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ABSTRA CT

We are using Bayesianarti�cial neural networks (BANNs) to eliminate false-positivedetectionsin our computer-
aideddiagnosisschemes.In the present work, we investigatedwhether BANNs canbeusedto estimate likelihood
ratio, or ideal observer, decision functions for distinguishing observations which are drawn from three classes.
Three univariate normal distributions were chosenrepresenting three classes.We sampled3,000valuesof x for
each of 10 training datasets, and 3,000 values of x for a single testing dataset. A BANN was trained on each
training dataset, and the two outputs from each trained BANN, which estimate p(class 1jx) and p(class 2jx),
were recordedfor each value of x in the testing dataset. The mean BANN output and its standard error were
calculated using the ten sets of BANN output. We repeated the above procedure to estimate the meansand
standard errors of the two likelihood ratio decisionfunctions p(xjclass1)/p(x jclass3) and p(xjclass2)/p(x jclass
3). We found that the BANN can estimate the a posteriori classprobabilities quite accurately, except in regions
of data spacewhere outcomesare unlikely. Estimation of the likelihood ratios is more problematic, which we
attribute to error ampli�cation causedby taking the ratio of two impreciseestimates. We hope to improve these
estimatesby constraining the BANN training procedure.
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1. INTR ODUCTION

Wehavedevelopeda computerizedschemeto detect clusteredmicrocalci�cations for usein an \in telligent" mam-
mography workstation for computer-aided diagnosis (CAD). 1 The scheme operates by thresholding a �ltered
version of the breast region segmented from a digitized mammogram to obtain a set of candidate microcalci�-
cation signals,and then calculating �v e featuresat each candidate signal location. Next, featuresare analyzed,
and signalswhich passthis feature analysisstageare grouped into clustersusing distancecriteria; signalswhich
cannot be so clustered are eliminated. A shift-invariant arti�cial neural network (SIANN) is then applied as a
�lter to each candidate cluster;2 clusters which passthis stageare reported as detected clusters.

Recently we have explored the useof Bayesianarti�cial neural networks (BANNs) for the signal and cluster
feature analysis stagesof our detection scheme.3, 4 A trained BANN is simply a feed-forward neural network
identical in structure to a conventional arti�cial neural network (ANN). The BANN di�ers from a conventional
ANN in that the error function used in training includes a regularization term, equivalent to a Bayesianprior
probabilit y on the neural network weight values, to penalize solutions which are more complicated than the
training data justify .5, 6 The purpose of the regularization term is to reduce the likelihood that the neural
network will overtrain, i. e., that it will estimate the Bayesoptimal discriminant function for the �nite training
sample,which is nearly always a poor estimate of the population Bayesoptimal discriminant function (the ideal
observer). Our motivation for investigating BANNs is based, �rst, on our theoretical observation that, in the
limit of in�nite training data, a BANN will yield an ideal observer decision function for that data population;
and second,on empirical observations that even given a �nite sample of training data, a BANN can estimate
an ideal observer decision function reasonablywell.6 We note that the BANN implementation we are using is
that of MacKay,5 which employs a multiv ariate normal function for the prior distribution on the network weight
values.
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In the present work, we investigated whether this BANN approach, which is designedto estimate the a
posteriori classmembership probabilities, can be usedto estimate ideal observer decisionfunctions in the task
of distinguishing observations from three classes| e.g., malignant true-positive (TP) detections, benign TP
detections, and false-positive (FP) detections. It is known from signal detection theory that, in a three-class
classi�cation task, the ideal observer forms and makesuseof two decision functions: the likelihood ratios that
represent the valuesof any two of the three class-speci�c a posteriori probabilit y densities,relative to the value
of the third probabilit y density.7 The purposeof this study was to perform simulation studies to determine the
accuracyof the decisionfunction estimatesthat can be obtained when using a BANN approach.

We begin in section 2 with a theoretical extension of the result previously obtained for the two-classcase6

to the situation in which N data classesare considered:namely, that in the limit of in�nite training data, the
output of the trained BANN represents a set of N � 1 of the N a posteriori classmembership probabilities.
This result is admittedly of limited utilit y, since in practice one has accessto only a �nite sample of training
data. Neverthelessit provides, as in the two-classcase,a justi�cation for investigating the useof a BANN as a
classi�er. It remains a matter for empirical observation whether the BANN can, in such a practical situation,
still provide an acceptableestimate of the a posteriori classmembership probabilities, and of the closelyrelated
likelihood ratio, or ideal observer, decisionfunctions. To addressthis question, we performed simulation studies
to evaluate the accuracyof the BANN output in estimating a posteriori classmembership probabilities, aswell
asthe accuracyof likelihood ratio decisionfunction estimatesderived from the BANN output, given a particular
model for the observational data to be classi�ed into three classes.The methodology of thesesimulation studies
is described in section 3, and their results are presented in section 4. We discusstheseresults and present our
conclusionsin sections5 and 6.

2. THEOR Y

A wide variety of radiological tasks, and hencetasks for which CAD has been proposed,may be viewed con-
ceptually as two-classclassi�cation tasks. For example, it may be asked whether an image is indicativ e or not
indicativ e of the patient having a particular disease;or a detected structure in such an image may need to be
classi�ed asbenign or malignant (if the structures comefrom a population known to contain only actual lesions),
or as malignant or non-malignant (if the structures come from a population of detections which may contain
non-lesionFPs). It is well known that optimal performancein such a two-classclassi�cation task is achieved by
using the ideal observer decisionfunction, which is the ratio of the probabilit y density functions (PDFs) of the
observed data conditional on the classmembership of the observations, or any monotonic transformation of this
ratio. 8 Note that although \optimal performance" is de�ned hereasachieving a receiver operating characteristic
(ROC) curve which never falls below the ROC curve obtained by using any other decisionrule, it can be shown
also that optimizing performanceby using a Bayescriterion (minimizing expected risk) or a Neyman-Pearson
criterion (maximizing sensitivity at a given false-positive rate) will also yield the ideal observer decisionrule.7

Using the likelihood ratio or ideal observer decision variable e�ectiv ely requires determining the PDFs of
the observational data, which can be di�cult in practice given only a �nite sampleof training data. ANNs have
been found to be 
exible and robust tools for function estimation in a wide variety of tasks. Moreover, it has
been shown that given an in�nite training dataset, a conventional feed-forward ANN using a sum-of-squares
error function for backpropagation training will yield an ideal observer decision function.9 This result is of
limited utilit y, however, becausean ANN trained with a �nite sampleof data will tend to overtrain, i. e., it will
estimate the Bayesoptimal discriminant function for the �nite sample,which is nearly always a poor estimate
of the population Bayesoptimal discriminant function (the ideal observer). In addition, many researchershave
found that a sum-of-squareserror function, while appropriate in a regressiontask, is lessuseful for classi�cation
tasks than error functions employing information-based distance metrics.5

These considerations have led us to consider BANNs for use in radiological decision tasks, in particular
for feature analysis in computerized schemesfor CAD. The BANN implementation we use is that of MacKay,
which usesan information-based distance metric in its error function and a multiv ariate normal function for
the regularization term (the Bayesianprior on the neural network weight values).5 We have shown previously
that the result stated above for a conventional ANN applies to a BANN of this form as well, i. e., in the limit



of in�nite training data the output of the trained BANN is an ideal observer decisionvariable.6 We have also
found that given �nite sized training sets, the BANN can adequately approximate an ideal observer decision
function without overtraining; 6 also, in practical situations where the data PDFs are unknown or di�cult to
determine, the BANN classi�er has beenfound empirically to have better performancethan other classi�ers.3, 4

We are interested in determining whether the BANN methodology described above can be extended to a
situation in which the observational data are drawn from more than two classes.That is, the data are assumed
to comefrom a distribution of the form

p(~x) =
N
∑

i=1

p(~xjπi)p(πi), (1)

whereN is the number of classes,p(~xjπi) is the conditional probabilit y of an observation ~x being drawn from the
ith class,and p(πi) is the a priori classprobabilit y of the ith class;we useboldface type to denote statistically
variable quantities. The ideal observer forms a set of N � 1 likelihood ratio decisionvariables;7 without lossof
generality we can take theseto be the N � 1 ratios

LRi(~x) �
p(~xjπi)
p(~xjπN )

f i : 1 � i � N � 1g. (2)

Decisionsare then madeby partitioning the likelihood ratio decisionvariable spaceinto N regionsin an extension
of the two-classmethod,7 and in principle observer performancecould bemeasuredusingmethodology analogous
to ROC analysisin the two-classcase.Considerationsof partitioning the decisionvariable spaceand performance
evaluation are beyond the scope of the present work, however. We are interested here only in whether a BANN
implementation can in principle produceoutput which is related to the ideal observer decisionvariables, and in
the quality of the BANN output as an estimate of the ideal observer decisionvariables in the practical caseof
�nite sizeddatasets.

In the two-classcaseit was shown6 that the output of a BANN is an estimate of the a posteriori class
probabilit y p(π1j~x), which is related to the likelihood ratio decisionvariable via the monotonic transformation

p(π1 j~x) =
LR(~x)k

1 + LR(~x)k
(3)

where k is the ratio of the a priori classprobabilities p(π1)/p(π2). Since in the two-classcaseany monotonic
transformation of the likelihood ratio is still an ideal observer decision variable, the output of the two-class
BANN is in this sensean estimate of the ideal observer decisionvariable. In the N -classcasethe generalization
of this monotonicity property is non-trivial; however, note that we can rewrite Eqn. 2 to obtain

LRi(~x) =
p(πij~x)p(~x)/p(πi)

p(πN j~x)p(~x)/p(πN )
f i : 1 � i � N � 1g

=
p(πij~x)

p(πN j~x)ki
, (4)

where ki is now the ith a priori classprobabilit y ratio p(πi)/p(πN ). That is, if we can show that the outputs
of the N -classBANN are accurate estimators of the N � 1 a posteriori classprobabilities p(πij~x), then it will
be possibleat least in principle to form estimators of the likelihood ratio, or ideal observer, decisionvariables
themselves.

Let ~y be the output of a trained BANN for the input ~x, given a set of weight values ~w. Sincethe output of
the BANN is intended to be an estimate of the N � 1 decisionvariables p(πij~x), we will also write

p(πij~x, ~w) � yi f i : 1 � i � N � 1g. (5)

We will be treating ~w as a random variable in the Bayesiansense,and so we have written the above expression
using the standard notation for conditional probabilit y. Becausea feed-forward ANN of su�cien t complexity



can closelyapproximate any continuousfunction, it is reasonableto assumethat a set of weight vectors ~w exists
such that p(πij~x, ~w) = p(πij~x); in this sensewe can regard the training task as determining the \b est" estimate
~̂w of this \true" ~w.

In practice ~̂w is chosenby minimizing a cost or error function given a set of training data, i. e., a set of D
observations ~xj with known classmembership tj f j : 1 � j � Dg, where tj is the integer α f α : 1 � α � Ng if
~xj is actually drawn from classπα. For the BANN implementation we are using, the cost function is given by5

E � � ln
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where i denotes a particular component of the BANN output (1 � i � N � 1) and j denotes a particular
observation (1 � j � D). The term in square brackets is an information-based distance metric related to
the so-calledcross-entropy objective function;5 note the Kronecker delta functions which e�ectiv ely select the
component of the BANN output corresponding to the actual classof a given observation. The expressionp( ~w)
is the Bayesianprior term on the network weight values; in the MacKay implementation, this is a multiv ariate
normal function with zero mean and a covariancematrix whoseparametersare adaptively chosenbasedon the
training data in an iterativ e maximization process5 which is not of interest here. The important point for our
purposesis that minimizing E givesan estimate of ~̂w which is an implicit function of the training data f ~xj , tjg.

We can rewrite Eqn. 6 to obtain

E = � ln
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and then consider the limit as D approachesin�nit y. In this limit, the sum over j tends to an integral, and by
the law of large numbers the weight factor on a term in the sum dependent on ~x and t is just p(~x, t). The last
term in the sum, (1/D) ln p( ~w), will tend to zero in this limit; also note that only p(tj j~xj , ~w) contributes to a

sum over terms of the form y
δ �

j ,i

ij .

We are left, therefore, with the integral

E = �
∫

� � �
∫

{[

N � 1
∑

i=1

ln [p(πij~x, ~w)] p(~x, πi)

]

+ ln

[

1 �
N � 1
∑

i′=1

p(πi′ j~x, ~w)

]

p(~x, πN )

}

dn~x, (8)

wheren is the dimensionality of the observational data ~x. Note that the error E is no longer a random variable,
as the training \sample" now includes the entire population. We wish to �nd the value of ~w which minimizes
E; this task appearsquite di�cult at �rst, since the functional form of the dependenceof ~y on ~x is extremely
complicated in general, and since we are not maximizing with respect to a �xed neural network architecture
thus allowing the dimensionality of ~w itself to vary. However, we can sweepthesedi�culties under the carpet
so to speak by again applying the principle which guided our choiceof ANNs for function approximation in the
�rst place, namely that provided the neural network architecture exceedsa minimum level of complexity, then
essentially any continuous function can be approximated by the neural network (cf. the argument immediately
following Eqn. 5). The task now becomesone of using the calculus of variations to �nd the (vector-valued)
function p(πij~x, ~w� ) f i : 1 � i � N � 1g which minimizes the functional E. Here ~w� denotesthe weight vector
for which this maximum is achieved, or any one of such vectors if more than one will yield the samefunction;
such \degeneracies", which are likely given the high degreeof symmetry inherent in ANN architectures, are
of limited importance here becausewe are interested in the BANN's abilit y to approximate a particular set of
functions and not in the particular weight valuesor architectures yielding this approximation.



The minimizing function is found by setting the N � 1 Euler equationsof the integrand in Eqn. 8 to zero.10

If we denote this integrand by F , the Euler equations are

Fyi
�

n
∑

k=1

∂

∂xk
F∂yi/∂xk

= 0 f i : 1 � i � N � 1g, (9)

where yi represents p(πij~x, ~w), and a subscript on F indicates a partial derivative of F with respect to that
variable. SinceF doesnot in fact depend on any derivativesof yi, the Euler equations immediately reduce to
the system of N � 1 equations

Fyi
= 0 (10)

�
[

p(~x, πi)
p(πij~x, ~w� )

+
� p(~x, πN )

1 �
∑

i′ p(πi′ j~x, ~w� )

]

= 0 (11)

p(~x, πi)
p(πij~x, ~w� )

=
p(~x, πN )

1 �
∑

i′ p(πi′ j~x, ~w� )
(12)

p(~x, πi)

[

1 �
∑

i′

p(πi′ j~x, ~w� )

]

= p(~x, πN ) p(πij~x, ~w� ). (13)

Eqn. 13 givesa systemof N � 1 equationswhich are linear in the N � 1 unknowns p(πij~x, ~w� ). In principle
this could be solved by writing the systemasa matrix equation and inverting the matrix. It is simpler, however,
to note that the term in squarebrackets on the left side of Eqn. 13 is the samefor all N � 1 equations; thus, it
must be the casethat

p(~x, πN ) p(πij~x, ~w� )
p(~x, πi)

=
p(~x, πN ) p(π1 j~x, ~w� )

p(~x, π1)

p(πij~x, ~w� ) =
p(~x, πi)p(π1 j~x, ~w� )

p(~x, π1)
(14)

for all i � N � 1. Substituting thesevaluesback into Eqn. 13 for i = 1 yields

p(~x, π1)

[

1 �
p(π1 j~x, ~w� )

p(~x, π1)

∑

i′

p(~x, πi′ )

]

= p(~x, πN ) p(π1 j~x, ~w� )

p(~x, π1)
{

1 �
p(π1 j~x, ~w� )

p(~x, π1)
[p(~x) � p(~x, πN )]

}

= p(~x, πN ) p(π1 j~x, ~w� )

p(~x, π1) = p(π1 j~x, ~w� ) [p(~x) � p(~x, πN ) + p(~x, πN )]

p(π1j~x, ~w� ) =
p(~x, π1)

p(~x)
. (15)

Substituting Eqn. 15 into Eqn. 14 gives, �nally ,

p(πij~x, ~w� ) =
p(~x, πi)
p(~x, π1)

p(π1 j~x, ~w� )

=
p(~x, πi)

p(~x)
= p(πij~x). (16)

In the limit of in�nite training data, the output of the BANN is the set of N � 1 a posteriori probabilities
p(πij~x); note also that Eqn. 16 implies

1 �
N � 1
∑

i

p(πij~x, ~w� ) = 1 �
N � 1
∑

i

p(πij~x)

= p(πN j~x). (17)
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Figure 1: The conditional distributions of the observations � , conditional on the classmemberships.

For a training dataset of �nite size, the output of the trained BANN is a vector of estimators p(πij~x, ~̂w) of the
a posteriori probabilities, and the quantit y 1 �

∑N � 1
i p(πij~x, ~̂w) is an estimator of p(πN j~x). The remainder

of this paper describessimulation studies we performed in order to assessthe quality of the BANN estimation
given a simple model for the observational data.

3. MA TERIALS AND METHOD

Three Gaussiandistributions were chosenrepresenting three classesfrom which observations were drawn:

p(xjπ1) � N (x; µ = � 1, σ = 0.5), (18)

p(xjπ2) � N (x; µ = 1.5, σ = 2.5), (19)

p(xjπ3) � N (x; µ = 0, σ = 1). (20)

Thesedistributions are plotted in Fig. 1.

Given valuesfor the a priori classmembership probabilities p(π1), p(π2), and p(π3), we sampled3,000values
of x for each of ten training datasets,and 3,000valuesof x for a single testing dataset. A BANN with a �xed
number of hidden units, H , was then trained on each training dataset, and the two outputs from each such
trained BANN, corresponding to estimates of the two values p(π1 jx) and p(π2 jx) for each value of x in the
testing dataset, were recorded. (It should be noted that the BANN was not explicitly constrained to ensure
that p(π1 jx) + p(π2 jx) � 1.) In this manner, ten di�eren t training datasetswere sampledand usedto train ten
BANNs, and the resulting BANNs were tested on the same�xed testing dataset, for the valuesof p(πα) and H
chosen. (Ten iterations were found to be su�cien t to characterize the relevant behavior of the BANN in this
situation, without requiring excessive computation time.) The ten testing results were then averagedto obtain
estimatesof the BANN output for this testing dataset:

µ̂p(π1 jx) (x) �
1
10

10
∑

i=1

p(π1 jx; ~wi), (21)

µ̂p(π2 jx) (x) �
1
10

10
∑

i=1

p(π2 jx; ~wi). (22)

Herep(παjx; ~wi) denotesthe output of the BANN trained on the ith training set for the testing dataset input x;
the vector ~wi represents the weights of this BANN. We also measuredthe standard error in each mean,de�ned



by

[ς̂p(π1 jx) (x)]2 �
1

9 � 10

10
∑

i=1

[p(π1jx; ~wi) � µ̂π1
(x)]2 and (23)

[ς̂p(π2 jx) (x)]2 �
1

9 � 10

10
∑

i=1

[p(π2jx; ~wi) � µ̂π2
(x)]2. (24)

This experiment was repeated for �v e values of H (2,4,6,8, and 10) and four choicesof the values of the
a priori class membership probabilities p(π1) (0.005, 0.025, 0.050, and 0.250); in each instance we also set
p(π2) = p(π1), and p(π3) = 1� p(π1) � p(π2) by de�nition. In light of the discussionleading up to Eqn. 4 above,
we also repeated the entire proceduredescribed here for the estimatesof the likelihood ratio decisionfunctions

^LR 1(xj ~wi) �
p(π1 jx; ~wi)

p(π3jx; ~wi)k̂1
and (25)

^LR 2(xj ~wi) �
p(π2 jx; ~wi)

p(π3jx; ~wi)k̂2
, (26)

and their estimatedmeansand the standard errors in the means. Herep(π3j~x, ~wi) � 1� p(π1jx; ~wi)� p(π2 jx; ~wi);
and k̂1 and k̂2 are estimatesof p(π1)/p(π3) and p(π2)/p(π3), respectively, obtained by simply taking the ratios
of the numbers of members in the respective classesin a given training dataset. This is meant to simulate the
practical casein which onehasa set of training data sampledfrom a larger population, but may not necessarily
have accurate knowledgeof the a priori classmembership probabilities.

4. RESUL TS

Figures 2, 3, 4, and 5 show plots of p(π1 jx) and p(π2jx) for p(π1) = 0.005,0.025,0.050,and 0.250,respectively.
Also shown are the estimates µ̂p(π1 jx) (x) and µ̂p(π2 jx) (x) of the mean BANN output on the testing data over
all possible training sets, plus and minus one estimate of the standard error in each mean, ς̂p(π1 jx) (x) and
ς̂p(π2 jx) (x). Plots are shown for H = 2 and 10.

Similarly, Figs. 6, 7, 8, and 9 show plots of ln[LR1(x)] and ln[LR2(x)] for p(π1) = 0.005,0.025,0.050,and
0.250, respectively. Also shown on this logarithmic scaleare the estimates µ̂LR1

(x) and µ̂LR2
(x) of the mean

BANN output on the testing data over all possibletraining sets, plus and minus one estimate of the standard
error in each mean, ς̂LR1 (x) and ς̂LR2 (x). Plots are shown for H = 2 and 10.

5. DISCUSSION

Figures 2, 3, 4, and 5 show that for two hidden units, the BANN is generally unable to achieve su�cien t
complexity to adequately match the behavior of the true functions p(π1jx) and p(π2 jx); in fact theseposterior-
probabilit y functions generally have a single maximum or minimum, whereasthe BANN outputs in this case
weresigmoidal functions of the value x. Also, the standard errors of the meanBANN outputs were fairly small.
By contrast, with ten hidden units, the standard error estimatesweremuch larger, indicating more uncertainty
in the a posteriori probabilit y estimates; however, the mean BANN outputs at each of the observations x in
the �xed testing dataset were quite closeto the valuesof the true a posteriori probabilities p(π1jx) and p(π2 jx)
being estimated, except in the rangesof x where data outcomesare unlikely (i. e., far from the centers of the
conditional PDFs of x). This implies that although the BANN training processdoes become\noisier" as the
number of hidden units is increased(becausethe allowed output functions becomemore complicated, and thus
the potential increasesfor disagreement amongpossibleoutput functions from onetraining sessionto the next),
neverthelessthe BANN doesnot appear to overtrain (i. e., to be excessively biased).

It is clear, however, from Figs. 6, 7, 8, and 9 that the estimates of the likelihood ratios are much more
biased than those of the a posteriori classprobabilit y distributions. This is becauseeven if the estimates of
the (generally small) probabilities p(π1 jx) and p(π3jx), for example,are closeto the true values in an absolute
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Figure 2. The true distributions of (a) p(π1|x) and (b) p(π2|x) for the casep(π1) = 0.005, along with estimates of the
mean BANN output and standard error in the mean for 10 training procedures. The upper curve of each pair is the
mean plus one standard error, and the lower curve is the mean minus one standard error. Graphs are shown for BANN
architectures with 2 and 10 hidden units.
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Figure 3. The true distributions of (a) p(π1|x) and (b) p(π2|x) for the casep(π1) = 0.025, along with estimates of the
mean BANN output and standard error in the mean for 10 training procedures. The upper curve of each pair is the
mean plus one standard error, and the lower curve is the mean minus one standard error. Graphs are shown for BANN
architectures with 2 and 10 hidden units.
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Figure 4. The true distributions of (a) p(π1|x) and (b) p(π2|x) for the casep(π1) = 0.050, along with estimates of the
mean BANN output and standard error in the mean for 10 training procedures. The upper curve of each pair is the
mean plus one standard error, and the lower curve is the mean minus one standard error. Graphs are shown for BANN
architectures with 2 and 10 hidden units.
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Figure 5. The true distributions of (a) p(π1|x) and (b) p(π2|x) for the casep(π1) = 0.250, along with estimates of the
mean BANN output and standard error in the mean for 10 training procedures. The upper curve of each pair is the
mean plus one standard error, and the lower curve is the mean minus one standard error. Graphs are shown for BANN
architectures with 2 and 10 hidden units.
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Figure 6. The true distributions of (a) ln[LR1(x)] and (b) ln[LR2(x)] for the casep(π1) = 0.005, along with estimates
on the samelogarithmic scaleof the mean BANN-deriv ed lik elihood ratio estimates and standard error in the mean for
10 training procedures. The upper curve of each pair is the mean plus one standard error, and the lower curve is the
mean minus one standard error. Graphs are shown for BANN architectures with 2 and 10 hidden units.
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Figure 7. The true distributions of (a) ln[LR1(x)] and (b) ln[LR2(x)] for the casep(π1) = 0.025, along with estimates
on the samelogarithmic scaleof the mean BANN-deriv ed lik elihood ratio estimates and standard error in the mean for
10 training procedures. The upper curve of each pair is the mean plus one standard error, and the lower curve is the
mean minus one standard error. Graphs are shown for BANN architectures with 2 and 10 hidden units.
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Figure 8. The true distributions of (a) ln[LR1(x)] and (b) ln[LR2(x)] for the casep(π1) = 0.050, along with estimates
on the samelogarithmic scaleof the mean BANN-deriv ed lik elihood ratio estimates and standard error in the mean for
10 training procedures. The upper curve of each pair is the mean plus one standard error, and the lower curve is the
mean minus one standard error. Graphs are shown for BANN architectures with 2 and 10 hidden units.
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Figure 9. The true distributions of (a) ln[LR1(x)] and (b) ln[LR2(x)] for the casep(π1) = 0.250, along with estimates
on the samelogarithmic scaleof the mean BANN-deriv ed lik elihood ratio estimates and standard error in the mean for
10 training procedures. The upper curve of each pair is the mean plus one standard error, and the lower curve is the
mean minus one standard error. Graphs are shown for BANN architectures with 2 and 10 hidden units.



sense,the ratios involved tend to be much larger, and thus the error in the estimate of the ratio (upon which
the estimate of LR1(x) depends via Eqn. 4) may also be correspondingly larger. It may be possibleto reduce
this error by imposing further constraints on the BANN training procedure.

6. CONCLUSIONS

We have shown that the BANN implementation we are using5, 6 producesestimates of the a posteriori class
membership probabilities p(πijx) f 1 � i � N � 1g for the N -classclassi�cation task, just as in the two-class
classi�cation task.6 The dependenceof the bias and variance in the BANN output on the number of hidden
units in the three-class BANN was found to be consistent with results obtained in the two-class case6; in
particular, provided enoughhidden units are employed to adequately re
ect the complexity of the true decision
functions, the useof additional hidden units doesnot excessively increasethe bias or variance of the estimates.

The estimation of LR1(x) and LR2(x) via Eqn. 5 appears to be more problematic. In particular the bias
in the estimates appears to be quite large even in regions where the PDF of the observational data is non-
negligible. We believe this is due to the strong sensitivity of the estimation of a ratio to even very small
errors in the estimates of the components of the ratio. Although this di�cult y must be overcomebefore the
methodology we proposecan be of generalutilit y, we have shown that the BANN has the potential to serve as
the basis for ideal observer decision function estimation in a three-classclassi�cation task. We believe such an
approach, if successful,may have interesting applications in CAD.
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