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ABSTRACT

We analyzed a variety of recently proposed decision rules for three-class classification from the point of view of
ideal observer decision theory. We considered three-class decision rules which have been proposed recently: one
by Scurfield, one by Chan et al., and one by Mossman. Scurfield’s decision rule can be shown to be a special
case of the three-class ideal observer decision rule in two different situations: when the pair of decision variables
is the pair of likelihood ratios used by the ideal observer, and when the pair of decision variables is the pair of
logarithms of the likelihood ratios. Chan et al. start with an ideal observer model, where two of the decision
lines used by the ideal observer overlap, and the third line becomes undefined. Finally, we showed that the
Mossman decision rule (in which a single decision line separates one class from the other two, while a second line
separates those two classes) cannot be a special case of the ideal observer decision rule. Despite the considerable
difficulties presented by the three-class classification task compared with two-class classification, we found that
the three-class ideal observer provides a useful framework for analyzing a wide variety of three-class decision
strategies.
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1. INTRODUCTION

We are attempting to develop a fully automated mass lesion classification scheme for computer-aided diagnosis
(CAD) in mammography. This scheme will combine two schemes developed at the University of Chicago: one for
automatically detecting mass lesions in mammograms,1–5 and one for classifying known lesions as malignant or
benign.6–10 Combining these two types of CAD scheme is inherently difficult, because the output of the detection
scheme will necessarily include false-positive (FP) computer detections in addition to the malignant and benign
lesions to be classified. These FP computer detections correspond to objects which were by design not included
in the training sample of the classification scheme, because they are not members of the data population (benign
and malignant mass breast lesions) for which the classification scheme was created. It is clear then that the
detection scheme’s output cannot be used unmodified as the input to the classification scheme.

Our approach has been to treat this problem explicitly as a three-class classification task. That is, the
outputs of the detection scheme should be classified as malignant lesions, benign lesions, and non-lesions (FP
computer detections), and the classifier to be estimated is the ideal observer decision rule for this task. Such
an approach presents considerable difficulties of its own. On the one hand, decision rules, in particular ideal
observer decision rules, increase rapidly in complexity with the number of classes involved. On the other hand, a
fully general performance evaluation method, such as a three-class extension of receiver operating characteristic
(ROC) analysis, has yet to be developed.

The explicit form of the ideal observer in a three-class classification task has been known for some time.11

For the reasons just stated, however, a practical method for estimating and evaluating observer performance
based on an ideal observer model has proven elusive, despite the success of the two-class binormal ideal observer
model.12 Nevertheless, pragmatic observer decision rule models for three-class classification tasks have been
proposed relatively recently by several groups of researchers. In some cases, these models are motivated more
by considerations of tractability than of complete generality. This is of course understandable given the inherent
difficulties of three-class classification; however, we thought it might be of interest to analyze a number of recently
proposed three-class decision rule models within an ideal observer decision rule framework.
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In the next section, we review the three-class ideal observer decision rule. In the following three sections, we
review recently proposed three-class decision rule models: one by Scurfield,13 one by Chan et al.,14 and one by
Mossman.15 In each case, the given decision rule is analyzed in terms of the ideal observer decision rule; where
necessary or expedient, assumptions are made about the observer’s decision variables in order to facilitate this
analysis. We emphasize that we do not attempt a review of the experimental methods in the works discussed;
we are specifically interested only in the form of the decision rule which serves as the starting point for each
work. The results of our analyses are briefly summarized in Sec. 6.

2. THE THREE-CLASS IDEAL OBSERVER

It can be shown11, 16 that an N -class ideal observer makes decisions regarding statistically variable observations
~x by partitioning a likelihood ratio decision variable space, where the boundaries of the partitions are given by
hyperplanes:

decide d = πi iff
N−1∑

k=1

(Ui|k − Uj|k)P (t = πk)LRk ≥ (Uj|N − Ui|N )P (t = πN ) {j < i} (1)

and
N−1∑

k=1

(Ui|k − Uj|k)P (t = πk)LRk > (Uj|N − Ui|N )P (t = πN ) {j > i}. (2)

Here Ui|j is the utility of deciding an observation is from class πi given that it is actually from class πj , and the
N − 1 likelihood ratios are defined as

LRi ≡
p~x(~x|t = πi)

p~x(~x|t = πN )
(3)

for i < N . We also define the actual class (the “truth”) to which an observation belongs as t, and the class to
which it is assigned (the “decision”) as d, where t and d can take on any of the values π1, . . . , πi, . . . , πN , the
labels of the various classes. (We use boldface type to denote statistically variable quantities.)

The partitioning of the decision variable space is determined by the parameters

γijk ≡ (Ui|k − Uj|k)P (t = πk), (4)

with i, j, and k varying from 1 to N , and j 6= i. Note that these parameters are not independent, however,
because

γijk = γkjk − γkik . (5)

We can impose the reasonable condition that the utility for correctly classifying an observation from a given
class should be greater than any utility for incorrectly classifying an observation from the same class, i.e.,
Ui|i > Uj|i {i 6= j}. This gives, for j 6= i,

γiji > 0, (6)

leaving N(N − 1) parameters (the rest are derivable from Eq. 5).

Finally, note that the hyperplanes represented by Eqs. 1 and 2 are unchanged if we multiply all of these
equations by a single scalar, such as 1/(

∑
i6=j γiji). This leaves us with N2 − N − 1 degrees of freedom, as

expected.

The behavior of a three-class ideal observer is completely determined by the three decision boundary lines

γ121LR1 − γ212LR2 = γ313 − γ323 (7)

γ131LR1 + (γ232 − γ212)LR2 = γ313 (8)

(γ131 − γ121)LR1 + γ232LR2 = γ323, (9)
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Figure 1. Example three-class ideal observer decision rule, given the values of the decision parameters γ121 = γ212 = 3/14
and γ131 = γ313 = γ232 = γ323 = 1/7. Note γiji ≡ (Ui|i − Uj|i)P (t = πk).

which we call, respectively, the “1-vs.-2” line, the “1-vs.-3” line, and the “2-vs.-3” line. Note that if any two
of these lines intersect, the third line must also share this intersection point. We also emphasize the simple
interpretation, from Eq. 4, of each of the γiji parameters appearing in these decision boundary line equations
as the difference in utilities between a “correct” and one particular “incorrect” decision (scaled by the a priori

probability of the true class in question); and of each difference in the γiji parameters as a difference in utilities
between two possible “incorrect” decisions (again scaled by the a priori probability of the true class in question).

An example ideal observer decision rule for particular values of the utilities Ui|j , and hence of the parameters
γiji, is shown in Fig. 1. Here we have chosen γ121 = γ212 = 3/14 and γ131 = γ313 = γ232 = γ323 = 1/7, yielding
the decision boundary lines

3

14
LR1 −

3

14
LR2 = 0 {“1-vs.-2”} (10)

1

7
LR1 −

1

14
LR2 =

1

7
{“1-vs.-3”} (11)

−
1

14
LR1 +

1

7
LR2 =

1

7
{“2-vs.-3”}. (12)

These simplify to the equations LR2 = LR1, LR2 = 2LR1 − 2, and LR2 = LR1/2 + 1, respectively.

3. THE SCURFIELD DECISION RULE

Scurfield investigated a decision rule applied to two-dimensional statistically variable data (~y ≡ (y1,y2)) drawn
from three classes.13 The application domain was human observer performance modeling for acoustical psy-
chophysics experiments. (In prior work, Scurfield investigated a decision rule for three-class classification of
univariate data.17 We will not review that prior work here, because at present we are interested in relating given
observer models to the three-class ideal observer model for multivariate observational data, which yield two-
dimensional decision variable data by Eq. 3.) In Scurfield’s work, no assumptions are made about the decision
variables y1 and y2; in particular, these decision variables are not assumed to be related in any way to an ideal
observer model. This is entirely appropriate given the nature of the problem domain Scurfield investigated —
i.e., human observer performance modeling. It can readily be shown, however, that if one chooses to make such
assumptions, special cases of the Scurfield model are in fact special cases of an ideal observer decision rule.
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Figure 2. Decision rule investigated by Scurfield, for the decision parameters γ1 and γ2.

The Scurfield decision rule is dependent on two decision parameters, which we will call γ1 and γ2. The
decision rule can be written as

decide d = π1 iff y1 − y2 ≥ γ1 − γ2 and y1 ≥ γ1; (13)

decide d = π2 iff y1 − y2 < γ1 − γ2 and y2 ≥ γ2; (14)

decide d = π3 iff y1 < γ1 and y2 < γ2. (15)

This decision rule is illustrated in Fig. 2.

From these relations, one can define the decision boundary lines

y1 − y2 = γ1 − γ2 {“1-vs.-2”} (16)

y1 = γ1 {“1-vs.-3”} (17)

y2 = γ2 {“2-vs.-3”}. (18)

Note the similarity in form between these equations and Eqs. 7-9. If we choose y1 ≡ LR1(~x) and y2 ≡ LR2(~x)
for some set of observational data ~x, we have a special case of Eqs. 7-9, which is illustrated in Fig. 3.

A second correspondence between Scurfield’s decision rule and the ideal observer decision rule can be obtained
by taking y1 ≡ log(LR1(~x)) and y2 ≡ log(LR2(~x)); note that a line of the form log(LR2) = log(LR1) + α
corresponds to a line of the form LR2 = βLR1 for appropriate constants α and β. By inspection, this is again a
special case of Eqs. 7-9, which is illustrated in Fig. 4.

Scurfield points out13 that the observer which maximizes PC , the “percent correct” or probability of a
correct response, is a special case of the ideal observer (i.e., a single operating point achievable by the ideal
observer for the given task). This observer follows the Scurfield decision rule model with y1 ≡ log(LR1(~x)) and
y2 ≡ log(LR2(~x)), and decision parameters given by eγ1 = P (π3)/P (π1) and eγ2 = P (π3)/P (π2). It is interesting
to note that the Scurfield decision rule model can in fact be used to describe ideal observer performance for an
even wider class of operating points, as shown in this section.

4. THE CHAN DECISION RULE

Chan et al. are investigating three-class classifiers for computer-aided diagnosis.14 Their work is motivated by
reasoning similar in principle to that which we independently arrived at when we began to consider this problem.
In particular, they consider a clinical situation in which observations must be classified as malignant, benign,
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Figure 3. A special case of the ideal observer decision rule, which is a special case of the Scurfield decision rule with
y

1
≡ LR1(~x) and y

2
≡ LR2(~x).
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Figure 4. A special case of the ideal observer decision rule which is a special case of the Scurfield decision rule with
y

1
≡ log(LR1(~x)) and y

2
≡ log(LR2(~x)).
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Figure 5. The decision rule investigated by Chan et al., which as they state is a special case of the ideal observer decision
rule. Observations in the unlabelled region are decided “not π3”, i.e., either “π1” or “π2”.

or normal. Because the goal of their work is to optimize the performance of a system to aid a radiologist or
clinician, rather than to measure the psychophysical performance of an existing observer, they choose to start
explicitly from an ideal observer model in constructing their decision rule.

In order to reduce the complexity of the ideal observer decision rule to manageable proportions, Chan et al.

impose restrictions on the utilities used by their observer. In their formulation, the class we are labelling π1 is
the benign class; π2, the normal class; and the malignant class is π3. They further assume that the possible
values of any utility Ui|j are restricted to the interval [0, 1]. They then set U1|1 = U2|2 = U3|3 = 1 (i.e., correctly
identifying any case has maximal utility). Furthermore, they require U2|1 = U1|2 = 1 and U1|3 = U2|3 = 0
(i.e., misidentifying a benign case as normal, or vice versa, has no significant cost reducing the utility of such a
decision from the maximum, but misclassifying an actually malignant case as benign or normal has the minimum
possible utility). Finally, U3|1, and U3|2 are assumed to have arbitrary values on the open interval (0, 1) (i.e.,
misclassifying an actually non-malignant case as malignant will have some cost reducing the utility of such
a decision from the maximum, but such a misclassification is in some sense “better” than missing an actual
malignancy). It is important to note that these assumptions are arguably relevant to a reasonable model of a
clinical situation, and are thus of interest beyond their superficial advantage in reducing the degrees of freedom
involved in the observer’s decision rule. We will, however, only consider the latter issue in the remainder of this
section.

Substituting the values of the utilities given above into Eq. 4, we obtain decision boundary lines of the form

0 LR1 + 0 LR2 = 0 {“1-vs.-2”} (19)

(1 − U3|1)P (t = π1)

α
LR1 +

(1 − U3|2)P (t = π2)

α
LR2 =

P (t = π3)

α
{“1-vs.-3”} (20)

(1 − U3|1)P (t = π1)

α
LR1 +

(1 − U3|2)P (t = π2)

α
LR2 =

P (t = π3)

α
{“2-vs.-3”} (21)

where α ≡ 1 + P (t = π3) − U3|1P (t = π1) − U3|2P (t = π2). Note that, as Chan et al. point out, the “1-vs.-2”
line is in fact undefined for this choice of utilities, while the “1-vs.-3” and “2-vs.-3” lines are identical. This is a
general consequence of Eqs. 7-9; if any two of these equations yield identical lines, the third line must be either
identical to them or undefined. The decision rule considered by Chan et al. is illustrated in Fig. 5.
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Figure 6. Decision rule investigated by Mossman, for the decision parameters α and β, shown in the a posteriori class
probability space.

5. THE MOSSMAN DECISION RULE

Mossman investigates a decision rule applied to a set of three decision variables y1, y2, and y3, subject to the
constraint

y1 + y2 + y3 = 1, (22)

as well as 0 ≤ yi ≤ 1 {1 ≤ i ≤ 3}. This is consistent with the constraint on the a posteriori class probabilities,
P (π1|~x) + P (π2|~x) + P (π3|~x) = 1; these quantities are known to be directly related to the likelihood ratio ideal
observer decision variables.18, 19 (In this section we will write P (πi|~x) instead of P (t = πi|~x) for simplicity.)
Mossman does not explicitly require, however, that the decision variables in Eq. 22 be the a posteriori class
probabilities (e.g., they may be noisy estimates of these quantities).

The decision rule considered by Mossman, which depends on two decision parameters α and β, is

decide d = π1 iff y2 − y1 ≤ β and y3 ≤ α; (23)

decide d = π2 iff y2 − y1 > β and y3 ≤ α; (24)

decide d = π3 iff y3 > α. (25)

where 0 ≤ α ≤ 1 and −1 ≤ β ≤ 1. From these relations, and given the relation y3 = 1 − y1 − y2 from Eq. 22,
one can define the decision boundary lines

y1 − y2 = −β {“1-vs.-2”} (26)

y1 + y2 = 1 − α {“1-vs.-3”} (27)

y1 + y2 = 1 − α {“2-vs.-3”}. (28)

This decision rule is illustrated in Fig. 6. Note that, similar to the Chan et al. decision rule, the “1-vs.-3” and
“2-vs.-3” decision boundary lines are identical.

We now consider a special case of the Mossman decision rule in which y1 = P (π1|~x), y2 = P (π2|~x), and
y3 = P (π3|~x) for some observational data vector ~x. This version of the decision rule is illustrated in Fig. 7.

Although the Mossman decision rule appears similar in form to the ideal observer decision rule, recall from
Sec. 4 that if two of the decision boundary line equations are identical, the third must yield a line identical to
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Figure 7. Decision rule investigated by Mossman, for the decision parameters α and β, shown in likelihood ratio space.

the first two or be undefined. Another way to see this is to note that the coefficients of Eq. 9 are differences of
the corresponding coefficients of Eqs. 7 and 8. If the coefficients of Eqs. 8 and 9 are identical, it must be the case
that the coefficients of Eq. 7 are all zero. For the Mossman decision rule, this would require 1+β = 0, 1−β = 0,
and β = 0 simultaneously, which is clearly impossible. It follows that the decision rule considered by Mossman
cannot represent possible ideal observer performance for any choice of the utilities Ui|j in Eqs. 1 and 2.

6. DISCUSSION AND CONCLUSIONS

We examined three decision rules proposed recently for three-class classification tasks by different researchers.
The basis for our evaluation was ideal observer decision theory, primarily because our own interest in the three-
class classification task is its possible application to CAD.

Although this is not the most general approach to three-class classification, the three-class classification task
is difficult enough that it is perhaps worth making any attempt to analyze, from a single point of view, the work
of the relatively few researchers investigating this problem.

In particular, Scurfield points out13 that his proposed decision rule is in fact an ideal observer decision rule
for a single ideal observer operating point, namely the observer which maximizes the probability of any correct
response (or “percent correct” or PC). We were able to show that, under various assumptions, a larger set of
such correspondences between the Scurfield observer and the ideal observer exists.

Chan et al. are working on the application of three-class classification to CAD, and thus explicitly take
the ideal observer as the starting point in the development of their decision rule.14 Although this rendered our
analysis of that decision rule in terms of ideal observer decision theory largely trivial, it provided an intuitive
basis for understanding the results of similar analysis of the Mossman decision rule, namely the conclusion that
the latter does not correspond to ideal observer behavior for any possible values of the utilities used by the ideal
observer. However, we note that the structure of the Mossman decision rule — a simple sequence of thresholds
on single decision variables — may indeed serve as a reasonable model for human observer performance in certain
situations, e.g., differential diagnosis.
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