Theory of Income, Fall 2007
Fernando Alvarez, U of C

Midterm

In this exercise we will study the risk sharing implications for equilibrium allocations and
Pareto Optimal allocations in the context of a pure exchange economy, with one good, two
periods, S states of nature, and preferences given by expected utility. We will first specialize

to the case of a one period economy and then solve the two period version.

1 Uncertainty

Consider a one period pure exchange economy with uncertainty. Let there be S states of the
world and one physical commodity. We will index a commodity by the state, so there are
m = S goods, or L = R™. Thus, we can interpret the vector x as the consumption of the
good in each of the different states. We will write x, for the good in state s. Thus the utility
function u’ is a function of a vector on R™. The endowment of agent i € I, denoted by e’ are
also indexed by state s. We let é; be the aggregate endowment in state s.

Assume v’ is given by

! (T1, 22,00, Ts) = (Ui)_l (Z

where (vz) ! (-) is the inverse function of v, v* : R — R is the sub-utility function of agent

m

o (2) ) M

s=1

i and m, € R is the common probability of state s, with Zm [T = 1. We assume that v’
sS=

are differentiable, strictly increasing and strictly concave. Notice that utility is measured in

consumption equivalent units. To note this, by the definition of certainty equivalence (CE(z))

we have that:

v (CE(z)) = Z:; ' (2s) T

=
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To understand these preferences even more, consider a bundle in which 21 = 29 = ...xg =

x.

o S
Question 1. [5 points] What is (v*) ! (Z

. v () 7rs> evaluated at z = 2/7
s=

Answer:



Question 2. [10 points] State, without proof, a result that characterizes the Pareto
Optimal allocation, i.e., how z depends on &s. State carefully all the characteristics of the

functions that are mentioned (for instance, what is the domain of the functions).
Hint: This comes straight from the notes.

Answer.Fix and arbitrary vector of A weights. The Pareto optimal allocation can be de-
scribed by a set of strictly increasing functions ¢*, ¢* : R, — R, of the aggregate endowment,
i.e. the optimal allocation can be written as 2! = ¢ (€) foralli € I, s = 1,.., 5.

Question 3. [5 points] Take two arbitrary states, s and s’, write the Marginal Rate of
Substitution (MRS) between them using (1)

Answer.

ou' (x) /0xs OV (14) [0z
M = — = -
RSss out () /0xy  TgOV' (Tg) /0Ty

Question 4. [15 points] Assume that v’ () = z'77/ (1 — 7). What is the form of the

function g’ (¢5) that describes the PO allocation described in your answer to Question 27

Answer.

We can solve the following program

max » Ao’ (m’s) s.t. Zaz; =&
by the fact that v~! is a monotonous, increasing function. FOC
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solving for xt,
Then,

i
or,



Finally,

S0,

where

Consider the security market economy as the one described in your lecture notes. Recall

that the budget constraint is written in two (set of) equations. The first equation is given by

>t =3, tha

The second equation is one for each state s =1,..,m :
i Ko si
al = Zk_l hidys + €.

Let security k = 1 be a risk-less bond, i.e. it pays dis = 1 in all states of nature. Security k = 2
is similar to a stock, it pays dys = €s. Assume complete markets, that v’ (z) = 2177/ (1 —~)
and that loge ~ NV (u,a2) .

For future reference,

Question 5 [10 points] Compute the Certainty Equivalence of a boundle Z when logé ~
N (M,UQ).

Hint: recall that if X is lognormally distributed, then

Bx] = exp (1=)+ (1= 2)* 30

Answer. .
CE (z) = exp <u +(1—7) 202>

Question 6. [10 points] Write down and expression for the risk premium.
Hint: recall that the multiplicative risk premium is given by (1 +r3) /(1 4+ r1). With this
particular utility form, this is given by

l+ry Ele " Ele]

1+m7 Eleel




Also, recall that if X is lognormally distributed, then
1,
E[X] = exp u+§0

E[X77] = exp <—’yu + 72;02>

Answer.

and for small yo, the risk premium is given by:

T —T1 2’}/0'2

2 A Two Period Economy

Consider a version of an endowment economy in which there is no uncertainty and there are
only two periods, then L = R?. Let v’ (z1,22) = F* (2, 1), where F : Rf_ — R
Question 7 .[5 points] Write down the Arrow-Debreu budget set.

Hint: One equation

Answer.

Powé + plwi < poeé + Plei

Now we consider an alternative representation of the economy. Let d = 1 be the payoff,
in period 1, of the security. Denote by ¢ be the price of the security (measured in units of the
good xg ), b the purchases of this security by agent 4, 0" the endowment of this security by
agent 4, and by &) and ¢! the endowment of goods in period 0 and 1.

Question 8. [10 points] Write down the budget set of the corresponding security market
economy. This consists of two equations, one that applies to period 0,when the sale and

purchase of the security takes place, and the other for period 1.

Answer.

x% + qhi = q@i + ég

B = hité



Question 9. [10 points] How does the net interest rate relate to ¢7

Answer.

Question 10. [5 points] How does the Arrow Debreu prices p relate to the price of the
security ¢? (One line)

Answer.
b1

Po

Question 11. .[5 points| In this context, what will be the endowments in the Arrow

Debreu economy €’ that correspond to the endowments in the security market 6, and é'?

Answer.

N
€ = €
él ‘I" 01 == 621

Question 12. [10 points] What is the MRS in this case? Interpret your results and relate
them to the interest rate.

Answer. oF ( /0
F' (x9,21) /021 1 D1
MRSy1 = . = =
01— §Fi (xo,x1) /0o  1+7T  po

The marginal rate of substitution is equal to the relative price of goods. The relative price
of consumption goods at date one in terms of the price of consumption goods at date zero is

equal to the inverse of the gross interest rate.

Specialize to the following Constant Elasticity of Substitution form:

_1
F(wo,01) = (1= B)ay ™ + B2} ) ™", for p>0

Question 13. [20 points] Calculate the equilibrium interest rate only as a function of 3, p

and €,/€; (the ratio of the aggregate endowments in period 0 over period 1).

1-p[(&\""
1+T_/3<61>

Answer.
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Question 14. [15 points] Give an intuitive explanation of how changes in €,/¢é; affect the

interest rate.

Answer.

d(1+r) 1-8 (e "t
—a = — (= <0
oz 5 \el

Intuitively, you will like to smooth consumption over time, higher relative scarcity in

period 1 will make your demand for savings to increase and hence preasure the interest rate

to decrease.

Question 15. [10 points] Why the equilibrium interest rate does not depend on the

distribution of initial endowments?

Answer: Since po/p; is independent of the \ -weights, relative prices are independent
of the distribution of wealth and there is aggregation. Alternative: identical and homothetic

preferences (as in problem set 2)

2.1 A Two Period Economy with Uncertainty

Consider a two period pure exchange economy with uncertainty. In the current period, com-
modity ”0” is consumed, while in the next period, commodities ”1”,...” §” are consumed in
state s. This means that there are m = S + 1 commodities and L = R5T!,. «’ is given by
u’ (zg, 21, ...,T5) , hence you have preferences over your consumption today, commodity ”0”,
and consumption tomorrow according to what state you are in. The endowment of agent i,

denoted by €’ also belong to RS, We let & be the aggregate endowment.

Question 16.[5 points| Consider the following securities. Denote by dis be the payoff
of security £ € K in sate s. Denote by g be the price of security k£ (measured in units
of commodity 70”), hf; the purchases of this security by agent 4, 9}; the endowment of this
security by agent i, and by é' the endowment of goods.

Write the budget constraint for the security market as a set of two equations, one that
applies to period 0 where consumption of zy and trade take place, and a set of equations for

each state in period s.

Answer:
, K . K . .
7 7 _ 7 A1
Ty + Zk:l thk = Zk,‘:l eka + €
The second equation is one for each state s =1,..,m :
) K . .
zl = Zkzl hidy, + é
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Question 17. [10 points] Assume that prices and payoffs in the security market are
consistent with state prices of the Arrow-Debreu economy, and that the endowments of both

economy are equivalent. Which Budget Set is larger?

Answer: If (z,h) is budget feasible in the security market economy, then z is budget
feasible in the Arrow-Debreu economy. This means that the budget set of the Arrow-Debreu

economy is larger.

Question 18. [5 points] When are the Budget Sets of the security market and the Arrow

Debreu economy the same?

Answer: The budget sets of both economies are equal provided that D (the matrix with

the payoffs of the K securities in the m states) has full rank.

From now on specialize the utility to be separable, so that we can highlight both how agents
substitute consumption across the different states of the world as well as intertemporally. Let

preferences by given by

u' (zg, x1, ..., x5) = F* (J:O,@Di (ml,...,ms)) (2)

where

W (21, 35) = (v7) " (Zfl vl (z,) ws) (3)

the subutility function " : R% — R, 74 is the common probability of state s. We assume
that v’ is strictly increasing and concave and that F' is strictly increasing and concave in

both arguments.

Question 19. [5 points] Compute F}/F%, where F]’ is the partial derivative of the function

F' with respect to argument j. Give an intuitive interpretation of your result.

Answer: ,
OF" (z9,¢ (z1,...,x5)) /Ox0

OF" (QZ(), w (.’13‘1, ...,.’L‘S)) /({’)1/}2 (l‘l, ...,l‘g)

This is the marginal rate of substitution between consumption in period zero and period

Fi/F; =

Question 20. [20 points| Take two arbitrary states, s and s’, where s > 0. What is the
MRS between these two states? Be very explicit in all the terms you write. Does it depend
on zo? Does it depend on F? Why? (1 line).



Answer:

aui (ﬂS‘) _ 8F7, (:I:anvbi ('Tl’ ...,CL’S)) 8'¢Z (1'1, ...,335)

0z ad}z ($1,...,$S) 0z
ou' (z) [0xs O (2) /Oy w0V (xs) /Oxs
out (z) [0xy O (z) [Ozy TeOU (zg) [Omy

Does it depend on z4? NO, Does it depend on F*? No.
Why? Separability.

It is easy to show that the following theorem holds for this economy:

Theorem 1 Fix and arbitrary vector of A weights. If z' is a Pareto optimal allocation, then
there are strictly increasing functions ¢', g* : Ry — R, of the aggregate endowment, so that
vt =g'(es) forallie I, s=1,.,5.
Proof. We will use the theorem that we developed in the lectures notes (Uncertainty, page 6)
and separability of the utility function.

We will aim to prove the theorem by contradiction.

Assume X = {xé}iel,ses
{xé,yi}iel where y' = {xi}iEI,sZI' Say there is another feasible allocation X' such that

is a PO allocation. We can also define this allocation as X =

(xé), = J:f) but (y’)/ = y' (this is analogous to say that (yz), has higher certainty equivalent).
Then (yi)/ pareto dominates y° (here we are using the theorem of the notes). Furthermore, by
separability X' = X. In other words, X' pareto dominates X. This contradicts the fact that
X was PO. Finally, note that we proved that separability implies that a PO allocation for the
whole program implies a PO allocation for the sub-program in period 1. Then, the theorem

that we have in the lectures notes applies there and thus the theorem stated here holds. m

Question 21.[10 points] You need to answer True or False to the following questions

about the function ¢’ on the previous theorem:

1) ¢' (-) depends on the X\ (weights).
True

2) ¢' (-) depends on F.

False

3) ¢' (-) depends on é&.

False

4) ¢' (+) depend on v’ (-).

True

5) ¢ (-) depend on ;.

False



Question 22. [15 points] Write down an expression for first order conditions for hf,

¢ and . Use p, for the Lagrange multiplier of the budget constraint.

Answer:
W) ¢ K=y
i

. ot .
[h1] FZZ ¢ dls K

. o (i .
[h3] F2Z ¢ )d2s=/fQ2

Question 23. [20 points] Define the expected gross return of the securities 1 and 2, i.e
(14+7)=FE[di] /g1 and (1 +r3) = E'[d2] /g2. What is the relationshipt between r; and the
interest rate? Using your answer to Question 22, do 1+ r; and 1 + 73 depend on the choice

of numeraire?

Answer:
We know that the interest rate is given by
F} 1

Ff 147

using the answers to question 22 we get that:

Z 8¢Z dls

= Q
S
14+7r _ Zs 1 d1sTs
1 S oy
h Zs 1 8:£f )d

Clearly 1+ r; and 1+ r3 depend on the numeraire since ¢; and g2 are measured in terms
of units of goods at time zero consumption.

Question 24. [20 points| Define the multiplicative risk premium as (1+72) /(1 + 1),
the ratio of the expected gross return of the securities 2 to 1. Write down an expression for
(1472) /(14 71). Does your answer depend on F* or z§ ? Is your expression the same as the
one for an economy with uncertainty but with only one period (like the one discussed in the

class notes)?



Answer:

S

oy (23)

1479 o E[dZ] Zs:l Oxs dls
1+nr FE [dl] Zle 81§£f2)dls

S

vt (zs)

E[dz] 23:1 axsk dls"Ts

Bl Ty, %500,

Edy) B | 2552
Eldi] g [%}Eﬁs)d%}

Does your answer depend on F* or x% 7?7 NO
Is your expression the same as the one for an economy with uncertainty but with only
one period (like the one discussed in the class notes)? YES, the separability property of the

utility function garanties this.

Now, we further specialize the utility function. Let F (zg,9" (21, ..., z5)) = ((1 —B) x(l)_p + B (¢ (21, ...

for p > 0, 9" (z1,...,z5) given by (3) and v’ (z) = 277/ (1 — 7).

Question 25 .[5 points] Are the preferences described above identical and homothetic?

(yes or no answer)
Answer: Yes

Let security & = 1 be a risk-less bond, i.e. it pays dis = 1 in all states of nature. Assume
complete markets, and that loges/eg ~ N (u, 02) and eg = 1. Recall that i X is lognormally
distributed, i.e. if log X is NV (u, 02) then

1
E [X] = exp <,u + 20'2)
- 21 2
E[X7] = exp(—yu+~ 30

Question 26. Use the answer to your previous question to find an expression for 1 +
r1. Your answer should be a function of the preference parameters p, 5, and the parameters
describing the distribution of the aggregagte endowment o and . How does this compare

with your answer for the economy with two periods and no uncertainty?

Answer: )
. o\ S B S 1 —
First note that ¢* (z1,...,zs) = (v") ! (Z 11}’ (.%'5)71'5) = <Zf:1 (mls)l 7775> T re-
s=

call that the solution to the PO are increasing functions of the aggregate endowment. These
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functions take the form g° (&) =

A

1/~

—=<——¢s. Using this result, that ¢y = 1 and that logeés/ég

2.,

has a normal distribution, we get:

)\3/"/

W (1,

,TS)

Then,

14+r
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1/
€s, we can define § = 2 and thus,

ORE

<1—6> exp (—p+ (v — p+ p7) 20?) |
B (z5) "

Using that g (,) = <>
sing that ¢* (€5) = =<t——
T

)\1/’7

For future reference,

p

14+r =

l+ry = Fleslgy"

_ 1-— ,8 -1ﬁ (xl, ceny ZL‘S)PY_p Zf:l ésgi (és)_7 Ts !
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Question 27. Use the answer to your previous question and the formulas for the expected
value of a lognormal, to find expression for the mulitiplicative risk premium (1 +r2) / (1 4 r1)

in this economy. Your expression should be a function of the preference parameters p, 3,y and
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the parameters describing the distribution of the aggregate endowment o and pu. How does
this compare with the expression for an economy with uncertainty and only one period, like

the one in the class notes?

Answer.
Note that
@ = ( p > (@1, m8)' P00 ()
1 = ,
1-5 (z5) "
< B ) U (21,0 18) TP gt (E5) T T
1-5 (z5) "
and
0 = < B ) ?,Z)(xl, 7$S)W7p 25—1 €sg"’ (68) T
1-8 (z5) ™"
We want
L+ 7o _ Ef:l EsTsq1 _ Zf:l EsTs Zf:l g' (€s) " ms
1+ % S Esgi (es) 7 s

E [és} E [gi (58)_7]
E [esq' (es) "]

We discussed in detail that g° (&) is a linear function of €. Using this fact,

iry PlE[E7]

_ 2\ . 2
T+m B[e] —c(0) =0

Alternative: Using the results of question 26,
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E [es] (1_6 [[6i]_p[eXp((l_/El/g‘)"(i—p)(l—v);02)]] -
[5i]P 1—6) [exp(—pu-i(—g(gg)—f:_pw);ﬁ)} —1

1 5 [exp((l—p)u—l—(l— (1—~ %02)]
ex + =0
p<u 2 > [exp (—pp+ (v = p+ py) 202)]
o 1) e (ot (v —ptp) 507
p<“+2 >exp((l—p)wr(l—p)(l—ﬂ502)
exp<u+;oz>exp(—pu—(l—p)u+[(7—p+m)—
exp <u + ;02> exp < n+ 'ya — 202>

Remark (after the midterm). In the first part of the exam we used the CRRA specifi-

cation for the utility function, while in the last part we used the CES specification. In the first
specification, risk aversion and intertemporal elasticity of substitution coincide (they are both

defined by ~!) while in the second one, they differ (y is risk aversion while p is intertemporal

elasticity of substitution). Conceptually it is nice to distinguish them (even though in a vast

majority of papers the CRRA specification is used). For a better understanding pay attention

to the following: define

F (z0,21) = (1= ) v (o) + Bv [¢' (21, .., z5)]

(key: separability!). This is the usual specification.

using the definition of 1,

F (z0,71) = (1 B) x5 “rﬁz

it is straightforawrd to show that if we set p = v in F! (330, Pl (1, ..., ;Bs)) we will get the

same result.
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