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Abstract

We propose a general approach to inference for a broad class of models that arise in the analysis
of treatment effects with discrete-valued treatments and instruments and a general-valued outcome. In
addition to instrument exogeneity, the main substantive assumption in our class of models rules out
certain response types by assuming that they occur with probability zero. Here, the response type refers
to the vector of potential outcomes and potential treatments, and we refer to a set of possible values
for the response type as a generalized principal stratum. Through a series of examples, we show that
this framework encompasses a wide variety of assumptions that have been considered in the previous
literature. Our framework allows inference on any treatment effect parameter that can be expressed
as the expectation of a function of the response type conditional on a generalized principal stratum.
We develop methods for inference on such parameters under these assumptions, as well as methods for
testing the validity of the assumptions themselves. A key result of our analysis is a characterization
of the identified set for such parameters under these assumptions and the testable restrictions for the
assumptions themselves in terms of existence of a non-negative solution to linear systems of equations
with a special structure. We propose methods for inference exploiting this special structure and recent
results in Fang et al. (2023).
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1 Introduction

We propose a general approach to inference for a broad class of models that arise in the analy-
sis of treatment effects with discrete-valued treatments and instruments and a general-valued
outcome. In addition to instrument exogeneity, the main substantive restriction imposed in
our analysis is that certain values for the response types occur with probability zero. Here,
the response type refers to the vector of potential outcomes and potential treatments, and
we refer to a set of possible values for the response type as a generalized principal stratum.
Through a series of examples, we show that our framework encompasses a wide variety of
assumptions that have been considered in the previous literature, including the following: (i)
restrictions in the analysis of randomized controlled trials (RCTs) under noncompliance con-
sidered, e.g., in Imbens and Angrist (1994) and Cheng and Small (2006); (ii) generalizations
of these restrictions considered in Bai et al. (2024); (iii) revealed preference-type restrictions
on response types considered in Kirkeboen et al. (2016), Kline and Walters (2016), and Heck-
man and Pinto (2018); and (iv) restrictions on the ordering of potential treatments or on
the ordering of potential outcomes considered in Manski (1997), Manski and Pepper (1998),
and Machado et al. (2019).!

Our framework allows inference on any treatment effect parameter that can be expressed
as the expectation of a function of the response type conditional on a generalized principal
stratum. In this way, our framework accommodates many parameters that have been consid-
ered previously in the literature, including both average and distributional treatment effect
parameters, such as the probability of being strictly helped and the probability of not being
hurt by the treatment. It further accommodates versions of these parameters conditional
on sets of possible values of potential treatments, such as the local average treatment effect
in Imbens and Angrist (1994), average effects conditional on principal strata in Frangakis
and Rubin (2002), and average effects conditional on sets of possible values of potential
outcomes, such as the parameters considered in Heckman et al. (1997) and Heckman and
Smith (1998). By contrast, each of the papers cited in the preceding paragraph tailors their
method to specific examples of such treatment effect parameters. Furthermore, because the
types of restrictions considered in these papers are typically insufficient for identification of
many parameters of interest, some of these papers focus specifically on those treatment effect
parameters that are identified from the two-stage least squares estimand. A characterization
of the parameters that are identified by such restrictions is given by Navjeevan et al. (2023)
and Goff (2025).

11n the context of mediation analysis, Kwon and Roth (2024) show that “full mediation” is equivalent to certain assumptions
like those we consider.



A key result in our analysis is a characterization of the identified set for such parame-
ters under these assumptions and the testable restrictions for the assumptions themselves in
terms of existence of a non-negative solution to linear systems of equations with a special
structure. Using this result, we build on results in Fang et al. (2023) to develop a test for the
null hypothesis that a pre-specified value for the parameter of interest lies in the identified
set as well as the null hypothesis that the testable restrictions are satisfied. Importantly,
the resulting tests remain well behaved even in “high-dimensional” settings, meaning it is
uniformly consistent in level over a large class of distributions satisfying weak assumptions
and permitting, among other things, the support of the treatment and instrument or the
support of the response types to be “large” relative to the sample size. Through test in-
version, we may also construct confidence regions for such parameters that are uniformly
consistent in level. We highlight that while our test builds on Fang et al. (2023), it leverages
the structure of our problem to obtain novel strong approximations that significantly im-
prove on the coupling rates of Fang et al. (2023). These coupling results for high-dimensional
vectors of estimates of conditional probabilities and their bootstrap counterparts may be of

independent interest.

Other methods for inference have been proposed in the prior literature for some special
cases of our framework. For inference on certain treatment effect parameters, see, e.g., Cheng
and Small (2006), Bhattacharya et al. (2008, 2012), and Machado et al. (2019); for inference
on the validity of the assumptions, see, e.g., Kitagawa (2015), Heckman and Pinto (2018),
Sun (2023), and Bai et al. (2025). These approaches rely upon closed-form expressions
for the identified set for the parameter of interest or testable inequalities, which must be
proved or computed on a case-by-case basis. When such expressions need to be computed,
the methods are feasible only when the support of response types is small. In contrast, our
approach does not rely on such closed-form expressions and remains computationally feasible
even in high-dimensional settings. A key strength of our approach is its broad applicability,

including in settings for which no existing methods apply.

The remainder of the paper is organized as follows. Section 2 introduces our formal
setup and notation. In Section 3, we provide several examples of parameters and restrictions
previously considered in the literature that are nested by our framework. We present our
inference method when the support of the outcome variable is restricted to be finite in
Section 4, and without such a restriction in Section 5. We illustrate our method through a

simulation study in Section 6. Proofs of all results can be found in Appendix A.



2 Setup and Notation

Denote by Y € Y an outcome, by D € D a discrete valued endogenous regressor (i.e., the
treatment), and by Z € Z a discrete valued instrumental variable. To rule out degenerate
cases, we assume throughout that 2 < |Y|, 2 < |D| < o0, and 2 < |Z| < co. We emphasize
that neither D and Z needs to be a subset of the real line; in this way, our framework
accommodates vector-valued treatments and instruments provided they only take a finite
number of values. In what follows, we will consider both settings in which |Y| is finite and
those in which it is not. Further denote by Y'(d) € ) the potential outcome if D =d € D
and by D(z) € D the potential treatment if Z = z € Z. As usual, we assume that

Y =) Y(dI{D=d} and D=> D(z)[{Z=z}. (1)

deD z2€EZ

In our discussion below, it will be convenient to define R, = (Y(d) : d € D) and R; =
(D(2) : z € Z), and set R = (R,, R;). Following Heckman and Pinto (2018), we will refer to

2

R; as the “treatment response type.” By analogy with this terminology, we will also refer

to R, as the “outcome response type” and to R as simply the “response type.” We let )
denote the distribution of (R,, R:, Z) and note that by (1) we have

<Y7D72> :T(RoaRt7Z) )

for a transformation 7" implicitly defined through (1). Letting P denote the distribution of
(Y, D, Z), we therefore have that P = QT 1.

Below we will require that @) € Q, where Q is a class of distributions satisfying assump-
tions that we will specify. Different specifications of Q represent different assumptions that
we impose on the distribution of potential outcomes and potential treatments. In this sense,

Q may be viewed as a model for potential outcomes and potential treatments.

Given a distribution P of (Y, D, Z) and a model Q, we define the set of ) € Q that can

rationalize P as

Q(P,Q ={QeQ:P=QT'}.
We say Q is consistent with P if and only if Qo(P, Q) # (). For every model Q considered

in this paper, every ) € Q is assumed to satisfy the restriction:

Assumption 2.1 (Instrument Exogeneity). R 1l Z under Q.

Our remaining restrictions on Q will be formulated in terms of restrictions on possible



values of the response type R. These restrictions will be expressed by specifying a set
R C YIPI x DIZl characterizing the possible values of R. In Section 3, we provide several
different choices of R that have been previously considered in the literature. For a given

choice of R, we will impose the following on every @) € Q:

Assumption 2.2 (Response Type Restrictions). Q{R € R} = 1.

Following Frangakis and Rubin (2002), sets of the form {R; = r;} for r; a possible value of
R, are referred to as “principal strata.” By analogy with this terminology, we will refer to

sets of the form {R € R'} for R’ C R as “generalized principal strata.”

Finally, we define our parameters of interest. The parameters we consider can be written
as
0(Q) = Eqlg(R) | R e R'] (2)

for different choices of function g : R — R and generalized principal strata R' C R. Note
that for #(Q) in (2) to be well defined we require @ to satisfy Q{R € R’} > 0. A wide
variety of parameters can be accommodated in this way. In Section 3, we will show specific
parameters that have been considered previously in the literature have the structure in (2).
We note now, however, that natural choices of g correspond to the effect of one treatment
versus another (i.e., g(R) =Y (d) =Y (d') for d € D and d’ € D) and the probability that one
treatment leads to a larger outcome than another treatment (i.e., g(R) = I{Y(d) > Y(d')}
for d € D and d' € D). We further note that when R’ = R, 0(Q) defined in (2) simplifies to

Eqlg(R)]-

For a given distribution P and model Q, note that the identified set for 6(Q) under P

relative to Q is

O0(P, Q) = {0(Q) : Q € Qo(P, Q) and Q{R € R'} > 0} . (3)

The set O (P, Q) is nonempty whenever there exists at least one @ € Qo(P, Q) with Q{R €
R’} > 0. By construction, this set is “sharp” in the sense that for any value in the set there
exists a distribution () that is consistent with P, satisfies the restrictions of the model, and

for which 6(Q) equals the prescribed value.

3 Examples

In this section, we show how to accommodate several examples from the previous literature in

our framework. Our discussion focuses in particular on Assumption 2.1 and the specification



of R in Assumption 2.2, but, where the cited literature has emphasized specific parameters
of interest, we additionally describe how those parameters of interest can be expressed as
(2) for suitable choices of g and R'.

Example 3.1 (RCT with one-sided noncompliance). Consider a multi-arm randomized con-
trolled trial (RCT) with noncompliance, where D = Z = {0, ..., K}, Z = d denotes random
assignment to treatment d, and D(d) = d denotes that the subject would comply with as-
signment if assigned to treatment d. In this example, () satisfies Assumption 2.1 because Z
is randomly assigned. Suppose noncompliance to the assignment is one-sided in the sense
that one can always take the control d = 0, but, for any other treatment d # 0, one can
only take that treatment if assigned to it. This restriction can be expressed in terms of
Assumption 2.2 with R = {(y(0),...,y(K),d(0),...,.d(K)) : d(j) € {0,7} for all j € D}.
With the notable exception of Cheng and Small (2006), discussed below, analyses of causal
parameters that condition on generalized principal strata in this context follow Imbens and
Angrist (1994) in using the Wald estimand to identify local average treatment effect (LATE)
parameters of the form Eg[Y (7) — Y (0) | D(j) = 1] for j € {1,..., K}. Note that identi-
fication of such parameters does not allow comparison of Y (j) to Y (k) for j, k # 0 for any
subgroup of subjects. Our framework nests these identified parameters as well as partially
identified parameters including the relative treatment effectiveness for any subgroup defined

by a generalized principal stratum. m

Example 3.2. Cheng and Small (2006) study the special case of Example 3.1 in which D =
Z = {0,1,2}. Their “Monotonicity I” assumption corresponds to Assumption 2.2 with R
defined as in Example 3.1. They further consider imposing the restriction that Q{D(1) =1 |
D(2) =2} =1, i.e., that subjects who would comply with assignment to treatment 2 would
also comply with assignment to treatment 1. They argue that this assumption is plausible in
contexts where the “cost” of compliance with treatment 1 is lower than that with treatment 2.
The combination of these two restrictions can be formulated in terms of Assumption 2.2 with
R = {((0),y(1),y(2),d(0),d(1),d(2)) : (d(0),d(1),d(2)) € {(0,0,0),(0,1,0),(0,1,2)}}. In
their application, Cheng and Small (2006) focus on the following parameters: (i) Eg[Y (j) —
Y(0) | (D(0), D(1),D(2)) = (0,1,2)] for j € {1,2}; and (i) Q{(D(0), D(1), D(2)) = .}
for different values of r;. Each of these parameters can be expressed in the form of (2) for
appropriate choices of g and R’. For example, the parameter in (i) equals Eglg(R) | R € R']
for g(R) =Y (j) =Y (0) and R" = {(y(0), y(1),y(2),d(0),d(1),d(2)) € R : (d(0),d(1),d(2)) =
(0,1,2)}. Our framework nests their parameters within their context, while also allowing for
inference on the corresponding parameters for trials with more than three treatment arms,

for which their approach becomes computationally infeasible. =



Example 3.3 (Encouragement design). Consider a multi-arm RCT with possibly two-sided
noncompliance, where D = Z = {0, ..., K}, Z = d denotes random assignment to treatment
d, and D(d) = d denotes that the subject would comply with assignment if assigned to
treatment d. More generally, not necessarily in the context of an RCT, one can interpret
Z = d as random encouragement to treatment d and interpret D(d) = d as the subject
would take treatment d if encouraged to do so. In this example, () satisfies Assumption 2.1
because Z is randomly assigned. Bai et al. (2024) generalize the “no-defier” restriction of
Imbens and Angrist (1994) to

Q{D(d) #d, D(d') =d for some d' #d} =0, (4)

i.e., a subject that would not take treatment d if assigned to (encouraged to take) d but would
also not take d if assigned (encouraged) to some other treatment d’ # d. This restriction
can be formulated in terms of Assumption 2.2 with R = {(y(0),...,y(K),d(0),...,d(K)) :
d(j) #j = d(k) # 5V j,k € D}. Baiet al. (2024) derive the identified set on unconditional
average treatment effects in this context under (4). While the two-stage least squares (T'SLS)
estimand in this context generally does not correspond to any well-defined causal parameter
when K > 2, Bhuller and Sigstad (2024) show that under strong, additional assumptions, it
identifies a particular weighted average of strata-specific causal effects that may not be of a
priori interest. In contrast, our framework allows inference on a broad class of parameters of
substantive interest including those that condition on generalized principal strata and that

need not coincide with the TSLS estimand. =

Example 3.4 (RCT with close substitute). Kline and Walters (2016) consider an RCT
with a “close substitute” to study the effects of preschooling on educational outcomes. In
their setting, D € D = {¢, h,n}, where D = ¢ denotes home care (no preschool), D = h
denotes a preschool program called Head Start, and D = n denotes preschools other than
Head Start, i.e., the close substitute. Let Z € Z = {0,1} denote an indicator variable
for a randomized offer to attend Head Start. Assumption 2.1 holds because Z is randomly
assigned. In evaluating the cost-effectiveness of Head Start, Kline and Walters (2016) impose

the restriction
Q{D(1)=h|D(0)#D(1)} =1. (5)

The condition in (5) states that if a family’s schooling choice changes upon receiving a Head
Start offer, then they must choose Head Start when receiving the offer. In other words,
it cannot be the case that upon receiving a Head Start offer, a family switches from no

preschool to preschools other than Head Start, or the other way around. The restriction can



be formulated in terms of Assumption 2.2 with

R = {(y(c),y(h),y(n),d(0),d(1)) : (d(0),d(1)) € {(c, ), (h, h), (n,n), (¢, h), (n, h)}} .
Kline and Walters (2016) show that the Wald estimand identifies a weighted combination of
“sub-LATEs":

EY|Z=1]-E[Y|Z=0]
PID=h|Z=1}-P{D=h|Z=0}

= S.SubLATE,, + (1 — S.)SubLATE,,, ,
where

SUbLATE,;, = Eo[Y (h) — Y(¢) | D(1) = h, D(0) = ]
SUbLATE,, = EolY (k) — Y(n) | D(1) = h, D(0) = n]

and S. = Q{D(1) = h, D(0) = ¢ | D(1) = h, D(0) # h}. Here, S, and the sub-LATEs can
all be written as (2) for appropriate choices of g and R’. Kline and Walters (2016) show
that these separate sub-LATE parameters are of substantive interest, and identify them
under additional assumptions including imposing a multinomial normal selection model. Our
framework allows inference on these sub-LATE parameters without imposing such additional

assumptions sufficient to identify them. m

Example 3.5. Kirkeboen et al. (2016) study the effects of college field of study on earnings.
In their setting, D = {0, 1,2} represents three fields of study, ordered by their (soft) admis-
sion cutoffs from lowest to highest. The instrument is Z € {0,1,2}, where Z = 1 when the
student crosses the (soft) admission cutoff for field 1 but not for field 2, Z = 2 when the
student crosses the (soft) admission cutoff for field 2, and Z = 0 otherwise. The authors

assume that Z is exogenous in the sense that @) satisfies Assumption 2.1, and they impose:

Q{D(1) =1]D(0) =1}
Q{D(2) =2 D(0) =2}

: (6)

1
1. (7)

The monotonicity conditions in (6)—(7) require that crossing the cutoff for field 1 or 2 weakly
encourages students toward that field. They further impose the following “irrelevance”

conditions:

QU{D(1) =2)
QU{D(E) =1} =

{D(0) =2} | D(0) #1,D(1) #1} =1, (8)

I
I{D(0) = 1} | D(0) #2,D(2) #2} = 1. (9)



The condition in (8) states that if crossing the cutoff for field 1 does not cause a stu-
dent to switch to field 1, then it also does not cause them to switch to or away from field
2. A similar interpretation applies to (9). The restrictions in (6)—(9) can be formulated
in terms of Assumption 2.2 with R = {(y(0),y(1),4(2),d(0),d(1),d(2)) : (d(0),d(1),d(2)) €
{(0,0,0),(0,0,2),(0,1,0), (0,1,2), (1,1,1), (1,1,2), (2, 1,2), (2,2,2)}}. Kirkeboen et al. (2016)
regard the irrelevance conditions (8)—(9) as strong but, under them, show that the TSLS
estimands identify Eg[Y(2) — Y (0) | D(1) = 1,D(0) = 0] and Eg[Y (2) — Y (0) | D(2) =
2, D(0) = 0]. Under their assumptions (6)—(9), our analysis allows one to analyze additional
parameters that do not correspond to the TSLS estimands, including the average relative
effects of field 1 versus field 2 for any given generalized principal strata. Our framework fur-
ther allows one to investigate what can be learned about these parameters without imposing
(8)—(9). For further discussion of this example and Example 3.4, see Lee and Salanié (2023)
and Bai et al. (2025). =

Example 3.6 (Restrictions from WARP). Heckman and Pinto (2018) consider a setting
in which there is a voucher Z that subsidizes in different ways that we specify below the
purchase of three different cars, that we denote by A, B and C'. They further assume that the
voucher is randomly assigned, so that Assumption 2.1 holds. The treatment D corresponds
to the purchase of the different cars; let D = A correspond to the purchase of car A, D = B
correspond to the purchase of car B, and D = (' correspond to the purchase of car C. In
this setting, Heckman and Pinto (2018) consider a series of examples in which they use the
Weak Axiom of Revealed Preference (WARP) to restrict treatment response types, each of

which can be formulated in terms of Assumption 2.2 for appropriate choice of R.

(i) In their leading example, Z = 0 corresponds to no voucher, Z = 1 corresponds to a
voucher that subsidizes the purchase of car A, and Z = 2 corresponds to a voucher
that subsidizes the purchase of either B or C. WARP generates the restriction in
Table IIT of Heckman and Pinto (2018). These restrictions can be formulated in terms
of Assumption 2.2 with R = {(y(A),y(B),y(C),d(0),d(1),d(2)) : (d(0),d(1),d(2)) €
{(A4,A,A),(A,A,B), (A A C),(B,A B),(B,B,B),(C,A,C),(C,C,C)}}.

(ii) In a second example, Z = 0 corresponds to no voucher, Z = 1 corresponds to a
voucher that subsidizes the purchase of B, and Z = 2 corresponds to a voucher that
subsidizes the purchase of B or C'. WARP generates the restriction in Table V of Heck-
man and Pinto (2018), which can be formulated in terms of Assumption 2.2 with R =
{(y(A),y(B),y(C),d(0),d(1),d(2)) : (d(0),d(1),d(2)) € {(A, A, A), (A, A,C), (A, B, B),
(A,B,C),(B,B,B),(C,C,C),(C,B,C)}}.



(iii) Finally, in a third example, Z = 0 corresponds to a voucher that subsidizes the purchase
of C', Z =1 corresponds to a voucher that subsidizes the purchase of B, and Z = 2
corresponds to a voucher that subsidizes the purchase of B or C. WARP generates the
restriction in Table VI of Heckman and Pinto (2018), which can be formulated in terms
of Assumption 2.2 with R = {(y(A4), y(B),y(C),d(0),d(1),d(2)) : (d(0),d(1),d(2)) €
{(A4,A,A),(A,B,B),(B,B,B),(C,A,C),(C,B,B),(C,B,C),(C,C,C)}}.

Heckman and Pinto (2018) provide several additional examples that also fit within our
framework. They establish conditions for identification of average treatment effect param-
eters that condition on generalized principal strata in these examples; in comparison, our
analysis allows inference for a more general class of parameters that may be only partially
identified. m

Example 3.7 (Ordered monotonicity with known direction). Consider a setting in which
both the treatment and the instrument admit natural orderings, and write D = {0, ..., K}
and Z = {0,..., K,}. Suppose further that Z is randomly assigned, so Assumption 2.1 holds.
In many applications, it is reasonable to assume the monotonicity restriction Q{D(j) >
D(k)} = 1 for any pair of instrument values j, k € Z with j > k. For example, Dupas
(2014) reports an experiment in which Z represents different randomly assigned subsidy
levels for insecticide-treated bed nets, and D denotes the total number of bednets pur-
chased over a two-year period. The monotonicity restriction in this context is that one
would purchase at least as many insecticide-treated bed nets with a greater subsidy as
with a lower subsidy. This restriction can be expressed in terms of Assumption 2.2 as
R = {(y(0),...,y(Ky),d(0),...,d(K,)) : d(K,) > ... > d(0)}. The results of Angrist and
Imbens (1995) imply that the TSLS estimand in this context identifies a specific weighted
average of strata-specific causal effects, whereas our analysis allows inference on a broader
class of parameters—including partially identified parameters—that need not coincide with
the TSLS estimand. m

Example 3.8 (Monotone treatment response). Consider a setting in which the treatment
admits a natural ordering and write D = {0,..., K;}. Suppose further that Z is ran-
domly assigned, so Assumption 2.1 holds. Following Manski (1997), it is often reason-
able to assume that Q{Y(j) > Y(k)} = 1 for any pair of treatments j,k € D with
j > k. For example, in Manski and Pepper (1998), the treatment is years of school-
ing and the outcome is log(wage), and the restriction is that additional schooling leads
to (weakly) higher wages. This restriction can be formulated in terms of Assumption 2.2
with R = {(y(0),...,y(|D| = 1),d(0),...,d(|Z] = 1)) : y(K4) > ... > y(0)}. While Manski

(1997) develops partial-identification results for unconditional treatment parameters in this



context without restrictions on treatment-response types, our analysis additionally allows
such restrictions to be incorporated and enables inference on parameters that condition on

generalized principal strata. =

Example 3.9 (Harmless treatment). Consider a setting in which Z € Z = {0,..., K.}
is randomly assigned, so Assumption 2.1 holds, and there is a baseline treatment, i.e., the
control, corresponding to 0 € D = {0,..., K4}. In many applications, it is reasonable to
assume that the remaining treatments are harmless relative to the control. For example, in
Angrist et al. (2009), the outcome is academic performance, the control is no treatment, and
the noncontrol treatments are (i) providing students with academic peer-advising service;
(i) financial incentives for good academic performance; and (iii) both (i) and (ii). It is
therefore natural to assume that Q{Y (d) > Y (0)} = 1 for all d € D. This restriction can be
formulated in terms of Assumption 2.2 with R = {(y(0), ...,y(Ky),d(0),...,d(K,)) : y(d) >
y(0) for all d € D}. This restriction is an example of what Manski (1997) termed a semi-
monotone ordering of outcomes. As discussed above in Example 3.8, our analysis differs from
that of Manski (1997) by additionally allowing restrictions on treatment-response types to be
incorporated and enabling inference on parameters that condition on generalized principal

strata. m

In many of the examples discussed above, Y may be an ordinal outcome. In such instances,
average treatment effects may not be interpretable. Nonetheless, researchers may consider
other parameters that fit our framework, such as: (i) Q{Y(j) > Y (k) | R € R'}, the
conditional probability of benefit of treatment j versus treatment k; (ii) Q{Y (j) > Y (k) |
R € R'}, the conditional probability of no harm of treatment j versus treatment k; or (iii)
QY(5) >Y(k) | Re R} —Q{Y(k) > Y(j) | R € R'}, the conditional relative treatment
effect of treatment j versus k. Each of these parameters can be written as (2) for appropriate
choices of g. These parameters have been previously studied for the special case in which
R’ =R and |D| =2 or 3 by Lu et al. (2018), Huang et al. (2019), and Gabriel et al. (2024).

It is also instructive to discuss examples of restrictions that do not fit our framework.
Angrist and Imbens (1995), for instance, consider a generalization of the the monotonicity
assumption in Example 3.7 in which the direction of the monotonicity is not known a priori,
i.e., they consider the restriction that, for any pair of values for the instrument j,k €
Z, either Q{D(j) > D(k)} = 1 or Q{D(j) < D(k)} = 1. Such a restriction is also
analyzed in Vytlacil (2006) and in Heckman and Pinto (2018), where the latter paper terms
it “ordered monotonicity.” This restriction is equivalent to imposing Q{R € R,} = 1
for some 7 € II(|Z]), where II(|Z]) is the set of all permutations of {0,...,|Z| — 1} and
Rr={((0),...,y(|D|—1),d(0),...,d(|D|—1)) : d(n(|Z] = 1)) > ... > d(xw(0))}. A similar

10



generalization of the assumption in Example 3.8 can also be considered. In particular,
Machado et al. (2019) study such a generalization with |D| = |Z| = 2. These models, in

which the permutation 7 is not known a priori, fall outside the class of models we consider.

4 Inference with Discrete Outcomes

In this section, we propose a test for conducting inference on the parameter of interest 6(Q).
To this end, recall that P denotes the distribution of (Y, D, Z) and set M =Y x D x Z.
In this section only, we suppose |Y| < oo. Doing so allows us to introduce our method
succinctly. This assumption will be removed in Section 5, where we allow for a more general
outcome through discretization. For (y,d,z) € M, define Py, = P{Y =y,D =d,Z = z}
and P, = P{Z = z}. In what follows, we assume that P € P, where P is a “large” class of
distributions that we will specify below. The class P can depend on the sample size n, but

we suppress the dependence from our notation. We consider the problem of testing
Hy: P € Pqyversus Hy : P € P\ Py (10)

at level a € (0,1), where, for a pre-specified value of y, the null hypothesis we consider is
given by
POZ{PEPIH(]EG()(P,Q)}. (11)

As we show below, a test of this null hypothesis can be used to construct confidence regions

for 0(Q) through test inversion over the pre-specified value 6.

The key insight underlying the construction of our test is the following theorem, which
provides a convenient reformulation of Py in terms of existence of a non-negative solution
to a (possibly under-determined) system of linear equations in which the “coefficients” are

known. The statement of the theorem involves the parameter
BP) = ((Pyaz : (y.d, z) € M), 1,0)", (12)

where Pyq. = P{Y =y, D = d|Z = z}. Using this notation, we obtain the following result:

Theorem 4.1. Suppose |Y| < oo. Let Q be the set of all distributions of (R, Z) satisfying
Assumptions 2.1 and 2.2, and P be the set of all distributions of (Y, D, Z) satisfying P{Z =
z} > 0. Then, for B(P) defined in (12) and a matriz A defined in the beginning of Appendiz
A.1 that depends only on R in Assumption 2.2, 6y in (11), and the quantities g and R’ in
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the definition of 0(Q) in (2), it follows
Py C{PeP: Ax = (P) for some x > 0} . (13)

Furthermore, if Py # 0, then {P € P : Ax = B(P) for some x > 0} C clp(Py), where
clp(Pg) denotes the closure of Py in P (understood as a subset of RM!).

The key implication of Theorem 4.1 is that we may test the null hypothesis of interest
by examining whether there exists a positive vector z satisfying Az = 5(P). Because 6(Q)
need not always be well defined when R’ # R, (13) involves an inclusion rather than an
equality. From a testing perspective, however, Py and its closure are indistinguishable, in
the sense that any level a test of whether P belongs to Py necessarily has power no larger
than a against any P in the closure cl(Py) (Romano, 2004). Therefore, the second part of
Theorem 4.1 may be interpreted as showing that testing whether P € Py is in fact equivalent
to testing whether 5(P) = Ax for some x > 0. This conclusion holds under the condition
that Py is not empty. However, by definition, P is empty whenever there is no possible
distribution of the data P € P that is compatible with the null hypothesis. In other words,
we may focus on testing whether S(P) = Az for some x > 0 unless the null hypothesis
specifies restrictions that are incompatible with any P and, in this sense, may be interpreted

as being logically inconsistent with each other.

Theorem 4.1 also has implications for deriving an analytical expression for the identified
set of #(Q)). We discuss these implications in the next two remarks, and elaborate on them

in the appendix.

Remark 4.1. When Q{R € R’} is known or identified, in the sense that {Q{R € R'} :
Q € Qo(P,Q)} is a singleton for all P € P for which Qq(P, Q) # 0, it is possible to use the
characterization of Py in Theorem 4.1 to derive closed-form expressions L(P) and U(P) such
that ©o(P, Q) = [L(P),U(P)] for all P € P for which Qo(P, Q) # ) and Q{R € R’} > 0. As
in Balke and Pearl (1997), the key idea is to express L(P) and U(P) as the values of linear
programs and to use the duals of these programs to obtain expressions for L(P) and U(P) in
terms of Py, through vertex enumeration. Computing L(P) and U(P) in this way rapidly
becomes computationally prohibitive as the support of (Y, D, Z) becomes large. We describe
this procedure in Appendix B and further develop a related procedure when Q{R € R'} is
not identified. Following the approach in Machado et al. (2019), it is possible to use such
expressions for inference, but a virtue of the approach we pursue here is that it does not rely

on knowledge of these expressions. m

Remark 4.2. The identified set for the parameter of interest in general depends on the
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distribution of the full vector (Y, D,Z). This is the case even for parameters that only
depend on the distribution of treatment response types Ry, Q{R; = r;}—parameters that,
when point-identified, typically depend only on the distribution of (D, Z) (Heckman and
Pinto, 2018; Navjeevan et al., 2023). In Appendix C, we illustrate this phenomenon by
deriving the closed-form expression for the identified set in an example using the method
described in Remark 4.1, and comparing it with the bounds using only the distribution of
(D,Z). m

Theorem 4.1 immediately permits us to test whether the model is correctly specified in
the sense that Qu(P, Q) # (). To see this, consider g = 1, §y = 1, and R’ = R. For such

values of these quantities,

{1} if Qo(P,Q) #1 .

0 otherwise.

@O<P7 Q) =

Therefore, Pp = {P € P : 1 € ©4(P,Q)} = {P € P : Qo(P,Q) # 0}. In this case, the
equality in the last row of Az = G(P) in (13) is always true, so it can be omitted. In order
to state the result formally, denote by A and S(P) all but the last rows of A and 3(P),

respectively, in Theorem 4.1.

Corollary 4.1. Suppose |Y| < oco. Let Q be the set of all distributions of (R, Z) satisfying
Assumptions 2.1 and 2.2, and P be the set of all distributions of (Y, D, Z) satisfying P{Z =
2} >0. Forg=1,60,=1, and R’ = R,

Po={PcP:QyP,Q) #0}={PcP: Az = 3(P) for somez >0} . (14)

Because 0(Q) is always well defined when R’ = R, (14) in Corollary 4.1 differs from its

counterpart (13) in Theorem 4.1 in that it involves an equality instead of an inclusion.

Remark 4.3. Based on the characterization in Corollary 4.1, we show in Appendix D how a
strategy like that described in Remark 4.1 can be used to derive a set of analytical inequalities
that hold if and only if Qo(P, Q) # 0. We emphasize, however, that our inference methods

below do not rely on these analytical inequalities. m

By Theorem 4.1, we may test the null hypothesis of interest by testing whether P is such
that
B(P) = Ax for some z > 0. (15)

In recent work, Fang et al. (2023) derived a test for whether P satisfies the restriction in
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(15) for a general class of problems; see also Bai et al. (2022) for other approaches. In
what follows, we build on Fang et al. (2023) by employing the structure of our problem to
sharpen rate conditions and establish the validity of their test under weaker requirements.
Following Corollary 4.1, it is straightforward to modify the test described below to test the
null hypothesis that the model is correctly specified in the sense that Qo (P, Q) # 0.

In order to describe the test statistic, we require some additional notation. We will assume
the availability of an i.i.d. sample {V;}!, with V; = (Y, D;, Z;), Vi ~ P, and let P, denote
the empirical distribution corresponding to the sample {V;}7_,. We further set 3, = 5(P,)
to denote the plug-in estimator for the parameter 8(P) and let Q = Q(P,), where Q(P) is
a diagonal weighting matrix whose (i,)-entry equals the asymptotic standard deviation of
the i row of \/n(3, — B(P)). Specifically, the first | M| diagonal entries of Q(P) equal

PydlZ(l - PydlZ) 2
P,

for some (y, d, z) € M, and the final two diagonal entries of 2(P) are equal to zero. Finally,

we let AT denote the Moore-Penrose pseudoinverse of A.

Given the introduced notation, we define the set V,, = {s: Afs <0, ||Qn(AA’)Ts||1 <1}

and set

T, = sup vn(Als, A13,) (16)
sE€Vy,
as our test-statistic — here, [|all; = S.¢, |a;| for any vector a = (ay,...,aq) € R* and

(a,b) = a’b. From results in Fang and Santos (2019), T}, represents a sample analogue to an
equivalent formulation of the restriction in (15) obtained from Farkas’ lemma. In particular,
the population analogue to T,, equals zero whenever (15) indeed holds and, as a result, under
the null hypothesis 7;, should not be “too large.” We highlight that the test statistic can be
computed through linear programming. As a result, 7;, can be reliably and quickly computed

even in high-dimensional applications.

Unfortunately, the asymptotic distribution of 7}, is not pivotal. In particular, its asymp-
totic distribution depends on the “directions” s € Y, at which the population analogue
(ATs, ATB(P)) is “close” to zero. In order to obtain a valid critical value, we therefore rely
on the nonparametric bootstrap and a construction that asymptotically excludes directions
s that do not play a role in the distribution of T,; i.e., directions s for which (A's, AT3(P))

is “far” from zero. Specifically, for the latter purpose we introduce

Br € argmin sup [(Als, AT(5, — b))
b sEf}n
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s.t. Az = b for some x > 0 and b = (b],,1,0)" for b, € RMI,

which represents an estimator for 5(P) that is restricted to satisfy the null hypothesis.
Letting {V;*}, denote a bootstrap sample, (i.e., a sample drawn i.i.d. from pn), and B;kl the

bootstrap analogue to ﬁn, we set

Tr = sup {\/_( s AT( Bn)> + )\n\/mATs,ATB?’;)} (17)

SEVTL
as our bootstrap statistic. Here, A\, € [0, 1] represents a penalty satisfying A\, = o(1), and
whose role is to ensure that directions s that do not impact the finite-sample distribution of
our test statistic do not impact the bootstrap statistic either. We again highlight that, just

like 7},, the bootstrap statistic 7, can also be computed through linear programming.

The critical value for a level « test is then simply the 1 — a quantile of the distribution of

T* conditionally on the sample {V;}" ;. Formally, the critical value for our test is given by
é(l—a) =i f{uER:pn{ngu}zl—a}. (18)

As usual, the critical value ¢,(1—a) can be computed through simulation by drawing multiple
samples {V;*}_; i.i.d. from P, and computing the 1 —a quantile of the corresponding sample
of bootstrap statistics. Given the critical value, we next formally introduce our test, which

rejects whenever T, exceeds ¢, (1 — «):
on(0o) = I{T,, > ¢,(1 — )} . (19)

We establish the asymptotic validity of our test under the following main assumption.

Assumption 4.1. (i) V; = (Y}, D;, Z;),i = 1,...,nis an i.i.d. sample with V; ~ P € P; (ii)
(B, — B(P)) € range(A) with probability tending to one uniformly in P € P; (iii) For some
constants 0 < ¢ < ¢y,

c1 < inf min |[M|P4, < sup max |M|Pyq. < cs.
PeP (y,d,z)eM cP (y,d,z)eM

Assumption 4.1(i) simply formalizes our requirement that the sample be independent
and identically distributed. In Assumption 4.1(ii) we impose the additional condition that
(B, — B(P)) belong to the range of the matrix A with probability tending to one. This

requirement is satisfied in our examples, where (Bn — B(P)) belongs to the range of A

whenever P, > 0 for all z € Z — i.e., whenever Bn is well defined. We note that Assumption
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4.1(ii) is not imposed in Fang et al. (2023), but we deploy it here due to its wide applicability
and its importance in obtaining simple primitive conditions for establishing the validity of
our test. In applications in which Assumption 4.1(ii) is violated, it is still possible to conduct
inference by using the results in Fang et al. (2023). Finally, Assumption 4.1(iii) represents
our main regularity condition on the set P. Assumption 4.1(iii) requires that the probability
of each support point (y,d, z) be proportional to each other. We note that this restriction
implies that no conditional probability is dominant, in the sense that P4, is bounded away

from one uniformly in the (y,d, z) and P € P.

We next establish the validity of our test under Assumption 4.1 and an additional regu-

larity condition that we discuss after the theorem.

Theorem 4.2. Suppose Assumption 4.1 holds, o € (0,0.5), log®(n)|M|/n = o(1), and
0 < A\, <1 satisfies \yy/log(JIM]) = o(1). Further suppose Assumption A.1 in the appendiz
holds. Then, the test in (19) satisfies

limsup sup Ep[¢p,] < a.

n—oo PePy

Theorem 4.2 establishes the validity of our test under weak conditions on the number
of support points for (Y, D, 7). The main rate requirement imposed by Theorem 4.2 is
that |M|/n tend to zero (up to logs). We view this rate condition as close to minimal, in
the sense that it is necessary for the empirical distribution P, to be consistent for P. Our
rate restriction is in addition a significant improvement over Fang et al. (2023), whose best
attainable rate is that |[M]?/n tend to zero (up to logs). We improve on their results by
employing the specific structure of our problem to derive better coupling rates for our test
and bootstrap statistics. In particular, by relying on results in Massart (1989) we are able

to couple our test statistic to a Gaussian counterpart at a rate r, given by

log™?(n) /M|
NG .

The bootstrap statistic is in turn shown to be coupled to a Gaussian distribution at a rate

Tn

of 7/ 2; see Lemma FE.3 in the Appendix for additional details. We conjecture that the
bootstrap statistic can in fact be coupled at a rate r, as well. However, we do not pursue
this refinement because it does not impact the conditions on how | M| relates to n, which is

our primary concern.

Showing weak convergence of a test statistic and its bootstrap counterpart to a common

distribution is in general not sufficient for establishing consistency of the corresponding criti-

16



cal values. In high-dimensional settings, consistency of the critical values requires a condition
termed anti-concentration by Chernozhukov et al. (2015). Intuitively, anti-concentration en-
sures that the c.d.f. of the bootstrap statistic is suitably well behaved at the quantile of
interest. Assumption A.1l, stated in the Appendix for ease of exposition, is a sufficient
condition for anti-concentration to hold in our setting. We note that Assumption A.l is
automatically satisfied in an asymptotic framework in which |[M]| is fixed with the sample
size. Alternatively, Assumption A.1 can be dispensed with by modifying our critical value
to include a “correction factor” introduced by Andrews and Shi (2013). We opt to introduce

Assumption A.1 instead, however, to avoid introducing an additional tuning parameter.

Finally, we emphasize that while we have focused our discussion on hypothesis testing,
our results readily deliver confidence regions as well. In particular, through test inversion it

is straightforward to show that
Cn ={0o € R: ¢n(6o) = 0} (20)

is a valid confidence region, in the sense that it covers the parameter of interest with asymp-

totic probability of 1 — « uniformly in P € P.

Remark 4.4. Assumption 2.2 imposes that response types take on certain values with
probability zero. Our framework can easily be modified, however, to accommodate the
restriction that response types take on certain values with at most (or at least) some pre-
specified probability. This modification is useful for conducting sensitivity analysis, as in
Masten and Poirier (2020) and Kline and Santos (2013). For instance, in Example 3.3, one
may relax restriction (4) so that it instead specifies that the left-hand side is at most some
pre-specified amount € > 0, and explore how inferences on 6(Q)) change as one varies e.
In this way, we can, for example, generalize the analysis of Noack (2021) to multi-valued

instruments and treatments. =

Remark 4.5. In applications with closed-form expressions of the identified set, Oy(P, Q) =
[L(P),U(P)], the plug-in estimator [L(P,),U(P,)] provides a natural approach for estimat-
ing the identified set. However, the plug-in bootstrap in general does not provide correct

~

coverage. Formally, denote by ¢(«/2, P) the a/2 quantile of the distribution of L(F,) under
P and by u(1 —a/2, P) the 1 — /2 quantile of the distribution of U/(P,) under P. Consider
the confidence region given by the bootstrap analogue [¢(a/2, P,),u(1 — a/2, P,)]. Because
the functionals L(P) and U(P) generally involve the maximum and minimum over func-
tionals of P, they are only directionally differentiable and not fully differentiable when the
maximum and minimum are attained at multiple functionals. Hence, it follows from results

in Fang and Santos (2019) that the bootstrap quantiles £(a/2, P,)) and u(1—a/2, P,) are not
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consistent for the population quantiles ¢(a/2, P) and u(1 — «/2, P) that justify the validity

of the proposed confidence region. m

5 Inference with General-valued Outcomes

Section 4 proposed an inference framework with the support ) of Y restricted to be finite.
We now extend that framework by relaxing the restriction that ) be finite, in particular
allowing for continuous outcomes. The treatment D and instrument Z remain discrete with

supports D and Z satisfying 2 < |D|, | Z| < oo.

Our approach essentially partitions the outcome space ) into a finite number of subsets
{By .}k, and reduces the problem into a discrete one. The analysis mimics the discrete case

studied in Theorem 4.1, but replaces the parameter 5(P) by a vector 51 (P) that is given by
BL(P) = ((P{Y € By, D =d|Z ==z} :((,d,z) € Lx D x £),1,0,0)", (21)

where £ = {1,...,L}. In what follows, it is helpful to note that because R, € VP!, any
partition {By 1}l | induces a partition for the support of R, as well. Specifically, writing
any ¢, € LIP as ¢, = (¢,(0),...,co(|D]| — 1)), and setting B,, = Beo0),L X - .. X Be,(jp|-1) We
have that { B, }. cool forms a partition for Y/Pl. Our next assumption uses this notation in

introducing the main regularity conditions we require:

Assumption 5.1. (i) Y is compact; (ii) ¢ is continuous; (iii) {Bez}-, is a partition of Y
satisfying max, <<y diam{By 1} = o(1) as L — oo; (iv) R.(r;) = {r, € YPI': (r,,1,) € R’}
is closed and B,, N R/ (r;) is connected for all ¢, € LPI and r, € DIl

Assumption 5.1(i) imposes that ) be closed and bounded, which ensures that the partition
{By 1}t can be chosen so that each set By is bounded. In Assumption 5.1(ii), we further
restrict attention to the case in which g is continuous. As we discuss in Remark 5.1 below,
some forms of discontinuity can be accommodated, though they can require specific choices
of partitions { By}l , that satisfy restrictions beyond those imposed by Assumption 5.1.
Finally, Assumptions 5.1(iii)-(iv) impose the main requirements on the partition { By }% |,
which include that it become finer as L becomes large. In applications in which R and R’
leave the outcome response type R, unrestricted, R/ (r;) = VPl and Assumption 5.1(iv) is

satisfied whenever the sets { B, 1}, are chosen to be convex.

The next result may be seen as a generalization of Theorem 4.1.
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Theorem 5.1. Let Q be the set of all distributions of (R, Z) satisfying Assumptions 2.1
and 2.2 and P be the set of all distributions of (Y, D, Z) satisfying P{Z = z} > 0 for every
z € Z. Further suppose g in the definition of 0(Q) in (2) is bounded. Then, for fr(P)
defined in (21) and a matriz Ap, defined in the beginning of Appendiz A.3 that depends only
on R in Assumption 2.2, 0y in (11), and R’ in the definition of 0(Q) in (2), it follows that

Py C{PeP:ALx=pPL(P) for somex >0} =Py . (22)

If in addition Assumption 5.1 holds and Py is not empty, then

limsup Py, = ﬂ U Py Cclp(Py) ,

L—o0 M=1L>M

where clp(Py) denotes the closure of Py in P under weak convergence.

The first part of Theorem 5.1 shows that Py C Py f, for Py 1, as defined in (22). Therefore,
any test of the null hypothesis that P € Py 1, is also a valid test for the null hypothesis that
P € Py. Importantly, this conclusion does not depend on any of the regularity conditions
imposed in Assumption 5.1. The second part of Theorem 5.1 shows, under Assumption
5.1, that limsup;_,., Po . is included in the closure of Py. The second part of Theorem 5.1
therefore shows that, as our discretization becomes finer, we are able to detect whether P

belongs to Py or not (up to closure).

The main implication of Theorem 5.1 is that, with a continuous outcome, we still can
test the null hypothesis of interest by testing whether P is such that Apxz = S(P) for
some x > (0. The latter null hypothesis can be tested by using an analogous approach to
that employed in (19) for the finite support case. The asymptotic validity of the resulting
test holds under similar assumptions to those required in Theorem 4.2, but applied with
My = L xD x Z instead of M. This requires, among other assumptions, that |[Mp|/n tend
to zero (up to logs). In particular, if D and Z are fixed, then the condition that |[Mp|/n
tend to zero is equivalent to requiring that L/n tending to zero. The partition { By}, is
therefore allowed to quickly become finer with the sample size which, in light of Theorem

5.1, can be desirable for power considerations.

Remark 5.1. An important example of a parameter g that corresponds to a discontinuous g,
and hence violates Assumption 5.1(i), is the probability of an event conditional on generalized
principal strata. However, in this case, g is piecewise constant and the conclusion of the
second part of Theorem 5.1 continues to hold if we redefine Ay, suitably. To see why, note

by an inspection of the proof of Theorem 5.1 that a solution to the linear system in (22)
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is a vector of probabilities the cells determined by the intersections of B, x {r;} and R’.
If Y2l = Ui<j<x S and g is constant on S; for each j, then we redefine Ar so that the
solution to the linear system is instead a vector of probabilities on each B, x {r;} and R’
with S;for 1 <j < K. m

By arguing as in Section 4, Theorem 5.1 immediately permits us to test whether the
model is correctly specified in the sense that Qo(P, Q) # (). Recall that by setting g = 1,
0p =1 and R’ = R, we have that Po = {P € P : Qo(P, Q) # 0}. In this case, the equalities
in the last two rows of Apz = B.(P) in (22) are always true, so they can be omitted. In
order to state the result, denote by A, and 3, (P) all but the last two rows of A, and S;,(P),

respectively, in Theorem 5.1.

Corollary 5.1. Let Q be the set of all distributions of (R,Z) satisfying Assumptions 2.1
and 2.2 and P be the set of all distributions of (Y, D, Z) satisfying P{Z = z} > 0 for every
2€Z. Forg=1,00=1and R' =R,

Po={PcP:QyP,Q #0}C{PcP:Ax=p3.(P)}=Pyy .

If in addition Assumption 5.1 holds and Py is not empty, then limsup;_, PO,L =
Nar=1 Ursn Py, satisfies limsup; . Por C clp(Py) where clp(Py) denotes the closure of

Py in P under weak convergence.

Remark 5.2. As in Remark 4.1, when Q{R € R’} is known or identified for each L > 1, it
is possible to use the characterization of Py in Theorem 5.1 to derive closed-form expressions
L (P) and UL (P) such that ©y(P, Q) C [L.(P),UL(P)] for all P € P for which Qo(P, Q) #
(). The inclusion Oy(P, Q) C [LL(P),UL(P)] is generally strict for each fixed L because of
the loss of information from discretization. Therefore, as opposed to settings in which the
support of Y is discrete, for a fixed L we typically obtain closed-form expressions for an outer
set of the identified set instead of the identified set itself. The second part of Theorem 5.1 im-
plies, however, that under appropriate assumptions limsup; _, . [Lz(P),UL(P)] = 6¢(P, Q).
Similarly, as in Remark 4.3, for each L > 1, it is possible to use Corollary 5.1 to obtain a
set of analytical inequalities ar(P) < 0, such that P € P satisfies Qo(P, Q) # () if and only
if a,(P) <0 forevery L>1. m

6 Simulations

In this section we present simulation results that illustrate the finite-sample performance of

our proposed inference methods. Throughout this section, D = Z = {0, 1,2}. We set ) to
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be discrete in Section 6.1 and an interval in Section 6.2. The parameters of interest are
Oate(Q) = EQ[Y'(2) —Y(1) | RER] and Opo(Q) =Q{Y(2) 2 Y (1) | R€ R},

where R’ = {(y(0), y(1), y(2),d(0),d(1),d(2)) : (d(0),d(1),d(2)) = (0,1,2)}. We consider

the following two specifications of R, corresponding to two different models:

One-sided noncompliance: R is as specified in Example 3.1 and denoted by Ry, with the
corresponding model Qs = {Q : @ satisfies Assumptions 2.1 and 2.2 with R = Rys};

Encouragement design: R is as specified in Example 3.3 and denoted by Repne, with the
corresponding model Qe = {Q : @Q satisfies Assumptions 2.1 and 2.2 with R = Ry }-

6.1 Discrete Outcomes

We first present simulation results for a discrete outcome with Y = {—1,0, 1}. From each of
Q1 and Qepne, we pick a () distribution and fix them. The two selected ()’s are described in
Appendices F.1 and F.2, respectively. For each @, we set Q{Z = z} = 1/3 for each z € Z
and define P = QT~!. The simulation goes as follows. For each (), we repeatedly draw an
i.i.d. sample {V;}I", of size n = 3000 or 12000 from P, where V; = (Y;, D;, Z;). For each
sample, we obtain the confidence interval for Oarg and Op,, by inverting the test of the

feasibility of the linear system in (13) at the 5% level.

The results are reported in Tables 1 and 2 for Qs and Qe respectively. For each
parameter and each model, we report the length and the coverage rate of the confidence
interval in the last two columns, averaged over 3000 replications. We also report the length
of the identified set |O(P, Q1s)| or |O¢(P, Qenc)|- We note that the confidence interval covers
the parameter with probability one in all cases. This phenomenon is to be expected because
in each case the true value of the parameter lies strictly in the interior of the identified
set. For example, ©g(P, Q15) = [0.1482,1.0295] and darr(Q) = 0.4919. In this example, for
n = 3000, the coverage probabilities of the lower and upper endpoints of the identified set
are 0.947 and 0.956, respectively.

6.2 General-valued Outcomes

We now present simulation results for a continuous outcome. In this subsection, D = Z =
{0,1,2} and Y = [-5,5]. We focus on R = Rys and Oare(Q) = Eg[Y (2) =Y (1) | R € R].
As in Section 6.1, Q{Z = z} = 1/3 for each z € Z. A distribution @ € Q; is generated as
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|©0(P,Q1s)] n  95% CI length Coverage

3000 1.034 1.000
Oare 08813 o0, 0.961 1.000

3000 0.413 1.000
O 0.3805 12000 0.397 1.000

Table 1: Length of the identified set ©¢(P, Q1s), average length and average coverage rate of the 95% confidence
intervals for Oare and Op.on, using our inference method in Section 4 under the @ € Qis distribution specified in
Appendix F.1.

|90(P, Qenc)| n 95% CI length Coverage

3000 3.340 1.000
Oare 2.8355 12000 3.085 1.000

3000 0.984 1.000
Opob 0.8935 12000 0.969 1.000

Table 2: Length of the identified set ©¢(P, Qis), average length and average coverage rate of the 95% confidence
intervals for Oarg and Op,ob using our inference method in Section 4 under the Q € Qs distribution specified in
Appendix F.2.

follows. With a slight abuse of notation, let Q on {—1, 0, 1}? x D? be the discrete distribution
in Appendix F.1. We then define () as a mixture of truncated normal distributions where

the mixture weights are given by Q. In particular, let ®y(s(d)) denote the truncation of
normal distribution N(u(d),1) on Y. Then,

Q= D (QUu(0). (1), 1u(2), d(0), (1), d(2)) < R) y((1(d) (R H{d(2)}) .
(M(O)7“&{)7_%(,?)),’1%(6%%(31)7d(2)) deD 2€Z

(23)
In words, for each mixture component, the value of D(z) is fixed at d(z) for z € Z and
independently across d € D, Y (d) has a truncated normal distribution. Finally let P =
QT~'. As in Section 6.1, we repeatedly draw an i.i.d. sample {V;}", of size n = 3000 or
12000 from P, where V; = (Y;, D;, Z;), and for each sample obtain confidence intervals by
inverting the test of the feasibility of the linear system in (22) at the 5% level. We consider
the following three partitions of V:

binl: Y = [-5,0) U [0, 5];
bin2: Y =[-5,-3)U[-3,—-1)U---U[3,5];

bind: Y =[5, —4) U[—4, —3)U--- U [4,5].

The results are reported in Table 3. For each level of discretization, we report the length

and the coverage rate of the confidence intervals in the last two columns, averaged over 3000
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Partition dim(A) 1©0(P,Qis)] n  95% CI length Coverage

. - 3000 9.995 1.000
binl (L=2) (10+3)x (32+2) 9988 19000 9.994 1.000
. - 3000 6.099 1.000
bin2 (L =5) (254 3) x (500 + 2) 5.772 12000 5.921 1.000
. - 3000 4077 1.000
bin3 (L =10) (50 + 3) x (4000 + 2) 3.656 12000 3.851 1.000

Table 3: Dimensionality of the test, length of ©¢ (P, Qis), and average length and coverage rates of the 95%
confidence intervals using our inference method in Section 5, under given partitions with L = 2,5 or 10.

replications. To illustrate the computational costs, we report in the second column of Table
3 the number of rows and columns of the A matrix in (22) for each level of discretization,
which correspond to the number of constraints and the number of decision variables in
each of the linear systems being tested. Next, recall Theorem 5.1 shows that for each level
of discretization L, Py contains Py. Let Og (P, Qis) be the set of 6, € R such that
Py is nonempty. Theorem 5.1 implies that O¢ 1 (P, Q1s) is a superset of the identified set
O©p(P, Q1s). In the third column of Table 3, we display the length of O 1 (P, Q;s) for each L.
A comparison of the length of our confidence intervals to the length of O 1 (P, Qis) reveals

how much of the length of the confidence interval is attributed to sampling uncertainty.

We note the following findings from Table 3. First, as in Tables 1 and 2, the confidence
intervals cover the parameter with probability one for each level of discretization we consider.
This phenomenon is again to be expected because in each case the true value of the parameter
lies strictly in the interior of O (P, Qis); coverage probabilities of the lower and upper
endpoints of O 1(P, Qi) are approximately equal to the nominal level. Next, as the number
of intervals in the partition increases, the dimensionality of the problem grows exponentially.
Specifically, the number of constraints and decision variables scale at the rates O(|L||D||Z])
and O(|L|P!|R,]), respectively. For a fixed sample size, a finer partition yields a shorter

confidence interval, although we note it comes at a higher computational cost.
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A  Proof of Main Results

To reduce notational clutter for the appendix, we suppress the dependence of P, on n and

write P instead.

A.1 Proof of Theorem 4.1

We begin by formally defining the matrix A. Recall that M = )Y x D x Z and let N =
VPl x DIZl. We now define a matrix A with |M| + 2 rows and |[N/| columns. In order to
describe the matrix A, index the first |[M| rows of A by (y,d,z) € M and the columns of
Abyr=((y(d) :deD),(dz):z€ 2Z)) € N. The (y,d, z) X r element of A is given by
H{y(d) = y,d(z) = d}, and the (]M]+ 1) x r element of A is given by I{r € R}. Finally,
the (|JM| + 2) x r element of A is given by (g(r) — 0o)I{r € R'}.

Given the introduced definitions, we next prove Theorem 4.1.

PROOF OF THEOREM 4.1. Suppose P € Py. Then, 6, € Oy(P, Q), so thereis Q € Qo(P, Q)
such that 0y = 0(Q) and Q{R € R'} > 0. Recall Q € Qo(P,Q) if and only if @ € Q and
P = QT ' Since Q € Q, it satisfies both Assumptions 2.1 and 2.2. Because () satisfies
Assumption 2.1 and P = QT ', we have

P,

Y

= P{Y =y D=d|Z =2} = Q(Y(d) =y, D(2) = d|7 = =} = Q{Y (d) =, D(=) = d}.

(24)
Let ¢ be the column vector with |N| elements indexed by r, where the r element is ¢(r) =
Q{R = r}. Tt follows from (24) and the definition of A that the first |[M| rows of Ag
equal the first | M| rows of B(P). Next, note that because @ € Q(P, Q) implies @ satisfies
Assumption 2.2, it follows that

re€R
and therefore the | M| + 1 row of Ag equals the |M|+ 1 row of §(P) by definition of A and
B(P). Finally, since 6y = 6(Q) by hypothesis, the definition of the conditional expectation

yields that

Eqlg(R)I{R € R'}]
Q{R e R’} ’

where recall @ satisfies Q{R € R’} > 0. Rearranging, we obtain Eg[(g(R) — 6y)I{R €

R'}] =0, so that

0y = (25)

> (g(r) = bo)a(r) =0,

rer’
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and it follows from the definition of A that the |M| + 2 row of Aq equals the |[M| + 2
row of S(P) holds. Hence, we have shown that Py C P, for P, = {P € P : Ax =
B(P) for some = > 0}.

To conclude, it only remains to show that f’o C clp(Py) = whenever Py # (). To this
end, fix any P € Py. Since Aq = B(P) for some ¢ > 0, the definition of A and S(P) imply
there exists a Q € Q such that P = QT and Eslg(R)I{R € R'}] = 0Q{R € R'}. By
assumption, Py is nonempty and therefore Lemma E.13 implies Po(P) = {P € Py : P; =
f’z} is nonempty as well, where Pz denotes the marginal distribution of Z under P. Hence,
there exists a P € Py such that P, = Py, P = QT ! for some Q € Q, Q{R € R'} > 0,
and 0(Q) = 6p. For a sequence A, > 0 satisfying A, | 0, define P, = \,P + (1 — )\n)]5
and @, = \,Q + (1 — /\n)Q It then follows that P, = Q,T~!, Q.{R € R’} > 0, and
Eg,l9(R)I{R € R'}] = 6yQ.{R € R'}, which implies that 6(Q,) = 6p. Moreover, since
Q = Qgr x Py and Q = Qr x Py for some distributions Qg and Qg, it follows that Q,, =
(AMQr+ (1 — )\n)QR) x Pz and therefore that R 1L Z under @,,. We conclude that P, € Py

for each n and, since P, — P as n — oo, that P € cl(Py) implying P, C clp(Py). =

A.2 Proof of Theorem 4.2

We begin by introducing some notation that we use throughout the proofs. First let ¢ (V, P)
be a vector of dimension | M|+ 2. Indexing the first | M| coordinates of ¢(V, P) by (v, d, z),

we set

Pydz
P?
and let the final two coordinates of ¢ (V, P) equal zero. The random variable ¢(V, P) is the

influence function of y/n{ B, — B8 (P)} and will play an important role in our analysis.

wydz(V,P):%[{Y:y,D:d,Z:z}— {Z ==z}, (26)

The proof of Theorem 4.2 requires a final assumption that ensures that there is anti-

concentration. To state this assumption, we let
V(P) = {s e RM*2. Afs <0, |Q(P)(AA) s||; < 1}

and let £(P) be the extreme points of V(P). For any s € £(P), we also set o%(s, P) =
s'Varp{1(s, P)}s and define

og(P) = P P) = i P
a(P) Srer}g%;g)a(s, ), ol Seg(pr)’f?&,p)>o"(3’ )
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where we set g(P) = +o0 if (s, P) = 0 for all s € £(P). Finally, for any P € P we define

m(P) = med< sup (s, G(P))
seV(P)
where for any random variable V', med{V'} denotes its median. Given the introduced no-
tation, we state a final assumption that ensures there is sufficient anti-concentration in our

problem.

Assumption A.1. &, = (log®(n)|M|/n)Y* Vv A\/log(|M]) satisfies
suppep(m(P) +7(P))/a*(P) = o(&, ") -

We next provide the proof of Theorem 4.2. The proof relies on numerous auxiliary lemmas

that are stated and proven in Online Appendix Section E.

PROOF OF THEOREM 4.2. The proof follows the same arguments as those in the proof of
Theorem 4.2 in Fang et al. (2023) but with their coupling results (Lemmas A.4 and A.5)
replaced by our improved coupling rates from Lemma E.3. Specifically, we note that Lemma
E.2 implies Assumptions 4.1, 4.2, 4.3, 4.4(v) and A.1 of Fang et al. (2023) hold. Assumptions
4.4(i)~(iv) are not verified directly, because their only role in the proof of Theorem 4.2 in
Fang et al. (2023) is to ensure a coupling of the bootstrap statistic—a condition that we
instead establish directly in Lemma E.3. The arguments in Fang et al. (2023) can therefore
be applied with r,, = log¥?(n)\/]M|/+/n (the coupling rate of Lemma E.3(i)) and b, = =7/
(the coupling rate of Lemma E.3(ii)). m

A.3 Proof of Theorem 5.1

Before proceeding with the proof, we first introduce some additional notation. Given the
sets of restrictions R C VPl x DIZl and R’ C YIPI x DIZl we define, for any r, € DIZ!, the

sets

Ro(ry) = {ro € VP! (ro, 1) € R}
RL(re) = {r, € VP! (ro,m) € R'} .

Recall B, = B, 0), X -+ X Be,pj-1),L. YIPl for any ¢, = (c,(0),...,co(|D| — 1)) € L£IP!
and My =L x D x Z. Let N = LIPI x DIZl x {0,1}. The matrix Ay, then has M|+ 3

rows and |[Np| + 2 columns.
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To construct Ay, we index the first |[My| rows of AL by (¢,d, z) € My, and the first |N|
columns by 7 = (¢,, 1, x) Where ¢, = (¢o(d) : d € D), r, = (d(z) : z € Z), and x € {0,1}.
Define

aB.,, " R.(ry) ifx=1

BCU\RIO<Tt) it x=0.

y<coa Tty X) =

If Y(r) = 0, then the r column of Ay is zero. Otherwise, the (¢,d,z) x r element of Ay
is given by I{c,(d) = ¢,d(z) = d} and the (M| + 1) x r element of A; is given by
I{(YV(coy1e, X) X {ri}) NR # 0}. We also let the (|JM|+2) x r and (M| +3) x r elements
of A be respectively given by

( sup  g(ro, ) —90> X X
Toey(cmrtvx)

( inf g(re, i) — 90> X X .

ro€Y(Co,Tt,X)

Finally, the (JMp|+2) % (J]Nz|+1) element of Ay is given by —1 and the (]M|+3) x (IN|+2)

element of Ay is given by 1. All other elements of Ay are given by 0.

Given the introduced definitions, we next prove Theorem 5.1.

PROOF OF THEOREM 5.1. First suppose P € Py. Then, there is a QQ € Qo(P, Q) such that
0o = 0(Q) and Q{R € R’} > 0. Letting q(c,, 7, x) = Q{Ro € V(Co,7t,X), By = 1} for any

¢, € LIP! and r, € DI?!, we then obtain

Pup = QIV(d) € Bu D) =dy = S alcori){eold) = r(z) =d} . (27)
co€LIPl rieRy
x€{0,1}

Collect the probabilities ¢(c,, 7, x) into a vector ¢ = (q(co, 74, %) : co € LIPl 7, € DIF x €
{07 1})7 and define 51752 by

51 = Z ( sup g<T07 Tt) - 90) Q(Coa T, 1)

!
co€LIPl rieRy ro€Beo MR (1)

a=- X (i, oer)— ) alcnr)

70€Bc, MRL(1t)
co€LIPl rieRy ° °

Next, note that since (Q) = 6y by hypothesis and Q{R € R’} > 0, it follows that @) satisfies
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Egl(g(R) —60y)I{R € R'}] = 0. In particular, by definition of £; and & we then obtain that
—& < Egl(9(R) —6)[{RER} =0<& .

Setting = = (¢',&1,&2)" we then note that > 0. Moreover, it follows from (27) and the
definition of Ay that the first |[My| rows of Apz equal the first |[My| rows of 5(P). Also
note that because Q € Qo(P, Q) implies @ satisfies Assumption 2.2 and hence Q{R € R} = 1
it follows that

Z Q(CO7Tt7X) X I{(y(CO’TMX) X {Tt}) nR 7£ Q)} =1 )

co€LIPlri€Ry
x€{0,1}
and therefore the M|+ 1 row of Az equals the |M|+ 1 row of 3(P) by definition of Ay,
and B(P). Finally, we note the [My|+2 and |M|+ 3 rows of Apz equal the M|+ 2 and
|IM_y| + 3 rows of S.(P) by definition of &, &, Ay and Sr(P). Therefore, we have shown
that Po C Py, = {P € P: Az = §(P) for some z > 0}.

It remains to show that limsup; .. Por C clp(Pg). We proceed by contradiction, and
assume that there is a P € limsup;_, . Po such that P ¢ clp(Py). Since P ¢ clp(Py),
Lemma E.12 implies that

/fdp -1 /fdP’ < 0 for all P" € Py satisfying P, = Py (28)

for some continuous and bounded function f : M — R and P, denoting the marginal
distribution of Z under P. Since f : M — R is continuous and ) is compact by Assumption
5.1(i), it follows that f is uniformly continuous on M. For any n > 0 there therefore exists
a 0 > 0 such that

max sSup |f(y7 da Z) - f(y/a d7 Z)l < n. (29)

deD,zeZ ly—y'|<25

Moreover, by Assumption 5.1(iii) there is a Ly < oo such that max;<,<r, diam{By .} < ¢
for all L > Ly. Since P € limsup;_,., Po implies P € Py for some L > L;, we conclude

there is some L < oo such that

Pe PO,L and max diam{B&L} <4 . (30)

1<¢<L

Next define A to be a vector of dimension |[Mp| + 3 whose last three entries are zero, and
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each of its first | M| entries, which we index by ({,d, z) € L x D x Z, are given by

A{,d,z) = sup f(y,d,z)P{Z =z} .
Yy€By, L
Also observe that P € Py implies 1 (P) = Az for some 2 > 0. Indexing the first INL|
entries of x by r = (o, 71, X) With (c,, 7, x) € LIPI x R, x {0, 1}, let Q' be any distribution
of R satisfying QR{R, € Y(co,7t,X), Rt = 1} = (¢, 74, X). Defining the set of indices
I(R) = {(co,71,X) € LIP' x Ry : V(co, 7, X) NR # 0} and then note that the last three
entries of Apz being equal to (1,0,0) because Apz = S (P) imply that the distribution Q'

satisfies

S Qul(Bo Re) € Vleonriox) x {re})} = 1

(CO )Tt 7X) EI(R)

Z ( sup g(ro,me) — «90> X Qr{(Ro, R) € (Bey x {ri})NR'} >0

’
(core)ELIPI X Ry o€ By MRL(1t)

> ( inf  g(re,m) —00> X Q{(Ro, Ry) € (Be, x {r:}) "R} <0 . (31)
o) 01 xRy To€Bc, NRL (1)

Setting Q' = Q% x Pz and letting P’ = Q'T~!, then note that by construction we have
Br(P) = BL(P’). Therefore, using that f satisfies (29), max;<,<; diam{By 1} < ¢ by (30),

and the definition of \ gives us

/fdPg Z P{Y e€B,,D=d,Z ==z} x sup f(y,d,z2)
(

0,d,2)eMy, veBer

—Nu(P) = NBu(P) < [ FaP . (32)

On the other hand, @, satisfying (31) implies by Lemma E.11 that there is a distribution
Qpr for R such that Q = Qp x Py satisfies Epl(9(R) — ) I{R € R'}], Q{ReR} =1, and
such that P = QT ! satisfies

/ f(dP' —dP) < 2n . (33)

Finally, let Po(P) = {P € Py : P, = P;} and note that Lemma E.13 implies Py(P) is
not empty. Pick any Py € Po(P) and note that Py = QuT ! for some Q, € Q satisfying
Qo = Qo.r X Pz for some distribution )y g for R. For any 7 € [0, 1], it then follows that
Q-=(1-7)Q+7Qo={(1-7)Qr+7Qur} x Py satisfies Eq_[(g(R) — ) [{R € R'}] = 0,
QA{R € R} =1, and Q. {R € R’} > 0 because Qo{R € R'} > 0. In particular, it follows
that P, = Q,T~! € Py(P). Moreover, since f : M — R is bounded, we also have that
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| [ f(dP — dP,)| < 27|/ f||s. Therefore, setting 7 < 1/(2|| f|ls) allows us to conclude that

[ P < [ gap,in<n. (34)

where the final inequality holds by (28) and P, € P(P). Combining results (32), (33), and
(34) finally yield [ fdP < 4n, which contradicts (28) for n sufficiently small. Hence, we
conclude that there is no P € limsup;_, . Po satisfying P ¢ clp(Py), which completes the

proof. m

B Details for Remark 4.1

In this section, we describe a method for deriving analytical expressions for Oy(P, Q) as
an interval whose lower and upper endpoints are some functions of P, L(P), and U(P)
respectively. If @ satisfies Assumption 2.1 and P = QT !, then P{Z = z} = Q{Z = 2}
and (24) holds. Therefore, in what follows, we disregard the distribution of Z under @ and
identify ) with the distribution of R, and in turn with the column vector q. Correspondingly,
we identify P with p = {pya- : (y,d,2) € M}. Let Ay and By(P) denote the first |M]| + 1

rows of A and (P). Because we assume every ) € Q satisfies Assumption 2.1,

Qo(P,Q) = {q: Aoqg = Bo(P), ¢ >0} . (35)

B.1 When Q{R € R’} is known or identified

Suppose Q{R € R’} > 0 for all @ € Q and is known or identified, so that it is a function of
P for all P such that Qo(P, Q) # 0. Denote such a function by a(P). Recall ¢ introduced
in the proof of Theorem 4.1, which is indexed by r such that ¢(r) = Q{R = r}. For all
Q€ Qu(P,Q), Q) = ﬁ > rer 9(r)q(r). Let ¢ be a column vector indexed by r, with the
r element given by ¢(r)/a(P). Here we suppress the dependence of ¢ on P for convenience.

With the notation above,

©0(P, Q) =Qu(P, Q) .
Before proceeding, we show Oy (P, Q) is a closed interval. Because Qo(P, Q) is a polyhedron
(in standard form), Corollary 2.5 in Bertsimas and Tsitsiklis (1997) implies Oy(P, Q) =
dQo(P, Q) is a polyhedron in R. Furthermore, Qq(P, Q) is obviously bounded, so ©y(P, Q)
is also bounded. A bounded polyhedron in R is simply the intersection of bounded closed

intervals, so it is itself a bounded closed interval.
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Next, note L(P) is the solution to

/

min cq
q
subject to  Agq = Bo(P) (36)
q=0.

Because the feasible set Qo(P, Q) in (36) is in addition bounded, the optimal cost has to
be finite, so it follows from Theorem 2.8 in Bertsimas and Tsitsiklis (1997) that (36) has
an optimal solution. Therefore, by the strong duality theorem (Theorem 4.4, Bertsimas and

Tsitsiklis, 1997), the optimal value in (36) is the same as the optimal value of its dual:

max  SBo(P)'r
' (37)
subject to  Ayr < c.

Note that in (37) the constraints do not involve P. It follows from the resolution theorem
(Exercise 4.47, Bertsimas and Tsitsiklis, 1997) that the feasible set in (37) can be written as

{ S0+ > A 0,20, ) ej:mezo} :

1<j<J 1<0<L 1<j<J

where each r§* is a vertex and each Y

spans an extreme ray. Because (37) cannot be
unbounded, b'r,™ < 0 for each ¢, so the optimal solution of (37) must have A\, = 0 for all £.
Therefore, it follows from Theorem 2.8 of Bertsimas and Tsitsiklis (1997) that the optimal
value for (37) is

max b're* .
1<j<g Y

The conclusion follows because the class of vertices r5* are determined by A and ¢ and do

not depend on P. U(P) can be obtained in a similar fashion.

B.2 When Q{R € R’} is partially identified

Suppose now Q{R € R’} is not point identified. In this case, (P, Q) is not necessarily a
closed interval, since the set {Q : Q € Qo(P,Q), Q{R € R’} > 0} is not necessarily closed,

but the latter remains a connected set. Recall (25) that

Eqlg(R)I{R € R'}]

H(Q) = Q{RGR/} )

31



s0 0(Q) is a continuous function of () whenever Q{R € R'} > 0. As a result, the identified set
Oo(P,Q) ={0(Q) : Q € Qo(P,Q), Q{R € R'} > 0} as the image of a continuous function
on a connected set is also connected. Since Oy(P,Q) C R, it is an interval (though not
necessarily closed). Its lower endpoint, L(P), can be obtained by solving the optimization

problem

L(P) _ inf EQ[Q(R)I{R € RI}]

" QequP@) Q{RETR} ’
Q{RER'}>0

and similarly for the upper endpoint.

The optimization problem above is known as a linear fractional program and can be
transformed into a linear program using the Charnes—Cooper transformation (Charnes and
Cooper, 1962). One may then be tempted to replicate the strategy in Section B.1 relying
on the linear program from the Charnes—Cooper transformation. Such a strategy generally
fails because in the dual program of the transformed linear program, in contrast with (37),
the constraints are not known ex-ante but are functions of P. As a result, we propose an

alternative strategy as follows.

The problem of finding the analytical expressions for L(P) (or U(P)) can be written as

the following two-step optimization problem which is easier to analyze:

: Eqlg(R)I{R € R'}] . . Eqlg(R)I{R € R'}]
inf inf inf
QEQo(P.Q) Q{R e R’} rell(R,PQ\{0} | Q€Qo(P,Q)NA(T) ™
Q{ReR'}>0
1
= inf - inf Eolg(R)I{R € R/ ,
rell(R)P.Q)\(0} ﬂ{ 2caunam ZalaBI } ]}
(38)
where for any 7 € [0, 1], we define
A ={QeQ r=Q(RER} (39)
and
(R, P,Q) ={Q{Re R} : Q € Quo(P,Q)}, (40)

as the identified set for Q{R € R'}. Solving for II(R’, P,Q), however, is a special case of
Section B.1 by specifying R’ = R and g(R) = I{R € R'} in 6(Q) = Eglg(R)|R € R'], so
that Q{R € R’} = 1 by Assumption 2.2. Therefore, II(R’, P, Q) is a closed interval whose
lower (resp. upper) endpoint is the maximum (resp. minimum) of a finite number of linear

functions of (pyq.(P)).

32



For the inner minimization problem, Qo(P, Q) N A(w) is characterized by

Qu(P,Q)NA(r) ={q: A(R))g = B(P,7), ¢ =0},

where A(R') is a (|[M|+2) x |N| matrix, whose first | M| + 1 rows are the same as Ay, and
the last row is given by I{r € R'}, and B(P,7) = (pyq-(P) : (y,d,z) € M, 1, 7). Using the
same analysis in Section B.1,

in Eolg(RVI{R € R’
QeQu(P.Q)INA(r) algtBI }]

is given by the maximum of a finite number of linear functions of (pyq.(P)) U (), denoted
as L(P,m). As a result, L(P) has the following form:

1
L(P) = inf ~L(P 41
(P) e N o 7 (P,m) , (41)

and U(P) can be obtained in a similar fashion.

C Details for Remark 4.2

Consider the setting of Example 3.1, an RCT with one-sided noncompliance, and additionally
suppose D = Z = {0,1,2} and Y = {0,1}. Let mp;; = Q{R" = (0,4,7)} for i € {0,1} and
J € {0,2}. We now show that the identified set on 72 depends on the distribution of the
full vector (Y, D, Z) instead of only the distribution of (D, Z) by showing that the bounds
on my1o that only use the distribution of (D, Z) differ from the identified set on m;s.

First, consider the bounds on 719 that only use the distribution of (D, Z). Cheng and
Small (2006) construct bounds on mpi2 in this setting by minimizing and maximizing g2

under the following constraints:

Dij1 = To12 + To1o
Pol1 = Too2 + Tooo
D2j2 = Too2 + To12
Poj2 = Tooo + To10
1 = mo12 + To10 + Too2 + Tooo

0 < mo12, To10, To02, Tooo < 1,

where py. = P{D = d|Z = Z} for d € D and 2z € Z. Note that {Q € Q : @ satisfies (42)}
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is the set of all Q € Q that rationalize {py. : d € D,z € Z}. Forming bounds on my2 by
this linear program is the same as the procedure outlined in Appendix B.1, except that it
only uses as constraints that ) rationalizes {py. : d € D,z € Z}. By parallel arguments to
those of Appendix B.1, these bounds correspond to the analog to the identified set if defined
only using the marginal distribution of (D, Z) as opposed to the full vector (Y, D, Z). Let
O (P, Q) denote the resulting bounds on mg19, which Cheng and Small (2006) show is given
by

O (P, Q) = [max{0, pi1 — poj2}, min{py1, paa}] - (43)

In contrast, applying our procedure from Appendix B that uses as constraints that @

rationalizes {pyq. : ¥y € V,d € D,z € Z} results in the identified set on my2 being given by

0 Po1j1 + P11
+ — + +
@O(P, Q) — | max Po1j1 T P1ia (p00|2 P10|2) . min Poz2)2 T P122
P1ojo — P1oj1 — P1oj2 1 - Pooj1 — P1o)2
I — pooj1 — Pooj2 — P1ojo I — p1oj1 — Pooj2
L : | \ \ | | (44)
0 P
P11 — Poj2 . P2j2
= | max < , min ,
P1ojo — P1oj1 — P1oj2 - Pooj1 — P1o|2
L L 11— Pooj1 — Pooj2 — P1ojo 1 - Piojx — Pooj2

Under Assumption 2.1 and Assumption 2.2 with R defined as in Example 3.1, we can
rewrite the right-hand side of (43) in terms of @ as

[max{0, Q{R" = (0,1,2)} — Q{R" = (0,0,0)}}, min{Q{D, =1}, Q{D;, =2}}] , (45)
and the right-hand side of (44) as

0
Q{Rt = (07 L, 2)} - Q{Rt = (0,0,0)}

s Q{Y(0)=1,R =(0,1,2)} —Q{Y(0) = 1,R* = (0,0,0)} |
Q{Y(0)=0,R"=(0,1,2)} — Q{Y(0) =0, R* = (0,0,0)}
Q{D, =1}
min @Dz =2} . (46)

Q{Y(0)=0,D; =1} + Q{V(0) = 1,D, = 2}
Q{Y(0)=1,Dy =1} + Q{Y(0) = 0, D, = 2}
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These expressions make it transparent why both (43) and (44) are valid bounds on 7p12 =
Q{R' = (0,1,2)} under the maintained assumptions and how (44) incorporates information

from the distribution of outcomes.

We now consider when (45) will strictly contain (46). The lower bound of (46) will be
strictly greater than the lower bound of (45) if

Q{Y(O) =] ‘ R = (07 172)} < Q{Rt - (07070)} < Q{Y(O) 11— | R = (O? 172)} (47)
QY(0)=j | R =(0,0,00}  Q{R'=(0,1,2)}  Q{Y(0)=1—j|R =(0,0,0)}

for j = 0 or 1, and otherwise the lower bounds coincide. Likewise, the upper bound of (46)

will be strictly smaller than the upper bound of (45) if

QY (0) =j D=1} _ QD=2 _Q{¥()
QY0 =j D=2 ~ QD= 1} ~ QIV(0)

1—j| D=1}
1—j|Dy=2}

(48)

for j = 0 or 1, and otherwise the upper bounds coincide. We conclude that (45) and (46)
will coincide if the Y (0) potential outcome is independent of treatment responses, while the
bounds of (46) will be strictly smaller than that of (45) if the dependence between Y (0) and
the treatment response types is sufficiently strong. Thus, the bounds on g9 of (43) will
strictly contain the bounds of (44) for any P such that P = QT ! for a Q with sufficient
dependence between Y (0) and treatment response types. This role of dependence between
potential outcomes and treatment responses is reminiscent of the role of such dependence in

the ability to detect violations of latent monotonicity restrictions shown in Machado et al.
(2019).

We now consider a numerical example with the () distribution specified in Table 5 and the
implied P distribution specified in Table 4, where we write q(yoy1y2, dod1ds) = Q{Y (d) =
ya, D(2) = d,, (d,z) € D x Z} and omit any ¢(-) = 0. One can check that ) € Q and
P = QT so that Qo(P,Q) # (. Moreover, Q{R € R} = 1 for R defined in Example
3.1. In this numerical example, 6,,(P, Q) = [0.195,0.481], while Oy(P, Q) = [0.235,0.419].
Thus, in this numerical example, P is such that Qo(P, Q) # 0 with ©,,(P,Q) 2 0¢(P, Q).
Note that, in this example,

QY(0)=1| R = (0,1.2)}
QY(0) =1 K = (0.0,0}
Q{R = (0,0,0)}
Q{Rt — (O, 1. 2)} = 0.464
QO =01R' =012} | .
QY(0) =0 R =(0,0.0)} "
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so that the strong dependence between Y (0) and treatment response types causes (47) to
hold for j = 1 and thus the lower bound of Q,,(P,Q) to be strictly larger than the lower

bound of Qu(P, Q). Likewise,

so that the strong dependence between Y (0) and treatment response types causes (48) to

hold for j = 0 and thus the upper bound of Qq(P, Q) to be strictly smaller than the upper

bound of Q,,(P, Q).

Q{Y(0)=0] Dy =1}

QY(0)=0| Dy =2} ~ M
Q{D, =2}
—Q{D1 — 1} =148

QYO =1Di=1} .

Q{Y(0) = 1| Dy =2}

Poolo
0.764

P1ojo
0.236

Poo|1
0.412

P1oj1
0.107

Po1j1
0.301

P11
0.180

Poo|2
0.117

P1oj2
0.169

Po2|2
0.475

P12)2
0.239

Table 4: Distribution P for Appendix C.

(000, 000)
0.002

(000, 010)
0.002

(000, 002)
0.017

(000, 012)
0.025

(001,000)
0.002

¢(001, 010)
0.002

(001,002)
0.002

¢(001, 012)
0.195

(010, 000)
0.101

(010, 010)
0.002

(010, 002)
0.272

¢(010,012)
0.120

(011, 000)
0.002

¢(011,010)
0.004

¢(011,002)
0.014

¢(011,012)
0.002

(100, 000)
0.002

¢(100, 010)
0.002

(100, 002)
0.022

¢(100, 012)
0.011

(101,000)
0.034

¢(101, 010)
0.062

(101,002)
0.015

¢(101,012)
0.002

(110, 000)
0.002

q(110, 010)
0.002

q(110,002)
0.006

q(110,012)
0.002

(111, 000)
0.024

¢(111,010)
0.041

¢(111,002)
0.002

¢(111,012)
0.007

Table 5: Distribution @ for Appendix C.
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D Details for Testable Implications

In this section, we discuss a method to obtain sharp testable restrictions of Q in terms of
analytical inequalities. In what follows, we will make heavy use of the fact that a nonempty
bounded polyhedron can be represented in two ways. Recall from Definition 2.1 of Bertsimas
and Tsitsiklis (1997) that a polyhedron in R is a set {x € R* : Az < b}, known as the H-
representation of a polyhedron. If the polyhedron is nonempty and bounded, then Theorem
2.9 of Bertsimas and Tsitsiklis (1997) implies that it can equivalently be represented as the

convex hull of its (finite number of) vertices, known as the V-representation of a polyhedron.

As in Appendix B, we identify @ with the column vector ¢ = (¢(r) : r € R), and P with
P = {pyq : (y,d, z) € M}. Further let A; denote the first | M| rows of A and let ay denote

the last row of Ay. Correspondingly, we note

Q={q:ayg=1,¢>0},

which is a bounded polyhedron in H-representation. Next, let P(Q) ={P: P =QT!,Q €
Q}, and note P(Q) = 4;Q. P(Q) is obviously a bounded polyhedron and is nonempty as
long as Q is nonempty. In that case, Theorem 2.9 of Bertsimas and Tsitsiklis (1997) implies

it is the convex hull of its (finite number of) vertices.

The previous discussion leads to the following algorithm for obtaining P(Q) in terms of
inequalities, i.e., its H-representation. For a given polyhedron, we can compute one repre-
sentation from the other using the mpt3 package in MATLAB. To obtain the H-representation
of P(Q), we use the following algorithm:

Algorithm D.1.

Step 1: Collect the set of all vertices of Q, denoted by V ={V;:1 <i <n}.
Step 2: Compute A1V = {A;V;: 1 <i<n}.

Step 3: From Lemma D.1, define A;Q = co(A4;V).

Step 4: Obtain the H representation of A4;Q.

In the algorithm, we have used the following lemma that allows us to define P(Q) through
the vertices of Q:

Lemma D.1. Suppose Q is a non-empty bounded polyhedron and V is the set of vertices of
Q/. Then, AlQ = CO<A1V).
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PROOF. We first show co(A;V) C A;Q’. Indeed, each P € co(A;V') could be written as
Ycien NAV = A1 Yo e, AiVi where Ay > 0 for all ¢ and Y, A\, =1, but >, A\Vi €
Q since Qis a polyhed}(;n and hence convex. To show A;Q C co(A;V), fix 7@ e Q.
Because Q = co(V), Q = >, ;, AiVi, where \; > 0 for all i and Y ;A = 1, so A1Q =
Y i<icn M1V € co(A1V). m
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Online Appendix

E Auxiliary Lemmas

Lemma E.1. Suppose Assumptions j.1(i)-(iii) hold and let ¥(P) = Ep[¢(V, P)Y(V, P)'] for
Y(V, P) as defined in (26). If log(]M])|M|/n = o(1), then there exists G(P) ~ N(0,X(P))
such that

log**(n) /M|
T, = Als, ATG(P)) + O :
A ( v

ProOOF. The claim follows from Lemma E.2 enabling us to apply identical arguments to
those employed in Theorem 4.1 in Fang et al. (2023), but with their coupling result (their

Lemma A.4) replaced by our improved coupling rate from Lemma E.3. m

Lemma E.2. If Assumptions 4.1(i)-(iii) hold and log(]M])|M|/n = o(1) then Assumptions

4.1, 4.2, 4.8, 4.4(v), and A.1 of Fang et al. (2023) are satisfied with a, = log(|M|)\/|M|/n
and ng\p = |M|

PROOF. Assumption 4.1(i) in Fang et al. (2023) is equivalent to our Assumption 4.1(i), while
their Assumption 4.1(ii) holds with a, = log(|]M|)/|Z]/n by Lemma E.4 and Assumption
4.1(ii). Next note that Assumptions 4.2(i)(ii) in Fang et al. (2023) hold by Lemma E.8(i)(ii),
their Assumption 4.2(iii) holds with My .y = /| M| by Lemma E.8(iii), and their Assumption
4.2(iv) holds due to Q(P) being diagonal. Further observe their Assumption 4.3(i) holds due
the first | M| diagonal entries of Q(P) being non-zero and the final two rows of ¢)(V, P) being
zero. In turn, Assumptions 4.3(ii) and 4.4(v) in Fang et al. (2023) holds by Lemma E.8(iv)
and Assumption 4.1(ii). Finally, we note that Assumption A.1 in Fang et al. (2023) holds

with a,, = log(|]M|)y/|M|/n by Lemma E.6. m

Lemma E.3. Suppose Assumptions 4.1(i)(iii) hold, log(|M|)|M|/n = o(1), and for 4 (V, P)
as in (26) let X(P) = Ep[y(V, P)Y(V, P)|. Then, (i) There ezists a G(P) ~ N(0,%(P))
satisfying uniformly in P € P

(49)

vn

(i) There exists a G*(P) ~ N(0,X(P)) that is independent of {Vi}1—, and uniformly in

HQ(P)T (\/E(Bn—ﬁ(P))—G(P)>HOO=OP <log3/2(n) \./Vl|> .



P € P satisfies

o)t (va -2 - @)= 0s ((M) M) | (50)

n

Proof. First note that Lemma E.4 allows us to conclude, uniformly in P € P, that we have

9P (Vittf, = B(P)} = 7= >~ 6(Vi. P)} s = O (k’g('”jgm ) SNED

To establish the lemma, we next apply Theorem 1 in Massart (1989) to couple the vector
> w(Vi, P)/y/n to a Gaussian variable Gp. To this end, we let U;,i = 1,...,n be an i.i.d.
sample with U; ~ Unif]0, 1]. We also divide [0, 1] into | Z] disjoint intervals, denoted C.(P),
satisfying P(U; € C,(P)) = P.. We further subdivide each interval C, into |Y||D| disjoint
subintervals, denoted Cyq,(P), satisfying P(U; € Cya.(P)) = Py4.. In what follows, we will

assume that (Y;, D;, Z;) are generated from U; according to the relation

which we note is without loss of generality in that the distribution of (Y;, D;, Z;) is still P
in this probability space. Next, let S denote the class of all intervals contained in [0, 1].
Because all intervals are convex, S satisfies the uniform Minkowski condition in Definition
2 in Massart (1989). Moreover, since S is a VC-class, it follows that S satisfies assumption

H(¢) in Massart (1989) with ¢ = 0. Defining G,, € *°(S) by
J— 1 -
Gn(S) = 7 iZI(I{UZ- eS}—PUe?S))

for any S € S, we then obtain from Theorem 1 in Massart (1989) that there is a Brownian
bridge W satisfying
Cov[G,(S), G,(S")] = Cov[W(S), W(S")] (53)

for all S,S" € S and such that for some constants K, A, and € depending only on S we have
forallt >0

P {Sup G (S) — W(S)| > log(n)

ses T(t - Klog(”))} < Aexp(—0t) . (54)

In particular, we note that by setting ¢ to be large enough in (54) we can conclude that we



have

Ses vn

To conclude, define a Gaussian vector G(P) of dimension | M| 4 2 by letting its last two

sup G, (S) — W(S)| = Op (M> . (55)

coordinates equal zero and its first | M| coordinates, indexed by (y,d, z) € M, be given by

1 P,y
Gyaa(P) = 5 W(Cya=(P)) - 2 W(C:(P)) .
Similarly, note that by (52), the definition of ¢(V, P), and the construction of Cy4.(P) and
C.(P) we have

In particular, results (53) and (56) imply that E[G(P)G(P)'] = X(P) as desired. Moreover,

we have that

o(P) {%Zw,m - G(P)}

1/2
-Pz/
= max

. 1/2
M P (L= Pras) 2

P21 Py, log”?(n)/IM]|
< = | =+E G,(S) —W(S)| =0 57
S B (5 T2 ) x sup () = W(s)| = O <2 . (57

| z

o0

1 n
% Zwydz(‘/ia P) - Gydz(P>
=1

where the final result holds uniformly in P € P by Assumption 4.1(iii) and result (55). The

first claim of the lemma therefore follows from (51) and (57).

In order to establish the second claim of the lemma, we first define the vector G, to be

given by
- 1 ¢ 1
G,=— VvV P)—— V., P 58
\/ﬁ;(w( ) n;wu ) (58)

Given this notation, then note that Lemma FE.5 allows us to conclude, uniformly in P € P,
that

(59)

QP VAL = Bu} — Gu}lloo = Op (log”M') 'M') |

N
Next, note that applying the same construction based on Massart (1989), but conditionally
on {V;}7_,, implies that there is G(P) satisfying G(P) ~ N(0, Var 5{«)(V, P)}) conditionally



on {V;}*, and
P {H@n ~ G > € E Klogm))\{m;;l} <Nexp{~01)  (60)

for some C; < oo. Further let B denote the Borel o-field, and for any B € B denote its e-
enlargement under ||-||oc by B¢ = {b : infyep [|[b—b||o < €}. Defining 8, = 2C1 K log®*(n)|Z|//n
and setting t = Cy, we then obtain from result (60) and Strassen’s Theorem (see, e.g., The-
orem 10.3 in Pollard (2002)), that

sup Ep {SUP {P {@n € B]{Vi}?:l} - P {G(P) € AKX

PeP BeB

0D} < Aewi-sca) o

for n sufficiently large. Since the right hand side of (61) can be made arbitrarily small by
setting Cy sufficiently large, we obtain from Theorem 4 in Monrad and Philipp (1991) that
there exists a random variable G(P) with distribution N (0, Var{t(V, P)}) conditionally on
{V;}®; and such that uniformly in P € P

A B 0c32(n
|G~ G(P)ll = O (%) . (62)

Moreover, result (62), the definition of Q(P), and Assumption 4.1(iii) yield that uniformly
inPeP

1PN G — G(P)} oo

P oo (1og¥2 () /TM]
< sup ( >) 1Gn G<P>\|oo—op< ) (63)

(y,d,z)eEM Pyd|z(1 - Pyd|z \/ﬁ

However, since (Q(P))'G(P) ~ N(0, ((P))Varp{o)(V, P)HQ(P))") conditionally on the
data, we may apply Lemma A.7 in Fang et al. (2023) together with Lemma E.7 to conclude
that there exists a G*(P) ~ N(0, (Q(P)) Varp{w(V, P)}(2(P))") that is independent of the

data, and in addition satisfies

3 1/4
|(QP)IG(P) — G*(P)[lne = Op ((M) > (64)

n

uniformly in P € P. Finally, let G*(P) = Q(P)G*(P) and note that G*(P) is independent
of the data, because G*(P) is, and G*(P) ~ N(0, Varp{¢)(V, P)}) because the columns of
Varp{y)(V, P)} are in the range of (P). The second claim of the lemma then follows from
results (59), (63), and (64). m



Lemma E.4. Let Assumptions 4.1(i), 4.1(iit) hold and ¥ (V, P) be as defined in (26). If
log(JIM])|M|/n = o(1), then it follows that, uniformly in P € P, we have

mwp@) |

QP (VLR = BP)} = 2= 300V P} = Or ( v

PROOF. We first note that by Lemma E.9(iv), min,cz P, > 0 with probability tending to
one uniformly in P € P. Therefore, the first | M| coordinates of £, — 3(P) have the following
structure for some (y,d, z) € M

sz sz 1 s PdZ
— = _Pde)_;2

z

~

P P P (pz_Pz>+§/de7

I
oL
U
I
I

where

R 1 1 Py [ 1 1\ -
Yy = Py — Pyaz) | = — = | - 2= (= - =) (P.-P.).
'de (yd yd ) (P Pz) Pz (Pz Pz)( )

z

Moreover, since the final two rows of {3, — B(P)} are identically zero, the definition of Q(P)
implies that

(WPW{V%wm—ﬂPﬂ—i%EZMWJﬂ}

i=1

p 1/2
= \/ﬁf? dz
<Pde(1 _Pde)) Y

o

y D 1/2 .
5 (%) X max \/ﬁ|7ydz| ) (65)

(y,d,2)eEM

= max
(y,d,2)eEM

where the second inequality follows from Assumption 4.1(iii). Next note Lemma E.9 allows

us to conclude

. 1 1
Pyiz — Pyaz) | = — =
<y,2?szM\< iz~ Puaz) (pz p)'

~ (yd2)EM z P?

R . 1
< P, — P P, — P,| x max — x Op(1) = O
max | Pyg. — Pa.| x max| | % max = x Op(1) P<n —

1og<\M\>rzr2) (66)

uniformly in P € P. Similarly, another application of Lemma E.9 and Assumption 4.1(iii)
yield that

P . |Z|?1og(|Z])
< yaz P, — P,J? 1) = L
< max 5 < max| P — P x Op(1) OP( M) 0



uniformly in P € P. The claim of the lemma then follows from combining results (65), (66),
and (67). m

Lemma E.5. Let Assumptions 4.1(i)(iii) hold and ¥(V, P) be as defined in (26). If
log(]IM])|M|/n = o(1), then it follows that, uniformly in P € P, we have

OP) (VB =B, == SV )= 3 (Vi P} = O <l°g<'MJ>ﬁ 'M'> |

PRrROOF. The proof follows similar arguments to those employed in the proof of Lemma FE.4.
We first note that by Lemmas E.9(iv) and E.10(iv), min.cz P* A P, > 0 with probability
tending to one uniformly in P € P. Therefore, the first | M| coordinates of 5% — /3, have the

following structure for some (y,d, z) € M

Py, P 1 - . P o =
ydz _ ydz . _ ydz * ~ %
p; pz - pz (Pydz Pde) pZQ (Pz PZ) +’7de ) (68)
where R
A A 1 1 Pa. [ 1 1 A A
= (PP | — - | e - = (- D). 69
Vyd ( yd yd ) (Pz* Pz> P. (P; Pz) ( ) ( )

Moreover, since the final two rows of {Bn — Bn} are identically zero, the definition of Q(P)

implies that
QP VLR = Ao} = == - (V)

P 1/2
= max z \/HA* z
(y,d,z)EM (PydIZ(l - Pyd|Z>> T

where the second inequality follows from Assumption 4.1(iii). Next note that Lemma E.10(iv)

DI /2
< (B e Vil . (0

|Z| (y,d,z)eEM

yields
. . 11
P —Pu) | — - =
x| (Fyas = Puaz) (P; Pz>‘
X R R R 1 1 Z?
< max [P, — Py.| x max | P — P.| x max — x Op(1) = Op log(IMDIZI (71
(y,d,z)eM 2€Z 2€Z P2 n |MHZ|

uniformly in P € P, where in the final result we used Lemmas E.10(i)(ii), Lemma E.9(iv),

and Assumption 4.1(iii). Similarly, applying Lemmas E.10(iii)(iv) and Lemma E.9(iv) yield,



uniformly in P € P, that

Po (1 1\ .~ -
max gd = — = (Pz* - Pz)
wdzem| P, \ P* P,
Py e B 2] log(|Z])
< = Pr— PP 1) = = 2
S e, Tpy X max|Fr = B Op(1) OP( M) ™

where in the final equality we used Lemma E.10(ii) and Assumption 4.1(iii). We therefore
obtain that

Q)AL = ) = == S (V7 Pl = O (log('ﬂj%m ) (73)

uniformly in P € P, by combining results (70), (71), and (72). Next, note that for any
(y,d,z) € M we have

1 < A
% Z ¢ydz(‘é*7 P)
=1

_ 1 - 1 * * * ® pydz x s

and therefore

n

S (V' P) = (gas (Vi P) = 3 yan(V5, P))
=1 ‘=
Y L 1 * *  _ ~
:;{ <E_F> <I{Yi =y, Di=d Z _Z}_Pydz>

pydz Pydz x ~
_ < - ) ([{Zi " PZ> } . (75)

In particular, result (75), the definition of Q(P), and Assumption 4.1(iii) allow us to conclude
that

IQP) = Sl P) = <= SV P) = 2 30V P}

\/ﬁizl J=1
P 1/2 1 1 ~ ~ pd Pd > D
< : — =) (P —PZ)— ydz _ "y (P*—PZ> .
N(y,?z%?M‘(Pydp) \/ﬁ{(PZ Pz)< ydz vd <P22 Pz2 :
(76)



Next, observe that Assumption 4.1(iii) and Lemmas E.9(ii)(iv) and E.10(i) imply, uniformly
in PeP,

max
(y,d,2)EM

P, \ /2 11 , ,
: =\ (P —P )
(Pde) \/E(Pz PZ) ( vl v

X Max — XmaX\P P|>< max |de ydz|

|Z| z€Z PzP z€Z
~ Op <log(|/\:l/%\/m> - (77)

Moreover, the triangle inequality together with Lemmas E.9(ii)(v) and Assumption 4.1(iii)

imply that
— Pya. P
(y, Elnzaé{./\/( | yd| |
log(|M
< max [P — Pyl P + P, op [ Y1BIMDY - 7g)
(de)EM Vnl|Z|

uniformly in P € P. Therefore, result (78), Assumption 4.1(iii), and Lemmas E.9(iv) and
E.10(ii) yield

P\ Pu. P\ (5 -
z Y ¥4 o z P* _ PZ)
(y,zn,z%é(/\/l (Pydz) \/ﬁ ( PZ2 Pz2 < :
M 1 . . .
< n|M| X Max — X max \ — Pyg. P.| x max |P] — P,|
|Z| 2€Z PP, (ydz)EM Z€Z

o, (bng%\AM) (79

uniformly in P € P. The claim of the lemma then follows from results (73), (76), (77), and
(79). m

Lemma E.6. Let Assumptions /.1(i) and j.1(iii) hold, and let || Al 0 = supjy. <1 [ Aa/loo
for any p x p matriz A. Then, |Q(P) (2 — Q(P))|lose = Op(y/Tog([M[)|M]/n) uniformly
in P eP.

PROOF. First note that for any constant ¢ € R, we have |¢c — 1| = |\/c — 1|]\/c + 1| and
therefore that |/c — 1| < |¢— 1|. Therefore, employing the definitions of Q(P) and €, yields



that

~ pl/Q 1-— pdz / P1/2
PN (O — QP = o | B -
(y.d2)EM P PY2(1 — PV
yd|z Y
Po(1— P P2
< max [Tt = Puae) : —1 (30)
(y,d,z)eM Pz2 Pydz(l - Pyd|z)

Next, note that (a? — *) = (a — b)(a + b), Lemmas E.9(ii) and E.9(iv), and Assumption
4.1(ii) imply that

P2
= —1
P2

z

max
z2€EZ

1 . . log(|Z])| 2
< max — X max |P, — P,| x max|P, + P,| = Op <M> (81)
Z2EZ P22 ZEZ Z2EZ \/ﬁ

uniformly in P € P. Moreover, similarly relying on Assumption 4.1(iii) and Lemma E.9(v)

we can conclude

A

(Pydlz - Pyd\Z)

max
(1—=Pyq2)

(y,d,2)eEM

= max
(y,d,2)EM

(1- P, yd=) 1
1—Pyp.) Vn

uniformly in P € P. The lemma then follows from (80), Lemma E.9(iii), and results (81)

and (82). m

_ OP( 1og<rM\>\zr> (52

Lemma E.7. Let Assumptions 4.1(1)(iii) hold, ¥(V, P) be as defined in (26) and for any
k x k symmetric matriz M let | M||, denote its largest eigenvalue. If log(|M|)|M]/n = o(1),
then uniformly in P € P

||<Q<P>>*<Varpw<v,P>}—Varp{w<v,P>}><ﬂ<P>>*||o:op( 10g<‘fg'>'/”') (83)

PROOF. First define the vector ¢,,(P) = Y, 1 (V;, P)/n for notational simplicity. Next, note
that for any unit-length vector v (under || - ||2), the Cauchy-Schwarz inequality allows us to

conclude

2
_ _ _ _ _ 1 <&
10n(PYda(P) 0]l = [a(P)ll2ln(P)v] < 10u(P)3 = ) (gZ%dz(%ﬂ) :
(y,d,z)eM =1
where the final equality follows from the definition of 1)(V, P). Therefore, since Ep[t)(V, P)| =
0 for all P € P and the sample {V;}!, is i.i.d., Assumption 4.1(iii) and the definition of
Q(P) yield the bound



sup Er [|(©(P)) i @P)L] < sup { [@PYIEX 3 En [03(V,P)]

pPeP

(y,d,2)EM
P 1 Py P%) M|
< su max % = yde |~ ydz < (’4
o PEII:)’ (ydz)EM Pyd‘ (1 — Pyd|z) n Z ( P2 P3 n ( )

(y,d,z)eM #

Next, define the matrices M;(P) = (Q(P)) (v (V;, P)Y(Vi, P) —Ep[(V, P)(V, P)])(Q(P))T/n,
and note that result (84), the triangle inequality, and Markov’s inequality yield, uniformly
in P € P, that

1(QUP)) {Var p {(V: P)} —Varp (V. PYHQP) . <||ZM o +op('M‘) - (85)

Further note that for any unit length vector v (under || ||2) we obtain by the Cauchy-Schwarz

inequality

[ (V, PYp(V, P)Y'vlla < [l (V. P)lI3

1 Pydz ?
= > SV =y D=d 7 =2} - {7 =2}
(y,d,z)eEM # z
<2 Lty =y D= Pras

(y,d)eYxD z

| P2,

< Tyl <72

<omwpy2mx 5 pESiE. (0
z (y,d)eYxD Z

where the first equality follows by definition of ¢(V, P) and the final inequality from As-

sumption 4.1(iii) and

> e > feeg
pPs — pP3  p2 -
(y,d)eYxD ~ * (y,d)eyxD ~ * z

Hence, the definitions of Q(P) and M;(P), the triangle inequality, result (86), and Lemma
E.8(ii) imply

[ Mi(P)lo < %{H(Q(P))THng(V PY(V, P)lo + |(QP)) Ep[p(V, P)w:(V, PY1(QUP)) |0}
5%(8@ F xﬁf+ﬂD>=%#+O(%.(W)

(y,d,2)EM P dlz <1 - Pyd‘z) n

Next, observe that the definition of Q(P), result (86), and Assumption 4.1(iii) allow us to

10



conclude that

/ PZ 2
Q). PV, PY@P L < max s X VPR S IMT - (89

Therefore, the triangle inequality, {M;(P)}!, being i.i.d., Lemma E.8(ii), and result (88)
imply that

M
n

IIZEP (MEP)]lo < — {IIEP QP)) W (V, PYp(V, PY (QP)]ll. + O(1)} < - (89)

Together, results (87) and (89) allow us to apply Bernstein’s inequality for matrices (see,

e.g., Theorem 1.4 in Tropp, 2012) to conclude that there is a constant C' < oo such that for
all t > 0 we have

P{HZMMHO . t} < 'M'exp{‘cwﬁ—h@} . (90)

Hence, evaluating the bound in (90) at ¢t = K+/|M|log(|M])/y/n for K sufficiently large

implies that
HZM W= O ( 1og<rM\>|Mr> o1)

vn

uniformly in P € P. The claim of the lemma then follows from (85) and (91). m

Lemma E.8. Let Assumptions 4.1(i), 4.1(ii) hold, log(|]M])|M|/n = o(1), ¥(V, P) be as

n (26), and X(P) = Ep[¢(V, P)Y(V, P)'|. Then, (i) Ep[t)(V, P)] = 0; (ii) The eigenvalues
of (QUP)TS(P)QP)T are uniformly bounded in P € P; (iii) W(V, P) = ||QUP)1(V, P)| s
satisfies suppep Ep(|¥(V, P)[F] < M2 and (iv) (B, — B(P)), (B; — B,) € range(S(P))
with probability tending to one uniformly in P € P.

PROOF. In order to establish the first claim, recall that the first | M| entries of ¢)(V, P) have

the structure

1 Pydz
Yya(V, P) = FZI{Y:y,D:d,Z:z}— P2 {Z ==z}

By direct calculation, Ep[thyq.(V, P)] = Pya. — Pyq- = 0 and, since the final two coordinates

of 1 (V, P) are identically equal to zero, the first claim of the lemma follows.

To establish the second claim, we first characterize the covariance matrix (P) by noting

11



that

0 if 22
COVWJde(‘/, P)a wgcié(‘/; P)] = M 1f Z = 2 and (yv d) 7é (ga 5) : <92)

z

Poa.(1=P 1. . s
PueCBtie) i (y,d, 2) = (7,d, %)

Also observe that the last two rows and columns of ¥(P) are zero because the final two rows
of ¥(V, P) equal zero. Since 2(P) is a diagonal matrix in which the first |M]| entries have
the structure (Pyq.(1 — Pyaz)/ P.,)'/2 for some (y,d, z) € M and the final two entries equal to
zero, result (92) implies that Q(P)TS(P)Q(P)T is block diagonal and the final two columns
and rows equal zero. In particular, there are |Z| blocks, which we denote by I',(P). Each
[.(P) is a |Y||D] x |Y||D| matrix, with off-diagonal elements given by

1/2 51/2
Pyd‘z gd|z

(1= Py 21— Py ) V?

for some (y,d) # (§,d), and diagonal elements equal to one. Next, note that Assumption

4.1(iii) gives us

1/2 p1/2 2

yd|z” gd|z
sup [|o(P)[l3 = sup Z Ayd — Z R (1-P )1/2(1y_ P )12
||G,H2=1 HCL|2 1( d) ( J);ﬁ(yd) yd‘z yd|Z

2

S oo 32 o+ B 3 leslf:

lafl2=1 :

(@,d)#(y.d)
< sup QZ aid + Pyd|z Z aszi <4, (93)
lall2=1"( 3) (7.d)#(y,d)

where the second inequality follows from the Cauchy-Schwarz inequality and (b + ¢)? <
2(b? + ¢?) for any constants b, ¢, and the final inequality from Z(y,d)(azd + Pyq).) = 2 due to
lal|3 = 1. Since Q(P)'S(P)Q(P)" is block diagonal with blocks I',(P), the second claim of
the Lemma follows from (93).

For the third claim of the lemma, simply employ the defintion of (V) P) and Q(P) to
obtain that

12(P) (V. P)ll

12



\/E —I{Y—y,D d,Z =z} — yd’“’

(ydz M <\/ Pyg:(1 — Pygs) | P
VP, 1

max X max
— (y7d7z)6M \/Pydlz(l — Pyd\z) (y,d,z)EM ‘P

I{Z— z}

)

M,

yd\

where the final inequality holds uniformly in P € P by Assumption 4.1(iii).

Turning to the fourth claim, we first note that by Lemma E.9(iii), the event E, =
{min,cz P, > 0} has probability tending to one uniformly in P € P. We next argue
that (8, — B(P)) € range(S(P)) whenever the event Ey occurs. To this end, note that
by result (92), 3(P) is block diagonal with |Z]| blocks we denote by A,, and has the final
two rows and columns equal to zero. To examine the null space of A, note that a vector
a = (ayq: (y,d) € Y x D) satifies A,a = 0 if and only if it satisfies the equality

P, ydz
P2

0= Varp [ Y ayd(%I{Y —yD=d Z=2y—"22{z=2})] . (94)

(y,d)

Defining a function f of (Y, D) by f(y,d) = ayq, condition (94) may be equivalently be
expressed as f satisfying (f(Y,D) — Ep[f(Y,D)|Z = z]))I{Z = z} = 0. However, by As-
sumption 4.1(iii) such an equality can only hold if f, and hence a, is constant. Given the
structure of X(P), we thus obtain that the null space of ¥ has dimension |Z|+2 and its basis
is given by: (a) |Z| vectors whose final two coordinates equal zero and first | M| coordinates
equal a vector a = (aya, : (y,d, z) € M) satisfying a,q, = I{z = 2} for some zp; and (b)
The coordinate vectors for the last two coordinates. Because the final two coordinates of
(B, — B(P)) equal zero and in addition > ) Pyd|z = >y Pya- = 1 whenever the even
Ey occurs, it follows that (5, — B(P)) is orthogonal to the null space of ¥(P) and hence
belongs to its range because »(P) is symmetric. Identical arguments further imply that
(8% — f3,) € range(2(P)) with probability tending to one uniformly in P € P. m

Lemma E.9. Let Assumptions /.1(i) and 4.1(iii) be satisfied. If in addition log(|M|)|IM|/n =
o(1), then it follows that uniformly in P € P:

(i) max(yaem | Pyaz = Pyaz| = Op(y/1og(IM])//IM]n);
(ii) max.cz |P. = P.| = Op(\/10g(IZ])/\/|Z]n);
(1) max(y,az)em | Pz Pyaz — 1) = Op(y/log(IM]M]/v/n);
(iv) max.ez | P./P. — 1| = Op(y/log(|Z])| 2]/ /n);

(v) maX(ydz€M| ydz = Pyajz| = Opy/log(IM[)| Z]/n).

13



PROOF. First note Bernstein’s inequality (see, e.g., Lemma 2.2.9 in van der Vaart and Well-
ner, 1996) implies

A~ 1 x2
P{|Pydz_Pde| >x} < 2exp <_§M+i> ’
3n

n

where the inequality holds for all (y,d,z) € M and P € P. Therefore, Lemma 2.2.10 in
van der Vaart and Wellner (1996) and the norm inequality |- |1 < |- ||, allow us to conclude
that

log(|M|)
o

Next observe that Pyg,(1— Py4.) S 1/|M| uniformly in (y,d, z) € M and P € P by Assump-
tion 4.1(iii). Therefore, result (95) together with Markov’s inequality and log(|M|)|M|/n =

o(1) imply
max | - ydz‘ = Op <M> (96)

(y,d,z)eEM w/’_/\/l’n

uniformly in P € P, which establishes the first claim of the lemma. Moreover, by identical

R 1 Z
max|P. = P| = O <M> (97)

uniformly in P € P, which establishes the second claim of the lemma. For the third claim,
note that

1
By — \] <LogMD | s (P = P))” (95)

max
n (y,d,2)eEM

(y,d,z)eEM

arguments

~

P, ydz

—1
Pydz

max
(y,d,2)EM

(y dz)eM Py, (ydz)em vn

where the equality holds uniformly in P € P by Assumption 4.1(iii) and result (96). The

max 1 v max | —Pde’ _ OP< ].Og(|M|>|M|> , (98)

fourth claim of the lemma follows by identical arguments to those employed in (98) by relying
n (97) instead of (96). To establish the final claim of the Lemma, we rely on the triangle
inequality to obtain that

~

P,i.  Pyas 1 P, —P
ydze _ _yde — X max ] — Pya.| + max P4, x max g
P, P, P (y,d,z)EM (y.d,z)EM €2 PP,

(e o ) o (2

where the equalities holds uniformly in P € P by parts (i), (ii), and (iii) of this Lemma and

< m

max
(y,d,2)EM

14



Assumption 4.1(iii). m

Lemma E.10. Let Assumptions /.1(i) and j.1(iii) be satisfied. If in additionlog(|]M])|M|/n =
o(1), then it follows that uniformly in P € P:

(i) maxament | Pla. — Pl = Op(/Tog([MI)/v/TMIn);
(i1) max.cz |P; — P.| = Op(y/log([2]) /v/2In);
fiii) max(y g em | Prae/ Pz — 1] = Op(y/Tog MM/ /)
(iv) max.cz |7/ P. — 1| = Op(+/log(IZDIZ]/ V7).

Proor. We follow similar arguments to those used in the proof of Lemma E.9. First define

the event X X
P, 1 P 1
A, = Y% _ 1| > = and =1 >=
{<y,§13§M Pya- 2 M RE P, 2} ’

which we note is a function of {V;}! ;. Therefore, using the law of iterated expectations we
obtain the bound

r {(yﬂnﬁ}e{M Pyas = Poae| > x}

< B |P{ max, 1B - Bl > o 0HL b0 4 PLAT (00

for any = > 0. Next, note Bernstein’s inequality (see Lemma 2.2.9 in van der Vaart and
Wellner (1996)) implies

N A~ n 1 x2
P{‘Pydz - Pyd2| > $‘{‘/7'}Z:1} < 2exp <_§M + i) ’
n 3n

where the inequality holds for all (y,d, z) € M. Therefore, Lemma 2.2.10 in van der Vaart
and Wellner (1996) and the norm inequality || - || < || - ||, allow us to conclude that
log(|M]) 172 \/1og (| M])

vy | rqa,)y < 28UMAD plv ol
0| 14y s 2Dy e gy B
Next observe that Py, < 1/|M| uniformly in (y,d,z) € M and P € P by Assumption
4.1(iii). Therefore, result (101) together with Markov’s inequality and log(|M|)|M]|/n = o(1)
yield for any K > 0 that

Ep { (101)

o A
(y ?z%gM |Pydz Pydz|

L IoE M) 1
Ep | P P — Pl > K————={V;}", » [{A,}| < — . 102
P {(yﬁ’lj}é\/ﬂ ydz yd | > \/W {v}z_l { } ~ K ( 0 )
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Hence, since suppep P{AS} = o(1) by Lemmas E.9(iii)(iv), results (100) and (102) together

imply that
log(| M
max | P, — Pyl = Op <M> (103)

(y,d,z)eM w/’_/\/l’n

uniformly in P € P, which establishes the first claim of the lemma. Moreover, by identical

max |PF — P,| = (M> (104)

zZEZ

arguments,

uniformly in P € P, which establishes the second claim of the lemma. For the third claim,
note that

P, 1 log(IM[)|M
max Ayd _ 1 S max ’ ydz de’ _ OP Og(| |)| ’ , (105)
(wd2)eM | Py, (Wd2)eM Py, (nd2)eM vn

where the equality holds uniformly in P € P by Lemma E.9(iii), Assumption 4.1(iii), and
result (103). The fourth claim of the lemma follows by identical arguments to those employed
in (105) but relying on (104) instead of (103) and Lemma E.9(iv) instead of Lemma E.9(iii).

Lemma E.11. Let Assumption 5.1 hold, diam{B,.} < ¢ for all 1 < ¢ < L, a function
f: M — R satisfy
max Sup |f(y7 d7 Z) - f(y/7 d7 Z)‘ < n (1O6>

dED zEZ Iy y ‘<25

for some n > 0, and define Z(R) = {(co,71,x) € LIP! x Ry : (V(co, e, %) X {1 }) NR # D}
Further suppose P = QT ! where Q = Qg x Py for Py the marginal distribution of Z under
P and Qg a distribution for R satisfying the restrictions

S Qul(Ru Re) € Dlcor) x {r)} =1 (107)

(co,rt,X)EZ(R)

Z ( sup g(ro, 1) — 90> X Qr{(Ro, Rt) € (Bey, X {ri}) NR'} >0 (108)

!
(com)ellPIxR, \T0EBeMRo(r)

Z ( inf g(ro,me) — 90> X Qr{(Ro, Rt) € (B, x {r:})NR'} <0 . (109)

ro€Bc, MR (T’t)
(co,mt)ELIPIXR, o

Then, there is a distribution Qr of R satisfying QR{R € R} =1, Egl(g(R) — 60)I{R €
R’} =0, and such that P = QT~" with Q = Qg x Py satisfies [ f(dP — dP) < 2n.

PROOF. The proof proceeds by constructing a discrete measure Q r satisfying the desired
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properties. We distinguish multiple cases depending on whether inequalities (108) and (109)
hold strictly or with equality. In what follows, it will be helpful to note that P = Q7! and
R 1l Z under ) imply that

P{Y S Bg’L,D:d,Z:Z}
= > Q{R,€B.,, R=r}{c(d) =l,r(z) = d)}P{Z =z} . (110)

co€LIPIrieRy

Moreover, the same equality holds if we replace P and @Q with P and Q. In addition, note
that if (c,, 7, x) € I(R), then Y(c,, e, x) # 0.

Case I. First, suppose that the inequalities in (108) and (109) both hold strictly. To address
this case, define
Vv

X (Be, "Ry (1)) -

(corre) ELIPIXRy: By R (r1)£0

Next note V is connected because B., N R/ (r;) is connected for each ¢, € £LIPI and r, € R,

by Assumption 5.1(iv). Write an element v € V as v = (v(c,, 1) € B, N R, (r;)) and define

F(v) = > (9(v(co,e),7e) — 00) X Q{(Ro, Ry) € (Be, x {re}) NR'} .
(o) ELIPIXR: By RY (1) 0
Note that F': V — R and that inequalities (108) and (109) holding strictly imply there are
v, 0 € V satisfying F'(v) < 0 < F(v). Since ' : V — R is continuous and V is connected, it
follows that F'(V) is connected as well; see, e.g., Theorem 23.5 in Munkres (2000). Therefore,
we conclude that there is a v* € V such that F'(v*) = 0. Finally, define a discrete measure

Qr to have support points ((Coy 71, X) = (Coy7t,X) € Z(R)), where

(v*(Co,7t),7t) ify=1
any (o, 1) € (V(eor 7 X) X {r)) R ifx =0

$(Co, 1t X) =

We also assign probabilities Qz{(Ro, Ri) = 5(co,7t,X)} = Qr{(Ro, Ry) € V(Cor 71, X) X {re}}
for any (c,,7¢, %) € Z(R). Then note that by (106) we have Q{R € R} = 1, while F(v*) =0
implies E_[(9(R) — 0o)I{R € R'}] = 0. Next, use result (110) together with Qp satisfying
restriction (107) to obtain the upper bound

/fdPg Z P{Y e€B,,D=d,Z ==z} x sup f(y,d,z2)
(

0,d,2)eMy, veBer

= ) > Q{Ro € V(co,ri,X), B = 1} {co(d) = £,7,(2) = d}P{Z = z}

(4,d,2)EMy (co,rt,x)EL(R)
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x sup f(y,d,z). (111)
yEBy, L
Simﬂarly) QR{(ROaRt) = S(CoyrtaX)} = QR{(RoaRt> S y(cmrtaX) X {Tt}} fOI' (CO7TtaX) €
Z(R) and Py = Py imply

/fdP> P{Y €By;,D=d,Z =2} x inf f(y,d,z)

(4, d,z)eMp, yeBer
= Z Z Q{R, € Y(co,71,X), Ry =i} {co(d) = b,1r(2) = d}P{Z = z}
(0,d,z)eMr, (co,rt,X)EL(R)

x inf f(y,d,z) . (112)

yEBy L

Results (111) and (112) together with diam{B, 1} < d and f satisfying (106) then imply
[ f(dP—dP) <n.

Case II. Second, suppose that (108) holds with equality. Let B., denote the closure of B,
and then note that B,, NR/(r;) is compact since R/ (r;) is closed by Assumption 5.1(iv) and
By 1, is bounded. Since g is continuous, it follows that for each (c,, ;) € LPl x R, such that
B., N R.(r;) # 0, there is a v*(c,,7:) € Be, N R/ (1) satisfying

sup g(rmrt) = g('U*(CO,Tt),Tt) : (113>

T0€Be, MR/ (1t)
Note that v*(c,,7¢) does not necessarily belong to B,,. However, since {Bz,}s cpiml is a
partition of Y/PI and YIP! is closed, it follows that v*(c,,r;) € B;, for some &, Moreover,
for any d € D and v}(c,, ;) denoting the d" coordinate of v*(c,,r;) € VP! we can conclude

from the triangle inequality that

I{v*(co, i) € Bz, } X sup sup |y — |
yEBe,(a),L ¥ E€Bz,(a),L

< I{v*(co,mi) € Be,} x { sup |y —vj(co, )|+  sup  |vi(co,me) —y'|} <20, (114)
YEBc,(a),L Y'E€Bz,(a),L

where the final inequality follows from v}(c,, ;) belonging to the closure of B, ) 1 because
v*(Co, 1) € Bey, Vi(Coy7t) € Bayay.r, and diam{B, 1} < . Finally, we let Qg be a discrete
measure with support points (s(c,, 7, X) : (¢o,7t, X) € Z(R)) given by

(v*(Co,7t),7t) ify=1
any (ry, 1) € (V(cor 1, X) X {r}) VR iy =0,

$(Co, 1t X) =

18



and assign them probabilities Qr{(Ro, R:) = 5(co,71,X)} = Qr{(Ro, R)) € V(co,71,X) X
{r:}}. Since (v*(co,14), 1) € R' C R for any (c,, r;) such that B., "R.(r;) # 0, we then have
that Qr{R € R} = 1 due to Qp satisfying (107), and in addition Ep, [(9(R) — 0)I{R €
R}] =0 due to (113) and (108) holding with equality. Moreover, also note

/fdP > ) > Q{R,€B., R =r}I{c,(d) = {,r(2) = dyP{Z = 2}

(£,d,2)EML (co,mt) EVIPIX Ry
x inf f(y,d,z) (115)

yEBy L

by result (110) applied with P and @ in place of P and Q. In addition, by definition of Q
it follows that

Q{Ro € B, Ry = 7“75}
= Y Hs(éeriX) € Bo, x {r}}Q{Rs € V(. X), Re =11}

507X5(50:7”tvx) EZ(R)

while result (114) together with the function f : M — R satisfying restriction (107) allow

us to conclude that
L
ZI{CO(d> = g? 7ﬁt(’z) = d}I{S(éou T't, X) S BCo X {Tt}} X é%f f(y7 d7 Z)
yEBy, L

> Y 1{eo(d) = £ri(z) = d}{s(Go, i X) € Be, x {re}} % (dnf fy.d.z)—n). (116)
pa ,

Hence, since >, . . ez [{5(Co.rt,x) € Be, X {r:}} = 1, combining results (115)-(116)

yields the bound

/ fdp

Z Z Z Q{Ro S y(éoart7X)v Rt - Tt}]{éo(d) = év Tt(z) = d}P{Z = Z}

(€,d,z)eMy, (Co,rt,X)EL(R)
inf ,d, z :
(yeBé f(y,d,2) — >

Therefore, the upper bound for | fdP obtained in (111), the function f : M — R satisfying
(106), and diam{B, 1} < ¢ for all 1 < ¢ < L imply that [ f(dP — dP) < 2.

Case III. The third case with (109) holding with equality follows from the same arguments

from Case II. m
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Lemma E.12. Suppose Py # 0, P is convex, and Q is the set of distributions for (R,, Ry, Z)
satisfying Assumptions 2.1-2.2. Also let clp(Pq) denote the closure of Py under weak con-
vergence (in P) and Py denote the marginal distribution of Z under P for any P € P. If
P e P\ clp(Py), then there exist a continuous and bounded function f satisfying [ fdP =1
and [ fdP <0 for all P € Py satisfying Py, = Py.

PROOF. Let V denote the linear span of P, which forms a vector space, and define C,(M)

to equal

Cy( M) ={f: M — R s.t. fis continuous and bounded }

We equip V with the weakest topology that makes the linear maps P — f fP continuous
for each f € Cy(M), which we denote by o(V, C,(M)). By Theorem 5.73 and Lemmas 2.52
and 2.53 in Aliprantis and Border (2006), (V,o(V,Cy(M))) is a locally convex topological
vector space and the relative topology on P induced by o(V, Cy(M)) equals the topology
of weak convergence on P. Next set Po(P) = {P € Py : P; = Py}, let clp(Py(P)) denote
the closure of Po(P) under weak convergence (in P), and note that Py(P) C Pq implies
clp(Po(P)) C clp(Py) and hence P ¢ clp(Po(P)) because P ¢ clp(Py) by hypothesis.
Moreover, setting cly(Po(P)) to denote the o(V, Cy(M))-closure of Py(P) in V, it follows
from Theorem 17.4 in Munkres (2000) that clp(Py(P)) = clyv(Po(P)) N P. Therefore, since
P € P\ clp(Py(P)), we can conclude that P ¢ cly(Po(P)). Also note that since Py(P)
is nonempty and convex by Lemma E.13, Lemma 5.27(6) in Aliprantis and Border (2006)

implies cly (Po(P)) is nonempty and convex as well.

We have so far shown that P ¢ cly(Py(P)) and that cly(Py(P)) is a nonempty closed
convex subset of the locally convex topological vector space (V,o(V,Cy(M)). By Corollary
5.80 and Theorem 5.93 in Aliprantis and Border (2006), there therefore exists a f € Cy(M)
satisfying [ fdP < 0 for all P € cly(Py(P)) and [ fdP > 0. The lemma then follows by
setting f = f/ [ fdP and using that Py(P) C cly(Py(P)). m

Lemma E.13. Suppose Py is nonempty, P is convex, Q is the set of all distributions for
(Ro, Ry, Z) satisfying Assumptions 2.1-2.2, and define Po(P) = {P € Py : P; = Pz} where

Py denotes the marginal of Z under Py. Then, Py(P) is nonempty and conver.

PrOOF. We first show Py(P) is nonempty. Because Py is nonempty, there exists @) that
satisfies Assumptions 2.1-2.2 such that Q{R € R’} > 0 and 0(Q) = 6,. By Assumption
2.1, R 1L Z under ) and therefore () = Qg X )z where Qg and )z denote the marginal
distributions of R and Z under Q. Next, define Q = Qg x P, and note that Q € Q because
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Q € Q, while 8(Q) = 0(Q) = 6, and Q{R € R’} = Q{R € R’} > 0 because Qr = Q.
Hence, setting P = QT ! we obtain that P € Py(P), which shows that Py(P) is nonempty.

Next, we show Pgy(P) is convex. To this end, fix arbitrary P, P2 € Po(P) and A € [0, 1].
By definition of Py(P), there then exist Q' and Q2 that satisfy Assumptions 2.1-2.2 and
P = QT Q’{R € R’} >0, (Q) = 6y, and Q), = P, for j € {1,2}. Defining
Q = 2Q' + (1 — N\)@?, it then follows that

Q=ML x P+ (1=XNQ% x Pz = (A\Qp + (1 = N)Q%) x Py

and hence that ) satisfies Assumption 2.1 with Q; = Pz. In addition, for any set A we
have Q{R € A} = A\Q'{R € A} + (1 — M)Q*{R € A}, which implies Q{R € R} = 1 and
Q{R € R'} > 0. Moreover, we have

_ AEgi[g(R)I{R € R'}] + (1 — \)Egz[g(R)I{R € R'}]
ANOHReRY+ (1 - NQ{Re R}
_MQURERT+(1-NAQ(RERY _
AQH{RERY+ (1 - NQ*{Re R} 0

0(Q)

because 0(Q') = 0(Q?) = 6. Since AP' + (1 — X\)P? = QT and P is convex, it follows
that AP + (1 — \)P? € Py(P), and therefore that Py(P) is convex. m

F Additional Simulation Details

F.1 Latent distribution under one-sided noncompliance

Table 6 presents the ) distribution used in the simulation in Section 6.1 and 6.2 that sat-
isfies ) € Q5. For each row, the first four columns Q(ao, a1, as, by, by, bs) denote Q{Y (0) =
ap, Y (1) = a1,Y(2) = ag, D(0) = by, D(1) = by, D(2) = by} in Section 6.1 or Q{u(0) =
ag, (1) = ay, 1u(2) = ag, D(0) = by, D(1) = by, D(2) = by} in Section 6.2, for

(ag, a1, as, by, by, by) € {—1,0,1}® x {0,1,2}3, and the last four columns represent the prob-
abilities assigned to each of the four events respectively. The sum of the last four columns

equals one.

F.2 Latent distribution under the encouragement design

Table 7 presents the () distribution used in the simulation in Section 6.1 that satisfies Q) €
Qcne- For each row, the first five columns Q(ag, a1, as, bo, by, bs) denote Q{Y (0) = ag, Y (1) =
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al,Y(2) = ClQ,D(O) = bo,D(l) = b17D(2) = bg}, for (ao,al,ag,bo,bl,bg) c {—1,071}3 X
{0,1,2}3, and the last five columns represent the probabilities assigned to each of the five

events respectively. The sum of the last five columns equals one.
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Probabilities assigned

Events (ag, a1, a2, bo, b1, b2)
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Table 6: Distribution of Q € Q5.
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Probabilities assigned

Events (ao, a1, az, bo, b1, ba)

0.0001
0.0001
0.0012
0.0001
0.0631
0.0001
0.0001
0.0001
0.0143
0.0001
0.0001
0.0051
0.0001
0.0001
0.0128

0.0002
0.0001
0.0049
0.0037
0.0001
0.0001
0.0043
0.0013
0.0059
0.0001
0.0001
0.0001
0.0158
0.0001
0.0001

0.0008
0.0004
0.0001
0.0001
0.0024
0.0041
0.0001
0.0024
0.0001
0.0454
0.0001
0.0072
0.0001
0.0042
0.0001

0.0001
0.0023
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0166
0.0001
0.0025
0.0060

0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0003
0.0001
0.0034
0.0001
0.0053
0.0001

0.0004
0.0094
0.0079
0.0001
0.0001
0.0001
0.0001
0.0067
0.0416
0.0001
0.0001
0.0033
0.0053

0.0126
0.0048
0.0001
0.0639
0.0012
0.0001
0.0001
0.0001
0.0030
0.0001
0.0063
0.0001
0.0001
0.0019
0.0028
0.0001
0.0001
0.0023
0.0002
0.0022
0.0086
0.0011
0.0015
0.0029
0.0175
0.0001
0.0041
0.0155
0.0001
0.0001
0.0001
0.0001
0.0025
0.0001
0.0001
0.0017
0.0001
0.0040

0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0038
0.0397
0.0001
0.0001
0.0001
0.0001
0.0001
0.0052
0.0035
0.0001
0.0001
0.0001
0.0068
0.0093
0.0513
0.0001
0.0001
0.0021
0.0020
0.0033
0.0001
0.0056
0.0019
0.0001
0.0001
0.0038
0.0050
0.0016

0.0001
0.0001
0.0001
0.0072
0.0003
0.0483
0.0001
0.0001
0.0001
0.0275
0.0001
0.0001
0.0047
0.0004
0.0001
0.0017
0.0001
0.0001
0.0011
0.0001
0.0001
0.0052
0.0014
0.0001
0.0001
0.0022
0.0023
0.0001

0.0048
0.0001
0.0001
0.0001
0.0001
0.0001
0.0001
0.0019
0.0001
0.0063
0.0078
0.0001
0.0001
0.0006
0.0001
0.0001
0.0008
0.0001
0.0053
0.0053
0.0001

0.0001
0.0001
0.0010
0.0001
0.0008
0.0054
0.1091
0.0058
0.0001
0.0001
0.0001
0.0008
0.0003
0.0028
0.0001
0.0001
0.0001
0.0043
0.0001
0.0001
0.0040
0.0001
0.0001
0.0107

0.0162
0.0001
0.0001
0.0068
0.0001
0.0001
0.0050
0.0001
0.0001
0.0001

0.0001
0.0081
0.0090
0.0001
0.0008
0.0017
0.0001
0.0097
0.0001
0.0062
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Table 7: Distribution of @ € Qenc.
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