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Abstract— We expressthe performance of the N -class“guess-
ing” obsewer in terms of the N2 N conditional probabilities
which make up an N-class recever operating characteristic
(ROC) space,in a formulation in which sensitvities are elim-
inated in constructing the ROC space(equivalent to using false-
negative fraction and false-positive fraction in a two-classtask).
We then show that the “guessing” obsewer's performance in
terms of these conditional probabilities is completely described
by a degeneratehypersurfacewith only N 1 degreesof freedom
(as opposedto the N2 N 1 required, in general, to achieve
a true hypersurface in such a ROC space). It readily follows
that the hypervolume under such a degenerate hypersurface
must be zero when N > 2. We then consider a “near-guessing”
task; that is, a task in which the N underlying data probability
density functions (pdfs) are nearly identical, controlled by N 1
parameters which may vary continuously to zero (at which point
the pdfs becomeidentical). With this approach, we show that
the hypervolume under the ROC hypersurface of an obsewer
in an N -class classi cation task tends continuously to zero as
the underlying data pdfs corverge continuously to identity (a
“guessing” task). The hypervolume under the ROC hypersurface
of a “perfect” ideal obsewer (in a task in which the N data
pdfs never overlap) is also found to be zero in the ROC space
formulation under consideration. This suggestghat hypervolume
may not be a useful performance metric in N -classclassi cation
tasks for N > 2, despite the utility of the area under the ROC
curve for two-classtasks.

Index Terms—ROC analysis, N -classclassi cation, ROC per-
formance metrics

|. INTRODUCTION

E are attemptingto develop a fully automatedmass

lesion classi cation schemefor computeraided diag-
nosis (CAD) in mammographyThis schemewill combine
two schemeglevelopedat the University of Chicago:one for
automatically detecting masslesions in mammogramg1]—
[5], and one for classifying known lesions as malignantor
benign[6]-[10]. Combiningthesetwo typesof CAD scheme
is inherently dif cult, becausethe output of the detection
schemewill necessarilyinclude false-positie (FP) computer
detectionsn additionto themalignantandbenignlesionsto be
classi ed. TheseFP computerdetectionsorrespondo objects
which were by designnot includedin the training sampleof
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the classi cationschemebecausehey arenot memberof the
datapopulation(benignandmalignantmassbreastesions)for
which the classi cation schemewas created.It is clearthen
thatthe detectionschemes outputcannotbe usedunmodi ed
asthe input to the classi cation scheme.

Our approachhas beento treat this problem explicitly as
a three-classclassi cation task. That is, the outputsof the
detectionschemeshould be classi ed as malignantlesions,
benignlesions,andnon-lesiong FP computerdetections)and
the classi er to be estimatedis the ideal obsenrer decision
function for this task.Suchan approachpresentxonsiderable
dif culties of its own. On the one hand,decisionfunctions,in
particularideal obsener decisionfunctions, increaserapidly
in compleity with the numberof classesinvolved. On the
other hand,fully generalperformanceevaluationmethods,in
particulara fully generalthree-classxtensionof recever op-
eratingcharacteristi¢ROC) analysis have yetto be developed
for sucha task.

Although we have had preliminary successin using
Bayesianarti cial neural networks (BANNSs) [11], [12] to
estimatethree-classdeal-obsererrelated decision variables
[13], [14], thetaskof developinganextensionof ROC analysis
to classi cation taskswith three or more classeshas proved
somevhat more daunting.Our initial efforts in this direction
have thus been more theoreticalthan practical so far [15].
Oneissuewe beganto investigaterecentlywasthe calculation
of an obvious generalizationof the well-known areaunder
the ROC curve (AUC) performancemetric, a quantity we
are calling the 2hyperwlume underthe ROC hypersurace®
Detailedconsideratiorof the integralsinvolvedin calculating
this quantity led us to the counterintuitve conclusionthat,
despitethe greatsuccessand utility of the AUC performance
metricin two-classclassi cationtasks the hypenolumeunder
the ROC hypersuréce doesnot appearto be a useful per
formancemetric in N -classclassi cation tasksfor N > 2.
The proof of this claim is arrived at by consideringobsener
performancein two extremes:the 2guessing®bsenrer and
the 2perfect®obserer. It should be explicitly noted that in
our formulation,sensitvities areeliminatedin constructinghe
ROC spaceithis is equivalentto usingfalse-ngative fraction
(FNF) and false-positie fraction (FPF) in a two-classtask.
In sucha formulation, the 2guessing®bsenrer in a two-class
task achieves an AUC of 0.5 as expected,but the 2perfect®
obsenrerin a two-classtask achievesan AUC of zero.

In Sec.ll, we considerthe propertiesof the 2guessing®
obserer in an N -class classi cation task, and of its ROC



hypersuréce.In Sec.lll, we considerthe propertiesof the
ROC hypersurfce of a so-called?nearguessing®bserer,
i.e, an obserer in a task for which the obsenational data
probability densityfunctions(pdfs) arenot identical,but differ
only by arbitrarily small amounts.In Sec.lV, we then showv
that the hypenolume under the ROC hypersurfce of such
a 2nearguessing®obsener will continuously approachthe
hypenolume underthe ROC hypersurceof the 2guessing®
obsener asthe obsenationaldatapdfs continuouslyapproach
identity; furthermore the hypenolumeunderthe ROC hyper
surfaceof the 2guessing®bsener is shavn to be zero.

We then shav in Sec. V that the hypenolume under
the ROC hypersurace of the 2perfect®obsenrer is zero (as
expectedby analogy with the two-classtask), and that the
hypenolumeunderthe ROC hypersurficeof a 2nearperfect®
obsenrer will approactzerocontinuouslyasthe obsenational
datapdfsareseparatedrinally, in Sec.VI, we arguethatthese
resultstaken togetherimply that the hypenolume underthe
ROC hypersuraceis not a useful performancemetricin N -
classclassi cationtasksfor N > 2, despitethe utility of the
AUC performanceametric in two-classtasks.

Il. THE ROC HYPERSURFACE OF THE N -CLASS
3GUESSING® OBSERVER

The performanceof anobsenerin anN -classclassi cation
task is completelydeterminedby a hypersurficewith N 2
N 1 degreesof freedomin an(N? N )-dimensionalROC
spacg16]. Withoutlossof generalitywe canspecifyary point
in the ROC spaceby a vector of the misclassi cationproba-

bilites [P(d = 4jt = 2);:ii;P(d = 4jt = y);P(d =
2t = 1);P(d = Lt = )i P = Lt =
N);inP(d= Njt= n 1);P(d= njt = p)]Y [15]
Herethe N classesare denotedby the labels 1;:::; n; d

denotesthe classto which an obsenation is assigned(the
adecision®)andt is the classto whichit actuallybelongs(the
atruth®). We useboldfacetype to denotestatisticallyvariable
quantities.For simplicity, we write P(d = jt = ;) asP; .
We can also, again without loss of generality consider
the ROC hypersurlceto be given by Py 1 consideredas a
functionof theotherN2 N 1 misclassi cationprobabilities
[15]. Note that this formulationis equialent,in a two-class
classi cation task, to using FPFand FNF to characterizethe
ROC curwe, ratherthan FPF and true-positve fraction (TPF),
as is more common.In a two-classclassi cation task, this
producesROC curveswhich are 2upside-dan® with respect
to the standardormulation;we have adoptedhe non-standard
formulation describedabove becausdt has proven easierto
generalizeto classi cationtaskswith more thantwo classes.
Someresearcherbave suggested17], [18] thatin, e.g., a
three-classclassi cation task, the set of three 2sensitities®
(P(d = jjt = ) in our notation) providesa completede-
scriptionof obsener performanceThis is incorrectin general,
becauset ignorestheN? N misclassi cationprobabilities,
not all of which aredetermineduniquelyby the2sensitiities®
when N > 2 unlessparticular restrictionsare imposedon
the obserer's behaiior. Completequanti cation of the trade-
offs available among the probabilities of various kinds of

misclassi cationerroris importantin medicaldiagnosiswhere
different misclassi cationerrorsoften have substantiallydif-
ferentclinical consequencedloreover, restrictionsconcerning
theobsener'sbehaior areinappropriatavhenconsideringhe
generalbehaior of ideal obserers, humanobsenrers, or au-
tomatedobseners (suchas automatedschemedor computer
aided diagnosis) designedto approximateideal or human
obsener behaior. Other researcheriave reducedthe three-
class ROC hypersuréce to more tractable two-dimensional
surfacesin three-dimensionaROC spacesby explicitly im-
posing restrictionson the form of the obsenrer's decision
rule [19], [20], or on the utilities usedby an ideal obsener
[21]. While suchrestrictionsmay ultimately prove to be of
great pragmaticimportancegiven the inherentcompleity of
multi-classclassi cation tasks,our approachso far hasbeen
to attempt as generalan understandingas possible of the
unrestrictedclassi cation task.

Consider the performanceof an obserer which makes
decisionsby 2guessing thatis, in arandomfashionunrelated
to the actualclasst from which a givenobsenationis dravn.
(Note that this correspondgo the performanceof the ideal
obsenerwhenthe pdfs of the obsenationaldataareidentical,
i.e, p(%j 1) = p(*j 2) = i1 = p(*j n)-) In this case,we
clearly musthave

Pio = Piz=::: =P, 1)
P21 = Pa3= 1= Po; 2
Pnvi = Pn2=1:1ii=Pyn o1 3
Dening i Py forl i N 2l1,and v Pnn 1, We

seethat the performanceof the 2guessingbbsener is given
by a locus of vectorsof the form
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which immediatelygives ny = 1 iz1~ i. Thus the
performanceof the 2guessingdbsener is given by
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This is the parametricequationfor an (N 1)-dimensional
planein an (N2 N)-dimensionalspace;the actual perfor
manceof the 2guessingbbsenrer will of coursebe further
restricteg,to a region within this planesuchthat 0 i1,
0 1 i L

I1l. THE ROC HYPERSURFACE OF AN N -CLASS

8NEAR-GUESSING® OBSERVER

Considerobsenationaldatax drawvn from N pdfs:

pxjt = 1) = p(xjt = n)+ 1hi(x); (1)
p(xjt = ;) = pxjt = n)+ jhj(x); 8)
p(xjt = n); (9)
where0 ; 1, Rh (x)d"x = 0, andjh;(x)] p(xjt =

n) forl j N 1 In the limit asthe ; all approach
zero,we expectthe performanceof ary obsener for this task
to converge smoothlyto that of the 2guessing®bsener.

Decisionsare made by partitioning the decision varlable
spaceinto N regions, determinedby a total of N ?
parametersywe denotetheseparameterdy the com ponents)f
a vector~. An obserer which usesmore than N 2
parameterdor an N -classclassi cation task can alvvays be
replacedby a simplied obsener, such that the 2excess®
parametersare eliminated by the requirementthat Py 1 be
minimized, thereby collapsingthe dimensionalityof the pa-
rameterspaceto N2 N 1. On the otherhand,an obsenrer
which usesfewer thanN2 N 1 decisionparametersvill
fail to generatea true ROC hypersurfice— i. e., one with
N? N 1 degreesof freedomin the(N? N)-dimensional
ROC space.(An examplein a three-classclassi cation task
would be an obsener which sequentially performs a pair

of binary classi cation tasksby rst classifyingobsenations
as being 2 1° or 2not 1° basedon the value of a single
decisionparameterand then further classifyingthe @2not  4°
obsenationsas? ,° or 2 3° basedon the value of a second
decisionparametefl7], thusdependingn fewer thanthe ve
degreesof freedomneededn a three-clasglassi cationtask.)
Such?®degeneratedbsenerswill notbe consideredere(apart
from the @guessingdbsener itself).

We canthusde ne N regionswhich partition the original
dataspacegiven particularvaluesof the parameters-, by

D1(~) fx:d= 1 given ~g; (20)
Di(~) fx:d= ; given ~g; (12)
Dn (™) fx:d= N given ~g: (12)

For a non-randonobsener, the D; canbe expectedto depend
implicitly on the pdfs (7)—(9), and thereforeon the . The
misclassi cation probabilities which de ne the ROC hyper

surfaceare thengiven by

2 2 _ )
P12 RJ pixjt = 2) d"x
P13 b, P(Xjt = 3) d"x
b, P(xit = n) dMx
b, P(xt = 1) d'x
Pi f'ﬁlg o, P(xjt = J)d”Xflejg (13)
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PNN 1 by p(xijt _' N 1) dhx
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Using (7) and (8), we canrewrite this as

2 R 3
2 P12 3 Pin + 2y, ha(x) d"x
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De ning the functions Hj; D, h; (x) d"x allows us to

simplify the notationslightly:

Pin + 2H

2 3 2 3
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Now of coursePyn = 1 ,N:l ! Pin ; for simplicity, we

will write ;  Pjy . Equation(15) cannow be written as
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wherethe vectorsw; have componentsvhich dependonly on
Hj . The rst termontherighthandsideof this equations just
theexpressiorfor the2guessingdbsener (cf. thelefthandside
of (6)). The otherterm on the righthandside of this equation
tendsto zeroasthe ; tendto zero.Note thatthe H; mayin
generaldependon the ¢ via (10)—(12),but
z
jHiij hj(X)an
Zbi
jhj (x)j d"x
Z°i
p(xjt = n)d"x
Dj
= P
1 (18)



ThustheH;; areboundedandwill possesJaylor expansions
in  (i.e, will not dependon termsof the form | ™ for
positive integersm). Therefore,operatingpoints on the ROC
hypersuriceof a 2nearguessingbbsener tend continuously
toward points on the ROC hypersuréce of the 2guessing®
obserer. Note thatthe N(N 1) terms ;, jH; arenot
all independentsincethey all dependimplicitly for x ed

ontheN? N 1 decisionparameters-. Thatis, the ROC
hypersurficegivenby (17) possessesnly N2 N 1 degrees
of freedom.

IV. THE HYPERVOLUME UNDER THE ROC HYPERSURFACE
OF AN N -CLASS 8NEAR-GUESSING® OBSERVER

In the precedingsection, it was shavn that the ROC
hypersuréceof a2nearguessingdbsener tendscontinuously
to the ROC hypersuréceof a 2guessing®dbsener asthe pdfs
of the obsenational datatend arbitrarily toward identical dis-
tributions.Intuitively, onewould expectthatthe hypenolumes
underthesehypersuracesshouldalsotendtoward eachothet
Since intuition can occasionallybe an unreliable guide in
analyzingN -classclassi cation tasks,it would be reassuring
if the resultsof the precedingsectioncould be applieddirectly
to the calculationof the relevant hypenolumes.

For this section,we will write P; asPj (~), emphasizing
thatit is a function of the decisionparametergshosenWe thus
rewrite (15) to obtain

2 3 2 3

P12(~) Pin (=) + 2H12(-)
P13(~) Pin (=) + 3H13(~)
Pin (<) Pin ()
Pi1(~) Pn (=) + 1Hi1(~)
Pi(-)fi6jgs " & Pn(=)+ jHj(-)fi6jg
Pin (=) Pin (=)
Pun 1(-) Pun 1(~)
Pni1(~) Pun 1)~ 1tHan (o)
+ 1Hn1(-)
(19)
To nd the hyperwlume under the ROC
surface given by Pyni considered as a function of
(P12;P13; i Py i tiPun 15 i:55Pr2)y one  must
evaluatethe integral
Z
PyrdVe N 1p: (20)

(The domainof the integral is simply the setof all P; such
that Py 1 is de ned.) Note that, for the 2guessingbbsenrer,

we expect this integral to be zero when N > 2 due to
dimensionalityconsiderations— the ROC hypersuréce has
only N 1 degreesof freedom(cf. (6)), nottheN? N 1

requiredin this (N?  N)-dimensionalROC space.To see
this explicitly, one canrearrangeie order of integration and
considerthe innermostintegral Py1dPy(n 1) for xed
values of the other misclassi cation probabilities. Then the
limits of integrationof thisinnermostde nite integral become,
againby (6),

P PvidPyn 1y fj < Ng (21)

which is zeroby inspection.

We now return to the generalcaseof a 2nearguessing®
obsener. One way to evaluate the integral in (20) is to
reexpressit explicitly in termsof the decisionparameters-,
via the Jacobian

@12 @12 @12 @12
@1 @2 @53 N2 N 1
@.m @D'w @.m @.m
@1 @2 @3 @y2 n 1
@ij @ij @ij @ij
J @1 @ @s @n2 N 1 (22)
@Pvin 1) @Puin 1) @Pun @Pn(n 1
@1 @2 @3 @y2 N 1
@.N 2 @"N 2 @.N 2 @.N 2
@1 @2 @3 @y2 v 1

where the vertical bars indicate that the determinantof the
enclosedmatrix is to be taken, and where ; denotesthe ith
componentof ~. (We assumethat indices of the parameters
~ have beenchosenappropriatelyso that no negative sign is
introduced,i. e,, volumesremainpositive.)

For the 2guessing®bsener, this reducego
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@1 @2 @3 @y2 y 1
@"m @.IN @.IN @"m
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wherePy(n 1) = Pun = 1 j=1 Pin. For a ®near



guessingbbsener, we combine(19) and (22) to obtain
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K
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From the propertiesof determinantg22], it canbe shovn
that,to rst orderin the j,

@Pn (N 1)

K 1

Jnear= Jguessing"
j=1

idi + o (25)
wherethe J; are boundedand continuouswith respecto the

i
If we denotethe hypenolumeunderthe ROC hypersuréce

of the 2guessingdbbsenrer b
g Zg 2 y

— N2 N 1
'guessing‘ . Pn1d P

= Pn v 1)(*)Jguessin§§jN2 N1~ (26)

thenthe hypenolumeunderthe ROC hypersurfceof a2near
guessingbbserer becomesagainto rst orderin the ;,
zZ Z

Inear= Pun 1(5)  ~ tHnv 19(5)
5 + 1HN1()l
4 X 5 4N N 1
Jguessing jJdj + 2 d ~ (27)
j=1
l’( 1
= lguessing” il * (28)

j=1
where the integrals |; are bounded(i. e, they may depend
on higherintegral powersof ;, but not on i ™ for positive
integersm). Thatis, in the limit asthe ; tendtoward zero,
| neartendstoward | guessingin a continuousfashion.

V. THE HYPERVOLUME UNDER THE ROC HYPERSURFACE
OF AN N -CLASS 8NEAR-PERFECT® OBSERVER

In the precedingsectionswe establishedhat the hypenol-
ume under the ROC hypersurfce of a 2guessingbbsener
is zero, and furthermore that this result is not singular:
an obsenrer in a 2nearguessing®ask will achieve a ROC
hypersurécewith hypenolumeapproachingerocontinuously
as the data pdfs approachidentity. An ideal obserer in a
aperfecttask— i. e, in which the datapdfs never overlap—
will alsoachieze a ROC hypersuricewith zerohypenolume,
becauset can achieve the operatingpoint 0, and thus will
not, for ary rational decisionrule, achieze points interior to

the unit hypercubede ning ROC spacelt is reasonabl¢o ask
whether?nearperfect®obseners, performingtasksfor which
the overlap in the underlying data pdfs is nearly negligible,
behae similarly to 2nearguessing®bserers, in the sense
that the hypenolumeunderthe ROC hypersuraceof suchan
obsener will approachzeroin a continuousfashion.

Considerobsenationaldatax drawvn from N pdfs p(xjt =

i) wherel j  N.We denotethe meanof p(xjt = ;)
by ~; and note that, without loss of generality the meanof
p(xjt = ) canbe taken to be 0. Furthermore note that
we can apply a linear transformationto the datax, andthus
effectively to the~; , suchthateachof theresulting~; is either
(a) mutually orthogonalto, or (b) a scalarmultiple of, arny of
the other~;. Becausehe transformatiorappliedis linear, the
ideal obsenrer for this task will remainthe same,and hence
the taskitself canbe considerecessentiallyunchanged.

Let usconsidemow anobsererfor thistaskwhichis gener
ally notideal;in fact,we will consideronly a singleoperating
point achieved by this obsener. The obserer decidesd =
for a given obsenation x if
- G-k L i) Nsig

=i il 2

(29)
with equalityfor ary suchrelationbetweentwo classedeing
decidedin an arbitrary but consistentmanner That is, the
obsenrer placeshyperplaneshetweenthe meansof ary two
classeswhen attemptingto decide betweenthose classes
(ratherthan placing thosehyperplanesn the likelihood ratio
decisionvariablespace aswould the ideal obsener).

Now supposehe taskis madeslightly 2easief while the
obsener itself remainsunchangedThatis, considerthe mean
of onepdf, say~; fori 6 N, beingincreasedy afactorl+
for O 1, while the location of the decisionhyperplanes
doesnot change,exceptin the specialcasewhere~; = ~ ;
for someotherpdf (againwith | 6 N). In this latter casewe
increaseboth means(~? = (1+ )~j, ~P= (1+ )~), and
the location of the correspondingdecisionhyperplaneshifts
accordingly

Note that ~° is now further away from each decision
hyperplanerelevantto d = ; in (29). In the case~j = ~i,

the decision hyperplaneis now a distanceof j-j =

(1+ )j=5—j from ~P. For non-collinear~;, the direction
from ~? to the decisionhyperplands givenby ~;  ~;, and
since~; and~?areorthogonal(~? ~i) (~ ~i)= j~ij%
sincethis quantityis negative, it follows that~? is further from
that decisionplanethan ~;.

It immediately follows from this that none of the mis-
classi cation probabilities making up the coordinatesof the
obsenrer's operatingpoint can increasewhen moving from
the old taskto the new one.To seethis, considera changeof
coordinatesn the dataspacesuchthat ~? is now the origin.
All of the decisionhyperplaneseparatinghis classfrom the
othersare effectively moving away from the centerof its pdf;
sincethe hyperplanesre translatingwithout rotating, we see
immediatelythatthe probability P;; cannotdecreaséandwill
increasein general),while the other probabilitiesP;; (j 6 i)
cannotincrease(andwill decreasen general).




Fig. 1. Operatingpoint of anobserer in a two-classclassi®catiortaskwith
coordinates(FPF o; FNF o), denotedby the point at the lower left corner
of the crosshatchedegion. Sinceno rational obserer will achiee pointsin
the crosshatchedegion, the areaunderthis obserer's ROC cure cannotbe
greaterthanl (1 FPFo)(1 FNFo).

Note that arny pdf p(x) must decreasemore rapidly than
j¥j " for sufciently largejxj, wheren is the dimensionality
of . This allows usto statequalitatvely the sensen whichthe
obsenerunderconsideratioris 2nearperfect®we hypothesize
thatthej~;j areall sufciently largethatthislimiting condition
is met. Given this condition, the only situationin which an
error probability Pj; (j & i) will fail to decreases if this
probability is already zero. By allowing all of the j~ij to
increasen the mannerdescribedabove, we canclearly obtain
in generala situationin which eachof the misclassi cation
probabilitiesis eitherdecreasingor equalto zero.

This impliesthatthe hypenolumeunderthe ROC hypersur
facesof the obserersunderconsideration{howvever we chose
to de ne their decisionrules for operatingpoints other than
thosedescribedabove) mustalsodecreasasthe taskis made
aeasierasdescribedhbove. To seethis, notethatif agivenob-
sener achievesanoperatingpoint P on its ROC hypersuréce,
it cannotachieve anothermpoint P° suchthatthe componentsf
thesepointssatisfyP®> P; (1 i N2 N) (becausesuch
an obsenrer could be replacedby an obserer which achiesed
P for all suchpointsby usingthe original decisionrule for the
point P, therebyachiezing unambiguoushpetterperformance
atthosepoints). Thus,knowing thata given obsener achieves
an operating point of P implies that that obsener's ROC
hypersur&cezmustha/e a hypenolumeunderit of no greater
thanl iNzl N (1 Pj); asthe (non-zero)P; decreasethis
upperlimit on the hypenolume must also decreaseo zero.
This point is illustratedin Fig. 1 for the two-classcase;here
the obserer's false-ngatie fraction, FNF o, correspondgo
P,1, andthefalse-positre fraction, FPF, correspond$o Py.

To summarize,we have shavn that the known operating
point of our simpleobsener will move closerto the origin for
arbitrary datapdfs asthosepdfs are moved further apart(i. e.,
as the underlying task is made2easier®),implying that the
hypenolume underits ROC hypersuracewill also corverge
to zero. In fact, reasoningas above, one can see that the
ideal obsenrer will alsobe unableto achiese operatingpoints
within the region P2 > P; (1 i N2 N), sincethe
ideal obsener's ROC hypersuréceis never above that of ary
other obsener at ary given point in the domain of the ROC
space[15]. The hypenolumeunderthe ideal obsener's ROC
hypersurécewill thusalsocornvergeto zeroasthe underlying
datapdfs are moved apart.

VI. CONCLUSIONS

In N -class classi cation taskswhere N > 2, it can be
shavn that the hypenwolume under the ROC hypersuréce
of both the 2guessing®bbsener and the 2perfect®obsener
are zero. More importantly we have shawvn in eachof these
performancextremesthat the corvergenceto zerois smooth
ratherthandiscontinuousThis corvergencecanbe considered
completelygeneralfor 2nearguessingbseners and gener
ally true for 2nearperfect®obseners which follow rational
decisionrules (analogoudo false-ngative fraction andfalse-
positive fraction being monotonicallyrelatedin a two-class
task);thatis, the conclusionsappearto hold true for arbitrary
underlyingdatapdfs.

In the two-classclassi cationtask, the areaunderthe ROC
curve (AUC) is considereda useful performanceametric for a
variety of reasonsOne of the most pleasingand straightfor
ward of theseis the simplerelationshipbetweenAUC andthe
aseparability®f the two underlyingdatapdfs (i. e., the dif -
culty of the task). Namely the AUC (with the two-classROC
de ned asaplot of false-n@ative fractionversusfalse-positie
fraction) of a 2perfectobseneris zero,andincreasesn some
senseuniformly asthe taskis mademore dif cult, until one
arrives at the @guessingbserer with an AUC of 0.5. In
anN -classclassi cationtask,this straightforvardrelationship
appearsto break down, and both 2perfect®and 2guessing®
obsenersyield ROC hypersurhceswith zerohypenolume.lt
would appearthat, due to this ambiguity hypenolume under
the ROC hypersurhceof an N -classobsenrer is not a useful
performancemetric: Doesa hypenolumeof 0.005indicatean
obsener facedwith an exceptionallydif cult or exceptionally
easytask?0Onehopeshatsomeotherperformancenmetricfrom
two-classclassi cationcanbe generalizedisefullyfor N -class
classi cation; perhapsa quantitywhich is equalto AUC in the
two-classcasehasa generalizatiorwhich is not equalto the
hypenolume,but canbe shavn to be of usefor otherreasons.
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