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ABSTRACT

We express the performance of the three-class “guessing” observer in terms of the six probabilities which make
up a three-class receiver operating characteristic (ROC) space, in a formulation in which “sensitivities” are
eliminated in constructing the ROC space (equivalent to using false-negative fraction and false-positive fraction
in a two-class task). We then show that the “guessing” observer’s performance in terms of these conditional
probabilities is completely described by a degenerate hypersurface with only two degrees of freedom (as opposed
to the five required, in general, to achieve a true hypersurface in such a ROC space). It readily follows that the
hypervolume under such a degenerate hypersurface must be zero. We then consider a “near-guessing” task; that
is, a task in which the three underlying data probability density functions (PDF's) are nearly identical, controlled
by two parameters which may vary continuously to zero (at which point the PDFs become identical). The
hypervolume under the ROC hypersurface of an observer in the three-class classification task tends continuously
to zero as the underlying data PDFs converge continuously to identity (a “guessing” task). The hypervolume
under the ROC hypersurface of a “perfect” ideal observer (a task in which the three data PDFs never overlap) is
also found to be zero in the ROC space formulation under consideration. This suggests that hypervolume may
not be a useful performance metric in three-class classification tasks, despite the utility of the area under the
ROC curve for two-class tasks.
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1. INTRODUCTION

We are attempting to develop a fully automated mass lesion classification scheme for computer-aided diagnosis
(CAD) in mammography. This scheme will combine two schemes developed at the University of Chicago: one for
automatically detecting mass lesions in mammograms,*® and one for classifying known lesions as malignant or
benign.® 1% Combining these two types of CAD scheme is inherently difficult, because the output of the detection
scheme will necessarily include false-positive (FP) computer detections in addition to the malignant and benign
lesions to be classified. These FP computer detections correspond to objects which were by design not included
in the training sample of the classification scheme, because they are not members of the data population (benign
and malignant mass breast lesions) for which the classification scheme was created. It is clear then that the
detection scheme’s output cannot be used unmodified as the input to the classification scheme.

Our approach has been to treat this problem explicitly as a three-class classification task. That is, the
outputs of the detection scheme should be classified as malignant lesions, benign lesions, and non-lesions (FP
computer detections), and the classifier to be estimated is the ideal observer decision function for this task.
Such an approach presents considerable difficulties of its own. On the one hand, decision functions, in particular
ideal observer decision functions, increase rapidly with the number of classes involved. On the other hand, fully
general performance evaluation methods, in particular a three-class extension of receiver operating characteristic
(ROC) analysis have yet to be developed for such a task.

Although we have had preliminary success in using Bayesian artificial neural networks (BANNs)!! 12 to

estimate three-class ideal-observer-related decision variables,'® !4 the task of developing a three-class extension
to ROC analysis has proved somewhat more daunting. Our initial efforts in this direction have thus been more
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theoretical than practical so far.!®> One issue we began to investigate recently was the calculation of an obvious
generalization of the well-known area under the ROC curve (AUC) performance metric, a quantity we are calling
the “hypervolume under the ROC hypersurface.” Detailed consideration of the integrals involved in calculating
this quantity led us to the counterintuitive conclusion that, despite the great success and utility of the AUC
performance metric in two-class classification tasks, the hypervolume under the ROC hypersurface does not
appear to be a useful performance metric in three-class classification tasks. (We also have reason to believe that
this result applies to N-class classification tasks in general when N > 2.16) The proof of this claim is arrived at
by considering observer performance in two extremes: the “guessing” observer and the “perfect” observer.

2. THE ROC HYPERSURFACE OF THE THREE-CLASS “GUESSING” OBSERVER

The performance of an observer in a three-class classification task is completely determined by a hypersurface
with five degrees of freedom in a six-dimensional ROC space.!” Without loss of generality, we can specify any
point in the ROC space by a vector of the misclassification probabilities [P(d = mi|t = m2), P(d = m|t =
73), P(d = mat = m1), P(d = ma|t = 73), P(d = m3|t = m2), P(d = m3|t = m1)]7.1° Here the three classes are
denoted by 1, w2, and 73, d denotes the class to which an observation is assigned (the “decision”), and t is the
class to which it actually belongs (the “truth”); we use boldface type to denote statistically variable quantities.
We can also, again without loss of generality, consider the ROC hypersurface to be given by P(d = m3|t = m1)
considered as a function of the other five misclassification probabilities.®

Consider the performance of an observer which makes decisions by “guessing”, that is, in a random fashion
unrelated to the actual class t from which a given observation is drawn. (Note that this corresponds to the
performance of the ideal observer when the probability density functions (PDFs) of the observational data are
identical, i. e., p(X|m1) = p(X|m2) = p(X|73).) In this case, we clearly must have

P(d:7'f'1|t:ﬂ'2) = P(d:ﬂ'1|t:ﬂ'3), (1)
P(d:7'r2|t:ﬂ'1) = P(dzﬂgltzﬂ'g), (2)
P(d:7'r3|t:ﬂ'2) = P(d:7T3|t=7T1). (3)

Defining o = P(d = m|t = m2), 8 = P(d = ma|t = m1), and v = P(d = 73|t = m2), we see that the performance
of the “guessing” observer is given by a locus of vectors of the form
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where each of «, 3,7 is restricted to the range [0, 1]. Furthermore, note that

Pd=m) = Pd=mlt=m)Pt=m)+ P(d=m|t=m)P(t=m)
+P(d =7t = 73)P(t = m3)
= aP(t=m)+aP(t=m)+aP(t=mn3)
= q, (5)

and similarly P(d = m2) = 8, P(d = m3) = 7. This immediately gives v = 1 — o — 8. Thus the performance of
the guessing observer is given by

P(d:ﬂ'1|t—7f2) « 0 1 0
P(d:ﬂ'1|t—7f3) « 0 1 0
P(d:ﬂ'2|t—7f1) o ﬁ _ 0 0 1
Pd=mlt=m) | 3 =lo |t o | TP 1 (6)
P(d = 73|t = m2) l—a-p 1 -1 -1
P(d =m3|t =m1) l—a-p 1 -1 -1



This is the parametric equation for a two-dimensional plane in a six-dimensional space; the actual performance
of the “guessing” observer will of course be further restricted to a triangle within this plane such that 0 < o <
,L0<p<1,0<1l-a-p<1.

3. THE ROC HYPERSURFACE OF A THREE-CLASS “NEAR-GUESSING”
OBSERVER

Consider observational data X drawn from three PDFs:

p(Elt =m) = p(@[t =m3) + 6hi (D), (7)
p(@lt =m2) = p(F[t =m3) + eha(T), (8)
p(Z[t = m3), (9)

where 0 < § < 1, [ hy(Z)d"# = 0, and |h(Z)| < p(Z|t = m3); and similarly, 0 < € < 1, [ ho(Z)d"Z = 0, and
|h2(Z)| < p(Z]t = 73). In the limit as § and e both approach zero, we expect the performance of any observer
for this task to converge smoothly to that of the “guessing” observer.

Decisions are made by partitioning the decision variable space into three regions, determined by a total of
five parameters; we denote these parameters by the components of a vector 4. An observer which uses more than
five parameters for a three-class classification task can always be replaced by a simplified observer, such that the
“excess” parameters are eliminated by the requirement that P(d = 73|t = 71) be minimized, thereby collapsing
the dimensionality of the parameter space to five. On the other hand, an observer which uses fewer than five
decision parameters will fail to generate a true ROC hypersurface — i. e., one with five degrees of freedom in the
six-dimensional ROC space. Such “degenerate” observers will not be considered here (apart from the “guessing”
observer itself).

We can thus define three regions which partition the original data space, given particular values of the
parameters v, by:

Di(¥) = {Z:d=m given 7}, (10)
D7) = {Z:d=my given 7}, (11)
Ds(7) = {Z:d=m3 given 7} (12)

For a non-random observer, the D; can be expected to depend implicitly on the PDFs in Eqgs. 7-9, and therefore
on ¢ and e. The misclassification probabilities which define the ROC hypersurface are then given by

[ P(d=mlt=m) ] Jp, p(@[t = m2) d"T
P(d = m]t — o) P ]t = m3)
Pd=mlt=m) | _ Dy p(Zt = m) d"& (13)
Pd=mlt=m) | | [p,p(@[t=m3)d"T
P(d = w3t = ma) p, P(EIt = m2) d"T
| P(d=m3[t =m1) | fD3p(f|t:771) d"z

P(d:Tr1|t:7T2) P(d=7ﬁ|t:ﬂ'3)+€fpl hg(f) A"z

P(d:Tr1|t:7T3) P(d:771|t:7r3)

Pd=mlt=m) | | P(d=mlt=m3)+0d [p hi(Z) d"Z (14)
P(d:7T2|t:7T3) - P(d:ﬂ'2|t:ﬂ'3)

P(d =m3|t = m2) Pd=m3t=m3)+ Eng ho(%) d"Z

P(d=m3lt =m) P(d:7T3|t:71'3)—1—5fD3 hi(%) d"z



Defining the functions H;; = fD_ h;(Z) d™Z allows us to simplify the notation slightly:

P(d:ﬂ'1|t:ﬂ'2) P(d:ﬂ'1|t:ﬂ'3)+€H12

P(d:ﬂ'1|t=7f3) P(d:ﬂ'1|t=7f3)

P(d:ﬂ'2|t=7f1) . P(d:Tr2|t=7T3)+(SH21 (15)
P(d:ﬂ'2|t=7f3) o P(d:ﬂ'2|t=7f3)

P(d:ﬂ'3|t:ﬂ'2) P(d:TF3|t:7T3)+€H32

P(d:ﬂ'3|t—ﬂ'1) P(d:ﬂ'3|t:ﬂ'3)+5H31

Now of course P(d = m3|t = 73) = 1 — P(d = m1|t = m3) — P(d = m2|t = m3); for simplicity, we will write
a=P(d=mt =m3) and 8 = P(d = m2|t = 73). Equation 15 can now be written as

P(d:ﬂ'1|t—ﬂ'2) a—i—eng
P(d=m|t=m3) a
P(d—ﬂ'2|t=7'r1) _ 6+6H21 (16)
Pd=mlt=m3) | B ’
P(d:ﬂ'3|t—7f2) 1—a—(+ecHss
P(d:ﬂ'3|t:ﬂ'1) 1—()[—,6+6H31
which further simplifies to
P(d:7'f'1|t—ﬂ'2) « 0 H12
P(d=mi|t =73) Q@ 0 0
P(dzﬂglt—ﬂ'l) o ﬁ H21 0
Pd=rlt=m) | 3 +4 0 +tel . (17)
P(d:7'r3|t:ﬂ'2) 1—0(—5 0 H32
P(d—7‘f’3|t—ﬂ'1) 1—0&—5 H31 0

The first term on the righthand side of this equation is just the expression for the “guessing” observer (cf. the
lefthand side of Eq. 6). The other two terms on the righthand side of the equation tend to zero as § and e tend
to zero. Note that the H;; may in general depend on ¢ and € via Eqgs. 10-12, but
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(18)

Thus the H;; are bounded, and will possess Taylor expansions in § and e (i. e., will not depend on terms of
the form 6%, e~* for positive integers k). Therefore, operating points on the ROC hypersurface of the “near-
guessing” observer tend continuously toward points on the ROC hypersurface of the “guessing” observer. Note
that the six terms «, 8, 6Ha1, 0H31, €Hia, eHso are not all independent, since they each depend implicitly for
fixed 0 and € on the five decision parameters 4. That is, the ROC hypersurface given by Eq. 17 possesses only
five degrees of freedom.

4. THE HYPERVOLUME UNDER THE ROC HYPERSURFACE OF A
THREE-CLASS “NEAR-GUESSING” OBSERVER

In the preceding section, it was shown that the ROC hypersurface of a “near-guessing” observer tends continu-
ously to the ROC hypersurface of a “guessing” observer as the PDFs of the observational data tend arbitrarily



toward identical distributions. Intuitively, one would expect that the hypervolumes under these hypersurfaces
should also tend toward each other. Since intuition can occasionally be an unreliable guide in analyzing three-
class classification tasks, it would be reassuring if the results of the preceding section could be applied directly
to the calculation of the relevant hypervolumes.

For this section, we will write P(d = m;|t = 7;) as P,;(¥), emphasizing that it is a function of the decision
parameters chosen. We thus rewrite Eq. 15 to obtain

P1a(7) P13() + eH12(7)

Pr3(7) P13(7)

Pa(y) | _ Po3(7) + 0Ha1(7) (19)
Pos(7) Pa3(7)

Ps3(7) Ps3(7)

Ps1(7) Ps5(¥) + 6Hg1 — eHso

To find the hypervolume under the ROC surface given by P31 considered as a function of (P12, P13, Po1, P23, P32),

one must evaluate the integral
/////P31dP12dP13dP21dP23dP32-

(The domain of the integral is simply the set of all P;; such that Ps; is defined.) Note that, for the “guessing”
observer, we expect this integral to be zero due to dimensionality considerations — the ROC hypersurface has
only two degrees of freedom (¢f. Eq. 6), not the five required in this six-dimensional ROC space. To see this
explicitly, one can rearrange the order of integration to obtain

/////P31 dPs33 dPi3 dP13 dPay dPa3,

and then consider the innermost integral f P31 dP35 for fixed values of Pjs = Py3 and Py; = P»3. Then the limits
of integration of this innermost definite integral become, again by Eq. 6,

/1P13P23
1—Pi3—Pa3

We now return to the general case of a “near-guessing” observer. One way to evaluate the integral in Eq. 20
is to reexpress it explicitly in terms of the decision parameters 7, via the Jacobian

(20)

(21)

P31 dPss, (22)

which is zero by inspection.

¢

o1 02 O3 Oa o5
0Pz 0Pz 9Pz 0Pz  OPi3
68 1 66 2 83 3 66 1 83 5
— 21 21 21 21 21
J= o1 072 O3 O0a o5 (23)
OP3 OFPa3 OFy3 O0F3 OPFa3
o1 072 O3 074 o5
OP33 OPF3» OF3; OP3s OP3
O 072 Ovs 074 075

where the vertical bars indicate that the determinant of the enclosed matrix is to be taken, and where ~; denotes
the ith component of 4. (We assume that indices of the parameters 4 have been chosen appropriately so that
no negative sign is introduced, i. e., volumes remain positive.)

For the “guessing” observer, this reduces to

OP13 IOPi3 OPi3 OPi3 OP13
o1 02 O3 Oa o5
0Pz 0Pz 0Pz 0Pi3 0P
66 1 83 2 66 3 83 4 68 5
. — o223 ogl23 o223 23 Ol723
Jguessmg - 01 Ov2 O3 Ova s (24)
OP3 OFPy3 OFPy3 OP23 OFa3
o1 072 073 04 o5
OP33 OP3; OF3; OF33; OPs
om 072 Ovs 074 075



where Psy = P33 =1 — Pi3 — Pa3. For a “near-guessing” observer, we combine Eqs. 19 and 23 to obtain

A(P13+eHi2) O(P1s+eH12) A(P13+eHi2) O(P1s+eHi2) A(P13+eHi2)
Ov1 02 O3 04 s
OPi3 OP13 OP13 OPi3 OP13
1 072 O3 074 0vs
T — | O(P23+0H21) O(Paz+0Hz1) O(Poz+0Hz) O(Pas+dHzi)  9(Pas+0Hozi)
near = o7 97> 973 0 975
OPss OPs3 OPs3 OPs3 OPs3
o1 02 O3 Oa o5
OF3y OFsy OFsy OFs3y OFsy
O 072 Ovs 074 075

From the properties of determinants,'® it can be shown that

Jnear = Jguessing +60J1 +eJy + 5€J3,

where

OPy3 OP13 OPy3 OP13 OPy3

Ov1 6 O3 6 975

6(? 13 8 6(? 13 8 6(? 13

1 2 3 4 5
1= o1 O3 o5 )

OPy3 3 OPy3 3 OPy3

Ov1 8 O3 8 Ovs

OPFs32 2 32 OPFs32 2 32 OPFs32

o711 072 073 074 975

OH1o OH1o OH1o OH1o OH1o

Ov1 02 O3 O0v4 975

OP13 OPi3 OP13 OPi3 OP13

o1 02 I3 04 975

J, = | 9a 93 9P OFhs  OFas
2 o1 02 973 04 975 ’

OPy3  OF3  OFPy3 0Pz 0P

) 1 [5) 2 ) 3 7] 4 7] 5

OFsy  OF3  OP3s  OP3;  OPsp

o1 072 073 074 975

and

o1 072 O3 074 o5

1 2 3 4 5

Jo | Oy 9Hy  9Ha Oy 9H

3= om1 02 I3 04 975

OFPy3  OF3  OFPy3 0Pz 0P

o1 02 I3 04 975

OP3;  OP3;  OFP3y  OFP3;  OFs

o1 072 073 074 975

If we denote the hypervolume under the ROC hypersurface of the “guessing” observer by

Igyessing = ///// P31 dPy2 dPi3 APy dPe3 dPs3a
= ///// P32('7)Jguessing d5’7a

then the hypervolume under the ROC hypersurface of a “near-guessing” observer becomes

///// P35(¥) + dHs1 — eH3ol [ guessing T 8J1 + edy + 56(}3} &5

Toyessing 011 +ela + 8213 + €214 + dels + 6%elg + 66 I,

Inear

(25)

(26)

(27)

(28)

(29)

(30)

(31)
(32)

where the integrals I ... I7 are finite (i. e., they may depend on higher integral powers of § and ¢, but not on § =%

or e ¥ for positive integers k). That is, in the limit as ¢ and € tend toward zero, Inear tends toward I
in a continuous fashion.

guessing



5. THE HYPERVOLUME UNDER THE ROC HYPERSURFACE OF A
THREE-CLASS “NEAR-PERFECT” OBSERVER

In the preceding sections, we established that the hypervolume under the ROC hypersurface of a “guessing”
observer is zero, and furthermore that this result is not singular: an observer in a “near-guessing” task will achieve
a ROC hypersurface with hypervolume approaching zero continuously as the data PDFs approach identity. An
ideal observer in a “perfect” task — 4. e., in which the data PDFs never overlap — will also achieve a ROC
hypersurface with zero hypervolume, because it can achieve the operating point 6, and thus will not, for any
rational decision rule, achieve points interior to the unit hypercube defining ROC space. It is reasonable to ask
whether “near-perfect” observers, performing tasks for which the overlap in the underlying data PDFs is nearly
negligible, behave similarly to “near-guessing” observers, in the sense that the hypervolume under the ROC
hypersurface of such an observer will approach zero in a continuous fashion.

Consider observational data X drawn from three PDFs p(Z|t = m;) where 1 < j < 3. We denote the mean
of p(Z|t = 7;) by j; and note that, without loss of generality, the mean of p(Z|t = m3) can be taken to be 0.
Furthermore, note that we can apply a linear transformation to the data X, and thus effectively to the fi;, such
that each of the resulting ji; is either (a) mutually orthogonal to, or (b) a scalar multiple of, any of the other
iZ;- Because the transformation applied is linear, the ideal observer for this task will remain the same, and hence
the task itself can be considered essentially unchanged.

Let us consider now an observer for this task which is generally not ideal; in fact, we will consider only a
single operating point achieved by this observer. The observer decides d = m; for a given observation ¥ if

@i ) L ) fe<i<si) ()
| — il 2
with equality for any such relation between two classes being decided in an arbitrary but consistent manner. That
is, the observer places hyperplanes between the means of any two classes when attempting to decide between
those classes (rather than placing those hyperplanes in the likelihood ratio decision variable space, as would the
ideal observer).

Now suppose the task is made slightly “easier,” while the observer itself remains unchanged. That is, consider
the mean of one PDF, say ji; for i # 3, being increased by a factor 1 + ¢ for 0 < § < 1, while the location of
the decision hyperplanes does not change, except in the special case where ji; = afi; for some other PDF (again
with j # 3). In this latter case we increase both means (fi; = (1 + 4)i;, fi; = (1 + )ii;), and the location of the
corresponding decision hyperplane shifts accordingly.

Note that [} is now further away from each decision hyperplane relevant to d = m; in Eq. 33. In the case
A —fis
2

— —

fi; = aji;, the decision hyperplane is now a distance of |@| = (1+9)] from fi}. For non-collinear
fi;, the direction from fi; to the decision hyperplane is given by [i; — i;, and since f; and [ are orthogonal,
(fi; — i) - (fi; — fii) = —8|fi;|%; since this quantity is negative, it follows that ji; is further from that decision
plane than ;.

It immediately follows from this that none of the misclassification probabilities making up the coordinates of
the observer’s operating point can increase when moving from the old task to the new one. To see this, consider a
change of coordinates in the data space such that [} is now the origin. All of the decision hyperplanes separating
this class from the others are effectively moving away from the center of its PDF; since the hyperplanes are
translating without rotating, we see immediately that the probability P(d = m;|t = m;) cannot decrease (and
will increase in general), while the other probabilities P(d = 7|t = ;) (j # ) cannot increase (and will decrease
in general).

Note that any PDF p(#) must decrease more rapidly than |#|~" for sufficiently large |#|, where n is the
dimensionality of #. This allows us to state qualitatively the sense in which the observer under consideration is
“near-perfect”: we hypothesize that the |fi;| are all sufficiently large that this limiting condition is met. Given
this condition, the only situation in which an error probability P(d = 7;|t = m;) (j # i) will fail to decrease is
if this probability is already zero. By allowing all of the |i;| to increase in the manner described above, we can
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Figure 1. Operating point of an observer in a two-class classification task with coordinates (FPFo, FNFy), denoted by the
point at the lower left corner of the crosshatched region. Since no rational observer will achieve points in the crosshatched
region, the area under this observer’s ROC curve cannot be greater than 1 — (1 — FPF()(1 — FNF)y).

clearly obtain in general a situation in which each of the misclassification probabilities is either decreasing, or
equal to zero.

This implies that the hypervolume under the ROC hypersurfaces of the observers under consideration (how-
ever we chose to define their decision rules for operating points other than those described above) must also
decrease as the task is made “easier” as described above. To see this, note that if a given observer achieves an
operating point P on its ROC hypersurface, it cannot achieve another point P’ such that the components of these
points satisfy P/ > P; (1 <14 < 6) (because such an observer could be replaced by an observer which achieved P
for all such points by using the original decision rule for the point ]3, thereby achieving unambiguously better
performance at those points). Thus, knowing that a given observer achieves an operating point of P implies
that that observer’s ROC hypersurface must have a hypervolume under it of no greater than 1 — H?:l (1-P);
as the (non-zero) P; decrease, this upper limit on the hypervolume must also decrease to zero. This point is
illustrated in Fig. 1 for the two-class case; here the observer’s false-negative fraction, FNF(, corresponds to
P(d = ma|t = 1), and the false-positive fraction, FPFy, corresponds to P(d = 7|t = ma).

To summarize, we have shown that the known operating point of our simple observer will move closer to
the origin for arbitrary data PDFs as those PDFs are moved further apart (i.e., as the underlying task is
made “easier”), implying that the hypervolume under its ROC hypersurface will also converge to zero. In fact,
reasoning as above, one can see that the ideal observer will also be unable to achieve operating points within
the region P/ > P; (1 < i < 6), since the ideal observer’s ROC hypersurface is never above that of any other
observer at any given point in the domain of the ROC space.'® The hypervolume under the ideal observer’s ROC
hypersurface will thus also converge to zero as the underlying data PDFs are moved apart.

6. CONCLUSIONS

In three-class classification tasks, it can be shown that the hypervolume under the ROC hypersurface of both
the “guessing” observer and the “perfect” observer are zero. More importantly, we have shown in each of these
performance extremes that the convergence to zero is smooth rather than discontinuous. This convergence can be



considered completely general for “near-guessing” observers and generally true for “near-perfect” observers which
follow rational decision rules (analogous to false-negative fraction and false-positive fraction being monotonically
related in a two-class task); that is, the conclusions appear to hold true for arbitrary underlying data PDFs.

In the two-class classification task, the area under the ROC curve (AUC) is considered a useful performance
metric for a variety of reasons. One of the most pleasing and straightforward of these is the simple relationship
between AUC and the “separability” of the two underlying data PDF's (i. e., the difficulty of the task). Namely,
the AUC (with the two-class ROC defined as a plot of false-negative fraction versus false-positive fraction) of a
“perfect” observer is zero, and increases in some sense uniformly as the task is made more difficult, until one
arrives at the “guessing” observer with an AUC of 0.5. In a three-class classification task, this straightforward
relationship appears to break down, and both “perfect” and “guessing” observers yield ROC hypersurfaces with
zero hypervolume. It would appear that, due to this ambiguity, hypervolume under the ROC hypersurface of an
three-class observer is not a useful performance metric: Does a hypervolume of 0.005 indicate an observer faced
with an exceptionally difficult or exceptionally easy task? One hopes that some other performance metric from
two-class classification can be generalized usefully for three-class classification; perhaps a quantity which is equal
to AUC in the two-class case has a generalization which is not equal to the hypervolume, but can be shown to
be of use for other reasons.
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