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The Hypervolumeunderthe ROC Hypersurfaceof
“Near-Guessing”and“Near-Perfect”Observers in

N -ClassClassi�cation Tasks
Darrin C. Edwards� , CharlesE. Metz, RobertM. Nishikawa

Abstract— We expressthe performance of the N -class“guess-
ing” observer in terms of the N 2 � N conditional probabilities
which make up an N -class receiver operating characteristic
(ROC) space, in a formulation in which sensitivities are elim-
inated in constructing the ROC space(equivalent to using false-
negative fraction and false-positive fraction in a two-classtask).
We then show that the “guessing” observer's performance in
terms of these conditional probabilities is completely described
by a degeneratehypersurfacewith only N � 1 degreesof fr eedom
(as opposedto the N 2 � N � 1 required, in general, to achieve
a true hypersurface in such a ROC space). It readily follows
that the hypervolume under such a degenerate hypersurface
must be zero when N > 2. We then consider a “near-guessing”
task; that is, a task in which the N underlying data probability
density functions (pdfs) are nearly identical, controlled by N � 1
parameterswhich may vary continuously to zero (at which point
the pdfs become identical). With this approach, we show that
the hypervolume under the ROC hypersurface of an observer
in an N -class classi�cation task tends continuously to zero as
the underlying data pdfs converge continuously to identity (a
“guessing” task). The hypervolume under the ROC hypersurface
of a “perfect” ideal observer (in a task in which the N data
pdfs never overlap) is also found to be zero in the ROC space
formulation under consideration.This suggeststhat hypervolume
may not be a useful performance metric in N -classclassi�cation
tasks for N > 2, despite the utility of the area under the ROC
curve for two-classtasks.

Index Terms— ROC analysis,N -classclassi�cation, ROC per-
formance metrics

I . INTRODUCTION

W E are attemptingto develop a fully automatedmass
lesion classi�cation schemefor computer-aideddiag-

nosis (CAD) in mammography. This schemewill combine
two schemesdevelopedat the University of Chicago:onefor
automaticallydetectingmass lesions in mammograms[1]–
[5], and one for classifying known lesionsas malignantor
benign[6]–[10]. Combiningthesetwo typesof CAD scheme
is inherently dif�cult, becausethe output of the detection
schemewill necessarilyinclude false-positive (FP) computer
detectionsin additionto themalignantandbenignlesionsto be
classi�ed.TheseFPcomputerdetectionscorrespondto objects
which were by designnot includedin the training sampleof
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theclassi�cationscheme,becausethey arenot membersof the
datapopulation(benignandmalignantmassbreastlesions)for
which the classi�cation schemewas created.It is clear then
that the detectionscheme's outputcannotbe usedunmodi�ed
as the input to the classi�cation scheme.

Our approachhas beento treat this problem explicitly as
a three-classclassi�cation task. That is, the outputs of the
detectionschemeshould be classi�ed as malignant lesions,
benignlesions,andnon-lesions(FPcomputerdetections),and
the classi�er to be estimatedis the ideal observer decision
function for this task.Suchan approachpresentsconsiderable
dif�culties of its own. On theonehand,decisionfunctions,in
particular ideal observer decisionfunctions, increaserapidly
in complexity with the numberof classesinvolved. On the
otherhand,fully generalperformanceevaluationmethods,in
particulara fully generalthree-classextensionof receiver op-
eratingcharacteristic(ROC) analysis,haveyet to bedeveloped
for sucha task.

Although we have had preliminary success in using
Bayesianarti�cial neural networks (BANNs) [11], [12] to
estimatethree-classideal-observer-relateddecision variables
[13], [14], thetaskof developinganextensionof ROCanalysis
to classi�cation taskswith threeor more classeshasproved
somewhat more daunting.Our initial efforts in this direction
have thus been more theoretical than practical so far [15].
Oneissuewe beganto investigaterecentlywasthecalculation
of an obvious generalizationof the well-known area under
the ROC curve (AUC) performancemetric, a quantity we
are calling the ªhypervolume under the ROC hypersurface.º
Detailedconsiderationof the integrals involved in calculating
this quantity led us to the counterintuitive conclusionthat,
despitethe greatsuccessandutility of the AUC performance
metric in two-classclassi�cationtasks,thehypervolumeunder
the ROC hypersurface does not appearto be a useful per-
formancemetric in N -classclassi�cation tasksfor N > 2.
The proof of this claim is arrived at by consideringobserver
performancein two extremes:the ªguessingºobserver and
the ªperfectºobserver. It should be explicitly noted that in
our formulation,sensitivities areeliminatedin constructingthe
ROC space;this is equivalent to using false-negative fraction
(FNF) and false-positive fraction (FPF) in a two-classtask.
In sucha formulation,the ªguessingºobserver in a two-class
task achieves an AUC of 0.5 as expected,but the ªperfectº
observer in a two-classtaskachievesan AUC of zero.

In Sec. II, we consider the propertiesof the ªguessingº
observer in an N -class classi�cation task, and of its ROC
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hypersurface. In Sec. III, we considerthe propertiesof the
ROC hypersurface of a so-calledªnear-guessingºobserver,
i. e., an observer in a task for which the observational data
probabilitydensityfunctions(pdfs)arenot identical,but differ
only by arbitrarily small amounts.In Sec.IV, we then show
that the hypervolume under the ROC hypersurface of such
a ªnear-guessingºobserver will continuously approachthe
hypervolume under the ROC hypersurfaceof the ªguessingº
observer astheobservationaldatapdfs continuouslyapproach
identity; furthermore,the hypervolumeunderthe ROC hyper-
surfaceof the ªguessingºobserver is shown to be zero.

We then show in Sec. V that the hypervolume under
the ROC hypersurfaceof the ªperfectºobserver is zero (as
expectedby analogy with the two-classtask), and that the
hypervolumeunderthe ROC hypersurfaceof a ªnear-perfectº
observer will approachzerocontinuouslyasthe observational
datapdfsareseparated.Finally, in Sec.VI, we arguethatthese
resultstaken togetherimply that the hypervolume under the
ROC hypersurfaceis not a useful performancemetric in N -
classclassi�cation tasksfor N > 2, despitethe utility of the
AUC performancemetric in two-classtasks.

I I . THE ROC HYPERSURFACE OF THE N -CLASS

ªGUESSINGº OBSERVER

Theperformanceof anobserver in anN -classclassi�cation
task is completelydeterminedby a hypersurfacewith N 2 �
N � 1 degreesof freedomin an (N 2 � N )-dimensionalROC
space[16]. Without lossof generality, wecanspecifyany point
in the ROC spaceby a vectorof the misclassi�cationproba-
bilities [P(d = � 1jt = � 2); : : : ; P(d = � 1jt = � N ); P(d =
� 2 jt = � 1); P(d = � 2 jt = � 3); : : : ; P(d = � 2 jt =
� N ); : : : ; P(d = � N jt = � N � 1); P(d = � N jt = � 1)]y [15].
Here the N classesare denotedby the labels � 1; : : : ; � N ; d
denotesthe class to which an observation is assigned(the
ªdecisionº);andt is theclassto which it actuallybelongs(the
ªtruthº).We useboldfacetype to denotestatisticallyvariable
quantities.For simplicity, we write P(d = � i jt = � j ) asPij .

We can also, again without loss of generality, consider
the ROC hypersurface to be given by PN 1 consideredas a
functionof theotherN 2 � N � 1 misclassi�cationprobabilities
[15]. Note that this formulation is equivalent, in a two-class
classi�cation task, to using FPF and FNF to characterizethe
ROC curve, ratherthanFPFandtrue-positive fraction (TPF),
as is more common. In a two-classclassi�cation task, this
producesROC curveswhich are ªupside-downº with respect
to thestandardformulation;we have adoptedthenon-standard
formulation describedabove becauseit has proven easierto
generalizeto classi�cation taskswith more than two classes.

Someresearchershave suggested[17], [18] that in, e. g., a
three-classclassi�cation task, the set of three ªsensitivitiesº
(P(d = � i jt = � i ) in our notation)providesa completede-
scriptionof observerperformance.This is incorrectin general,
becauseit ignoresthe N 2 � N misclassi�cationprobabilities,
not all of which aredetermineduniquelyby theªsensitivitiesº
when N > 2 unlessparticular restrictionsare imposedon
the observer's behavior. Completequanti�cation of the trade-
offs available among the probabilities of various kinds of

misclassi�cationerroris importantin medicaldiagnosis,where
different misclassi�cationerrorsoften have substantiallydif-
ferentclinical consequences.Moreover, restrictionsconcerning
theobserver'sbehavior areinappropriatewhenconsideringthe
generalbehavior of ideal observers,humanobservers,or au-
tomatedobservers(suchasautomatedschemesfor computer-
aided diagnosis)designedto approximateideal or human
observer behavior. Other researchershave reducedthe three-
class ROC hypersurface to more tractable two-dimensional
surfacesin three-dimensionalROC spacesby explicitly im-
posing restrictions on the form of the observer's decision
rule [19], [20], or on the utilities usedby an ideal observer
[21]. While such restrictionsmay ultimately prove to be of
greatpragmaticimportancegiven the inherentcomplexity of
multi-classclassi�cation tasks,our approachso far hasbeen
to attempt as general an understandingas possible of the
unrestrictedclassi�cation task.

Consider the performanceof an observer which makes
decisionsby ªguessing,º that is, in a randomfashionunrelated
to theactualclasst from which a givenobservation is drawn.
(Note that this correspondsto the performanceof the ideal
observer whenthepdfsof theobservationaldataareidentical,
i. e., p(~xj� 1) = p(~x j� 2) = : : : = p(~x j� N ).) In this case,we
clearly musthave

P12 = P13 = : : : = P1N ; (1)

P21 = P23 = : : : = P2N ; (2)

: : : ;

PN 1 = PN 2 = : : : = PN N � 1: (3)

De�ning � i � PiN for 1 � i � N � 1, and� N � PN N � 1, we
seethat the performanceof the ªguessingºobserver is given
by a locusof vectorsof the form
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whereall of the � i are restrictedto the range[0; 1]. Further-
more,note that

P(d = � i ) =
NX

j =1

Pij P(t = � j )

=
NX

j =1

� i P(t = � j )

= � i (5)
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which immediately gives � N = 1 �
P N � 1

i =1 � i . Thus the
performanceof the ªguessingºobserver is given by

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

P12

P13
...

P1N
...

Pi 1
...

Pij f i 6= j g
...

PiN
...

PN N � 1
...

PN 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 1

� 1
...

9
>=

>;
N � 1 elements

...
� i

� i
...

9
>=

>;
N � 1 elements

...
1 �

P N � 1
j =1 � j

1 �
P N � 1

j =1 � j
...

9
>>=

>>;
N � 1 elements

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

= ~v0 +
N � 1X

i =1

� i ~vi : (6)

This is the parametricequationfor an (N � 1)-dimensional
plane in an (N 2 � N )-dimensionalspace;the actualperfor-
manceof the ªguessingºobserver will of coursebe further
restrictedto a region within this planesuchthat 0 � � i � 1,
0 � 1 �

P
� i � 1.

I I I . THE ROC HYPERSURFACE OF AN N -CLASS

ªNEAR-GUESSINGº OBSERVER

Considerobservationaldata~x drawn from N pdfs:

p(~xjt = � 1) = p(~xjt = � N ) + � 1h1(~x); (7)

: : : ;

p(~xjt = � j ) = p(~xjt = � N ) + � j hj (~x); (8)

: : : ;

p(~xjt = � N ); (9)

where0 � � j � 1,
R

hj (~x)dn ~x = 0, and jhj (~x)j � p(~xjt =
� N ) for 1 � j � N � 1. In the limit as the � j all approach
zero,we expectthe performanceof any observer for this task
to converge smoothlyto that of the ªguessingºobserver.

Decisionsare made by partitioning the decision variable
spaceinto N regions,determinedby a total of N 2 � N � 1
parameters;we denotetheseparametersby thecomponentsof
a vector~
 . An observer which usesmore than N 2 � N � 1
parametersfor an N -classclassi�cation task can always be
replacedby a simpli�ed observer, such that the ªexcessº
parametersare eliminated by the requirementthat PN 1 be
minimized, therebycollapsingthe dimensionalityof the pa-
rameterspaceto N 2 � N � 1. On theotherhand,an observer
which usesfewer thanN 2 � N � 1 decisionparameterswill
fail to generatea true ROC hypersurface — i. e., one with
N 2 � N � 1 degreesof freedomin the (N 2 � N )-dimensional
ROC space.(An example in a three-classclassi�cation task
would be an observer which sequentiallyperforms a pair

of binary classi�cation tasksby �rst classifyingobservations
as being ª� 1º or ªnot � 1º basedon the value of a single
decisionparameter, and then further classifyingthe ªnot � 1º
observationsas ª� 2º or ª� 3º basedon the valueof a second
decisionparameter[17], thusdependingon fewer thanthe� ve
degreesof freedomneededin a three-classclassi�cationtask.)
Suchªdegenerateºobserverswill notbeconsideredhere(apart
from the ªguessingºobserver itself).

We can thus de�ne N regionswhich partition the original
dataspace,given particularvaluesof the parameters~
 , by

D1(~
 ) � f ~x : d = � 1 given ~
 g; (10)

: : : ;

D i (~
 ) � f ~x : d = � i given ~
 g; (11)

: : : ;

DN (~
 ) � f ~x : d = � N given ~
 g: (12)

For a non-randomobserver, theD i canbeexpectedto depend
implicitly on the pdfs (7)–(9), and thereforeon the � j . The
misclassi�cation probabilitieswhich de�ne the ROC hyper-
surfaceare thengiven by
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Using (7) and(8), we canrewrite this as
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(14)
De�ning the functions H ij �

R
D i

hj (~x) dn ~x allows us to
simplify the notationslightly:
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Now of coursePN N = 1 �
P N � 1

i =1 PiN ; for simplicity, we

will write � i � PiN . Equation(15) cannow be written as
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which further simpli�es to
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wherethevectors~wj have componentswhich dependonly on
H ij . The�rst termontherighthandsideof this equationis just
theexpressionfor theªguessingºobserver(cf. thelefthandside
of (6)). The other term on the righthandsideof this equation
tendsto zeroasthe � j tendto zero.Note that the H ij may in
generaldependon the � k via (10)–(12),but

jH ij j =
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ThustheH ij arebounded,andwill possessTaylor expansions
in � k (i. e., will not dependon terms of the form � � m

k for
positive integersm). Therefore,operatingpointson the ROC
hypersurfaceof a ªnear-guessingºobserver tendcontinuously
toward points on the ROC hypersurface of the ªguessingº
observer. Note that the N (N � 1) terms � i , � j H ij are not
all independent,sincethey all dependimplicitly for �x ed � j

on the N 2 � N � 1 decisionparameters~
 . That is, the ROC
hypersurfacegivenby (17) possessesonly N 2 � N � 1 degrees
of freedom.

IV. THE HYPERVOLUME UNDER THE ROC HYPERSURFACE

OF AN N -CLASS ªNEAR-GUESSINGº OBSERVER

In the preceding section, it was shown that the ROC
hypersurfaceof a ªnear-guessingºobserver tendscontinuously
to the ROC hypersurfaceof a ªguessingºobserver asthe pdfs
of the observationaldatatendarbitrarily toward identicaldis-
tributions.Intuitively, onewould expectthat thehypervolumes
underthesehypersurfacesshouldalsotendtowardeachother.
Since intuition can occasionallybe an unreliable guide in
analyzingN -classclassi�cation tasks,it would be reassuring
if theresultsof theprecedingsectioncouldbeapplieddirectly
to the calculationof the relevant hypervolumes.

For this section,we will write Pij as Pij (~
 ), emphasizing
that it is a functionof thedecisionparameterschosen.We thus
rewrite (15) to obtain
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7
7
7
7
7
7
7
5

:

(19)
To �nd the hypervolume under the ROC

surface given by PN 1 considered as a function of
(P12; P13; : : : ; Pij ; : : : ; PN (N � 1) ; : : : ; PN 2), one must
evaluatethe integral

Z
� � �

Z
PN 1 dN 2 � N � 1 ~P: (20)

(The domainof the integral is simply the set of all Pij such
that PN 1 is de�ned.) Note that, for the ªguessingºobserver,
we expect this integral to be zero when N > 2 due to
dimensionalityconsiderations— the ROC hypersurfacehas
only N � 1 degreesof freedom(cf. (6)), not the N 2 � N � 1

required in this (N 2 � N )-dimensionalROC space.To see
this explicitly, onecan rearrangethe orderof integrationand
consider the innermost integral

R
PN 1 dPN (N � 1) for �x ed

valuesof the other misclassi�cation probabilities.Then the
limits of integrationof this innermostde�nite integral become,
againby (6),

Z 1�
P

P j N

1�
P

P j N

PN 1 dPN (N � 1) f j < N g (21)

which is zeroby inspection.

We now return to the generalcaseof a ªnear-guessingº
observer. One way to evaluate the integral in (20) is to
reexpressit explicitly in termsof the decisionparameters~
 ,
via the Jacobian

J �

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

@P12
@
 1

@P12
@
 2

@P12
@
 3

� � � @P12
@
 N 2 � N � 1

...
...

...
...

...
@P1N
@
 1

@P1N
@
 2

@P1N
@
 3

� � � @P1N
@
 N 2 � N � 1

...
...

...
...

...
@P ij

@
 1

@P ij

@
 2

@P ij

@
 3
� � � @P ij

@
 N 2 � N � 1

...
...

...
...

...
@PN ( N � 1)

@
 1

@PN ( N � 1)

@
 2

@PN ( N � 1)

@
 3
� � � @PN ( N � 1)

@
 N 2 � N � 1

...
...

...
...

...
@PN 2
@
 1

@PN 2
@
 2

@PN 2
@
 3

� � � @PN 2
@
 N 2 � N � 1

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

(22)

where the vertical bars indicate that the determinantof the
enclosedmatrix is to be taken, and where
 i denotesthe i th
componentof ~
 . (We assumethat indicesof the parameters
~
 have beenchosenappropriatelyso that no negative sign is
introduced,i. e., volumesremainpositive.)

For the ªguessingºobserver, this reducesto

Jguessing�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

@P1N
@
 1

@P1N
@
 2

@P1N
@
 3

� � � @P1N
@
 N 2 � N � 1

...
...

...
...

...
@P1N
@
 1

@P1N
@
 2

@P1N
@
 3

� � � @P1N
@
 N 2 � N � 1

...
...

...
...

...
@P iN
@
 1

@P iN
@
 2

@P iN
@
 3

� � � @P iN
@
 N 2 � N � 1

...
...

...
...

...
@PN ( N � 1)

@
 1

@PN ( N � 1)

@
 2

@PN ( N � 1)

@
 3
� � � @PN ( N � 1)

@
 N 2 � N � 1

...
...

...
...

...
@PN ( N � 1)

@
 1

@PN ( N � 1)

@
 2

@PN ( N � 1)

@
 3
� � � @PN ( N � 1)

@
 N 2 � N � 1

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

(23)
where PN (N � 1) = PN N = 1 �

P N � 1
j =1 Pj N . For a ªnear-
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guessingºobserver, we combine(19) and(22) to obtain

Jnear�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

� � � @(P1N + � 2 H 12 )
@
 k

� � �
...

...
...

� � � @P1N
@
 k

� � �
...

...
...

� � � @(P iN + � j H ij )
@
 k

� � �
...

...
...

� � � @PN ( N � 1)

@
 k
� � �

...
...

...

� � �
@(PN ( N � 1) � � N � 1 H N ( N � 1) + � 2 H N 2 )

@
 k
� � �

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

: (24)

From the propertiesof determinants[22], it can be shown
that, to �rst order in the � j ,

Jnear= Jguessing+
N � 1X

j =1

� j J j + : : : ; (25)

wherethe J j areboundedandcontinuouswith respectto the
� j .

If we denotethe hypervolumeunderthe ROC hypersurface
of the ªguessingºobserver by

I guessing=
Z

� � �
Z

PN 1 dN 2 � N � 1 ~P

=
Z

� � �
Z

PN (N � 1) (~
 )Jguessingd
N 2 � N � 1~
 ; (26)

thenthehypervolumeundertheROC hypersurfaceof a ªnear-
guessingºobserver becomes,againto �rst order in the � j ,

I near=
Z

� � �
Z �

PN N � 1(~
 ) � � N � 1HN (N � 1) (~
 )

+ � 1HN 1(~
 )]

�

2

4Jguessing+
N � 1X

j =1

� j J j + : : :

3

5 dN 2 � N � 1~
 (27)

= I guessing+
N � 1X

j =1

� j I j + : : : ; (28)

where the integrals I j are bounded(i. e., they may depend
on higher integral powers of � j , but not on � � m

j for positive
integersm). That is, in the limit as the � j tend toward zero,
I near tendstoward I guessingin a continuousfashion.

V. THE HYPERVOLUME UNDER THE ROC HYPERSURFACE

OF AN N -CLASS ªNEAR-PERFECTº OBSERVER

In the precedingsections,we establishedthat thehypervol-
ume under the ROC hypersurface of a ªguessingºobserver
is zero, and furthermore that this result is not singular:
an observer in a ªnear-guessingºtask will achieve a ROC
hypersurfacewith hypervolumeapproachingzerocontinuously
as the data pdfs approachidentity. An ideal observer in a
ªperfectºtask— i. e., in which thedatapdfsnever overlap—
will alsoachieve a ROC hypersurfacewith zerohypervolume,
becauseit can achieve the operatingpoint ~0, and thus will
not, for any rational decisionrule, achieve points interior to

theunit hypercubede�ning ROC space.It is reasonableto ask
whetherªnear-perfectºobservers,performingtasksfor which
the overlap in the underlying data pdfs is nearly negligible,
behave similarly to ªnear-guessingºobservers, in the sense
that the hypervolumeunderthe ROC hypersurfaceof suchan
observer will approachzero in a continuousfashion.

Considerobservationaldata~x drawn from N pdfs p(~xjt =
� j ) where1 � j � N . We denotethe meanof p(~xjt = � j )
by ~� j and note that, without loss of generality, the meanof
p(~xjt = � N ) can be taken to be ~0. Furthermore,note that
we can apply a linear transformationto the data~x, and thus
effectively to the~� j , suchthateachof theresulting~� j is either
(a) mutually orthogonalto, or (b) a scalarmultiple of, any of
the other~� i . Becausethe transformationappliedis linear, the
ideal observer for this task will remain the same,and hence
the task itself canbe consideredessentiallyunchanged.

Let usconsidernow anobserver for this taskwhich is gener-
ally not ideal; in fact,we will consideronly a singleoperating
point achieved by this observer. The observer decidesd = � i

for a given observation ~x if

(~x � ~� i ) �
(~� j � ~� i )
j~� j � ~� i j

<
1
2

j~� j � ~� i j f j : 1 � j � N ; j 6= ig;

(29)
with equalityfor any suchrelationbetweentwo classesbeing
decidedin an arbitrary but consistentmanner. That is, the
observer placeshyperplanesbetweenthe meansof any two
classeswhen attempting to decide between those classes
(ratherthan placing thosehyperplanesin the likelihood ratio
decisionvariablespace,aswould the ideal observer).

Now supposethe task is madeslightly ªeasier,º while the
observer itself remainsunchanged.That is, considerthemean
of onepdf, say~� i for i 6= N , beingincreasedby a factor1+ �
for 0 � � � 1, while the locationof the decisionhyperplanes
doesnot change,except in the specialcasewhere~� j = �~� i

for someotherpdf (againwith j 6= N ). In this latter casewe
increaseboth means(~� 0

j = (1 + � )~� j , ~� 0
i = (1 + � )~� i ), and

the location of the correspondingdecisionhyperplaneshifts
accordingly.

Note that ~� 0
i is now further away from each decision

hyperplanerelevant to d = � i in (29). In the case~� j = �~� i ,

the decision hyperplaneis now a distanceof j
~� 0

j � ~� 0
i

2 j =
(1 + � )j ~� j � ~� i

2 j from ~� 0
i . For non-collinear~� j , the direction

from ~� 0
i to the decisionhyperplaneis given by ~� j � ~� i , and

since~� j and~� 0
i areorthogonal,(~� 0

i � ~� i ) �(~� j � ~� i ) = � � j~� i j2;
sincethis quantityis negative, it follows that~� 0

i is furtherfrom
that decisionplanethan~� i .

It immediately follows from this that none of the mis-
classi�cation probabilitiesmaking up the coordinatesof the
observer's operatingpoint can increasewhen moving from
the old taskto the new one.To seethis, considera changeof
coordinatesin the dataspacesuchthat ~� 0

i is now the origin.
All of the decisionhyperplanesseparatingthis classfrom the
othersareeffectively moving away from the centerof its pdf;
sincethe hyperplanesare translatingwithout rotating,we see
immediatelythat theprobabilityPii cannotdecrease(andwill
increasein general),while the otherprobabilitiesPj i (j 6= i )
cannotincrease(andwill decreasein general).
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PSfragreplacements

False-Positive Fraction
False-Negative Fraction

Fig. 1. Operatingpoint of anobserver in a two-classclassi®cationtaskwith
coordinates(FPF 0 ; FNF 0 ), denotedby the point at the lower left corner
of the crosshatchedregion. Sinceno rationalobserver will achieve points in
the crosshatchedregion, the areaunderthis observer's ROC curve cannotbe
greaterthan1 � (1 � FPF 0)(1 � FNF 0).

Note that any pdf p(~x) must decreasemore rapidly than
j~xj � n for suf�ciently large j~xj, wheren is the dimensionality
of ~x. Thisallowsusto statequalitatively thesensein which the
observerunderconsiderationis ªnear-perfectº:we hypothesize
thatthej~� i j areall suf�ciently largethatthis limiting condition
is met. Given this condition, the only situation in which an
error probability Pj i (j 6= i ) will fail to decreaseis if this
probability is already zero. By allowing all of the j~� i j to
increasein themannerdescribedabove, we canclearlyobtain
in generala situation in which eachof the misclassi�cation
probabilitiesis eitherdecreasing,or equalto zero.

This impliesthat thehypervolumeundertheROC hypersur-
facesof theobserversunderconsideration(however we chose
to de�ne their decisionrules for operatingpoints other than
thosedescribedabove) mustalsodecreaseasthe taskis made
ªeasierºasdescribedabove.To seethis,notethatif agivenob-
server achievesanoperatingpoint ~P on its ROC hypersurface,
it cannotachieveanotherpoint ~P0 suchthatthecomponentsof
thesepointssatisfyP 0

i > Pi (1 � i � N 2 � N ) (becausesuch
an observer could be replacedby an observer which achieved
~P for all suchpointsby usingtheoriginal decisionrule for the
point ~P, therebyachieving unambiguouslybetterperformance
at thosepoints).Thus,knowing thata givenobserver achieves
an operatingpoint of ~P implies that that observer's ROC
hypersurfacemusthave a hypervolumeunderit of no greater
than1 �

Q N 2 � N
i =1 (1 � Pi ); asthe (non-zero)Pi decrease,this

upper limit on the hypervolume must also decreaseto zero.
This point is illustratedin Fig. 1 for the two-classcase;here
the observer's false-negative fraction, FNF 0, correspondsto
P21, andthefalse-positive fraction,FPF0, correspondsto P12.

To summarize,we have shown that the known operating
point of our simpleobserver will move closerto theorigin for
arbitrarydatapdfsasthosepdfsaremovedfurther apart(i. e.,
as the underlying task is madeªeasierº),implying that the
hypervolume under its ROC hypersurfacewill also converge
to zero. In fact, reasoningas above, one can see that the
ideal observer will alsobe unableto achieve operatingpoints
within the region P 0

i > Pi (1 � i � N 2 � N ), since the
ideal observer's ROC hypersurfaceis never above that of any
other observer at any given point in the domainof the ROC
space[15]. The hypervolumeunderthe ideal observer's ROC
hypersurfacewill thusalsoconvergeto zeroastheunderlying
datapdfs aremoved apart.

VI . CONCLUSIONS

In N -class classi�cation tasks where N > 2, it can be
shown that the hypervolume under the ROC hypersurface
of both the ªguessingºobserver and the ªperfectºobserver
are zero.More importantly, we have shown in eachof these
performanceextremesthat the convergenceto zero is smooth
ratherthandiscontinuous.This convergencecanbeconsidered
completelygeneralfor ªnear-guessingºobservers and gener-
ally true for ªnear-perfectº observers which follow rational
decisionrules(analogousto false-negative fraction and false-
positive fraction being monotonically related in a two-class
task); that is, the conclusionsappearto hold true for arbitrary
underlyingdatapdfs.

In the two-classclassi�cation task,the areaunderthe ROC
curve (AUC) is considereda usefulperformancemetric for a
variety of reasons.One of the most pleasingand straightfor-
wardof theseis thesimplerelationshipbetweenAUC andthe
ªseparabilityºof the two underlyingdatapdfs (i. e., the dif�-
culty of the task).Namely, the AUC (with the two-classROC
de�ned asa plot of false-negativefractionversusfalse-positive
fraction)of a ªperfectºobserver is zero,andincreasesin some
senseuniformly as the task is mademore dif�cult, until one
arrives at the ªguessingºobserver with an AUC of 0.5. In
anN -classclassi�cationtask,this straightforwardrelationship
appearsto break down, and both ªperfectºand ªguessingº
observersyield ROC hypersurfaceswith zerohypervolume.It
would appearthat, due to this ambiguity, hypervolumeunder
the ROC hypersurfaceof an N -classobserver is not a useful
performancemetric:Doesa hypervolumeof 0.005indicatean
observer facedwith an exceptionallydif�cult or exceptionally
easytask?Onehopesthatsomeotherperformancemetricfrom
two-classclassi�cationcanbegeneralizedusefullyfor N -class
classi�cation;perhapsa quantitywhich is equalto AUC in the
two-classcasehasa generalizationwhich is not equalto the
hypervolume,but canbeshown to beof usefor otherreasons.
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