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ABSTRACT

We extend a method for linear template estimation developed by Abbey etal. which demonstrated that a linear
observer template can be estimated effectively through a two-alternative forced choice (2AFC) experiment, assuming
the noise in the images is Gaussian, or multivariate normal (MVN). We relax this assumption, allowing the noise in
the images to be drawn from a weighted sum of MVN distributions, which we call a multi-peaked MVN (MPMVN)
distribution. Our motivation is that more complicated probability density functions might be approximated in
general by such MPMVN distributions. Our extension of Abbey et al.’s method requires us to impose the additional
constraint that the covariance matrices of the component peaks of the signal-present noise distribution all be equal,
and that the covariance matrices of the component peaks of the signal-absent noise distribution all be equal (but
different in general from the signal-present covariance matrices). Preliminary research shows that our generalized
method is capable of producing unbiased estimates of linear observer templates in the presence of MPMVN noise
under the stated assumptions. We believe this extension represents a next step toward the general treatment of
arbitrary image noise distributions.

Keywords: Signal detection, observer template, model observer, computer-aided diagnosis, two-alternative forced
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1. INTRODUCTION

Computer-aided diagnosis (CAD) is a diagnosis made by a radiologist who makes use of computer analysis of patient
information, such as a patient image. The goal of CAD is to improve the diagnostic accuracy and consistency of the
radiologist! while avoiding some of the complexities entailed in obtaining and combining multiple human decisions.?
One task of interest in the design of CAD schemes is the detection of signals, 7. e., deciding whether an image contains
an abnormality or not.

Signal detection algorithms used in CAD schemes are typically complicated and highly nonlinear. This can make
analysis of such algorithms — e. g., optimizing their parameters nonstochastically — extremely difficult or impossible.
Ideally, but quite impractically, we would require a closed-form expression for the CAD algorithm’s mapping function
from image space to decision variable space. Lacking this, a linear approximation to the mapping function might
still be useful.

Recently Abbey etal. developed an elegant method of estimating a linear observer’s template using only the
decisions made by the observer in a two-alternative forced choice (2AFC) experiment.® The stated motivation for
their work was to estimate human observer templates (in detection tasks in which the human observer behavior can
be regarded as linear) for comparison with observer models; their results are quite general, however, and valid for
any observer which uses a linear function of the image data to produce a decision variable. Indeed, the beauty of
this method is the limited assumptions made about the observer — the observer is not even required to produce a
“measurable” decision variable, only to choose between two images in each trial of a 2AFC experiment. The only
assumption made regarding the images input to the observer in the 2AFC experiment is that the noise in both
the signal-present and signal-absent images is Gaussian, or multivariate normal (MVN), with known means and
covariance matrices.

Frequently, however, one must allow for multiple sources of noise in images, for example photon noise and
background-structure noise in a medical image. Such a situation cannot be adequately described in general by a
“single-peak” MVN distribution. It is then natural to ask whether the template estimation method of Abbey et al.
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can be extended to image noise probability density functions (PDFs) which are more complicated than MVN. Such
an extension would be extremely difficult in general, however, because the success of their method depends crucially
on the attractive properties of the MVN distribution; e. g., a linear combination of MVN random variables is again
MVN. Applying this method to images with Poisson distributed noise, for example, would require expressions for
the PDFs of arbitrary linear combinations of Poisson random variables.

One situation to which the method of Abbey et al. does appear to be extendable is that in which the image noise
PDF is a weighted sum of MVN functions. We will refer to this PDF as a multi-peaked MVN (MPMVN) distribution.
A random variable with such a distribution may be thought of intuitively as conditionally MVN, conditional on the
outcome of a discrete random variable. A more physical example would be an imaging system with multiple sources
of noise, such as the film granularity and x-ray quantum components of noise in radiographs.

This extension to the MPMVN case is not completely general, because it requires that all the component MVN
covariance matrices in the signal-present PDF be equal, and that all the component MVN covariance matrices in the
signal-absent PDF be equal. One of our motivations for exploring the MPMVN extension to the method of Abbey
etal., in addition to its tractability, is the hope that other, practically relevant PDFs might be approximated by
sums of very narrow MVN peaks. For such an application, the limitation stated might be acceptable.

In this paper, we show how the template estimation method of Abbey et al. can be extended to images for which
the signal-present and signal-absent image PDFs are both MPMVN. In section 2.1, we review the theoretical results
of Abbey etal. and extend them to the MPMVN case. Section 2.2 describes the simulation studies we performed
to show that our extension produces unbiased estimates of linear observer templates. The results of these studies
are presented in section 3. In sections 4 and 5 we discuss these results and our conclusions from this preliminary
investigation.

2. MATERIALS AND METHOD
2.1. Theory
2.1.1. Method of Abbey et al.

In the framework outlined in Ref. 5, images (represented by vectors of graylevel values) are drawn from two distri-
butions,

+b,%) and (1)
), (2)
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where the images g' are referred to as “signal-present”, and the images g~ are referred to as “signal-absent”.
(Throughout this paper random variables are denoted in boldface type, vector quantities by raised arrows, and
estimators by circumflexes.) Here § is the signal of interest, b is the nonrandom component of the background, and
YT and X~ are the covariance matrices of the signal-present and signal-absent distributions. Also, throughout this
paper “graylevel values” should be understood as abstract quantities ranging from —oco to +00, and not the finite
range of discrete values to which the graylevel values must be scaled in order to produce a displayable image.

A linear observer forms a decision variable by applying a template ¢ to an image. The observer’s decision variables
will then come from two distributions, defined via

rt =t

gt + et and (3)
r~ = {1

+e. (4)

Here et and € represent the observer’s internal noise for the signal-present and signal-absent images, respectively.
In Ref. 5, the task of interest is to estimate the template used by a human observer, and the internal noise is modeled

as
€€ ~N(0, 7). (5)

We are concerned here primarily with deterministic algorithms for signal detection, and so for simplicity we will take
the internal noise to be identically zero in our final results. We retain it as defined above in all derivations only for
generality.



In a 2AFC trial, the observer is shown a signal-present image g and a signal-absent image g, and then chooses
the image believed to contain the signal by choosing the greater of the decision variables »* and r—. If we ignore
the case r™ = r—, irrelevant for continuously distributed random variables, one can write

decision correct if T > r7, (6)

decision incorrect if rT < 7. (7)

This can be rewritten in terms of the image and observer variables as

decision correct if ¢ TAG+Ae > 0, (8)
decision incorrect if £ TAG+Ae < 0, 9)

where AG=g" — G and Ae =€t — €.
If the image chosen by the observer is denoted by g "**", and the image rejected by g ¥°*, then the difference

gehosen _ greieeted ¢ clearly £Ag, the sign determined by whether a correct or incorrect decision is made. This

observation leads immediately to Eqn. 4 of Ref. 5 which describes the outcome of a general 2AFC trial for a linear

observer: j
g,chosen - garejected = AG Sgn(t_”rAg + Ae). (10)

Here sgn(-) is the signum function, defined as

-1 : z<0
sgn(z) = 0 : z=0 (11)
1 : >0

A 2AFC experiment is then just a sequence of 2AFC trials and their outcomes, for a given observer and sequence of
image pairs. The number of trials in the experiment is denoted by Nr.

Given the definitions in Eqns. 1, 2, and 5, the PDF's of the dependent random variables in Eqn. 10 are readily
determined to be
Ag ~ MVN(5Xt+%7) and (12)
Ae ~ N(0,202). (13)
Abbey etal. show® that, given these PDFs, the expectation value of Eqn. 10 with respect to both Ag and Ae can
be evaluated explicitly. The result, their Eqn. 20, is (allowing for minor changes in notation)
2 —(t'75)?
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Here P¢ is the expected value of the proportion of 2AFC trials in which the observer makes a correct decision. This
is also evaluated explicitly by Abbey et al. to obtain

tis
Po=9 i (15)
\/203+FT(2++E*)F

where ®(-) is the standard normal cumulative distribution function.
Now by defining
7= <§chosen _ g»rejected> (16)

and
2
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Eqn. 14 can be rewritten as
(T 4+27) 12— (2Pc — 1)5) = at. (18)

Note that ¢ appears explicitly on the right hand side, multiplied by the factor a. Although in principle a also
depends on the observer template ¢, the direction of ¢ in image space is of greater relevance, and we can consider
determination of the quantity ot as equivalent to determining ¢. (Abbey et al. note that changing scale from t'toct
for some constant ¢ has no effect if the observer internal noise variance is also allowed to scale from o2 to c?0?; also
note that for an observer with no internal noise, in which we are ultimately interested here, the observer performance
Pc, and Eqn. 18 in general, remain unchanged under such a scale change.)

Finally, Abbey et al. define the estimator

t= (ot +x)! (2 — (2P¢ — 1)§> : (19)
where
. 1 Xz .
= (gaichosen _ girejected) (20)
T i=1
is an unbiased estimator of 2’ and
~ Nc¢
Pc=——= 21
¢ =Ny (21)

is an unbiased estimator of Pc. (IN¢ is the number of correct observer responses in the 2AFC experiment described
by Eqn. 20.) Because Z and P¢ are unbiased estimators, as Abbey etal. point out, ¢ in Eqn. 19 is an unbiased
estimator of the scaled observer template ot.

2.1.2. Extension to MPMVN case

We define the PDF p(Z) of a random vector & to be MPMVN with N peaks if

p(Z) = ZwiMVN(ﬁi-, %), (22)

i=1

a weighted sum of MVN functions with weights w;. Clearly ZZ]\LI w; = 1 is required for proper normalization. One
possible interpretation of this function is as a sum over conditional densities,

p(Z) = Zp(flki)p(ki), (23)

by introducing the discrete random variable k with p(k;) = w; and p(Z|k;) = MVN(fZ;, %;), for 1 <i < N.

We will refer to the parameters [i; and 3; as the “component peak” means and covariance matrices, respectively.
The mean of p(Z) is easily determined using the linearity of the expectation value operator:

fo= (@)

i=1
N
i=1

Here we have introduced the notation (-);, indicating the integral of its argument multiplied by a kernel function
which is just the ith MVN component peak. (Formally, this is equal to the expectation value of a function of a
random variable which is itself MVN(f;, X;.)



The covariance matrix of € can be found using the relation

(@-a)@-af) = ((@-p+@E-a)l@-p+E-alf)
= (@@ D"+ (i - a)i-a)
= S+ (E-aE-at, (25)

where Y is the covariance matrix of @, [ is its mean, and @ is any nonrandom vector. Working as in Eqn. 24, we
have for an MPMVN random variable

L = (@-D@E- 6
N
= > wi (@ D@D,
z;l
= > wi [B+ (i — )it — )] (26)
=1

Another important property of MPMVN distributions is that if & is MPMVN with N, peaks and parameters
Hi(z)ir X(x)i> and if g is MPMVN, independent of &, with NV, peaks and parameters fi(,);, ¥(,);, then the random
variable & — g is MPMVN with no more than N,N, peaks:

pi—g(Z —9) = pz(Z)*py(y)

N:c Ny

2 2 Wity MVN(yi, S ayi) * MVN(i(y)5, 2y))

i=1 j=1

Na: Ny

= D) wiwyMVN(iyi — fig)j Swyi + S)s)- (27)

i=1 j=1

(Here the symbol x indicates the cross correlation operation.)

We now take the same starting point as Abbey et al., namely Eqns. 3, 4, 5, and 10. However, instead of the image
density functions given in Eqns. 1 and 2, we draw the images from MPMVN distributions:

Ny

§" ~ Y wfMVN(@,=f) and (28)
=1
N_

g~ > wyMVN(i;,%;). (29)
j=1

Eqn. 13 is unchanged, but instead of Eqn. 12 we have, from Eqn. 27,

N, N_

AG~ > > whw, MVN(jif — fi; , S +3;). (30)
i=1 j=1

(Note that the signal-present and signal-absent distributions are not required to have the same number of peaks.)
We define the signal of interest to be

(@) ()
(Ag)

= D wiwy (@ - i) (31)

i=1 j=1

®y
If

This is just the generalization of the single-peak case i = §+ b and fi; = 5, as in Eqns. 1 and 2.
M Hq



Using these definitions, we can evaluate the expectation value of Eqn. 10:

Ny N_
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Eqgn. 32 presents us with two difficulties. The first is that we cannot express the right hand side in terms of the
observer performance Pg, as in Eqn. 14. Although it can be shown that

Ny N_
Po =Y wiw; (Pe)ij, (35)
i=1 j=1
the expression
Ny N_
D> wiwy (Po)s(iEf — i) (36)
i=1 j=1

in Eqn. 32 cannot be reduced in terms of Po for ji; different from each other and fi; different from each other. To
use Eqn. 32 to construct an estimate of the observer template, we will need to estimate each of the “component”
performances (Pc)i;j, by performing independent 2AFC experiments using the same observer but different input
images (specifically, images such that Ag ~ MVN(z;" — [T a5+ E;))

The second difficulty is that the observer template ¢ in Eqn. 32 is not obtainable by a simple matrix inversion.
We now have a linear combination of matrices with in principle unknown weights a;;. If all of these weights were
equal, we would be able to invert the sum of known matrices (Ej‘, Z;); but since the a;; depend on the unknown
template ¢ and the generally different quantities (i@ — ﬁ;), this assumption is not justifiable. The alternative is to
restrict the input images to PDFs such that all of the Zj are equal to a single matrix, X7, and all of the Z; are
equal to a single (in general different) matrix X ~. This assumption reduces the generality of our extension of the
method of Abbey et al., but appears necessary for the tractability of the problem.

We thus simplify the definitions 28, 29, and 30 to obtain

Ny

"~ D> wMVN(if, 1), (37)
i=1
N_

g ~ > w;MVN(ji;,£7), and (38)
j=1
Ny N_

AG ~ DO wiwyMVN(E —ji; , St +57). (39)

i=1 j=1



Eqn. 32 now becomes

Ny N-
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Recalling the definition (Eqn. 16) of Z, we can rewrite Eqn. 40 as

—

(T +3)EZ- (53— )] = ot (43)
Note that in the single peak case, §' reduces to 2Pc8, ages reduces to a, and we recover Eqn. 18.
We again make use of Eqn. 20 to define an estimator of z’ and we define the estimators

Ny N_

= 23S whey (Pe)y (i — i) and (44)
i=1 j=1
o (N¢)ij

Peo).. = —/————— | 45

where (N ¢);; is the number of correctly chosen images in a 2AFC experiment with the same observer but with
w;“w;NT image pairs drawn from Ag ~ MVN(fi] — A s Tt 4+ ).

We now claim that, given Eqn. 43,
t= (ot +37)! [2— (é'—g)] (46)
is an unbiased estimator of aye?, because Z and §’ are unbiased estimators of 7 and 5’ , respectively.

2.2. Simulation studies
For our simulation studies, we used a signal of interest s representing a 33 x 33 pixel Gaussian profile with a center
amplitude of 10 graylevels (GL) and a standard deviation of 3 pixels, shown in Fig. 1. The nonrandom background

b was 50 GL in each pixel. Two “mean offset” images, it and 71—, were generated by pseudorandomly sampling GL
values uniformly on the interval [0,50]. We chose MPMVN parameters such that @ = @~ = [0.2,0.6,0.2]", and

i = §+b—nt

i = §+b

i = F+b+at

jp = b

iy b

[ = b+ (47)



(a) (b)

Figure 1. (a) Signal of interest §, equal to scaled observer template . (b) Offset square observer template, fsq.

Note that Z?:l wifii =35+ b and Z?Zl wjfl; = b as required.

The covariance matrices X7 and ¥~ were chosen equal to one another, with pixel standard deviations of 100
GL. In order to represent a complicated covariance structure, the pixel correlation coefficients were pseudorandomly
generated uniformly and then corrected to make the matrix a valid covariance matrix (symmetric with positive
definite eigenvalues).

Two observer templates were studied, shown in Fig. 1. The first was simply a normalized version of the signal,
t=5% / \/§T§’, we will refer to this as the signal-equivalent template. The second was an offset square mask t;q, with
values of 1 in pixel locations (6,6) through (15,15) and 0 elsewhere. The observer was deterministic, and all relations
developed in Section 2.1.2 were used with the internal noise variance o2 set to 0.

In each simulation study, a value of Nt was selected, and N pairs of images were generated pseudorandomly from
the distributions in Eqns. 37 and 38 using the parameters stated above. A 2AFC experiment was then performed to
produce the estimator Z. An independent set of N image pairs was again generated to produce 8’. The estimators
were combined using Eqn. 46 to produce the template estimate £. We then calculated the mean squared error (MSE)
of this estimate, where

MSE = (£ — atoi? ) (£ — i) (48)
Values of Ny used were 10,000, 20,000, 50,000, 100,000, 200,000, 500,000, 1,000,000, 5,000,000, and 20,000,000.

We also measured the reliability of the MSE measure by generating 100 template estimates, each with Ny =
100, 000. The sample mean MSE of the MSE values was calculated, as an estimate of the expectation value of the
MSE. This expectation value can be calculated explicitly:

=

(MSE) = <(t — acotf)f(%* Oltotg)>
= <Tr [(%* atot{)(%* atot{)j-}>

(o e}
Tr (%), v

the trace of the covariance matrix of the template estimate (for a given number of 2AFC image pairs Np). We
compared the calculated trace with the measured sample mean MSE.



(a)

(d)

Figure 2. Estimates of ¢ for N7 = (a) 50,000, (b) 1,000,000, and (c) 5,000,000; and estimates of ., for Ny = (d)

50,000, (e) 1,000,000, and () 5,000,000.

(b)
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Figure 3. Signal-equivalent template estimate, Np = 5,000,000, and the actual observer template.

Template estimates for the signal-equivalent and square observer templates are shown in Fig. 2. Estimates for three
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3. RESULTS

values of Nt are given for each observer template.

The signal-equivalent template estimate for Np = 5,000,000 is shown with the observer template in Fig. 3 as
a function of distance from the image center in pixels. Graphs of MSE and Tr(X;) as functions of Nz for both

observer templates are shown in Fig. 4.
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Figure 4. Graphs of MSE and the covariance matrix of the template estimate vs. Nr for: (a) signal-equivalent
template ¢, (b) square template tsq.

The trace of the covariance matrix of the template estimate, for t_'sq and N7 = 100,000, was 3.08 x 10~4, which

compares reasonably well with the sample mean MSE = 2.47 x 10~ for 100 sample template estimates. For the
signal-equivalent template, with the same numbers of image pairs and template estimates, the trace of the covariance
matrix was 3.05 x 10~4, while the sample mean was MSE = 2.93 x 107%.

4. DISCUSSION

The template estimates produced by our extension of the method of Abbey etal. are evidently unbiased (Figs. 2
and 3). Fig. 4 shows that the covariance matrix of the template estimate is inversely proportional to the number of
image pair samples, as might be expected. (The variance of a sample mean is inversely proportional to the number
of/s\amples, and the template estimate in Eqn. 46 can be interpreted as a linear function of sample means Z and
(Pc);;-) However, it is clear from this graph that the values of MSE do not agree very well with the traces of
the covariance matrices for smaller values of Np. This is not particularly surprising, since these values of MSE are
effectively “sample means” over a single sample, i. e., over a single template estimate. Because the template estimate
itself can be so readily interpreted in terms of sample means of image pair properties, an estimate of (MSE) over a
single template estimate obtained with a very large number of image pairs N is equivalent to an estimate of (MSE)
over many template estimates, each obtained with proportionally fewer image pairs. Thus, the agreement between
MSE and the trace of the covariance matrix of the template estimate is much better for higher values of N7 .

Comparison of the images in Fig. 2 with those presented in Ref. 5 indicates that many more 2AFC image pairs
are required in the MSMVN case than in the single peak MVN case to obtain template estimates of comparable
quality. By calculating the template estimate covariance matrices for both cases, one can predict the increase in Np
required. It turns out however that the actual increase in the required number of image pairs is much larger than
that predicted by the template estimate covariance matrices alone. The reason for this is still under investigation.

5. CONCLUSIONS

We have shown that the method of Abbey etal. for constructing an unbiased estimate of a linear observer template
using the results of a 2AFC experiment with MVN-noise images® can be extended to 2AFC images in which the
pixel noise is drawn from an MPMVN distribution, i. e., a weighted sum of MVN distributions.

For an MPMVN distribution with given component peak covariance matrices, the extension requires many more
2AFC image pairs for a good template estimate than would the original method for images with a noise covariance



matrix equal to that of a single peak of the MPMVN distribution. One reason for this is the corresponding increase
in the template estimate covariance matrix, which depends upon not only the “widths” of the component peaks (the
covariance matrices), but also the distances between them.

Another complication of the extension relative to the orginal method is the requirement of a second set of Np
images, with noise properties determined only by individual peaks of the MPMVN distribution, in order to obtain
an estimate of 8/, a component of the template estimate. For simulation studies such as those presented here, this
is not a problem. In experiments using actual images whose pixel noise distributions are being approximated by an
MPMVN distribution, the accuracy of the template estimate will clearly depend on the quality of this approximation
and on the feasibility of producing simulated images containing only component peak noise.

Our primary goal here has been to demonstrate that the method of Abbey etal. can be extended in nontrivial
ways. We expect that the original method, as well as extensions such as that presented here, will yield many more
interesting results on further investigation.
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