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Abstract

This document provides additional details and proofs for many of the results in the authors’

paper “On the Asymptotic Validity of Subsampling and the Bootstrap”.



S.1 Auxiliary Results

Lemma S.1.1. Let X = (X1,...,Xy) be ani.i.d. sequence of random variables with distribution
Py = Bernoulli(f). Denote by J,(x, Py) the distribution of root \/ﬁ(én—ﬁ) under Py, where 0, = X,,.
Let P, be the empirical distribution of X®) o equivalently, Pén' Then, holds for any € > 0

whenever p is a metric compatible with the weak topology.

PROOF: First, note for any 0 < d < 1 and € > 0 that

sup Py {sup |, Py) — Jn(z, Py,)| > e} —0. (S.1)

6<0<1-46 z€R

To see this, it suffices to use the Berry-Esseen bound and Polya’s Theorem, as in Example 11.2.2 of
Lehmann and Romano (2005). Now suppose by way contradiction that failed. It follows that
there exists {6, € [0,1] : n > 1} such that p(J,(-, P), Ju(-, Ps,)) does not converge in probability
to zero under Py, and 6,, — 6* € [0,1]. Since convergence with respect to the Kolmogorov metric
implies weak convergence, it follows from that we need only consider the case where 8* = 0
or 0* = 1. Suppose 0" = 0. By Chebychev’s inequality, we have that J,(-, Py,) L\ do under Py, ,

where g is the distribution that places mass one at zero. It therefore suffices to show that
N Pg
p(Jn(-, Pn),00) =5 0. (S.2)

To establish ([S.2]), it suffices to consider the case where p is the bounded Lipschitz metric. For such
p, we have

p(In(, Bn), 60) = sup : (S.3)

/\IJ(x)dJn(w,Pn) - /\I/(x)déo
where the supremum is understood to be taken only over Lipschitz functions ¥ with Lipschitz

constant equal to one. The lefthand-side of (S.3)) may in turn be expressed as

sup
)4

/ \If<x>dJn<x,Pn>—w<o>\ < sw [ 196) - VOl (2. B

< / \z|dJ, (2, P,)

< </ xszn(x,Pn)> v

= 0,(1—06,)
P
=0,

where the first inequality follows from Jensen’s inequality, the second inequality follows from the
fact that ¥ has Lipschitz constant equal to one, the third inequality follows from the Cauchy-

Schwartz inequality, the equality follows from the definition of J,(z, Pn), and the convergence in



probability to zero follows from the fact that 6, P—% 0. A similar argument holds for z < 0. Finally,

the same argument applies when 6* = 1. m

S.2 Proof of Corollary

Note that
T (Op (X — 8,) = 7 (B (X0 — 0(P)) — 7(0, — O(P)) .
Therefore,
L' (a1) = Ly'(oa, P)—n(0, — 0(P))
L7'1—w) = L7'(1—as, P)— (0, —0(P)) .
Hence,

P{L, (1) < (0 — 0(P)) < L' (1 — a2)}
= P{L;'(a1,P) < (tn+7) (0, —0(P)) < L7;'(1 — an, P)} ,

from which the desired result follows immediately. m

S.3 Proof of Theorem (2.2l

For e > 0 and P € P, define
A,(e,P)=P {sup |Ln(2) — Jy(z, P)| > e} :
zeR
Note that
An(e, P) < P {Sup \Ln(z) — Ln(z, P)| > 6} +P {Sup L (2, P) — Jy(z, P)| > 6} .
zeR 2 zeR 2

Hence, for any € > 0, it follows from Lemma and that

sup A, (e, P) = 0.

PcP

The desired result thus follows by arguing exactly as in the proof of Theorem [2.I but with the
righthand-side of replaced with A, (e, P) throughout the argument. m



S.4 Proof of Corollary

By Theorem it suffices to show that holds. Consider any sequence {P,, € P :n > 1}. For
any n > 0, note that

sup{f)n(a?) — Ln(z, Pn)}

zeR
< SuP{ﬁn(m) — Ly(z +n, Py)} + sup{Ly(z + 1, P,) — Ln(x, Pn)}
zeR zeR
< Sup{f/n(x) - Ln(x +n, Pn)} + Sup{Ln(ﬂU +n, Pn) - Jb(x +n, Pn)}
zeR zeR
+sup{Jo(x, Pn) — Ln(2, Pa)} + sup{Jp(x + 1, P) — Jp(z, P)} -
zeR z€R

The second and third terms after the final inequality above tends to zero in probability under P,, by
Lemma By (i), {Jy(z,P) : b > 1, P € P} is tight and any subsequential limiting distribution

is continuous, so the last term tends to zero as n — 0. Next, we argue that

ilelg{in(w) — Lu(z +1, Po)} < op, (1)

for any 1 > 0. To this end, abbreviate én,b,i = éb(X”’(b)’i) and 0y = &b(X”’(b)’i). First, we show

v 21

" 1<i<N,

that, for any n > 0,

OA_’I’L,b{i o Pn
(P 1‘>n}—>0- (S.4)

Indeed, the expectation of each term in the average is

a—nbi
P |
”{a<Pn> ‘”7}’

which tends to zero by condition (ii). The conclusion (S.4) thus follows from Lemma[4.2] Similarly,

using condition (i) and the requirement that 7,/7, — 0, it follows that for any n > 0

1 730, — 0(P,)] P

— I{ —— 20 . .

A Z { cEy T 30 (S.5)

1<i<N,
It follows from ([S.4) and (S.5) that for any n > 0

1 0, — 0(Py

— ¥ I{Mwy}%o. (S.6)
n 1<i<Nn On,b,i

Note that

ﬁ (fl?) _ L I Tb(én,b,i - G(Pn)) <4 M
! Nn 1<i< Ny 0

On,b,i On,b,i



From (S.6), we see that the last average tends in probability to zero under P,. Moreover, it does
not depend on x, so the desired conclusion follows. A similar argument establishes that
sup{Ln(z, Py) — Ln(2)} < 0p, (1) ,
ze€R

from which the desired result follows. m

S.5 Proof of Theorem 2.3

Lemma S.5.1. Let {G,, : n > 1} and {F,, : n > 1} be sequences of c.d.f.s on R. Suppose X,, ~ F,.

Then, the following statements are true:

(1) If imsup,,_, sup,er{Gn(x) — F(x)} > € for some € > 0, then there exists 0 < ap < 1 and
d > €/2 such that
liminf P{X, < G, (1 —a2)} <1 — (ag+96) .

n—oo

(it) If limsup,,_, . sup,er{Fn(x) — Gn(x)} > € for some € > 0, then there exists 0 < oy < 1 and
d > €/2 such that
liminf P{X, > G, (a1)} <1— (aq +9) .

n—oo
(111) Iflimsup,, .o Supger |Gn(x)—Fy(x)| > € for some € > 0, then there exists a; > 0 and ag > 0
with 0 < ag + ag < 1 and § > €/2 such that

liminf P{G;, (a1) < X, < G,'(1 —an)} <1 — (g +ag +6) .

n—oo

PROOF: We prove only (i). Analogous arguments establish (ii) and (iii). Choose a subsequence ny
and x,, such that Gy, (zn,) > Fn,(xn,) + € > Fy, (zp,). By considering a further subsequence if
necessary, choose 0 < as < 1 and 6 > €/2 such that Gy, (zp,) > 1 — a2 >1—as — 8§ > Fy, (zn,).
To see that this is possible, consider the intervals I, = [Fy, (2n,), Gn,(2n,)] € [0,1] and choose
a subsequence along which the endpoints of I,,, converge. The desired conclusion follows because
each I,,, has length at least € > 0. Next, note that by right-continuity of Fj,,, we may choose
Ty, > Tp, such that Fy, (z;, ) < 1 —as — 4. Thus, Fn_kl(l —ay —0) > x, > xp,. Hence,
Gpl(1— ) = F, /(1 — ag — 0) — 1y, for some 1y, > 0. It follows that P{X,, < G,!(1—a2)} =
P{X,, < F,'(1—as—08)—nn,} < 1—(az2+40), where the final inequality follows from the definition
of F,,1(1 — az — §). The desired result thus follows. m



Lemma S.5.2. Let {G,, : n. > 1} and {F, : n > 1} be sequences of c.d.f.s on R. Let {G,, : n > 1} be
a (random) sequence of c.d.f.s on R, such that for alln > 0 we have that P{sup,cg |Gn(x)—Gyp(x)| >
nt — 0. Suppose X,, ~ F,,. Then, the following statements are true:

(1) If limsup,,_, . Sup,er{Gn(z) — Fn(x)} > € for some € > 0, then there exists 0 < as < 1 such
that
liminf P{X, <G, (1 -a)} <1—as .

n—o0

(11) If imsup,,_, supycr{Fn(z) — Gn(z)} > € for some € > 0, then there exists 0 < oy < 1 such
that
liminf P{X, > G, Y (1)} <1—ay .
n—ro0

(111) Iflimsup,, .. Sup,er |Gn(x)—Fy(x)| > € for some € > 0, then there exists a; > 0 and ag > 0
with 0 < a1 + ag < 1 such that
lini)ian{éT_Ll(al) <X, <Gll-m)}<l—a;—asy.
PROOF: We prove only (i). Analogous arguments establish (i) and (iii). Let E,, = {sup,cg |Gn(z)—
G(z)| < n} for some 0 < n < ¢/2. By part (i) of Lemma choose 0 < ag < 1 and 6 > €/2
so that liminf, e sup,eg P{Xn < G, (1 —aa + 1)} <1 —as +n —J. Note that by part (i) of
Lemma E, implies that G;'(1 — as) < G;'(1 — ag + 7). Hence, P{X,, < G;'(1 — ap)} =
P{X, <G, (1—ag) NE} + P{X, < G (1 —ag) N ES} < P{X, < G '(1— g + 1)} + P{ES}.

The desired conclusion now follows from the fact that P{ES} — 0. m

PROOF OF THEOREM We prove only (i). Analogous arguments establish (ii) and (iii). Choose
{P, € P:n > 1} and € > 0 such that limsup,,_,.. sup,cr{/o(x, Pn) — Jn(z, P,)} > €. We apply
part (i) of Lemma with Gy (z) = Ly (z, Py), Fu(x) = Ju(x, Py) and Gy (x) = Jy(z, P,). The
desired conclusion therefore follows provided that for any 1 > 0 we have that

P, {sup |Ly(x, By) — Jy(z, Py)| > 77} -0, (S.7)
zeR

which is ensured by Lemma Note further that and Lemma {4.2| show that (S.7) holds with
Ly (z) in place of Ly(z, P,). Thus, the same argument with L, (z) in place of L, (z, P,) shows that
(i) holds with L; () in place of L;!(x, P). m



S.6 Proof of Theorem [3.1

Lemma S.6.1. Consider any sequence {P, € P:n> 1}, where P satisfies . Let X, ;,1 =
1,...,n be an i.i.d. sequence of real-valued random variables with distribution P,. Then,
S2 Py
o?(Pn)

PROOF: First assume without loss of generality that p(FP,) =0 and o(F,) = 1 for all n > 1. Next,
note that

DI T h

1<i<n

By Lemma 11.4.3 of Lehmann and Romano| (2005), we have that

1 P,
= X2 81,
LY,

1<i<n

By Lemma 11.4.2 of |Lehmann and Romano) (2005)), we have further that

X, —=0.
The desired result therefore follows from the continuous mapping theorem. m
PROOF OF THEOREM We argue that

sup sup |Jp(x, P) — Jp(z, P)] — 0 . (S.8)
PeP zeR

Suppose by way of contradiction that (S.8]) fails. It follows that there exists a subsequence n, such
that Q(F,,) — Q* and either

sup | Jn, (z, Pp,) — ®o«(z,...,2)| A0 (S.9)
zeR
or
sulg | Jb,,, (T, Pny) — Pox (2, ... 2)| A 0. (S.10)
e

To see that neither (S.9)) nor (S.10) can hold, let

. {ﬁ(xlgl—nm(m)g% , 2 <xk} (8.11)
Kwer) - P {ﬁ(xx(;)m(m)% ﬁ(xiz(;)mm) Sxk}. $12)

Since



it follows from the uniform central limit theorem established by Lemma 3.3.1 of Romano and Shaikh

(2008) that KW(-,PW) A &g« (+). From Lemma we have for 1 < j < k that

Sine Pe g
Uj(Pne)

Hence, by Slutsky’s Theorem, K, (-, Py,) 4 ®q«(-). By Polya’s Theorem, we thus see that (S.9))
can not hold. A similar argument establishes that (S.10|) can not hold. Hence, (|S.8|) holds. For any
fixed P € P, we also have that J,(z, P) tends in distribution to a continuous limiting distribution.

The desired conclusion therefore follows from Theorem and Remark

To show that holds when L '(-, P) is replaced by L-1(-), it suffices by Theorem to
show that holds. Consider any sequence {P,, € P : n > 1}. For any n > 0, note that

sup{ Ly (x) — Ln(z, Py)}

zeR
< SUP{ﬁn(x) — Ly(z 40, P,)} + sup{Ln(z +n, P,) — Lp(x, Pp)}
zeR zeR
< sup{Ly(x) = Ln(z +n, Pp)} + sup{Ly(z +n, Py) — Jp(z + 1, Pr)}
zeR zeR
+ sup{Jp(z, Pn) — Ln(z, Po)} + sup{Jp(z + 0, P) — Jo(x, P)}
zeR zeR

The second and third terms after the final inequality above tends to zero in probability under P,
by Lemma Since {Jp(z, P) : b > 1, P € P} is tight and any subsequential limiting distribution
is continuous, the last term tends to zero as n — 0. Next, we argue that

2gg{in(a:) — Ln(z +n,Py)} < op, (1)

for any n > 0. To this end, for 1 < j <k, let ijmbyi be X'j’b evaluated at X™®) and define S]%n’b’i

analogously. Arguing as in the proof of Corollary it is possible to show that

Ly {m ﬁ(xn,j—uxpn)gn}gm (5.13)

no Sy, (1sisk S,
Note that
- 1 b(Xnpii— Xn
Ln(x) = — Z I{ max VB(Xnpig nj) <z
Na | Sz, isisk Sn.big

o s e YO wbis —(Pa) V(g — 15(P)
Mo\ Sz, isisk Sn,birg 1<j<k Shbij
1 (X, . — u:(P
< Lo(z+nP)+ Z I{ max VB(Xns = 5 n))>77 .
Nyp £ 1<j<k Snbii
1<i<N, bt



From (S.13)), we see that the last average tends in probability to zero under P,. Moreover, it does

not depend on x, so the desired conclusion follows. A similar argument establishes that

sup{Ly(x, Py) — Lp(z)} < op, (1) ,
z€R

from which the desired result follows. m

S.7 Proof of Theorem [3.2

Lemma S.7.1. Let P be defined as in Theorem . Consider any sequence {P, € P :n > 1}. Let

Xnii=1,...,n be an i.i.d. sequence of random variables with distribution P, and denote by b,
the empirical distribution of X, ;,@=1,...,n. Then,
~ P,
12(Fn) — QPRI =50,
where the norm || - || is the component-wise mazimum of the absolute value of all elements.

PRrROOF: First assume without loss of generality that p;(P,) =0 and 0j(P,) =1forall 1 <j <k

and n > 1. Next, note that we may write the (j,¢) element of Q(P,) as

1 1 1 — —
— | = E XniiXnio—XinX . S.14
Sj7n Seﬂl n 1<Z<n TL,Z,] TL,Z,Z j7n 6777’ ( )
From Lemma we have that
SinSen 31 (S.15)

From Lemma 11.4.2 of |Lehmann and Romano (2005), we have that

XinXopm =op,(1) . (S.16)

)

Let Z,,; = X,4,j X 0. From the inequality
lallblT{]allb] > A} < |a*I{la] > VA} + [B*I{]b] > VA}

we see that

lim limsup Ep, [|Z,i|I{|Zn:i| > A}] =0 .

A—=00 n—oo

< 1, we have further that

Moreover, since |Ep, [Zy.i]

lim limsup Ep,[|Zn,: — Ep, [ Zn il I{|Zn; — Ep,[Zn ]| > A\}] =0

A—=00 p—oo



Hence, by Lemma 11.4.2 of Lehmann and Romano| (2005), we have that
1
= " XnijXnie = Ep,[Xni;jXnid +op, (1) . (5.17)
n 1<i<n

The desired result follows from (S.14]) - (S.17)) and the observation that |Ep, [ X, ; j X5 < 1. m

PROOF OF THEOREM The proof closely follows the one given for Theorem so we provide
only a sketch.

To prove (i), we again argue that holds. To this end, suppose by way of contradiction that
fails. It follows that there exists a sequence {P, € P : n > 1} along which
ilelg |Jp(z, Py) — Jn(z, Py)| 4 0. (S.18)
By considering a further subsequence if necessary, we may assume without loss of generality that
Zn(Py) <4 7* under P, and Q(P,) — Q with Z* ~ N(0,Q%). Lemma thus implies that
Q,, Py, By assumption, we therefore have that and hold for all x € R. This convergence
is therefore uniform in x € R. It therefore follows from the triangle inequality that can not
hold, establishing the claim.

To prove (ii), we again show that holds and apply Theorem Consider any sequence
{P, € P:n>1}. For any > 0, note that

sup{Ln(x) — Ly (x, P,)}

zeR
zeR zeR
< SUP{ﬁn(x) — Ln(z +n, Po)} + sup{Ln(z + 1, Pn) — Jp(x +n, P,)}
zeR zeR
+ Sup{Jb(l', Pn) - Ln<x7 Pn)} + Sup{Jb(x + 1, Pn) - Jb(xa Pn)} .
zeR zeR

For any n > 0, the second and third terms after the final inequality above tend in probability to zero
under P, by Lemma Since {Jp(x,P) : b > 1, P € P} is tight and any subsequential limiting
distribution is continuous, we see that the last term tends to zero as n — 0. Next, we argue that

Sgg{in(m) — Lyp(z +n,Pa)} < op,(1)

for any n > 0. To this end, let Z,; equal Zy(P,) evaluated at X and let Z;%b’i equal Z, 4
except with u(P,) replaced by X,. Similarly, let Q,;, equal QO evaluated at X™©®)i In this
notation, L,(-, P,) is the empirical c.d.f. of the values f(Z,4:, Qnp,) and f/n() is the empirical
c.d.f. of the values f(ZAb’i, Q. pi). From Lemma 3.3.1 of Romano and Shaikh (2008)), we see that

the distributions of both Z,;; and Z/ , . under P, are tight. Hence, there exists a compact set K

9



such that P,{Z,,, ¢ K} < ¢/3 and P,{Z] ,. ¢ K} < €/3. Moreover, with the first argument of
f restricted to K, f is uniformly continuous (since the second argument already lies on a compact
set as correlations are bounded in absolute value by one). It follows that for any 7 > 0 there exists

d > 0 such that |f(z,w) — f(/,w)| <nif |z — 2| < § and z and 2’ both lie in K. Hence,

1 /
Ly(x) < Ly(x +n, Po) + N, Z (I{|Zn,b,i — Lnbi

" 1<i<N,

>0b+ HZnps ¢ K} +1{Z,,, ¢ K}) -
Aruging, for example, as in the proof of Lemma we see that the final term above equals

Pof{|Znpi — Zppil > 0} + Pud{Znpi ¢ K} + Pu{Zy, 4, € K} +op,(1) -

Since

P,
|Zn7b,i - Z;L,b,i| =0,

we see that

Ln(z) < Lo(z 41, P,) + ¢

with probability tending to one under P,,. As e does not depend on z, the desired conclusion follows
by letting € — 0. A similar argument establishes that

sup{Ln(z +n, Py) — in(x)} <op,(1),

z€R
from which the desired result follows. Finally, it follows from Remark that we may replace

liminf, ,. and > by lim,,_,,, and =, respectively.

S.8 Proof of Theorem [3.3

We argue that

limsup sup sup{Jy(z, P) — Jp(z,P)} <O0.
n—oo  PePgzeR

Note that
a;(P) v/nu;(P)
_ . <
Jp(z,P) =P {fgagxk {ZML(P) + Simoy(P) <z,
where _
Sin
For § > 0, define
_ oi(P)
E.(6,P) = {élfgxk Sin 1‘ < (5} .

10



Note that

0;(P) Vb, (P)
Sip 0 (P)

B(P)+ (1 + 5)\/W} < gg} + P{E,(5, P)°}

Jp(xz, P) < P{ max {ZM(P) + } <z NE,(, P)} + P{E,(6,P)°}
aj(P)

Vnu;(P)
oj(P)

AN
Y
—
LE
AT
—
N

= P{ max {Zj,b(P) +(1—-9) + AM(P)} < a:} + P{En(6,P)°}

where

By (P) = VL) ((1 +9) YL (1 6>) .

Note that for all n sufficiently large, A;,(P) > 0 for all 1 < j < k. Hence, for all such n, we have
that

Jp(z,P) < P {fé% {ijb(P) +(1- 5)%} < x} + P{E,(6,P)°} .
We also have that
Iz, P) > P {1@% {ZM(P) n 03955) \/sz;f)} < 2 En(s, P)}
> p {@% {Zm(P) +(1-0) “ZZE;D) } < 2N En(o, P)}
> P {1@% {ZM(P) £ (1-96) \/Z%f) } < 1:} P{E,(5, P)°}

Therefore,

Jo(z, P) — Jo(z,P) < p{ max {zj,b(p) (1 5)W} < x}

- 1<j<k
v (

—P{ max {zj,n(P) +(1=0) Uj(Pf)} < :c} +2P{EW(5, P)°} .

1<j<k

Note that Lemma implies that
sup P{E,(6,P)°} — 0.
PePy

It therefore suffices to show that for any sequence {P,, € Py : n > 1} that

, P R Al AL O
P, {lrgjag(k {ijb(Pn) +(1-9) o1 (P) <z
v (Fn)
— P, Zin(Py 1-— <
{ggggk{ jn(Pn) + (1 —10) o (P @
tends to zero uniformly in z. But this follows by simply absorbing the terms (1 — 5)% into

the x and arguing as in the proof of Theorem [ ]

11



S.9 Proof of Theorem [3.4]

By arguing as in |[Romano and Wolf| (2005), we see that

FWERp < P VoA S Y1 - a, Ko(P)) b,
o= { Y5 > 0 -0 )

where

Ko(P) = {1<j <k: u(P) <0}

The desired conclusion now follows immediately from Theorem n

S.10 Proof of Theorem [3.5|

We begin with some preliminaries. First note that

Ju(z.P) = P{gg\Bﬂ(P{(—oo,ﬂ})r s:c}

= P{ sup |Bn<t>\s9c} ,

teR(P)

where B,, is the uniform empirical process and
R(P) =cl({P{(—o0,t]} : t € R}) . (S.19)

By Theorem 3.85 of |Aliprantis and Border| (2006), the set of all nonempty closed subsets of [0, 1]

is a compact metric space with respect to the Hausdorff metric

dg(U,V)=inf{n>0:UC V"V CU"}. (S.20)
Here,
Un = U An(u) )
uelU

where A, (u) is the open ball with center u and radius 7. Thus, for any sequence {P, € P : n > 1},

there is a subsequence n, and a closed set R C [0, 1] along which
dp(R(Pp,),R) = 0. (S.21)

Finally, denote by B the standard Brownian bridge process. By the almost sure representation

theorem, we may choose B,, and B so that

sup |B,(t) — B(t)| — 0 a.s. (S.22)
0<t<1

12



We now argue that

sup sup |Jp(x, P) — Jp(z, P)| = 0 . (S5.23)
PeP zeR

Suppose by way of contradiction that (S.23)) fails. It follows that there exists a subsequence ny and
a closed subset R C [0, 1] such that dy(R(Fy,), R) — 0 and either

sup |Jn, (z, Pp,) — J*(x)| # 0 (S.24)
zeR
or
sup | Jy,, (2, Pn,) = J*(2)| /0, (5.25)
z€R
where

J*(z) = P {sup IB(t)] < x} .

teR
Moreover, by the definition of P, it must be the case that R contains some point different from

zero and one. To see that neither (S.24]) or (S.25)) can hold, note that

sup | Bn(t)| - sup |B(t)]
LER(Pn,) teR

< sup |By(t) — B(t)| +
teR(Pp,)

sup |B(t)| —sup|B(t)|| . (S.26)
teR(Pn,) teR

By (S.22)), we see that the first term on the righthand-side of (S.26) tends to zero a.s. By the a.s.
uniform continuity of B(t) and (S.21)), we see that the second term on the righthand-side of (|S.26])
tends to zero a.s. Thus,

d
sup | Bn(t)] < sup [B(t)] .
teR(Pn,) teR

Since R contains some point different from zero and one, we see from Theorem 11.1 |Davydov et al.
(1998) that sup,cr B(t) is continuously distributed. By Polya’s Theorem, we therefore have that
holds. A similar argument establishes that can not hold. Hence, holds. For any
fixed P € P, we also have that J,(z, P) tends in distribution to a continuous limiting distribution.

The desired conclusion now follows from Theorem and Remark

To show the same result for the feasible estimator L., we apply Theorem To do this, let
P, be any sequence of distributions, and denote by F;, its corresponding c.d.f. Also, let F, be the
empirical c.d.f. of X ™) and let Fn,b,i denote the empirical c.d.f. of X™®)  For any n > 0, note
that

sup{f}n(w) — Ln(x, Pn)}

zeR

< SUP{ﬁn(x) — Ly(z + 1, Py)} + sup{Ly(z + 1, P,) — Ln(x, Pn)}
zeR zeR

< Sup{f/n(w) - Ln(x +n, Pn)} + Sup{Ln(x +n, Pn) - Jb(x +n, Pn)}
zeR zeR

+ sup{Jy(z, Pn) — Lo(z, Po)} + sup{Jo(z + 0, Pn) — Jp(z, Pn)} .
zeR zeR
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For any 1 > 0, the second and third terms after the final inequality above tend in probability to
zero under P, by Lemma[f.2] Arguing as above, we see that {J,(z, P) : b > 1, P € P} is tight and
any subsequential limiting distribution is continuous. Hence, the last term tends to zero as n — 0.

Next, we argue that

sup{Ly(x) = Ll +1, P} < op, (1)

for any n > 0. To this end, note that for any n > 0 we have by the triangle inequality that

Ln(z) = ! > I{\/Esup]Fnbz()—Fn(t)\Sx}

teR

IN

P X 1 {Vesw B - O < o+ 1{Visw F(0) - Fio)] > 0}

1<i<N,, teR teR

= Ln(z+n,F) +I{\/58up!Fn(t) = Fu(t)| > 77} :

teR
The second term is independent of x and, by the Dvoretsky-Kiefer-Wolfowitz inequality, tends to
0 in probability under any P,, from which the desired conclusion follows. A similar argument

establishes that

sup{Ln (2, P,) — Ly(x)} < op, (1) ,
zeR

and the result follows. m

S.11 Proof of Theorem 3.6

Lemma S.11.1. Let h be a symmetm'c kernel of degree m. Denote by J,(x, P) the distribution of
R, (X™_ P) defined in . Suppose P satisfies (33) and (34). Then,

lim sup sup |J(z, P) — ®(x/c(P))| =0 .
N7 peP zeR

PRrROOF: Let {P, € P : n > 1} be given and denote by X, ;,i = 1,...,n an i.i.d. sequence of

random variables with distribution P,,. Define

An(Po) =020, — 0(P,)) —mn ™2 3" (X, P) (S.27)

1<i<n

where g(x, P) is defined as in . Note that A, (P,) is itself a mean zero, degenerate U-statistic.
By Lemma A on p. 183 of Serfling| (1980), we therefore see that

Vars el = (1) 30 (M) (0 e (529)

2<c<m
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where the terms (.(P,) are nondecreasing in ¢ and thus
Ce(Py) < ¢m(Pn) =Varp, [M(X1,..., Xm)] .

Hence,

Varp, [An(Pp)] < n<”> - 2<§cgm <m> (" N m> Varp, [M(X1, ..., Xm)] -

It follows that

o [S45] <o(2)” 5 (1))

() S G

it follows from that the lefthand-side of (S.29) tends to zero. Therefore, by Chebychev’s

Since

inequality, we see that
AulFo) by
o(Py)

Next, note that from Lemma 11.4.1 of Lehmann and Romano| (2005) we have that

—12 N 9&Kni ) d
mn 1<zi<:n (D)) — O(x) (S.30)

under P,. We therefore have further from Slutsky’s Theorem that

n'/2(0, — 0(P,)) 4
(P — O(x)

under P,. An appeal to Polya’s Theorem establishes the desired result. m

Proor oF THEOREM |3.6f From the triangle inequality and Lemma we see immediately
that

sup sup |Jp(x, P) — Jp(z, P)| = 0 .
PeP zeR

For any fixed P € P, we also have that J,(x, P) tends in distribution to a continuous limiting

distribution. The desired conclusion therefore follows from Theorem and Remark

Finally, from (S.30) and Remark it follows that the same results hold for the feasible

estimator L,,. m
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S.12 Proof of Theorem

Lemma S.12.1. Let J,(x, P) be the distribution of the root . Let P be defined as in Theorem
. Let P’ be the set of all distributions on R¥. Finally, for (Q, P) € P! x P, define

p(Q.P) = max{ mx { [ 1,0.@) = 5 Pl expl-0ar b 196@) - 2P |
where Q(P) is the correlation matrixz of P,
X — ui(P)\2 X — uiP
< i — 1 )) I{‘ i — 1 )‘>)\} ’ (S.31)
aj(P) aj(P)
where the norm || - || is the component-wise mazimum of the absolute value of all elements. Then,

for all sequences {Q, € P’ : n > 1} and {P, € P : n > 1} satisfying p(Qn, Py) — 0

’f‘j()\,P) =FEp

lim sup sup |Jn(z, Qn) — Jn(z, Py)| =0 . (S.32)

n—oo z€R

ProOF: Consider sequences {@Q, € P’ : n > 1} and {P, € P : n > 1} satisfying p(Qn, P) — 0.
We first argue that

lim limsupr;(A\, P,) = 0 (S.33)
A—=00 n—oo
lim limsupr;(A\,Qn) = 0 (S.34)

A—=00  n—oo

for all 1 < j < k. Since P, € P for all n > 1, we have immediately that holds for all
1 < j <k. To see that holds for all 1 < j < k as well, suppose by way of contradiction that
it fails for some 1 < j < k. It follows that there exists € > 0 such that for all X’ there exists A > X
for which (A, Q) > 2¢ infinitely often. Since holds, we have that there exists A’ such that
(N, P,) < € for all n sufficiently large. Hence, there exists \” > X' such that r;(\", Q) > 2¢ and
rj(N, P,) < € infinitely often. It follows that

75 (A Pn) — 75 (A, Qn)| > €

for all A € (X, \”) infinitely often. Therefore, p(P,, Q) # 0, from which the desired conclusion

follows.

We now establish ([S.32)). Suppose by way of contradiction that (S.32)) fails. It follows that there
exists a subsequence ny such that Q(FP,,) — Q*, Q(Q,,) — Q* and either

sug |, (2, Pp,) — ®ax(z,...,x)| A0 (S.35)
x<
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or

sulg | I, (2, Qn,) — Po=(z,...,2)| A0 . (S.36)
S

Let Kn(sc, P) be defined as in (S.12]). Since

d
Po(p,,) (1) = Pa- ()
it follows from (S.33]) and the uniform central limit theorem established by Lemma 3.3.1 of Romano
and Shaikh| (2008) that K,, (-, Py,) 4 ®q-(-). From Lemma we have for 1 < j < k that

Sine Pe g
Uj(Pnz)

Hence, by Slutsky’s Theorem, Ky, (-, Py,) LN ®q-(-). By Polya’s Theorem, we therefore see that
(S.35) can not hold. A similar argument using ([S.34) establishes that (S.36)) can not hold. The

desired claim is thus established. m

Lemma S.12.2. Let P is defined as in Theorem . Consider any sequence {P,, € P : n > 1}.
Let X5, =1,...,n be an i.i.d. sequence of random variables with distribution P, and denote by

B, the empirical distribution of Xy ;,i=1,...,n. Then,
> 5 P
/ 75 (A Pn) = 15(A, Po)| exp(=A)dA =4 0 (S.37)
0

for all 1 < j <k, where r;(\, P) is defined as in (S.31).

PROOF: First assume without loss of generality that p;(P,) =0 and oj(P,) =1forall 1 <j <k
and n > 1. Next, let 1 < j <k be given and note that (A, B,) = A, — 2B, + C,, where

11 2 %
A = @y Z X i U Xnij = Xjnl > ASjn}
Jm T 1<i<n

Xinl _

B, = Sé’n* > XnigI{|Xnij — Xjml > ASjn}
gn 1<i<n
X2 1 _

Co = o 2o HXnag = Xjal > ASjn} -

in U 1<i<n

From Lemma 11.4.2 of |Lehmann and Romano| (2005)), we see that

Xin 30 (S.38)

and

1 P,
- Z | Xl = Ep,[| Xnajl] <1,
" Sizn

17



where the inequality follows from the Cauchy-Schwartz inequality. From Lemma [S.6.1] we see that

§2, 51 (S.39)

Since _
[ Xjn| 1 3
|Bn| < Sén H |Xn,i,j| ’

Jn U 1<i<n
we therefore see that B, = op, (1) uniformly in X\. A similar argument establishes that C,, = op, (1)

uniformly in A and

) _
An = D Xo i i Xnig — Xjnl > ASjn} +op, (1)

1<i<n

uniformly in A. In summary,

N 1 _
r(\ P, = - Z X2 i Xnij — Xjul > ASjn} + A (S.40)
1<i<n
uniformly in A, where
A, =op,(1). (S.41)
For € > 0, define the events
Enle) = {|Xp|<enl—e< S, <1+¢}
’ - l 2 . _ 2 .
Ej(e) = qsup|- > X7I{|Xi| >t} — Ep [X7I{|X;| > t}]| <e
teR | T 1<i<n
Ey(e) = {lAn[<e}.
We first argue that
PAE,(e)NEL(e)NE!(e)} — 1. (S.42)

From (S.38)) - (S.39) and (S.41)), it suffices to argue that P,{E/(¢)} — 1. To see this, first note

that the class of functions

{2*I{|z| >t} :t € R} (S.43)

is a VC class of functions. Therefore, by Theorem 2.6.7 and Theorem 2.8.1 of [van der Vaart and
Wellner| (1996)), we see that the class of functions (S.43) is Glivenko-Cantelli uniformly over P.

Next, note that the event E,,(€) implies that

HIXi| >t (N o)) S T{XG — X > AS, ) < X >t (N 6)}
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for all A, where
tt(Ae) = (1+e)A+e
t7(N\e) = (1—e)dA—e€.

The event E,(e) N E/ (¢) therefore implies that the first term on the right-hand side of ([S.40) falls

in the interval
[Ep, [XH{|Xi| > tT (N, )}] — &, Bp, [XPI{|Xi| >t~ (X, €)}] + ¢
for all X. Hence, E,(¢) N E. (¢) N E/(e) implies that (), P,) falls in the interval
[Ep, [XZH{|Xi| > tT (X, )}] — 26, Bp, [XPI{|Xi| > ¢ (X €)}] + 2¢]

for all X\. Since, A € [t~ (A, €),tT (A, ¢)] for all X > 0, it follows that E,(e) N E/(¢) N E/(e) implies
that

Ir(\, Bo) — (N, Bo)| < r(t (A €), Po) — r(tT (N €), Py) + 4e
for all A > 0.

Since (S.42)) holds for any € > 0, it follows that there exists €, — 0 such that (S.42) holds with
€n in place of €. Let €, be such a sequence. We have w.p.a. 1 under P, that the left-hand side of

(S.37)) is bounded from above by
/ (r(t= (N €n), Pn) —r(tT (N €n), Pn) + 4e,) exp(—A)dA . (S.44)
0

To complete the argument, it suffices to show that tends to zero. Suppose by way of
contradiction that this is not the case. Since is bounded, it follows that there exists a
subsequence along which it converges to § > 0. Since the sequence {P, : n > 1} is tight, along such
a subsequence there exists a further subsequence n, such that P,, converges weakly to P. Since

t= (A en) — X and tT()\, €,) — )\, we have that
Tt (N €ny), Pn,) — r(t+(>\, €ny), Pn,) +4€p, > (A, P) —1(\,P) =0

for all A in a dense subset of the real line. Hence, by dominated convergence, ([S.44]) converges along
the subsequence ny to zero instead of §. This contradiction establishes that (S.44]) tends to zero,

from which (S.37)) follows. m

PROOF OF THEOREM Let P’ be the set of all distributions on R*. For (Q, P) € P/ x P, define
p(Q, P) as in Lemma [S.12.1, Consider any sequence {P,, € P : n > 1}. Trivially,

P{P,eP}—1.
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From Lemma and Lemma [S.12.2] we see that p(Pn,Pn) ) Finally, for any sequences
{Qn€P :n>1} and {P, € P : n > 1} satistying p(Qn, P,,) — 0, we have by Lemma [S.12.1] that

lim sup sup |J,,(z, Qrn) — Jn(z, P,)| = 0.

n—oo xR

The desired conclusion therefore follows from Theorem and Remark ]

S.13 Proof of Theorem [3.8

Let P’ be the set of all distributions on R¥. For (Q,P) € P’ x P, define p(Q, P) as in Lemma
S.12.1} Consider any sequence {P,, € P : n > 1}. Trivially,

P{P,eP} 1.

From Lemma and Lemma [S.12.2] we see that p(P,, P,) P4 0. To complete the argument, we
establish that

lim sup |Jp(z,Qn) — Ju(z, P,)| =0 (S.45)

n—oo zeR

for any sequences {Q, € P’ : n > 1} and {P, € P : n > 1} satisfying p(Qn, P,,) — 0. To this end,
suppose by way of contradiction that (S.45)) fails. Then, there exists a subsequence n, and n > 0
such that

sup |an($ine) - an(xvpne” — 1.
zeR

By choosing a further subsequence if necessary, we may assume that Q(P,,) — Q*, Q(Qn,) — Q*.

A Py A Qn
From Lemma [S.7.1} it follows that Q,, — Q* and (,, — Q*. By choosing an even further

subsequence if neccesary, we may, again by arguing as in the proof of Lemma assume
that Z,,(P,,) L A O+ (z) under P,, and Z,,(Qn,) L A P+ (z) under @Q,. Hence,
by the continuous mapping theorem, we see that f(Zn,(Pn,),n,) 4 f(Z*,9*) under P,, and
F(Zny(Quy)s ) A f(Z*, ) under Q,,,. It follows from Lemma 3 on p. 260 of Chow and Teicher
(1978) that Py, {f(Zn,(Pn,),m,) < 2} and Qu,{f(Zn,(Qn,), n,) < x} both converge uniformly
to P{f(Z*,Q*) < x}. From this, we reach a contradiction to (S.45). The desired conclusion (39))

therefore follows from Theorem 2.4l m

S.14 Proof of Theorem [3.9

Note that

To(X™) = inf (Z,(P) —r(t,P))'Q2

teRF:t<0 1(Zn(P) —r(t,P)),

n
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where

It follows that

where

*

Sln T Sk’n

) )

P P
Therefore, for any P € Py, we have that T,,(X™) < R, (X, P). Tt follows that for any such P,
P{T,(X™) > J-'1—a, B)} < P{R(X™ ,P)> J- (1 —a,P,)} .

To complete the argument, it suffices to apply Theorem M with f(Z,(P),Q,) = R, (X™, P).
The function f defined in this way is clearly continuous. It therefore only remains to verify the
conditions and (38). To this end, consider a sequence {P, € P : n > 1} such that Z,(P,) 4z
under P, and €, Py Q, where Z ~ N(0,Q). Since f is non-negative by construction, holds
trivially for < 0 and holds trivially for x < 0. By the continuous mapping theorem,

f(Zn(Pr), Q) 4 f(Z,Q) under P,. Since P{f(Z,Q) < z} is continuous at = > 0, it follows that
and also hold for > 0. It remains to verify for x = 0. To this end, note that

PTL{f(Zn(Pn)’Qn) < 0} = P{Zn(Pn) < 0}
— P{Z <0}

P{f(2,Q2) <0},

where the first equality follows from the fact that €, defined in is strictly positive definite,
the convergence follows from the assumed convergence in distribution of Z,(P,) to Z under P,,
and the second equality follows from the fact that max{e — det(€2),0}I; + € is strictly positive
definite.

S.15 Proof of Theorem [3.10!

By arguing as in |Romano and Wolf| (2005), we see that

X.
FWERp < P{ max Y Xin

> J (1 —a,Ko(P),Py) ¢ S.46
e S 00— 0 (P). B ($.46)

where

Ko(P) ={1<j <k:puj(P)<0}.
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Furthermore, the righthand-side of ([S.46|) is bounded from above by

P{ max Y Kin = 15(P)) JN1 = o, KO(P),Pn)} .
jEKo(P) Sin

The desired conclusion now follows immediately from Theorem ]

S.16 Proof of Theorem [3.11]

As in the proof of Theorem it is useful to begin with some preliminaries. Recall that that

Ju(@,P) = P{ngp|Bn<P{<—oo,ﬂ}>| s:c}

teR(P)

= P{ sup IBn(t)lél‘} ,

where B,, is the uniform empirical process and R(P) is defined as in . By Theorem 3.85 of
Aliprantis and Border| (2006)), the set of all nonempty closed subsets of [0, 1] is a compact metric
space with respect to the Hausdorff metric . Thus, for any sequence {P,, € P : n > 1}, there
is a subsequence ny and a closed set R C [0, 1] along which holds. Finally, denote by B the

standard Brownian bridge process. By the almost sure representation theorem, we may choose B,

and B so that ([S.22)) holds.

Let P’ be the set of all distributions on R. For (Q,P) € P’ x P, let
p(Q,P) = sup |Q{(—00, 1]} = P{(—o00,t]}| .
€

Consider sequences {P, € P : n > 1} and {Q,, € P’ : n > 1} such that p(Qn, P,) — 0. We now
argue that
lim sup sup |J,(z, Qrn) — Jn(z, Py)| =0 . (5.47)

n—oo z€eR

Suppose by way of contradiction that (S.47)) fails. It follows that there exists a subsequence ny and
a closed subset R C [0, 1] such that dy(R(F,,), R) — 0 and either

sup |Jn, (z, Pp,) — J*(x)| # 0 (S.48)
zeR
or
sup |Jn, (z,Qn,) — J*(z)| ~ 0, (S.49)
zeR
where

JH(z) = P {fg}; B(t)| < x} .
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Moreover, by the definition of P, it must be the case that R contains some point different from zero
and one. Since p(Qn, P,) — 0, we have further that dg(R(Qn,), R) — 0 as well. It now follows
from the same argument used to establish that neither or can hold that neither
or can hold. Thus, holds. Next, consider any sequence {P,, € P : n > 1}. Trivially,

PP, cP'} —>1.

By an exponential inequality used in the proof of the generalized Glivenko-Cantelli theorem (see,

e.g., Pollard| (1984))), we also have that

The desired conclusion therefore follows from Theorem 2.4 and Remark 2.6 m

S.17 Proof of Theorem [3.12|

Lemma S.17.1. Let g(z, P) be defined as in (31)). Then,
Ep[lg(X, P)[P] < Ep[|h(X1, ..., Xin) = On(P)["]

for any p > 1.

PROOF: Note that
Ep[h(X1,..., Xm)|[X1] = Oh(P) = g(X1, P) .

Apply Jensen’s inequality (conditional on X;) to the function |z|P to obtain
9(X0, PP < Ep([h(X1, .., X) — 04(P) P X1] (.50)
The desired conclusion follows by taking expectations of both sides of (S.50|). m

Lemma S.17.2. Let h be a symmetric kernel of degree m. Denote by J,(x, P) the distribution of
R.(X™ | P) defined in . Suppose

P CPyoi58MNShs
for some 6 >0 and B > 0, where Py 2455 and Sy, s are defined as in Example|3.11. Then,

lim sup sup|Jp(z, P) — ®(x/o(P))| =0 .

n—oo PcP =z
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PROOF: It follows from Lemma [S.I7.1 and the definition of Py 2,5 p that
Ep[lg(X,P)**] < B (S.51)

for all P € P, where g is defined as in . From the definitions of Py, 2455 and Sy 5 and (S.51)),
we see that the conditions of Lemma hold, from which the desired conclusion follows. m

Lemma S.17.3. (Uniform Weak Law of Large Numbers for U-Statistics) Let h be a kernel of degree
m. Consider any sequence {P, € Pp, 1455 : n > 1} for some 6 > 0 and B > 0, where Py, 1455 is
defined as in Example . Let Xp 3,1 =1,...,n be an i.i.d. sequence of random variables with
distribution P,. Define

A n—m)!
0, = (m) > W Xnrs - X)) - (S.52)
p

Here, Zp denotes summation over all (:rll) subsets {i1,...,im} of {1,...,n} together with each of

the m! permutations of each such subset. Then,
EPnHén - gh(Pn)P—HS} -0,

SO

b, — 0,(Py) 0 .

PrROOF: Let k = k, be the greatest integer less than or equal to n/m. Compare 6, with the

estimator 6, defined by

kn
On = kgl Z h(Xmm(i—l)-i—l: Xn,m(i—1)+2> s aXn,mi) .

=1

Note that én is an average of k,, i.i.d. random variables. Furthermore,
EPn [én‘Fn] = én ;

where JF,, is the symmetric o-field containing the set of observations X1, ..., X,, without regard to

ordering. Since the function |z|'*9 is convex, it follows from the Rao-Blackwell Theorem that
EPnHén - ah(Pn)’H_é} < EPnHén - eh(Pn)‘l—Hs] :

By an extension of the Marcinkiewcz-Zygmund inequality (see, for instance, p. 361 of |(Chow and
Teicher| (1978)) and the definition of Py, 15 p, the righthand-side of the last expression is bounded
above by

Askr P Ep, [[h( X1y Xnm) — On(Po)|"0) < Ask,°B

where Ag is a universal constant. Since k,, — 0o, the desired result follows. m
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Lemma S.17.4. (Uniform Weak Law of Large Numbers for V-Statistics) Let h be a kernel of
degree m. Consider any sequence {P, € Ph,1+6,B :n > 1}, where Ph71+573 is defined as in Example
. Let X, 4,1 =1,...,n be an i.i.d. sequence of random variables with distribution P,. Define
6,, = nim S > WXy Xy - (S.53)
1<i1<n 1<im<n
Then,

B, — 0n(Po) 220 .

PRroOOF: Note that

On = 6,00 + (1 —6,)S,, , (S.54)
where S, is the average of h(X,, ., ..., X, ) over indices {i1,. .., iy} where at least one i; equals
i for j # k and

—1).---(n— 1

nm

It therefore suffices by Lemma [S.17.3] to show that

To see this, apply Lemma to S, by separating out terms with similar configurations of
duplicates. Note that in the case where i1,..., 1, are not all distinct, |Ep, [M(Xp i1, .-, Xnim)] —

0r,(P,)| need not be zero, but it is nevertheless bounded above by

1

Eanh(Xn’il, o 7Xn,im) — Gh(Pn)H < B1+s
by Hoélder’s inequality. The desired result follows. m

Lemma S.17.5. Let h be a symmetric kernel of degree m. Define the kernel h' of degree 2m
according to . Consider any sequence {P, € Ph’,l+6,B :n > 1}, where f’h/71+573 is defined as in
Ezample(3.11. Let X,,;,%=1,...,n be an i.i.d. sequence of random variables with distribution P,.
Denote by P, the empirical distribution of X, ;,i=1,...,n. Then o%(P) defined by satisfies

2/ P 2 Py

o°(Py) —o0°(P,) =0,

S0

Pn{lsn S Sh,y} —1

for any 0 < &' < 4, where Sy, 5 is defined as in Example(3.11]
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PRrOOF: Note that

g(z, P, sy Z Wz, Xy, ..., X)) —0(P,)
1<12<n 1<im<n
SO
2
_ A 1 R
mPt(Po) =~ D | D Y WX X)) = 0(B)
1<i1<n 1<is<n 1<im<n
Since

02(P,) _sz ZZ Zh i X)X X))

i1=1 im=171=1 Jm=1

we have that

m202(P,) anZ ZZ Zh’ i Xy Xy oo X0 ) (S.55)

i1=1 im=1jo=1 Jm=1
Applying Lemma [S.17.4] to the righthand-side of (S.55)), we see that

m202(P,) — 0 (Py) 220
Next, note that

VaI‘pn [g(X, Pn)] = Varpn [Epn [h(Xl, ey Xm)‘Xl]]
= FEp [h(X1,..., X;)h( X1, Xint2, .., Xom)]
—Ep [MX1,..., Xo)]Ep, [MXmit1s- - Xom)] -

Thus, 0y (P,) = m~202(P,), which completes the proof. m

Lemma S.17.6. Let h be a symmetric kernel of degree m. Consider any sequence {P,, € 13h72+573 :
n > 1}, where 15h,2+573 is defined as in Example . Let Xy i,i=1,...,n be an i.i.d. sequence of
random variables with distribution P,. Denote by B, the empirical distribution of X, ;,i=1,...,n.

Then there exists &' > 0 and B’ > 0 such that

Pn{pn S Ph72+5/73/} — 1.

PROOF: Choose 0 < ¢’ < ¢ and note that

Ap = EBp [|W(X1, ..., Xp) = 04(Po)[P] = — S D> Xy X)) = 00 (P) P
1<11<n 1<tm<n

It suffices to show that there exists B’ > 0 such that A, < B’ with probability approaching one

under P,. By Minkowski’s inequality,

_1
2467

1
7 ]- / ra
At < nm > Y Xy X)) = On(Po) T + 10 (Pn) =0 (Fn)] - (S.56)

I<ii<n 1<im<n
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To analyze the first term on the lefthand-side of , we apply Lemma with the kernel
By ... xm) = |h(z1,. .. 2m) — 0 (B) 2T (S.57)
To see that the lemma is applicable, we verify that
Dy = Ep, [M(Xniys - Xnin) — 05 (P)|"F] < ©
for some € > 0 and C' > 0. By Minkowski’s inequality, we have that
DI < Bp, [[W(Xs,,. ., X, )77 + [Ep (X0, X)) (S.58)

Choose € > 0 so that (1 +¢€)(2+ ') = 2+ §. By (S.57) and the definition of Py 24 5, the first
and second terms in (S.58) are both bounded from above by BT, It therefore suffices to take
C = 2'7¢B. Tt follows that the first term on the lefthand-side of (S.56) may be expressed as

/ _1
[Epn[|h(Xn7i17 s 7Xn,im) - eh(Pn)|2+6 ] + OPn(l)] 2o

By Lemma we have that the second term on the lefthand-side of is op, (1). Hence,
the lefthand-side of may be expressed as
[Ep, [|M Xniys s Xniim) — Hh(Pn)|2+5,] + Opn(l)]ﬁ +op,(1) .
From the definition of f’h,2+5, B, the desired result follows by setting
B = (BES 4+ 077 + o+

for some e > 0. m

PROOF OF THEOREM Choose ¢’ > 0 and B’ > 0 according to Lemma [S.17.6, Let P’ be any
set of distributions on R such that

P' CPhoyy B NShy -

For (@, P) € P’ x P, define
p(Q, P) = |0*(Q) — o*(P)] .
Consider any sequence {P,, € P : n > 1}. From Lemma and Lemma we have that
P{P,cP'} >1.

From Lemma we have that

p(Po, P B30
Finally, for all sequences {@,, € P’ : n > 1} and {P, € P : n > 1} satisfying p(Q, P,) — 0, we
have from Lemma and the triangle inequality that

lim sup sup | J,,(z, Qrn) — Jn(z, P,)| =0 .

n—oo zeR
The desired conclusion therefore follows from Theorem 2.4 and Remark 2.6l m
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