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Restrictions on the Three-Class Ideal Observer’s
Decision Boundary Lines

Darrin C. Edwards∗ and Charles E. Metz

Abstract— We are attempting to develop expressions for the
coordinates of points on the three-class ideal observer’s receiver
operating characteristic (ROC) hypersurface as functionsof
the set of decision criteria used by the ideal observer. Thisis
considerably more difficult than in the two-class classification
task, because the conditional probabilities in question are not
simply related to the cumulative distribution functions of the
decision variables, and because the slopes and intercepts of the
decision boundary lines are not independent; given the locations
of two of the lines, the location of the third will be constrained
depending on the other two. In the present work we attempt to
characterize those constraining relationships among the three-
class ideal observer’s decision boundary lines. As a result, we
show that the relationship between the decision criteria and the
misclassification probabilities is not one-to-one, as it isfor the
two-class ideal observer.

Index Terms— ROC analysis, ideal observers, three-class clas-
sification

I. I NTRODUCTION

RECEIVER operating characteristic (ROC) analysis is the
accepted methodology for analyzing the performance of

a two-class classifier [1], in particular for medical decision-
making tasks in which a patient is diagnosed as having or
not having a particular condition based on features of a
medical image [2]. In judging the performance of an observer
measuredvia ROC analysis, the standard for comparison is
the so-called ideal observer, that observer which outperforms
any other possible observer given the statistical variability
of the observational data being classified [1], [3]. Although
the general form of the ideal observer in a classification
task with three or more classes has been known for some
time [3], the considerable complexities inherent to this model
compared to the two-class classification task have hampered
the development of extensions of ROC analysis which are
both fully general and practically useful. (Several researchers
have recently proposed restricted observer models or restricted
evaluation methods [4]–[7].)

Despite these difficulties, research continues in this areabe-
cause the advantages to be gained from a three-class classifier
and appropriate evaluation methodology are considerable.In
our own case, we seek to combine existing computer-aided di-
agnosis (CAD) schemes for detecting [8]–[12] mammographic
mass lesions and classifying [13]–[17] them as malignant or
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benign. The combined scheme would serve as a fully auto-
mated classifier (the existing classifier requires initial manual
identification of lesions by a radiologist), potentially allowing
radiologists to reduce their false-positive biopsy rate without
reducing their sensitivity for detection of malignancies.Simply
concatenating the two types of scheme in a two-stage classifier
would be inadequate, because the output of the detection
scheme will necessarily include false-positive (FP) computer
detections in addition to the malignant and benign lesions to be
classified. These FP computer detections correspond to objects
which were by design not included in the training sample of
the classification scheme, because they are not members of the
data population (benign and malignant mass breast lesions)for
which the classification scheme was created. It is clear then
that the detection scheme’s output cannot be used unmodified
as the input to the classification scheme.

Our initial efforts toward the goal of developing a true three-
class classifier have been more theoretical than practical so
far. We have shown that, just as the two-class ideal observer
achieves the optimal two-class ROC curve for a given task,
theN -class ideal observer achieves the optimalN -class ROC
hypersurface [18]. (Note that the ideal observer is formally
defined as that which minimizes the expected Bayes risk [3],
and not in terms of classification performance, making this a
non-trivial observation in both cases.) More soberingly, we
found recently that an obvious generalization of the well
known performance metric, the area under the ROC curve
(AUC), is not a useful performance metric in a classification
task with three or more classes [19].

At present we are attempting to develop expressions for the
coordinates of points on the three-class ideal observer’s ROC
hypersurface (the conditional probabilities for misclassifying
observations [18], [20], [21]) as functions of the set of decision
criteria used by the ideal observer. This is considerably more
difficult than in the two-class classification task for two
reasons. First, the conditional probabilities in questionare not
simply related to the cumulative distribution functions (cdfs)
of the decision variables, but are integrals of those variables
over domains determined by three decision boundary lines [3].
Second, the slopes and intercepts of the decision boundary
lines are not independent; given the locations of two of the
lines, we have found recently that the location of the third
will be constrained depending on the other two.

In the present work we attempt to characterize the con-
straining relationships just mentioned among the three-class
ideal observer’s decision boundary lines. Although this work is
admittedly still removed from image analysisper se, we hope
it may prove of interest to the CAD community and ultimately
of relevance to a wide variety of medical image analysis tasks.
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In the next section we briefly review the structure of the three-
class ideal observer and the notation we have been using to
characterize it [18]. In Sec. III, we show that for a given
location (slope andy-intercept) of the decision boundary line
separating the first and third classes, the location of one ofthe
remaining two lines is constrained in a particular way based
on the location of the other.

These results are discussed in Sec. IV. Given the arbitrari-
ness of the labels applied to the three classes (i. e., which
classes are considered first, second, or third), one would expect
the selection of the fixed line in Sec. III to be similarly
arbitrary, and indeed in Appendices A and B we show that
corresponding and consistent results are obtained if one takes
the location of the decision boundary line separating the
second and third, or first and second, classes, respectively, to
be given.

II. T HE THREE-CLASS IDEAL OBSERVER

In [18], we showed that anN -class ideal observer makes
decisions by partitioning a likelihood ratio decision variable
space, where the boundaries of the partitions are given by
hyperplanes:

decide d = πi iff
N−1
∑

k=1

(Ui|k − Uj|k)P (t = πk)LRk

≥ (Uj|N − Ui|N)P (t = πN ) {j < i} (1)

and
N−1
∑

k=1

(Ui|k − Uj|k)P (t = πk)LRk

> (Uj|N − Ui|N)P (t = πN ) {j > i}. (2)

Here Ui|j is the utility of deciding an observation is from
classπi given that it is actually from classπj ; P (t = πk)
is the a priori probability that an observation is drawn from
classπk; andLRk is thekth likelihood ratio, defined by the
ratio p(~x|πk)/p(~x|πN ) of the probability density functions of
the observational data. The partitioning is determined by the
parameters

γijk ≡ (Ui|k − Uj|k)P (t = πk), (3)

with i, j, andk varying from 1 toN , and j 6= i. Note that
these parameters are not independent, however, because

γijk = γkjk − γkik. (4)

We can impose the reasonable condition that the utility
for correctly classifying an observation from a given class
should be greater than any utility for incorrectly classifying an
observation from the same class,i. e., Ui|i > Uj|i {i 6= j}.
This gives, forj 6= i,

γiji > 0, (5)

leavingN(N − 1) positive parameters (the rest are derivable
from (4)).

Finally, note that the hyperplanes represented by (1) and (2)
are unchanged if we multiply all of these equations by a single
scalar, such as1/(

∑

i6=j γiji). This leaves us withN2−N −1
degrees of freedom, as expected.

The behavior of a three-class ideal observer is completely
determined by the three decision boundary lines

γ121LR1 − γ212LR2 = γ313 − γ323 (6)

γ131LR1 + (γ232 − γ212)LR2 = γ313 (7)

(γ131 − γ121)LR1 + γ232LR2 = γ323, (8)

which we call, respectively, the “1-vs.-2” line, the “1-vs.-3”
line, and the “2-vs.-3” line. Note that if any two of these lines
intersect, the third line must also share this intersectionpoint.
We also emphasize the simple interpretation, from (3), of each
of the γiji parameters appearing in these decision boundary
line equations as the difference in utilities between a “correct”
and one particular “incorrect” decision (scaled by thea priori
probability of the true class in question); and of each difference
in the γiji parameters as a difference in utilities between two
possible “incorrect” decisions (again scaled by thea priori
probability of the true class in question;e. g., γ313 − γ323 =
(U2|3 − U1|3)P (t = π3)).

From the conditions on theγiji parameters in (5), we can
readily derive conditions on the decision boundaries them-
selves. If we denote the slope of the “i-vs.-j” line by mij ,
its y-intercept bybij , and itsx-intercept byχij , we have

m12 =
γ121

γ212

> 0 (9)

χ13 =
γ313

γ131

> 0 (10)

b23 =
γ323

γ232

> 0. (11)

These are the three conditions stated in [22].

III. RESTRICTIONSDETERMINED BY THE PARAMETERS

OF THE “1-VS.-3” L INE

Constraints on the decision boundaries, in addition to those
given in (9)–(11), can be obtained by considering the two cases
γ232 − γ212 > 0 and γ232 − γ212 < 0. In the first case (i. e.,
γ232 > γ212, or U1|2 > U3|2), we have

m13 =
−γ131

γ232 − γ212

< 0 (12)

b13 =
γ313

γ232 − γ212

> 0. (13)

We also have

m23 =
−(γ131 − γ121)

γ232

=
(γ232 − γ212)m13 + γ212m12

γ232

=

(

1 −
γ212

γ232

)

m13 +
γ212

γ232

m12. (14)

This is a weighted sum of the slopesm12 and m13, where
the weights are positive and sum to one. Since we must have
m13 < m12 from (9) and (12), it must therefore be the case
that

m13 ≤ m23 ≤ m12. (15)
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Furthermore,

b23 =
γ323

γ232

=
γ313 − (γ313 − γ323)

γ232

=
(γ232 − γ212)b13 + γ212b12

γ232

=

(

1 −
γ212

γ232

)

b13 +
γ212

γ232

b12. (16)

This is a weighted sum of they-interceptsb12 andb13, where
the weights are positive and sum to one; thus, in addition to
(15), we have the condition

min(b12, b13) ≤ b23 ≤ max(b12, b13). (17)

If b12 < 0, then (17) immediately reduces tob12 ≤ b23 ≤
b13 (by (13), we are considering a special case in which
b13 > 0). This is illustrated in Fig. 1 for the slightly different
situationsχ12 < χ13 and χ12 ≥ χ13. If, on the other hand,
b12 ≥ 0, then (15) and (17) together imply two possible
situations, depending on whetherb12 < b13 or b12 ≥ b13.
These possibilities are illustrated in Fig. 2.

We now consider the caseγ232−γ212 < 0 (i. e., γ232 < γ212,
or U1|2 < U3|2), which yields

m13 =
−γ131

γ232 − γ212

> 0 (18)

b13 =
γ313

γ232 − γ212

< 0. (19)

We now have

m12 =
γ121

γ212

=
γ131 − (γ131 − γ121)

γ212

=
−(γ232 − γ212)m13 + γ232m23

γ212

=

(

1 −
γ232

γ212

)

m13 +
γ232

γ212

m23. (20)

This is again a weighted sum in which the weights are positive
and sum to one, giving

min(m13, m23) ≤ m12 ≤ max(m13, m23). (21)

Furthermore,

b12 =
γ313 − γ323

−γ212

=
−γ313 + γ323

γ212

=
−(γ232 − γ212)b13 + γ232b23

γ212

=

(

1 −
γ232

γ212

)

b13 +
γ232

γ212

b23. (22)

This is a weighted sum of they-interceptsb13 andb23, where
the weights are positive and sum to one; thus, in addition to
(21), we have the condition

b13 ≤ b12 ≤ b23, (23)

sinceb13 < b23 by (11) and (19).
If m23 < 0, then (21) immediately reduces tom23 ≤

m12 ≤ m13 (by (18), we are considering a special case in
which m13 > 0). This is illustrated in Fig. 3 for the slightly
different situationsχ13 < χ23 andχ13 ≥ χ23. If, on the other
hand,m23 ≥ 0, then (21) and (23) together imply two possible
situations, depending on whetherm23 < m13 or m23 ≥ m13.
These possibilities are illustrated in Fig. 4.

One may of course ask what happens whenγ232−γ212 = 0
(i. e., γ232 = γ212, or U1|2 = U3|2). In this case, bothm13 and
b13 are infinite. Furthermore,

m23 =
−(γ131 − γ121)

γ232

=
−γ131

γ232

+
γ121

γ212

=
−γ131

γ232

+ m12

≤ m12, (24)

and

b12 =
γ323 − γ313

γ212

=
γ323

γ232

+
−γ313

γ212

= b23 +
−γ313

γ212

≤ b23. (25)

Together, (24) and (25) can be consideredeither a special case
of the inequalities (15) and (17), if we takem13 = −∞ and
b13 = +∞; or of the inequalities (21) and (23), if we take
m13 = +∞ and b13 = −∞. This situation, for the slightly
different casesb12 < 0 andb12 ≥ 0, is illustrated in Fig. 5.

In this section, the possible values of the quantityγ232−γ212

were considered in order to determine properties of the ideal
observer decision boundary lines. It may be argued that the
choice of a parameter from the “1-vs.-3” line, i. e., one of
the three available lines, must be an arbitrary one. In fact,
we may consider taking another parameter (or combination of
parameters) from (6)–(8), and using it to determine conditions
on the properties of the decision boundary lines as above.
Given that all possible values of the quantityγ232 − γ212

were considered, it is expected that no new conditions should
be determinable (let alone conditions inconsistent with those
already determined). In fact, this can readily be shown to
be the case; however, due to the repetitive nature of the
derivations involved, these are relegated to Appendices A
and B.

IV. D ISCUSSION ANDCONCLUSIONS

The repetitive nature of the algebraic manipulations given
in the preceding section and the appendices should not be
allowed to distract from the fundamental point being made:
given the locations of two of the decision boundary lines, the
location of the third is not completely arbitrary. That is, aside
from the obvious (given (6)–(8)) constraint that the lines must
share a common intersection point, it can also be shown that
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LR1

LR2

“π1”

“π2”

“π3”

(a)

LR1

LR2

“π1”

“π2”

(b)

Fig. 1. Example ideal observer decision rules for the caseγ232 − γ212 > 0 (implying m13 < 0 and b13 > 0) and b12 < 0. In (a), χ12 < χ13, and the
“2-vs.-3” line can lie anywhere between the two dashed lines shown (the region between the lower dashed and dotted lines is excluded becauseb23 > 0);
observations in the unlabeled region above this line will bedecided “π2”, and those below this line will be decided “π3”. In (b), χ12 ≥ χ13, and the “2-vs.-3”
line can lie anywhere in the unlabeled region (provided it shares the intersection point of the “1-vs.-2” and “1-vs.-3” lines shown); observations above this
line will be decided “π2”, and those below this line will be decided “π3”.
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“π2”

“π3”

(a)

LR1

LR2

“π1”

“π2”

“π3”

(b)

Fig. 2. Example ideal observer decision rules for the caseγ232 − γ212 > 0 (implying m13 < 0 and b13 > 0) and b12 ≥ 0. In (a), b12 < b13, and the
“2-vs.-3” line can lie anywhere in the unlabeled region; observations above this line will be decided “π2”, and those below this line will be decided “π3”.
In (b), b12 ≥ b13, and the “2-vs.-3” line can lie anywhere between the “1-vs.-2” and “1-vs.-3” lines (provided it shares their intersection point); note that
observations in this region will be decided “π1” regardless of the position of this line.

the slope of the third line is constrained by the slopes of the
first two.

The significance of this result may be difficult to appreciate
at first glance. It is perhaps best illustrated by comparisonwith
the two-class classifier, for which the ROC operating point
coordinates (e. g., the true-positive fraction (TPF) and false-
positive fraction (FPF)) are determined by a single decision
criterionγ, which is free to vary without restriction throughout
its domain of definition. For the two-class ideal observer, in
particular, an observation is decided “positive” (assigned to the
classπ1) if LR1 > γ, whereγ can take on any nonnegative
value. Furthermore, the FPF and TPF are related in a very
simple way to the cdfs ofLR1, and are thus monotonic in the
decision criterionγ. For the three-class ideal observer, this

straightforward relationship is lost; indeed, Figs. 2(b),4(b),
7(b), 9(b), 12(b), and 14(b) show that for certain values of
four of the five decision criteriaγiji, the misclassification
probabilities (i. e., the ROC operating point coordinates) can
be independent of the fifth decision criterion.

More succinctly, the relationship between the decision crite-
ria and the misclassification probabilities isnot one-to-one, as
it is for the two-class ideal observer. A correct formulation of
the misclassification probabilities as functions of the decision
criteria — necessary for an explicit calculation of the ideal
observer’s ROC hypersurface given the decision variable prob-
ability density functions — will require careful consideration
of this issue. Although we have shown previously that the
hypervolume under the ROC hypersurface is not a useful
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Fig. 3. Example ideal observer decision rules for the caseγ232 − γ212 < 0 (implying m13 > 0 and b13 < 0) andm23 < 0. In (a), χ13 < χ23, and the
“1-vs.-2” line can lie anywhere between the two dashed lines shown (the region between the lower dashed and dotted lines is excluded becausem12 > 0);
observations in the unlabeled region above this line will bedecided “π2”, and those below this line will be decided “π1”. In (b), χ13 ≥ χ23, and the “1-vs.-2”
line can lie anywhere in the unlabeled region (provided it shares the intersection point of the “1-vs.-3” and “2-vs.-3” lines shown); observations above this
line will be decided “π2”, and those below this line will be decided “π1”.

LR1

LR2

“π1”

“π2”

“π3”

(a)

LR1

LR2

“π1”

“π2”

“π3”

(b)

Fig. 4. Example ideal observer decision rules for the caseγ232 − γ212 < 0 (implying m13 > 0 andb13 < 0) andm23 ≥ 0. In (a), m23 < m13, and the
“1-vs.-2” line can lie anywhere in the unlabeled region; observations above this line will be decided “π2”, and those below this line will be decided “π1”.
In (b), m23 ≥ m13, and the “1-vs.-2” line can lie anywhere between the “1-vs.-3” and “2-vs.-3” lines (provided it shares their intersection point); note that
observations in this region will be decided “π3” regardless of the position of this line.

performance metric in general [19], it is still the case that
the ROC hypersurface in terms of the set of misclassification
probabilities (six in the three-class classification task)is a
complete description of observer performance. We expect that
a useful performance metric, assuming one exists, will be
derived in some fashion from the ROC hypersurface. It is thus
important to develop a complete understanding of the rather
complicated relationships among the quantities involved,and
we hope that the present work will prove of some use toward
this goal.

APPENDIX A
RESTRICTIONSDETERMINED BY THE PARAMETERS OF THE

“2-VS.-3” L INE

Consider the quantityγ131 − γ121 from (8). In particular,
whenγ131 − γ121 > 0 (i. e., γ131 > γ121, or U2|1 > U3|1), we
have

1

m23

=
−γ232

γ131 − γ121

< 0 (26)

χ23 =
γ323

γ131 − γ121

> 0. (27)

Through reasoning similar to that of Sec. III, we also have

1

m23

≤
1

m13

≤
1

m12

(28)
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Fig. 5. Example ideal observer decision rules for the caseγ232 − γ212 = 0 (implying m13 = ∓∞ and b13 = ±∞). In (a), b12 < 0, and the “2-vs.-3”
line can lie anywhere between the two dashed lines shown (theregion between the lower dashed and dotted lines is excludedbecauseb23 > 0); observations
in the unlabeled region above this line will be decided “π2”, and those below this line will be decided “π3”. In (b), b12 ≥ 0, and the “2-vs.-3” line can lie
anywhere in the unlabeled region; observations above this line will be decided “π2”, and those below this line will be decided “π3”.

and
min(χ12, χ23) ≤ χ13 ≤ max(χ12, χ23). (29)

If χ12 < 0, then (29) immediately reduces toχ12 ≤ χ13 ≤
χ23 (by (27), we are considering a special case in which
χ23 > 0). This is illustrated in Fig. 6 for the slightly different
situationsb12 < b23 and b12 ≥ b23. If, on the other hand,
χ12 ≥ 0, then (28) and (29) together imply two possible
situations, depending on whetherχ12 < χ23 or χ12 ≥ χ23.
These possibilities are illustrated in Fig. 7.

If γ131 − γ121 < 0 (i. e., γ131 < γ121, or U2|1 < U3|1), we
have

1

m23

=
−γ232

γ131 − γ121

> 0 (30)

χ23 =
γ323

γ131 − γ121

< 0. (31)

One can also show

min

(

1

m13

,
1

m23

)

≤
1

m12

≤ max

(

1

m13

,
1

m23

)

(32)

and
χ23 ≤ χ12 ≤ χ13. (33)

If 1/m13 < 0, then (32) immediately reduces to1/m13 ≤
1/m12 ≤ 1/m23 (by (30), we are considering a special case
in which 1/m23 > 0). This is illustrated in Fig. 8 for the
slightly different situationsb23 < b13 andb23 ≥ b13. If, on the
other hand,1/m13 ≥ 0, then (32) and (33) together imply two
possible situations, depending on whether1/m13 < 1/m23 or
1/m13 ≥ 1/m23. These possibilities are illustrated in Fig. 9.

Finally, we consider the caseγ131 −γ121 = 0 (γ131 = γ121,
or U2|1 = U3|1), in which both1/m23 and χ23 are infinite.
We now have

1

m13

≤
1

m12

(34)

and
χ12 ≤ χ13. (35)

Together, (34) and (35) can be consideredeither a special
case of the inequalities (28) and (29), if we take1/m23 = −∞
and χ23 = +∞; or of the inequalities (32) and (33), if we
take 1/m23 = +∞ and χ23 = −∞. This situation, for the
slightly different casesχ12 < 0 andχ12 ≥ 0, is illustrated in
Fig. 10.

Notice that every figure in this appendix has one or more
corresponding figures in Sec. III (depending on the possible
values of the undetermined decision boundary parameter being
illustrated in that figure). Specifically,

Fig. 6(a) ⇒ Figs. 2(a), 3(a), 5(b)
Fig. 6(b) ⇒ Fig. 2(b)
Fig. 7(a) ⇒ Figs. 1(a), 3(a), 5(a)
Fig. 7(b) ⇒ Figs. 1(b), 3(b), 5(a)
Fig. 8(a) ⇒ Figs. 1(a), 2(a)
Fig. 8(b) ⇒ Fig. 2(b)
Fig. 9(a) ⇒ Figs. 4(a), 5(a), 5(b)
Fig. 9(b) ⇒ Fig. 4(b)
Fig. 10(a) ⇒ Figs. 2(a), 4(a), 5(b), 2(b)
Fig. 10(b) ⇒ Figs. 1(a), 4(a), 5(a)

That is, none of the conditions derived in this section are
inconsistent with those derived Sec. III. More importantly, note
the symmetry between the corresponding equations and figures
in Sec. III and this appendix, if one “swaps” the labels of
classesπ1 andπ2, and additionally replacesmij with 1/mi′j′ ,
χij with bi′j′ , andbij with χi′j′ (i′ = 1 if i = 2, 2 if i = 1,
and 3 if i = 3; similarly for j). Intuitively, if one “flips” the
figures in one section about they = x line, one obtains the
figures in the other section.

APPENDIX B
RESTRICTIONSDETERMINED BY THE PARAMETERS OF THE

“1-VS.-2” L INE

In this appendix, we consider the possible values of the
quantityγ313−γ323. As in the preceding appendix, we expect
to obtain no conditions inconsistent with those already derived.
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LR1
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LR1
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Fig. 6. Example ideal observer decision rules for the caseγ131 − γ121 > 0 (implying 1/m23 < 0 and χ23 > 0) and χ12 < 0. In (a), b12 < b23, and
the “1-vs.-3” line can lie anywhere between the two dashed lines shown (the region between the left dashed and dotted lines is excluded becauseχ13 > 0);
observations in the unlabeled region to the right of this line will be decided “π1”, and those to the left of this line will be decided “π3”. In (b), b12 ≥ b23, and
the “1-vs.-3” line can lie anywhere in the unlabeled region (provided it shares the intersection point of the “1-vs.-2” and “2-vs.-3” lines shown); observations
to the right of this line will be decided “π1”, and those to the left of this line will be decided “π3”.

LR1

LR2

“π1”

“π2”

“π3”

(a)

LR1

LR2

“π1”

“π2”

“π3”

(b)

Fig. 7. Example ideal observer decision rules for the caseγ131 − γ121 > 0 (implying 1/m23 < 0 and χ23 > 0) and χ12 ≥ 0. In (a), χ12 < χ23, and
the “1-vs.-3” line can lie anywhere in the unlabeled region; observations to the left of this line will be decided “π1”, and those to the right of this line will
be decided “π3”. In (b), χ12 ≥ χ23, and the “1-vs.-3” line can lie anywhere between the “1-vs.-2” and “2-vs.-3” lines (provided it shares their intersection
point); note that observations in this region will be decided “π2” regardless of the position of this line.

Whenγ313 − γ323 > 0 (i. e., γ313 > γ323, or U2|3 > U1|3),
we have

1

b12

=
−γ212

γ313 − γ323

< 0 (36)

1

χ12

=
γ121

γ313 − γ323

> 0. (37)

Through reasoning similar to that of Sec. III, we also have

1

b12

≤
1

b13

≤
1

b23

(38)

and

min

(

1

χ23

,
1

χ12

)

≤
1

χ13

≤ max

(

1

χ23

,
1

χ12

)

. (39)

If 1/χ23 ≤ 0, then (39) immediately reduces to1/χ23 ≤
1/χ13 ≤ 1/χ12 (by (37), we are considering a special case in
which1/χ12 > 0). This is illustrated in Fig. 11 for the slightly
different situationsm23 < m12 and m23 ≥ m12. If, on the
other hand,1/χ23 > 0, then (38) and (39) together imply two
possible situations, depending on whether1/χ23 < 1/χ12 or
1/χ23 ≥ 1/χ12. These possibilities are illustrated in Fig. 12.

If γ313 − γ323 < 0 (i. e., γ313 < γ323, or U2|3 < U1|3), we
have

1

b12

=
−γ212

γ313 − γ323

> 0 (40)

1

χ12

=
γ121

γ313 − γ323

< 0. (41)
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LR1

LR2

“π1”

“π3”

(b)

Fig. 8. Example ideal observer decision rules for the caseγ131 − γ121 < 0 (implying 1/m23 > 0 and χ23 < 0) and 1/m13 < 0. In (a), b23 < b13,
and the “1-vs.-2” line can lie anywhere between the two dashed lines shown (the region between the vertical dashed and dotted lines is excluded because
m12 > 0, and therefore1/m12 ≥ 0); observations in the unlabeled region above this line willbe decided “π2”, and those below this line will be decided
“π1”. In (b), b23 ≥ b13, and the “1-vs.-2” line can lie anywhere in the unlabeled region (provided it shares the intersection point of the “1-vs.-3” and “2-vs.-3”
lines shown); observations above this line will be decided “π2”, and those below this line will be decided “π1”.

LR1

LR2

“π1”

“π2”

“π3”

(a)

LR1

LR2

“π1”

“π2”

“π3”

(b)

Fig. 9. Example ideal observer decision rules for the caseγ131 −γ121 < 0 (implying 1/m23 > 0 andχ23 < 0) and1/m13 ≥ 0. In (a),1/m13 < 1/m23 ,
and the “1-vs.-2” line can lie anywhere in the unlabeled region; observations above this line will be decided “π2”, and those below this line will be decided
“π1”. In (b), 1/m13 ≥ 1/m23 , and the “1-vs.-2” line can lie anywhere between the “1-vs.-3” and “2-vs.-3” lines (provided it shares their intersection point);
note that observations in this region will be decided “π3” regardless of the position of this line.

One can also show

min

(

1

b13

,
1

b12

)

≤
1

b23

≤ max

(

1

b13

,
1

b12

)

(42)

and
1

χ12

≤
1

χ23

≤
1

χ13

. (43)

If 1/b13 ≤ 0, then (42) immediately reduces to1/b13 ≤
1/b23 ≤ 1/b12 (by (40), we are considering a special case in
which 1/b12 > 0). This is illustrated in Fig. 13 for the slightly
different situationsm12 < m13 and m12 ≥ m13. If, on the
other hand,1/b13 > 0, then (42) and (43) together imply two
possible situations, depending on whether1/b13 < 1/b12 or
1/b13 ≥ 1/b12. These possibilities are illustrated in Fig. 14.

Finally, we consider the caseγ323 − γ313 = 0 (i. e., γ313 =
γ323, or U2|3 = U1|3), in which both1/b12 and 1/χ12 are
infinite. We now have

1

b13

≤
1

b23

(44)

and
1

χ23

≤
1

χ13

. (45)

Together, (44) and (45) can be consideredeither a special
case of the inequalities (38) and (39), if we take1/b12 = −∞
and1/χ12 = +∞; or of the inequalities (42) and (43), if we
take 1/b12 = +∞ and 1/χ12 = −∞. This situation, for the
slightly different cases1/b13 ≤ 0 and1/b13 > 0, is illustrated
in Fig. 15.
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(b)

Fig. 10. Example ideal observer decision rules for the caseγ131 − γ121 = 0 (implying 1/m23 = ∓∞ and χ23 = ±∞). In (a), χ12 < 0, and the
“1-vs.-3” line can lie anywhere between the two dashed lines shown (the region between the leftmost dashed and dotted lines is excluded becauseχ13 > 0);
observations in the unlabeled region to the right of this line will be decided “π1”, and those to the left of this line will be decided “π3”. In (b), χ12 ≥ 0,
and the “1-vs.-3” line can lie anywhere in the unlabeled region; observations to the right of this line will be decided “π1”, and those to the left of this line
will be decided “π3”.

LR1
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“π1”
“π2”

“π3”

(a)

LR1

LR2

“π2”

“π3”

(b)

Fig. 11. Example ideal observer decision rules for the caseγ313 − γ323 > 0 (implying 1/b12 < 0 and1/χ12 > 0) and1/χ23 ≤ 0. In (a), m23 < m12,
and the “1-vs.-3” line can lie anywhere between the two dashed lines shown (the region between the horizontal dashed and dotted lines isexcluded because
χ13 > 0, and therefore1/χ13 ≥ 0); observations in the unlabeled region to the left of this line will be decided “π3”, and those to the right of line will be
decided “π1”. In (b), m23 ≥ m12 , and the “1-vs.-3” line can lie anywhere in the unlabeled region (provided it shares the intersection point of the “1-vs.-2”
and “2-vs.-3” lines shown); observations to the left of this line will be decided “π3”, and those to the right of this line will be decided “π1”.

Notice that every figure in this appendix has one or more
corresponding figures in Sec. III (depending on the possible
values of the undetermined decision boundary parameter being
illustrated in that figure). Specifically,

Fig. 11(a) ⇒ Figs. 1(a), 4(a), 5(a)
Fig. 11(b) ⇒ Fig. 4(b)
Fig. 12(a) ⇒ Figs. 1(a), 3(a), 5(a)
Fig. 12(b) ⇒ Figs. 1(b), 3(b), 5(a)
Fig. 13(a) ⇒ Figs. 3(a), 4(a), 5(b)
Fig. 13(b) ⇒ Fig. 4(b)
Fig. 14(a) ⇒ Fig. 2(a)
Fig. 14(b) ⇒ Fig. 2(b)
Fig. 15(a) ⇒ Figs. 3(a), 4(a), 5(b)
Fig. 15(b) ⇒ Figs. 2(a), 3(a), 4(b)

That is, none of the conditions derived in this appendix
are inconsistent with those derived in Sec. III or Appendix A.
More importantly, note the symmetry between the correspond-
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Fig. 12. Example ideal observer decision rules for the caseγ313−γ323 > 0 (implying 1/b12 < 0 and1/χ12 > 0) and1/χ23 > 0. In (a),1/χ23 < 1/χ12,
and the “1-vs.-3” line can lie anywhere in the unlabeled region; observations to the left of this line will be decided “π3”, and those to the right of this line
will be decided “π1”. In (b), 1/χ23 ≥ 1/χ12, and the “1-vs.-3” line can lie anywhere between the “1-vs.-2” and “2-vs.-3” lines (provided it shares their
intersection point); note that observations in this regionwill be decided “π2” regardless of the position of this line.

LR1

LR2

“π1”

“π2”

“π3”

(a)

LR1

LR2

“π1”

“π3”

(b)

Fig. 13. Example ideal observer decision rules for the caseγ313 − γ323 < 0 (implying 1/b12 > 0 and1/χ12 < 0) and1/b13 ≤ 0. In (a), m12 < m13,
and the “2-vs.-3” line can lie anywhere between the two dashed lines shown (the region between the vertical dashed and dotted lines is excluded because
b23 > 0, and therefore1/b23 ≥ 0); observations in the unlabeled region above this line willbe decided “π2”, and those below this line will be decided “π3”.
In (b), m12 ≥ m13 , and the “2-vs.-3” line can lie anywhere in the unlabeled region (provided it shares the intersection point of the “1-vs.-2” and “1-vs.-3”
lines shown); observations above this line will be decided “π2”, and those below this line will be decided “π3”.

ing equations and figures in Secs. III and this appendix, if
one “swaps” the labels of classesπ2 andπ3, and additionally
replacesmij with 1/χi′j′ , χij with 1/mi′j′ , and bij with
1/bi′j′ (i′ = 1 if i = 1, 2 if i = 3, and 3 if i = 2; similarly
for j).
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