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ABSTRACT

Bayesian artificial neural networks (BANNs) have proven useful in two-class classification tasks, and are claimed
to provide good estimates of ideal-observer-related decision variables (the a posteriori class membership probabil-
ities). We wish to apply the BANN methodology to three-class classification tasks for computer-aided diagnosis,
but we currently lack a fully general extension of two-class receiver operating characteristic (ROC) analysis to
objectively evaluate three-class BANN performance. It is well known that “the likelihood ratio of the likelihood
ratio is the likelihood ratio.” Based on this, we found that the decision variable which is the a posteriori class
membership probability of an observational data vector is in fact equal to the a posteriori class membership
probability of that decision variable. Under the assumption that a BANN can provide good estimates of these a

posteriori probabilities, a second BANN trained on the output of such a BANN should perform very similarly to
an identity function. We performed a two-class and a three-class simulation study to test this hypothesis. The
mean squared error (deviation from an identity function) of a two-class BANN was found to be 2.5× 10−4. The
mean squared error of the first component of the output of a three-class BANN was found to be 2.8× 10−4, and
that of its second component was found to be 3.8× 10−4. Although we currently lack a fully general method to
objectively evaluate performance in a three-class classification task, circumstantial evidence suggests that two-
and three-class BANNs can provide good estimates of ideal-observer-related decision variables.
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1. INTRODUCTION

In the past, computerized methods for the detection1–5 and classification6–11 of mammographic mass lesions have
been investigated at the University of Chicago. The classification scheme currently analyzes lesions which have
been manually identified by a radiologist. We are attempting to develop a fully automated classification scheme
by combining the existing detection and classification schemes; we have argued previously12 that this will require
a three-class classifier to account for the presence of false-positive (FP) computer detections, in addition to the
malignant and benign lesions, in the output of the detection scheme.

For some time now we have explored the use of Bayesian artificial neural networks (BANNs) for a variety of
detection5, 13, 14 and classification11 tasks in computer-aided diagnosis (CAD). Our motivation for investigating
BANNs is based, first, on our theoretical observation that, in the limit of infinite training data, a BANN will
yield an ideal observer decision function for that data population;15 and second, on empirical observations
that even given a finite sample of training data, a BANN can estimate an ideal observer decision function
reasonably well.16 (We note that the BANN implementation we are using is that of MacKay,17 which employs a
multivariate normal function for the prior distribution on the network weight values.) We have also performed
simulation studies showing that BANNs can accurately estimate ideal observer decision variables in a three-class
classification task.15 Moreover, we showed recently that a three-class BANN could produce decision variables for
actual mammographic mass lesion feature data, and that these decision variables are related to two-class BANN
decision variable data in a particular way consistent with a theoretical relationship between three-class and two-
class ideal observer decision variables.12 We consider this to be strong circumstantial evidence for the ability
of a BANN to estimate three-class ideal observer decision variables, though we currently lack a fully general
method for evaluating three-class classifiers (i.e., a three-class extension to receiver operating characteristic
(ROC) analysis).
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In this work, we present further circumstantial evidence toward the claim that a BANN can provide good
estimates of three-class ideal observer decision variables. We develop a theoretical relationship between the
a posteriori class membership probabilities of a given observational data variable and the a posteriori class
membership probabilities of those a posteriori probabilities treated as a set of observational data in their own
right. (It is known that a posteriori class membership probabilities are equivalent to ideal observer decision
variables in a two-class task,16 and related in a straightforward way to the ideal observer decision variables in a
task with three or more classes.15) We then describe simulation studies to train and test a set of BANNs, and
present results of such a simulation study verifying that the BANNs we examined did indeed obey the theoretical
relationship predicted for ideal observer decision variables, to within experimental error. In the final section, we
present our conclusions drawn from this work.

2. THEORY

It is well known that the ideal observer decision variable, i.e., the likelihood ratio or any monotonic transformation
of this value, yields optimal performance in a two-class classification task.18 It can also be shown, in a classification
task with N classes (N > 2), that the ideal observer decision rule becomes more complicated than a simple
threshold on a single decision variable, but that the optimal decision variables remain a set of N − 1 likelihood
ratios.18, 19

We can define the ith likelihood ratio as

Λi ≡ LRi(~x) ≡
p(~x|πi)

p(~x|πN )
, (1)

where ~x represents statistically variable observational data (which we assume to have dimensionality n), and
πj represents one of the N classes from which the data are drawn (here 1 ≤ i ≤ N − 1). Clearly the vector
(of dimensionality N − 1) of decision variables Λi is itself statistically variable, and one might ask what the
likelihood ratios of these variables are. In fact,20

p(~Λ|πi) =

∫

· · ·

∫

∑

j

p(~xj |πi)

|J(~xj)|
dxN . . . dxn

=

∫

· · ·

∫

∑

j

LRi(~xj)
p(~xj |πN )

|J(~xj)|
dxN . . . dxn, (2)

where we have assumed that N − 1 < n; if N − 1 = n, then no integration is performed. (If N − 1 > n, then
at least one of the likelihood ratio decision variables will be expressible as a function of the others; we will not
consider this degenerate case here.) The sum is over all solutions to Eq. 1 for a given ~Λ; this yields

p(~Λ|πi) =

∫

· · ·

∫

∑

j

Λi

p(~xj |πN )

|J(~xj)|
dxN . . . dxn

= Λi

∫

· · ·

∫

∑

j

p(~xj |πN )

|J(~xj)|
dxN . . . dxn

= Λi p(~Λ|πN )

p(~Λ|πi)

p(~Λ|πN )
≡ LRi(~Λ) = Λi, (3)

the source of the well-known adage that “the likelihood ratio of the likelihood ratio is the likelihood ratio.”

Consider now a different set of decision variables, the a posteriori class membership probabilities considered
as functions of the statistically variable observational data

yi ≡ P (πi|~x). (4)



(Since P (πN |~x) = 1−
∑N−1

i=1 P (πi|~x), we still have N−1 decision variables.) Note that in a two-class classification
task, this decision variable is known to be a monotonic function of the likelihood ratio, and is therefore an ideal
observer decision variable;16 while in a classification task with more than two classes, the a posteriori class
membership probabilities can be shown to be related to the likelihood ratios in a straightforward way.15

Reasoning as above, we may ask what the a posteriori class membership probability of these decision variables,
or P (πi|~y), is. In fact,

P (πi|~x) =
p(~x|πi)P (πi)

p(~x)

=
p(~x|πi)P (πi)

∑N

k=1 p(~x|πk)P (πk)

=
LRi(~x)P (πi)/P (πN )

1 +
∑N−1

k=1 LRk(~x)P (πk)/P (πN )
, (5)

and this relation can also be inverted to yield

LRi(~x) =
P (πi|~x)

1 −
∑N−1

k=1 P (πk |~x)P (πk)/P (πN )

=
yi

1 −
∑N−1

k=1 ykP (πk)/P (πN )
. (6)

We again start with Eq. 2, this time obtaining

p(~y|πi) =

∫

· · ·

∫

∑

j

LRi(~xj)
p(~xj |πN )

|J(~xj)|
dxN . . . dxn

=

∫

· · ·

∫

∑

j

yi

1−
∑N−1

k=1 ykP (πk)/P (πN )

p(~xj |πN )

|J(~xj)|
dxN . . . dxn

=
yi

1 −
∑N−1

k=1 ykP (πk)/P (πN )

∫

· · ·

∫

∑

j

p(~xj |πN )

|J(~xj)|
dxN . . . dxn

=
yi

1 −
∑N−1

k=1 ykP (πk)/P (πN )
p(~y|πN ), (7)

where the sums in j are over all solutions to Eq. 4 for a given ~y. (The fraction can be taken out of the integral
because the relations in Eqs. 5 and 6 are one-to-one, and thus the set of all solutions to Eq. 4 correspond to a
single value of LRi( ~xj).) This again yields

LRi(~y) = LRi(~xj) (8)

where ~y is the vector of a posteriori class membership probabilities of ~x from Eq. 4, and ~xj is any solution to
that equation for a given ~y.

It follows that

P (πi|~y) =
LRi(~y)P (πi)/P (πN )

1 +
∑N−1

k=1 LRk(~y)P (πk)/P (πN )

=
LRi(~xj)P (πi)/P (πN )

1 +
∑N−1

k=1 LRk(~xj)P (πk)/P (πN )

= P (πi|~xj) = yi, (9)

where ~xj is again any solution to Eq. 4 for a given ~y. This shows that a similar adage to that for likelihood ratios
holds true, namely that “the a posteriori class probabilities of the (data) a posteriori class probabilities are the
(data) a posteriori class probabilities.”



3. MATERIALS AND METHOD

We have shown in the past16 that a BANN can provide good estimates of the a posteriori class membership
probabilities in a two-class classification task, and we have presented the results of simulation studies15 and
experiments with real mammographic feature data12 strongly suggesting that the same holds true for three-class
BANNs as well. The theoretical relationship given by Eq. 9, derived in the preceding section, provides a basis
for another simulation study which should provide further circumstantial evidence for the claim that two-class
and three-class BANNs can provide good estimates of the two- and three-class a posteriori class membership
probabilities (directly related to the ideal observer decision variables via Eq. 5), respectively.

Specifically, for the two-class simulation study, we drew 500 samples pseudorandomly from each of two
distributions:

p(x|π1) ≡ N(x; µ1 = 1, σ2
1 = 2) (10)

p(x|π2) ≡ N(x; µ2 = 0, σ2
2 = 1). (11)

We then trained a two-class BANN with one input, five hidden units, and one output on this data, obtaining a
classifier we denote by

y = B2
1(x). (12)

(The superscript denotes the number of classes being classified.) We then used this output, given the known
truth states for the original observations x from which it was obtained, as training data for a second BANN with
one input, five hidden units, and one output:

z = B2
2(y). (13)

Finally, we pseudorandomly sampled an independent testing set of 500 observations x from each of the two
classes given in Eqs. 10 and 11. This testing set was used as input to the first BANN to obtain a testing set
ytest; this in turn was given as input to the second BANN, for which the output was ztest.

Given Eq. 9, together with the assumption that an adequately trained two-class BANN yields good estimates
of the a posteriori class membership probabilities of the observations being classified, it should be the case that
ztest estimates ytest at least to within experimental error. To verify this, we plotted ztest as a function of ytest

for each of the two classes, and we computed the mean squared error

MSE2 =
1

1000

∑

(ztest − ytest)2, (14)

where the sum is over all the observations in the two classes.

Similarly, for the three-class simulation study, we drew 500 two-dimensional samples pseudorandomly from
each of three distributions:

p(~x|π1) ≡ N

(

~x; ~µ1 =

[

1
0

]

, Σ1 =

[

4 .75 × 2
.75 × 2 1

])

(15)

p(~x|π2) ≡ N

(

~x; ~µ2 =

[

0
2

]

, Σ2 =

[

1 −.4 × 1.5
−.4 × 1.5 2.25

])

(16)

p(~x|π3) ≡ N

(

~x; ~µ3 =

[

0
0

]

, Σ3 =

[

1 0
0 1

])

(17)

We then trained a three-class BANN with two inputs, five hidden units, and two outputs on this data, obtaining
a classifier we denote by

~y = B3
1(~x). (18)

We then used this output, given the known truth states for the original observations ~x from which it was obtained,
as training data for a second BANN with two inputs, five hidden units, and two outputs:

~z = B3
2(~y). (19)
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Figure 1. Output of the second two-class BANN as a function of its input for the observations actually drawn from class
π1 in the two-class simulation study.

Finally, we pseudorandomly sampled an independent testing set of 500 observations ~x from each of the three
classes given in Eqs. 15-17. This testing set was used as input to the first BANN to obtain a testing set ~y test;
this in turn was given as input to the second BANN, for which the output was ~z test.

Again, given Eq. 9, together with the assumption that an adequately trained two-class BANN yields good
estimates of the a posteriori class membership probabilities of the observations being classified, it should be the
case that ztest

1 estimates ytest
1 , and ztest

2 estimates ytest
2 , at least to within experimental error. To verify this, we

plotted ztest
1 as a function of ytest

1 , and ztest
2 as a function of ytest

2 , for each of the three classes, and we computed
the mean squared errors

MSE3i =
1

1500

∑

(ztest
i − ytest

i )2, (20)

{i : 1, 2}, where the sum is over all the observations in the three classes.

4. RESULTS

Figure 1 shows ztest as a function of ytest for the observations in class π1, and Fig. 2 shows ztest as a function
of ytest for the observations in class π2 from the two-class simulation study. The mean squared error for the
complete set of 1000 observations was 2.5× 10−4.

Figure 3 shows the components of ~z test as a function of the corresponding components of ~y test for the
observations in class π1. Similarly Fig. 4 shows the components of ~z test as a function of the corresponding
components of ~y test for the observations in class π2, and Fig. 5 shows the components of ~z test as a function of
the corresponding components of ~y test for the observations in class π3. The mean squared error for the complete
set of 1500 observations was 2.8 × 10−4 for the first component and 3.8× 10−4 for the second component.

5. DISCUSSION AND CONCLUSIONS

We developed a theoretical relationship between the a posteriori class membership probabilities, directly related
to ideal observer decision variables, and the a posteriori class membership probabilities of those a posteriori

class membership probabilities treated as statistically variable observer data in their own right. The identity
relationship found is, perhaps unsurprisingly, quite similar in spirit to the identity relationship between the
likelihood ratio decision variables and the likelihood ratio of those likelihood ratio decision variables for a given
task.
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Figure 2. Output of the second two-class BANN as a function of its input for the observations actually drawn from class
π2 in the two-class simulation study.
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Figure 3. The (a) first and (b) second components of the output of the second three-class BANN as a function of the
corresponding component of its input for the observations actually drawn from class π1 in the three-class simulation study.
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Figure 4. The (a) first and (b) second components of the output of the second three-class BANN as a function of the
corresponding component of its input for the observations actually drawn from class π2 in the three-class simulation study.
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Figure 5. The (a) first and (b) second components of the output of the second three-class BANN as a function of the
corresponding component of its input for the observations actually drawn from class π3 in the three-class simulation study.



We currently lack a fully general method for three-class classification or for practically evaluating the perfor-
mance of a three-class classifier. As a first step toward such a classification method, we are investigating the use
of BANNs to estimate three-class ideal observer decision variables for such a task. Since, in a practical situation,
we will not have access to the underlying probability distributions from which the observational data are drawn,
we must rely on circumstantial evidence in support of our claim that a three-class BANN can adequately estimate
decision variables directly related to ideal observer decision variables.

Previously, we presented work relating the output of a three-class BANN to the outputs of two-class BANNs
trained for various “simplified” cases in which the three-class classification task was reduced to a two-class
classification task, and showed that the relationships found were consistent with the relationship between three-
and two-class ideal observers for the same tasks.12 In the present work, we showed that the output of two- and
three-class BANNs was consistent, to within experimental error, with the theoretical relationship developed for
actual a posteriori class membership probabilities. This is of limited practical use in the complete development of
a three-class classifier, mainly because the three-class ideal observer decision rule is considerably more complicated
than its two-class counterpart (a simple threshold on a single decision variable). It does, however, bolster our
confidence in the choice of the BANN as an appropriate tool for estimating the decision variables which would
eventually be incorporated in such a classifier.
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