (
 � �+ �
) 12�2

���1
= exp

�
�+

1

2
�2
�

exp
�
���+ (
 � �+ �
) 12�

2
�

exp
�
(1� �)�+ (1� �) (1� 
) 12�2

�
= exp

�
�+

1

2
�2
�
exp

�
���� (1� �)�+ [(
 � �+ �
)� (1� �) (1� 
)] 1

2
�2
�

= exp

�
�+

1

2
�2
�
exp

�
��+ 
�2 � 1

2
�2
�

= exp
�

�2

�
' 
�2

Remark (after the midterm). In the �rst part of the exam we used the CRRA speci�-

cation for the utility function, while in the last part we used the CES speci�cation. In the �rst

speci�cation, risk aversion and intertemporal elasticity of substitution coincide (they are both

de�ned by 
!) while in the second one, they di¤er (
 is risk aversion while � is intertemporal

elasticity of substitution). Conceptually it is nice to distinguish them (even though in a vast

majority of papers the CRRA speci�cation is used). For a better understanding pay attention

to the following: de�ne

F (x0; x1) = (1� �) v (x0) + �v
�
 i (x1; :::; xS)

�
(key: separability!). This is the usual speci�cation.

using the de�nition of  i,

F (x0; x1) = (1� �)x1�
0 + �
XS

s=1

�
xis
�1�


�s

it is straightforawrd to show that if we set � = 
 in F i
�
x0;  

i (x1; :::; xS)
�
we will get the

same result.

14


