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Abstract—We are attempting to develop expressions for the benign. The combined scheme would serve as a fully auto-
coordinates of points on the three-class ideal observer'seceiver mated classifier (the existing classifier requires initignual
operating characteristic (ROC) hypersurface as functionsof jqantification of lesions by a radiologist), potentiallyaaving

the set of decision criteria used by the ideal observer. Thiss dioloqists t d their fal itive bi tehoiit
considerably more difficult than in the two-class classificion A0I0I0QISIS 10 reduce their false-positive biopsy ralenau

task, because the conditional probabilities in question a not reducing their sensitivity for detection of malignancigsnply
simply related to the cumulative distribution functions of the concatenating the two types of scheme in a two-stage ckassifi

decision variables, and because the slopes and interceptstbe \would be inadequate, because the output of the detection
decision boundary lines are not independent; given the lot®@ns  gcheme will necessarily include false-positive (FP) cotepu
of two Qf the lines, the location of the third will be constraned detecti in addition to th i t and benian lesiorzet
depending on the other two. In the present work we attempt to 9€'€CUONS INaddition o the malignant and benign €sio .
characterize those constraining relationships among thehree- classified. These FP computer detections correspond tatsbje
class ideal observer's decision boundary lines. As a resylive which were by design not included in the training sample of
show that the relationship between the decision criteria ad the the classification scheme, because they are not members of th
misclassifi_cation probabilities is not one-to-one, as it igor the data population (benign and malignant mass breast lesions)
two-class ideal observer. . . .
which the classification scheme was created. It is clear then
_Index Terms—ROC analysis, ideal observers, three-class clas- that the detection scheme’s output cannot be used unmodified
sification as the input to the classification scheme.
Our initial efforts toward the goal of developing a true twe
I. INTRODUCTION class classifier have been more theoretical than practaal s
. o ~_far. We have shown that, just as the two-class ideal observer
R ECEIVER operating characteristic (ROC) analysis is thechieves the optimal two-class ROC curve for a given task,
accepted methodology for analyzing the performance gfe n.class ideal observer achieves the optifVatlass ROC
a two-class classifier [1], in particular for medical deefsi ynersurface [18]. (Note that the ideal observer is forgall
making tasks in which a patient is diagnosed as having @fined as that which minimizes the expected Bayes risk [3],
not having a particular condition based on features of g4 not in terms of classification performance, making this a
medical image [2]. In judging the performance of an observgpn trivial observation in both cases.) More soberinglg w
measuredvia ROC analysis, the standard for comparison ig ng recently that an obvious generalization of the well
the so-called ideal observer, that observer which outpeI$o no\wn performance metric, the area under the ROC curve
any other possible observer given the statistical vaigbil (ayc), is not a useful performance metric in a classification
of the observational data being classified [1], [3]. Althbugiask with three or more classes [19].
the geperal form of the ideal observer in a classification ¢ present we are attempting to develop expressions for the
task with three or more classes has been known for som§srdinates of points on the three-class ideal observed€ R
time [3], the considerable complexities inherent to thisdelo \yhersurface (the conditional probabilities for miscigsg
compared to the two-class _cIaSS|f|cat|on task hqve ha_‘mpefﬁ%ervations [18], [20], [21]) as functions of the set ofidiem
the development of extensions of ROC analysis which aggieria used by the ideal observer. This is considerablyemo
both fully general and practically useful. (Several resBars ifficult than in the two-class classification task for two
have recently proposed restricted observer models oig&=ir e450ns. First, the conditional probabilities in questioa not
evaluation methods [4]-{7].) simply related to the cumulative distribution functions!fs)
Despite these difficulties, resgarch continues in this bheea of the decision variables, but are integrals of those vég&b
cause the advantages to be gained from a three-class eessifjer domains determined by three decision boundary lirs [3
and appropriate evaluation methodology are considerable.gecond, the slopes and intercepts of the decision boundary
our own case, we seek to combine existing computer-aided flies are not independent; given the locations of two of the
agnosis (CAD) schemes for detecting [8]-[12] mammographjges, we have found recently that the location of the third
mass lesions and classifying [13]-[17] them as malignant @\ pe constrained depending on the other two.

In the present work we attempt to characterize the con-
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investigator). ideal observer's decision boundary lines. Although thiskne
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C. E. Metz is with the Department of Radiology, the Univarsit Chicago, |t May prove of interest to the CAD community and ultimately
Chicago, IL, USA. of relevance to a wide variety of medical image analysisgask



In the next section we briefly review the structure of theédre The behavior of a three-class ideal observer is completely
class ideal observer and the notation we have been usingdaiermined by the three decision boundary lines

characterize it [18]. In Sec. Ill, we show that for a given
location (slope ang-intercept) of the decision boundary line Y121LR1 —9212LR2 = 7313 — 7323 (6)
separating the first and third classes, the location of ortheof 1131LR1 + (7232 — 7212)LR2 = 9313 (7)

remaining two lines is constrained in a particular way based (.., — ~/,/)LR; + 7232LRo
on the location of the other.

These results are discussed in Sec. IV. Given the arbitraithich we call, respectively, the “8s.-2” line, the “1vs.-3"
ness of the labels applied to the three classes, (which line, and the “2vs.-3” line. Note that if any two of these lines
classes are considered first, second, or third), one wouyddax intersect, the third line must also share this interseqtioimt.
the selection of the fixed line in Sec. lll to be similarlywe also emphasize the simple interpretation, from (3), ahea
arbitrary, and indeed in Appendices A and B we show thaf the -,;, parameters appearing in these decision boundary
corresponding and consistent results are obtained if drestaline equations as the difference in utilities between a rect’
the location of the decision boundary line separating thahd one particular “incorrect” decision (scaled by thpriori
second and third, or first and second, classes, respegctieelyprobability of the true class in question); and of each déffee
be given. in thev;;; parameters as a difference in utilities between two

possible “incorrect” decisions (again scaled by theriori
Il. THE THREE-CLASS IDEAL OBSERVER Frobability ?‘ t(he true) class in question;g., v313 — V323 =
. Uz — Uy3) P(t = 73)).
In [18], we showed that aiV-class ideal observer makes From the conditions on the;;; parameters in (5), we can

decisions by partitioning a likelihood ratio decision e eadily derive conditions on the decision boundaries them-
here the boundaries of the partitions are given E ) -
space, w ives. If we denote the slope of thévs.-5” line by m;;,

hyperplanes: its y-intercept byb;;, and itsz-intercept byy;;, we have

= 7323, (8)

N-—1
decide d = m; iff Z (Uz\k — Uj|k)P(t = Wk)LRk miz2 = —7121 >0 (9)
k=1 Y212
> (Uyn —Ugn)Pt =) {i<i} (@) X3 = % >0 (10)
N-—1
Y323
I 5 — b = — >0. 11
and kz_‘; (Ui — Ujjp) P(t = 1) LRy, 23 -~ (11)

> (Ujn —Uyn)P(t =7n) {j > i} (2) These are the three conditions stated in [22].

Here U;|; is the utility of deciding an observation is from
classm; given that it is actually from class;; P(t = ) [1l. RESTRICTIONSDETERMINED BY THE PARAMETERS
is the a priori probability that an observation is drawn from OF THE"1-vs.-3" LINE

classm; andLRy is the kth likelihood ratio, defined by the
ratio p(Z|m) /p(Z|wn) of the probability density functions of
the observational data. The partitioning is determinedHsy t

Constraints on the decision boundaries, in addition tog¢hos
givenin (9)—(11), can be obtained by considering the tw@sas
Y232 — Y212 > 0 andys32 — Y212 < 0. In the first casei(e,

arameters
P Ye32 > Y212, OF Upj2 > Usj2), we have
Yijk = (Ui — Ujje) P(t = ), (3 —m
31
o . o miz = ———— <0 (12)
with 4, j, andk varying from 1 toN, andj # i. Note that 7232 — Y212
these parameters are not independent, however, because bis = BB (13)
Y232 — Y212
Yijk = Vkik — Vkik- 4)

We also have

We can impose the reasonable condition that the utility (151 — 7121)

for correctly classifying an observation from a given class Moz =
should be greater than any utility for incorrectly classifyan 232
observation from the same classe, U;; > Uy {i # j}. _ (232 — y212)mu3 + 2100
This gives, forj # 1, V232
Yigi > 0, (5) = (1 - @) mis + 212 s, (14)
Y232 Y232

leaving N (N — 1) positive parameters (the rest are derivable
from (4)). This is a weighted sum of the slopes;» and m,3, where

Finally, note that the hyperplanes represented by (1) apd {he weights are positive and sum to one. Since we must have
are unchanged if we multiply all of these equations by a singf?13 < m12 from (9) and (12), it must therefore be the case
scalar, such a/(3",; 7iji). This leaves us wittN2 — N —1  that
degrees of freedom, as expected. miz < mag < mys. (15)



Furthermore,
323
Y232
Y313 — (7313 — 7323)
Y232
(7232 — Y212)b13 + V212012
Y232

_ (1 _ 7212) bis + Y212 bio.
Y232 Y232

bz =

(16)

This is a weighted sum of thg-interceptsb;, andb;3, where

the weights are positive and sum to one; thus, in addition to

(15), we have the condition
min(bia, bi3) < boz < max(biz, bi3). (17)

If b2 < 0, then (17) immediately reduces tgs < byz <

sinceb;s < bes by (11) and (19).

If mos < 0, then (21) immediately reduces taos <
mi2 < mi3 (by (18), we are considering a special case in
which my3 > 0). This is illustrated in Fig. 3 for the slightly
different situationsy;s < x23 andyis > x23. If, on the other
hand,ms3 > 0, then (21) and (23) together imply two possible
situations, depending on whethers < mi3 Or mog > mys.
These possibilities are illustrated in Fig. 4.

One may of course ask what happens whep — 212 = 0
(i.€, Y232 = Y212, Or Uy 2 = Uspp). In this case, bothn,3 and
bi13 are infinite. Furthermore,

—(7131 - 7121)

V232
—7131 + Y121
Y232 Y212
—7131

mo3 =

b1z (by (13), we are considering a special case in which
b1z > 0). This is illustrated in Fig. 1 for the slightly different
situationsyi2 < x13 and xi2 > xi3. If, on the other hand,

bi2 > 0, then (15) and (17) together imply two possiblend

= — +mi2

IN

Y232
mi2,

(24)

situations, depending on whethéfs < by3 Or bis > bys.
These possibilities are illustrated in Fig. 2.

We now consider the casgss —v212 < 0 (i. €, Y232 < Y212,
or Uyj2 < Us)z), which yields

—7131

miz = ——— >0 (18)
V232 — Y212
by = — 18 . (19)
V232 — Y212
We now have
Y121
mi2 = —
Y212
_ Y131 — (7131 - 7121)
Y212
_ —(7232 - 7212)m13 + Y232M23
Y212
_ (1 _ 7232) mys + 7232 Mos. (20)
Y212 Y212

Q823 — Y31

Y212
Y323

V232

= b+

—7313

Y212
—7Y313

Y212

< bos. (25)

Together, (24) and (25) can be consideedter a special case
of the inequalities (15) and (17), if we take;5 = —oco and
bis = +oo; or of the inequalities (21) and (23), if we take
mi13 = +oo andb;3 = —oo. This situation, for the slightly
different case®$:> < 0 andbyo > 0, is illustrated in Fig. 5.

In this section, the possible values of the quaniiy, — 212
were considered in order to determine properties of thelidea
observer decision boundary lines. It may be argued that the
choice of a parameter from the ‘&-3" line, i.e., one of
the three available lines, must be an arbitrary one. In fact,
we may consider taking another parameter (or combination of

This is again a weighted sum in which the weights are positiygrameters) from (6)—(8), and using it to determine coonii

and sum to one, giving

min(mi3, me3) < miz < max(mis, mo3). (21)
Furthermore,
b Y313 — 7323
12 = —
—7212
_ T3 + Y323
Y212
_ —(v232 — 7212)b13 + V232023
Y212
= <1 - @) b1z + Ebg& (22)
Y212 212

This is a weighted sum of thg-interceptsh,5 andbss, where

the weights are positive and sum to one; thus, in addition

(21), we have the condition

b1z < by < bag, (23)

on the properties of the decision boundary lines as above.
Given that all possible values of the quantityss — 212
were considered, it is expected that no new conditions shoul
be determinable (let alone conditions inconsistent withséh
already determined). In fact, this can readily be shown to
be the case; however, due to the repetitive nature of the
derivations involved, these are relegated to Appendices A
and B.

IV. DIscusSION ANDCONCLUSIONS

The repetitive nature of the algebraic manipulations given
in the preceding section and the appendices should not be
allowed to distract from the fundamental point being made:
%ven the locations of two of the decision boundary lineg, th
location of the third is not completely arbitrary. That iside
from the obvious (given (6)—(8)) constraint that the linessin
share a common intersection point, it can also be shown that



A LR:
LR, :

LRl o

@) (b)

Fig. 1. Example ideal observer decision rules for the casg — v212 > 0 (implying mi3 < 0 andbi3 > 0) andbi2 < 0. In (a), x12 < Xx13, and the
“2-vs.-3" line can lie anywhere between the two dashed lines shdte region between the lower dashed and dotted lines is dedlbecausé.s > 0);
observations in the unlabeled region above this line wiltlbeided 2", and those below this line will be decideas”. In (b), x12 > x13, and the “2vs.-3"
line can lie anywhere in the unlabeled region (provided #rsh the intersection point of the ¥-2" and “1vs.-3” lines shown); observations above this
line will be decided %", and those below this line will be decidedrs”.
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Fig. 2. Example ideal observer decision rules for the cgsg — v212 > 0 (implying mi13 < 0 andb;3 > 0) andbiz > 0. In (a), bi2 < bi3, and the
“2-vs.-3" line can lie anywhere in the unlabeled region; obseoratiabove this line will be decidedrs”, and those below this line will be decidedrs”.

In (b), b12 > b13, and the “2vs.-3” line can lie anywhere between the ¥%-2" and “1vs.-3" lines (provided it shares their intersection point);tedhat
observations in this region will be decided " regardless of the position of this line.

the slope of the third line is constrained by the slopes of thstraightforward relationship is lost; indeed, Figs. 2({b),
first two. 7(b), 9(b), 12(b), and 14(b) show that for certain values of
four of the five decision criteriay;;;, the misclassification
The significance of this result may be difficult to appreciatgrobabilities {.e., the ROC operating point coordinates) can

at first glance. Itis perhaps best illustrated by comparsith  pe independent of the fifth decision criterion.
the two-class classifier, for which the ROC operating point

coordinates €. g., the true-positive fraction (TPF) and false- More succinctly, the relationship between the decisioteeri
positive fraction (FPF)) are determined by a single deaisiaia and the misclassification probabilitiesrist one-to-one, as
criterion~, which is free to vary without restriction throughoutt is for the two-class ideal observer. A correct formulatiof

its domain of definition. For the two-class ideal observar, ithe misclassification probabilities as functions of theisiea
particular, an observation is decided “positive” (assifjtiethe criteria — necessary for an explicit calculation of the idea
classm) if LR; > v, wherev can take on any nonnegativeobserver’s ROC hypersurface given the decision variatepr
value. Furthermore, the FPF and TPF are related in a veiility density functions — will require careful considéom
simple way to the cdfs aLR,, and are thus monotonic in theof this issue. Although we have shown previously that the
decision criteriony. For the three-class ideal observer, thifiypervolume under the ROC hypersurface is not a useful
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Example ideal observer decision rules for the cagse — v212 < 0 (implying m13 > 0 andb;3 < 0) andmas < 0. In (a), x13 < x23, and the
“1-vs.-2" line can lie anywhere between the two dashed lines shdhe region between the lower dashed and dotted lines is dedlbecausenis > 0);

observations in the unlabeled region above this line wiltlbeided 2", and those below this line will be decidea{”. In (b), x13 > x23, and the “lvs.-2"
line can lie anywhere in the unlabeled region (provided #rsh the intersection point of the {%-3" and “2-+s.-3" lines shown); observations above this

Fig. 3.
line will be decided 2", and those below this line will be decidedri”

A
LRy 4 LRy
‘o “19”
’l—/"'”;—_x “rs”
LR, e
®)

@
Fig. 4. Example ideal observer decision rules for the ease — 212 < 0 (implying mi13 > 0 andb;3 < 0) andmas > 0. In (a), m23 < m13, and the

“1-vs.-2" line can lie anywhere in the unlabeled region; obseoratiabove this line will be decidedrs”, and those below this line will be decidedr{”.
In (b), ma3 > m13, and the “lvs.-2” line can lie anywhere between the ¥%-3" and “2vs.-3” lines (provided it shares their intersection point)edhat

APPENDIXA

observations in this region will be decideds” regardless of the position of this line.
the ROC hypersurface in terms of the set of misclassificati®®eSTRICTIONSDETERMINED BY THE PARAMETERS OF THE
“2-vs.-3" LINE

performance metric in general [19], it is still the case that
Consider the quantityy;3; — v121 from (8). In particular,

probabilities (six in the three-class classification tagk)a
complete description of observer performance. We expett th
derived in some fashion from the ROC hypersurface. It is thy§1€N 7131 — 7121 > 0 (i-€, 7131 > 121, OF Uy > Upp), we
1 —
£ ) (26)
Y131 — 7121

a useful performance metric, assuming one exists, will be

important to develop a complete understanding of the ratH&fVe

complicated relationships among the quantities invohaed

we hope that the present work will prove of some use toward Mas

this goal.

d Xes = —1B 5o 27)
Y131 — 7121
Through reasoning similar to that of Sec. Ill, we also have

1 1 1
— < — < — (28)
ma3 mi3 mi2
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Fig. 5. Example ideal observer decision rules for the cagg — v212 = 0 (implying m13 = Foo and by = +o0). In (a), b12 < 0, and the “2vs.-3”

line can lie anywhere between the two dashed lines shownrétiien between the lower dashed and dotted lines is exclbdeduséss > 0); observations
in the unlabeled region above this line will be decidet;”, and those below this line will be decidedrs”. In (b), b12 > 0, and the “2vs.-3” line can lie
anywhere in the unlabeled region; observations above itreswill be decided #5”, and those below this line will be decidedrs”.

and Together, (34) and (35) can be consideegttier a special
min(x12, x23) < x13 < max(x12,X23)- (29) case of the inequalities (28) and (29), if we tdkenss = —oo

) ) and x23 = +oo; or of the inequalities (32) and (33), if we

If X12 < 0, then (29) immediately reduces 10> < X13 < {ake'1 /myy = +oo and ya3 = —oo. This situation, for the

xz3 (by (27), we are considering a special case in Whiclj;, v different cases;i, < 0 andyys > 0, is illustrated in
x23 > 0). This is illustrated in Fig. 6 for the slightly different Fig 1)6 X2 Xz =5

situationsbia < by3 andbiz > bys. If, on the other hand, * ‘\gtice that every figure in this appendix has one or more
xi2 > 0, then (28) and (29) together imply two possible.esnonding figures in Sec. Il (depending on the possible

situations, depending on whethgi < x23 OF X12 > X23-  yalues of the undetermined decision boundary parametegbei
These possibilities are illustrated in Fig. 7. illustrated in that figure). Specifically,

If y131 — 7121 < 0 (i.€, 7131 < 7121, OF U1 < Usj1), we

have Fig. 6(a) = Figs. 2(a), 3(a), 5(b)
1 s Fig. 6(b) = Fig. 2(b)

—_ = ——— >0 (30) Fig. 7(a) = Figs. 1(a), 3(a), 5(a)

ma3 713173—237121 Fig. 7(0) = Figs. 1(b), 3(b), 5(a)

X3 = ———— <0. (31) Fig. 8(a) = Figs. 1(a), 2(a)

ML= M Fig. 8(b) = Fig. 2(b)

One can also show Fig. 9(@) = Figs. 4(a), 5(a), 5(b)
min (< )« L i (1) @) Fig. 9(b) = Fig. 4(0)

mas maz ) — mis mis’ Mas Fig. 10(a) = Figs. 2(a), 4(a), 5(b), 2(b)
and Fig. 10(b) = Figs. 1(a), 4(a), 5(a)
Y23 < Y12 < X13- (33) That is, none of the conditions derived in this section are

inconsistent with those derived Sec. Ill. More importatigte

If 1/m13 <0, then (32) immediately reduces 19m13 < the symmetry between the corresponding equations and figure
1/m12 < 1/mas (by (30), we are considering a special casg Sec. Ill and this appendix, if one “swaps” the labels of
in which 1/msp3 > 0). This is illustrated in Fig. 8 for the classesr; and,, and additionally replaces.;; with 1/m;,
slightly different situation$ss < bi3 andbas > bys. If, onthe . with b5, andb;; with x, (F =1if i =2, 2ifi =1,
other hand]/m13 > 0, then (32) and (33) together imply twoand 3 if i = 3; similarly for 5). Intuitively, if one “flips” the
possible situations, depending on whethgém,; < 1/ma3 Or  figures in one section about the= x line, one obtains the
1/mi3 > 1/ma3. These possibilities are illustrated in Fig. 9.figures in the other section.

Finally, we consider the casgs; —vi21 = 0 (V131 = Y121,

or Uyjy = Us)p), in which both1/ms3 and x»3 are infinite. APPENDIXB
We now have RESTRICTIONSDETERMINED BY THE PARAMETERS OF THE
1 1 wq _on
< (34) 1-vs.-2" LINE
miz o M2 In this appendix, we consider the possible values of the
and guantity~ysis — v323. As in the preceding appendix, we expect

x12 < X13- (35) to obtain no conditions inconsistent with those alreadyveel
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Example ideal observer decision rules for the cgsg — vi121 > 0 (implying 1/m23 < 0 and x23 > 0) and x12 < 0. In (@), b12 < b2s, and

the “1vs.-3" line can lie anywhere between the two dashed lines shdle region between the left dashed and dotted lines is eadlbecauses > 0);
observations in the unlabeled region to the right of this lvill be decided %", and those to the left of this line will be decideds”. In (b), b12 > b23, and
the “1vs.-3" line can lie anywhere in the unlabeled region (providedhares the intersection point of the ¥&-2" and “2-vs.-3” lines shown); observations
to the right of this line will be decided#*,”, and those to the left of this line will be decided3”.

Fig. 7.
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Example ideal observer decision rules for the cagsg — vi21 > 0 (implying 1/m23 < 0 and x23 > 0) andx12 > 0. In (&), x12 < x23, and
the “1vs.-3" line can lie anywhere in the unlabeled region; obseoratito the left of this line will be decide

1", and those to the right of this line will

be decided #3”. In (b), x12 > Xx23, and the “1vs.-3" line can lie anywhere between the ¥%-2" and “2-+vs.-3" lines (provided it shares their intersection
point); note that observations in this region will be dediders” regardless of the position of this line.

When sz — 323 > 0 (i. €, 313 > 7323, OF Ugj3 > Uy)3),

we have

If 1/x23 < 0, then (39) immediately reduces 19/ x23 <
1/x13 < 1/x12 (by (37), we are considering a special case in

I —v212 36 which 1/X1_2 > _O). This is illustrated in Fig. 11 for the slightly
b_12 = m <0 (36) different situationsmaos < mi2 andmaz > mqo. If, On the

1 Yia1 other hand]/x23 > 0, then (38) and (39) together imply two
P —— > 0. (37) possible situations, depending on wheth@xos < 1/x12 or

Through reasoning similar to that of Sec. Ill, we also have

1/x23 > 1/x12. These possibilities are illustrated in Fig. 12.
If v313 — v323 < 0 (i.€, 313 < 7323, OF Ugj3 < Uy3), we

1 1 1
RPN (38) have
biz 7 biz T bog 1 oo
and e T Tl 0 (40)
12 Y313 — 7323
1 1 1 1 1
min (—, —) < — < max (—, —) ) (39) R = = <0. (41)
X23 X12 X13 X23 X12 X12 Y313 — 7323
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Fig. 8. Example ideal observer decision rules for the casg — vi21 < 0 (implying 1/ms23 > 0 and x23 < 0) and1/mi3 < 0. In (@), b2z < b1s,
and the “lvs.-2" line can lie anywhere between the two dashed lines shdta region between the vertical dashed and dotted linesasided because
m12 > 0, and thereforel /m12 > 0); observations in the unlabeled region above this line béldecided #2”, and those below this line will be decided
“m1”". In (b), bag > b13, and the “1vs.-2” line can lie anywhere in the unlabeled region (provideshares the intersection point of the ¥4-3" and “2-vs.-3"

lines shown); observations above this line will be decided”; and those below this line will be decidedri”.
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Fig. 9. Example ideal observer decision rules for the easg —~vi121 < 0 (implying 1/m23 > 0 andx23 < 0) and1/mi3 > 0. In (a),1/m13 < 1/mas3,
and the “1vs.-2” line can lie anywhere in the unlabeled region; obseoratiabove this line will be decidedrs”, and those below this line will be decided
“m1". In (b), 1/m13 > 1/ma3, and the “1vs.-2" line can lie anywhere between the %-3" and “2-vs.-3" lines (provided it shares their intersection point);

note that observations in this region will be decidets™ regardless of the position of this line.

One can also show Finally, we consider the casgas — v313 =0 (i.€, y313 =
Y323, OF Uyz = Uyj3), in which both1/b;2 and1/x,2 are

min (i i) < 1 < max( 11 ) (42) infinite. We now have

b13, b12 b23 b137 b12
1 1
o <o (44)
égési. (43) and o
< (45)

If 1/b13 < 0, then (42) immediately reduces tg/b;3 < X23  X13
1/b23 < 1/b12 (by (40), we are considering a special case in Together, (44) and (45) can be consideggtier a special
which 1/b15 > 0). This is illustrated in Fig. 13 for the slightly case of the inequalities (38) and (39), if we taki,, = —co
different situationsmia < mi3 andmis > mys3. If, on the and1/x12 = +o0; or of the inequalities (42) and (43), if we
other hand,l /b3 > 0, then (42) and (43) together imply twotake 1/b;2 = 400 and1/x12 = —oo. This situation, for the
possible situations, depending on wheth¢b;s < 1/b;2 or slightly different cased /b3 < 0 and1/b;3 > 0, is illustrated
1/b13 > 1/b12. These possibilities are illustrated in Fig. 14. in Fig. 15.



LRy

@) (b)

Fig. 10. Example ideal observer decision rules for the cgsg — v121 = 0 (implying 1/ma23 = Foo and x23 = £00). In (a), x12 < 0, and the
“1-vs.-3" line can lie anywhere between the two dashed lines shalenregion between the leftmost dashed and dotted linesclsded becausgis > 0);
observations in the unlabeled region to the right of thie hmill be decided 71", and those to the left of this line will be decideds”. In (b), x12 > 0,
and the “1vs.-3” line can lie anywhere in the unlabeled region; obseoratito the right of this line will be decidedri”, and those to the left of this line
will be decided ‘r3”.

LR, LR»

LR,
@) (b)

Fig. 11. Example ideal observer decision rules for the ease — v323 > 0 (implying 1/b12 < 0 and1/x12 > 0) and1/x23 < 0. In (a), ma3 < mi2,
and the “1vs.-3" line can lie anywhere between the two dashed lines shdlae region between the horizontal dashed and dotted linegcisided because
x13 > 0, and thereforel /x13 > 0); observations in the unlabeled region to the left of thie lwill be decided #3”, and those to the right of line will be
decided ‘r1". In (b), m23 > m12, and the “1vs.-3" line can lie anywhere in the unlabeled region (providedhares the intersection point of the V¥4-2"
and “2vs.-3" lines shown); observations to the left of this line wik lhecided #r3”, and those to the right of this line will be decidea{”.

Notice that every figure in this appendix has one or more Fig. 11(a) = Figs. 1(a), 4(a), 5(a)
corresponding figures in Sec. Il (depending on the possible Fig. 11(b) = Fig. 4(b)
values of the undetermined decision boundary parametegbei Fig. 12(a) = Figs. 1(a), 3(a), 5(a)
illustrated in that figure). Specifically, Fig. 12(b) = Figs. 1(b), 3(b), 5(a)
Fig. 13(a) = Figs. 3(a), 4(a), 5(b)
Fig. 13(b) = Fig. 4(b)
Fig. 14(a) = Fig. 2(a)
Fig. 14(b) = Fig. 2(b)
Fig. 15(a) = Figs. 3(a), 4(a), 5(b)
Fig. 15(b) = Figs. 2(a), 3(a), 4(b)

That is, none of the conditions derived in this appendix
are inconsistent with those derived in Sec. Il or Appendix A
More importantly, note the symmetry between the correspond
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LR»

LR, LR,
@ ()

Fig. 12. Example ideal observer decision rules for the easg — 323 > 0 (implying 1/b12 < 0 and1/x12 > 0) and1/x23 > 0.1In (a),1/x23 < 1/x12,
and the “1vs.-3” line can lie anywhere in the unlabeled region; obseorgtito the left of this line will be decidedrs”, and those to the right of this line
will be decided *r1”. In (b), 1/x23 > 1/x12, and the “1vs.-3" line can lie anywhere between the {6-2" and “2vs.-3" lines (provided it shares their
intersection point); note that observations in this regigh be decided *r2” regardless of the position of this line.

LRy LR,

LRl LRl
(@) (b)

Fig. 13. Example ideal observer decision rules for the casg — v323 < 0 (implying 1/b12 > 0 and1/x12 < 0) and1/b13 < 0. In (a), mi2 < mis,
and the “2vs.-3” line can lie anywhere between the two dashed lines shdte region between the vertical dashed and dotted linesamided because
b23 > 0, and thereforel /b23 > 0); observations in the unlabeled region above this line belldecided #2", and those below this line will be decided5".
In (b), m12 > m13, and the “2vs.-3" line can lie anywhere in the unlabeled region (providedhares the intersection point of the ¥4-2" and “1-vs.-3"
lines shown); observations above this line will be decided”; and those below this line will be decidedrs”.
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Fig. 14. Example ideal observer decision rules for the ease — v323 < 0 (implying 1/b12 > 0 and1/x12 < 0) and1/bi3 > 0. In (a),1/b13 < 1/b12,
and the “2vs.-3” line can lie anywhere in the unlabeled region; obseoratiabove this line will be decidedrs”, and those below this line will be decided
“m3”. In (b), 1/b13 > 1/b12, and the “2vs.-3” line can lie anywhere between the ¥$-2" and “1-vs.-3” lines (provided it shares their intersection point);
note that observations in this region will be decider ™ regardless of the position of this line.

Fig. 15.

LR
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(b)

Example ideal observer decision rules for the easg — 323 = 0 (implying 1/b12 = Foo and1/x12 = £o0). In (a), 1/b13 < 0, and the

“2-vs.-3" line can lie anywhere between the two dashed lines sholenrggion between the vertical dashed and dotted linescisded becausg/b23 > 0);
observations in the unlabeled region to above this line bélldecided #2”, and those below this line will be decidedrs”. In (b), 1/b13 > 0, and the
“2-vs.-3" line can lie anywhere in the unlabeled region; obseorati above this line will be decidedr5”, and those below this line will be decidedrs”.
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