
Test (2008) 17: 443–445
DOI 10.1007/s11749-008-0127-5

D I S C U S S I O N

Comments on: Control of the false discovery rate
under dependence using the bootstrap and subsampling

José A. Ferreira · Mark A. van de Wiel

Published online: 30 October 2008
© Sociedad de Estadística e Investigación Operativa 2008

We congratulate Romano, Shaikh, and Wolf for their interesting work. Our only crit-
icism to the presentation of the article, which is otherwise very readable, concerns
Remark 1 on p. 8. This is crucial to understanding the method, because it explains
that the estimates of the probabilities under the null are determined by the smaller
test statistics, so it should have been made explicit at an earlier stage in Sect. 5. Inci-
dentally, the use of ‘r th largest’ and ‘r th smallest’ to denote the r th order statistic on
pp. 6 and 8 is confusing.

The assumption that n is large and that the !j ’s are uniformly away from zero
ensures that few non-null statistics will be mixed with the null ones and hence that
the estimates of the probabilities in (10) are approximately correct. Since the models
used in the simulation study conform to this assumption, we guess that the bootstrap
method is shown here at its best. We wonder how it will perform under a sequence of
alternatives which approach the null in a more continuous fashion, a more plausible
scenario in real-life applications.

One interesting aspect of the simulation results presented in Tables 1 and 2 is
how well the ‘standard’ Benjamini–Hochberg method (BH) works in all scenarios
of dependence: the FDR is kept below the required 10%, while the power is on av-
erage 80% of that of the bootstrap method proposed by the authors. This suggests
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that adaptive versions (other than Storey’s 2002, referred to as STS) of the method
based on better estimates of the proportion of true null hypotheses "s := s0/s, like
the BKY method, might improve its performance. On the other hand, it also calls for
an explanation.

If Hs and Fs are the empirical distribution functions of the sample of p-values
(more generally: test statistics that tend to take smaller values away from the null)
and of the sample of p-values corresponding to the s0 true null hypotheses, then

FDP(xs) := "s
Fs(xs!)

Hs(xs!)
" q whenever xs := sup

!
x : Fs(x) " qHs(x)

"

and Hs(xs!) > 0. Hence the procedure that rejects all hypotheses with p-values
strictly below the random threshold xs keeps the FDP below q and at the same time is
optimal among all procedures involving no estimates of "s , because taking the supre-
mum above implies that xs cannot be increased without running the risk of exceeding
the required bound on the FDP. Moreover, it is optimal among all procedures based
on the same upper bound "̄s on "s , because if it is known that "s " "̄s , one can take
q = q #/"̄s and guarantee FDP(xs) " q #. But Fs is unobservable, so the optimal pro-
cedure cannot be realized; the BH method attempts to approximate it by replacing
xs by x#

s := sup{x : F(x) " qHs(x)}, where F (typically the uniform distribution
function) is an approximation to Fs , the rationale being that if Fs $ F , then xs $ x#

s

and FDP(x#
s) $ FDP(xs) " q . Since FDP(xs) is bounded, the last statement is even

stronger than FDR(x#
s) $ FDR(xs) " q .

If s is not too small and the dependence between the p-values is weak (‘weak’
is a misnomer, since the dependence in question can actually be very strong; see
Ferreira and Zwinderman 2003), the approximation of Fs by F is typically good, and
the BH method works very well. This observation can of course be illustrated and
corroborated by simulation experiments (as, for instance, in Kim and van de Wiel
2008), and it provides us with a justification for using the BH method very generally.

In the situations considered by Romano, Shaikh, and Wolf, where s is relatively
small and/or the dependence structure can be as strong as one wishes, it is not so clear
how well Fs is approximated by F , and a fortiori how well FDP(x#

s) approximates
FDP(xs). If one wants to be completely general, there need not even be an obvi-
ous candidate for F , but in practice it is usually alright to assume—like the authors
do—that all the p-values or statistics generated under the null have (approximately)
the same distribution function F , in which case EFs = F is—irrespective of the de-
pendence structure of the data—really the only candidate to replace Fs . Under such
conditions, one would hope that the random variable Fs , despite not approaching a
constant limit, does not deviate that much from F , which would explain the success
of the BH method. Can the authors comment on how close the empirical distributions
of the p-values generated under the null typically are to the uniform distribution in
the simulation scenarios they consider?

We were surprised by how bad the STS version of the method does when the
data are dependent (as expected, it is close to being optimal under independence). If
Gs denotes the empirical distribution function of the p-values computed under the
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alternative hypotheses, we have Hs = "sFs + (1 ! "s)Gs and

Hs(x) " "sFs(x) + (1 ! "s), whence "s " 1 ! Hs(x)

1 ! Fs(x)
,

which suggests taking "̄s(x) := (1!Hs(x))/(1!F(x)) as an overestimate of "s . The
larger x, the tighter the bound on the right is, which suggests taking x as large as pos-
sible; if F is uniform, (1 ! Hs(x))/(1 ! F(x)) is, for large x, like the left-derivative
of Hs at 1. This motivates the procedure of estimating "s by hs(1!), where hs is a
density estimate constructed from the sample of p-values. The authors used a variant
(Storey’s) of this overestimate with x = 0.5, and it appears (everything else being
equal in the case of the BH and BKY methods) from the results of the simulation that
"̄s(0.5) is a serious underestimate of "s . Since "̄s(x) % "s(1 ! Fs(x))/(1 ! F(x)),
this could be explained by Fs being considerably bigger than F around 0.5. Do the
authors think that a different choice of x might improve "̄s(x) and the performance
of the STS method? If not, would it be possible to incorporate—perhaps by means
of resampling methods—the dependence between variables into an estimate of "s?
Intuitively, the fact that “all false hypotheses will be rejected with probability tending
to one,” implied by the main assumptions, suggests that it should be easy to get a
good estimate of "s that works well in the scenarios considered by the authors.

The authors perform their simulations of Sect. 7.2 for s = 4 in order to cover the
space of random correlation matrices “more thoroughly.” While we understand that
a low-dimensional space is easier to ‘fill’ than a high-dimensional one, we fail to
see why this is relevant to the robustness of multiple testing methods based on the
control of the FDR (which are especially designed for testing a substantial number of
hypotheses) with respect to random correlations. We wonder whether the situation for
s = 4 can be extrapolated to the more relevant case of s % 50, given that the number
of correlations increases quadratically in s. Do the authors have any results for larger
values of s?

In the Conclusion, the authors touch upon the case s & n, for which their current
asymptotic results are less relevant. Of course, applications in this case are extremely
relevant nowadays, and we encourage the authors to consider these. On the other
hand, asymptotic results in s by Storey (2003) indicate that under weak dependence
the FDR is asymptotically equal to the ratio of the marginal expectations, which obvi-
ously does not depend on the dependence structure (and in fact, as pointed out above,
even stronger dependencies will not affect this result). Such weak, often local, depen-
dencies are thought to be the most relevant ones in high-dimensional applications to
microarrays, mass-spectrometry (proteomics), and functional MRI, so the available
FDR algorithms may suffice for these.
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1 Introduction

In this enlightening and stimulating paper, Professors Romano, Shaikh, and Wolf con-
struct two novel resampling-based multiple testing methods using the bootstrap and
subsampling techniques and theoretically prove that these methods approximately
control the FDR under weak regularity conditions. The theoretical results provide
a satisfactory solution to an important and challenging problem in multiple testing
on developments of FDR controlling procedures by exploiting unknown dependence
among the test statistics using resampling techniques.

In my comments, I address the related statistical and computational issues when
applying their bootstrap method to analyze high-dimensional, low sample size data
such as microarray data and suggest several possible extensions.

2 High-dimensional, low sample size data analysis

The bootstrap method provides asymptotic control of the FDR when the sample size
approaches infinity. Its finite sample performance is evaluated through some simu-
lation studies and analysis of two real data. For the simulated data, the number of
hypotheses tested is s = 50, and the sample size is n = 100. For the real data, one is
with s = 209 and n = 120, and another is with s = 21 and n = 31. For such simu-
lated and real data, the bootstrap method is competitive with existing methods, such
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as Benjamini et al. (2006), under independence and outperforms them under depen-
dence. A common feature of the simulation settings and real data is that s is relatively
small and n is relatively large. However, in practice, there are a number of applica-
tions where the number of null hypotheses of interest is very large relative to the
sample size. For example, in microarray experiments, often there are thousands or
tens of thousands of genes, but the sample size is just less than a dozen. A natural
question is: Can the bootstrap method be used for analyzing such high-dimensional,
low sample size data?

It is often likely for microarray data to contain several extreme outliers. When
the bootstrap method is applied to such microarray data, the extreme outliers may
appear in some bootstrap samples due to small sample size, resulting in a very large
bootstrap statistic. To compute the largest critical value cs , we take the (1 ! s!)
quantile of the maximal bootstrap statistics. But, if quite a large fraction of those
maximal bootstrap statistics is very large, then the largest critical value will also be
very large, which leads to a situation where no hypothesis can be rejected by the
stepdown method. Therefore, to make the bootstrap method work well, it is perhaps
necessary to perform a preprocessing step to remove these outliers or choose some
robust statistics such as the median.

It is also likely that the data sets corresponding to many of the genes in a microar-
ray experiment are skewed. In any bootstrap sample, the maximal bootstrap statistic
over a large number of hypotheses is then likely to be quite large, thus resulting in
a very large bootstrap critical value to which to compare the largest observed statis-
tic. Since the suggested bootstrap method is a stepdown procedure, it is possible that
no hypothesis can be finally rejected at all. Therefore, when applying the bootstrap
method to microarray data analysis, it might be necessary to do some transformation
to alleviate the skewness of the data or choose some more appropriate test statistics.

With the help of Professor Wolf, I directly applied the bootstrap method in the
context of a two-sample t test to a real microarray data (Hedenfalk et al. 2001). Per-
haps due to the presence of a few extreme outliers and a large number of skewed data,
the bootstrap method could not find any significant gene in this data set.

3 Computational problem

When the bootstrap method is applied to analyzing microarray data, it is a challenge
to compute all the critical values. For example, when Professor Wolf applied this
method, on my request, to a simulated data set with 4,000 variables, it took him
more than 70 hours to do the computations. In the following, we present a possible
improvement on the computational method of the critical values.

For a given estimate P̂ of the unknown joint distribution P of the underlying
test statistics, the critical values, ĉi , i = 1, . . . , s, are defined recursively as follows:
having determined ĉ1, . . . , ĉj!1, compute ĉj according to the rule

ĉj = inf
!
c " R : FDRj,P̂ (c) # !

"
,
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where

FDRj,P̂ (c) =
#

s!j+1#r#s

r ! s + j

r

$ P̂ {Tj :j % c, . . . , Ts!r+1:j % ĉs!r+1, Ts!r:j < ĉs!r}

= 1
B

B#

b=1

#

s!j+1#r#s

r ! s + j

r

$ I
!
T &b

j :j % c, . . . , T &b
s!r+1:j % ĉs!r+1, T

&b
s!r:j < ĉs!r

"

is the FDR of the bootstrap method when there are exactly j true null hypotheses
under P , and the unknown P is estimated using the empirical distribution P̂ of the
bootstrap test statistics generated by B bootstrap samples. That is, ĉj is the !-quantile
of FDRj,P̂ (c).

Note that in the above expression of FDRj,P̂ (c),

I
!
T &b

j :j % c, . . . , T &b
s!r+1:j % ĉs!r+1, T

&b
s!r:j < ĉs!r

"

= I
!
T &b

j :j % c
"
· · · I

!
T &b

s!r+1:j % ĉs!r+1
"

· I
!
T &b

s!r:j < ĉs!r

"
. (1)

For every b = 1, . . . ,B , let r&b
j denote the total number of rejections when apply-

ing a stepdown procedure with the critical constants ĉi , i = 1, . . . , j ! 1, to the or-
dered test statistics T &b

i:j : i = 1, . . . , j ! 1. Then, (1) can be simplified as I {T &b
j :j % c,

r = s ! r&b
j }, and hence FDRj,P̂ (c) can be expressed as

FDRj,P̂ (c) = 1
B

B#

b=1

j ! r&b
j

s ! r&b
j

I
!
T &b

j :j % c
"
. (2)

The expression (2) might be able to greatly simplify computation of the critical val-
ues.

Another point we need to be careful about is how the computational precisions
of former critical values influence that of the latter. When s is large, the maximum
critical value is determined by a large number of former critical values. Even though
these former critical values are slightly imprecise, their total effect on the maximum
critical values might be huge and thereby greatly changes the final decisions on null
hypotheses.

4 Some possible extensions

As we pointed out in Sect. 2, the bootstrap method is sensitive to a few extreme out-
liers or a large number of skewed data. For such data, it may lead to a very large value
for the maximum critical value. Since the bootstrap method is a stepdown procedure,
we may fail to detect any false null hypothesis using this method. To overcome the
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problems caused by the outliers or skewed data, a possible solution might be to de-
velop stepup procedures that are not sensitive to a few large maximum critical values.

As seen in Sect. 3, the computation of all critical values for the bootstrap method
is a challenging task. To apply the method, we need to go through two steps. We first
need to calculate all the critical values and then apply the corresponding stepdown
procedure to the observed test statistics. The reason is that the computation starts
from the minimum critical value and continues to the larger ones. In practice, it is
common that there are only a few false nulls in a large number of null hypotheses of
interest. Thus, one natural question is: Could we derive an algorithm which combines
computation of every critical value with the corresponding hypothesis testing? For
this algorithm, it starts by calculating the maximum critical value and continues up to
the critical value for which the corresponding hypothesis is not rejected. Therefore,
it is very likely that the whole test will stop in a few earlier steps, and thus we only
need to calculate a few of the larger critical values.

The asymptotic control of the suggested methods is proved when the sample size
approaches infinity, not the dimension of the data. However, in practice, the data sets
with high dimensions and low sample size are becoming more common due to the
developments of high throughput technologies. Therefore, it will be interesting and
important to develop similar resampling-based methods which can asymptotically
control the FDR in theory when the dimensions of the data approach infinity.
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1 Introduction

It is a pleasure to congratulate Professors Romano, Shaikh, and Wolf (to be referred
to as RSW hereafter) on an interesting and original paper. RSW address an impor-
tant and challenging issue in multiple testing, to directly incorporate the dependence
structure of the p-values while constructing a multiple testing method that provides
a control of the false discovery rate (FDR). The dependence among the p-values has
often been utilized in an indirect manner, to the extent of just validating that an FDR
controlling method developed under the assumption of independent p-values contin-
ues to work even when there is a certain form of dependence among the p-values.
A more explicit use of the dependence structure should result in a powerful method.
The problem is, however, that one has to know the exact distribution of the underly-
ing test statistics, or has to capture it from the data, at least approximately, by means
of methods like those relying on resampling techniques. RSW have decided to take
the latter approach by appealing to the bootstrap and subsampling methods.

We do like the main idea in the paper, it will provide an impetus for research
on developing bootstrap-based multiple testing methods. Nevertheless, we feel that a
number of points need to be made to provide a better understanding of the paper and
to fill up certain gaps.
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2 What is being controlled?

Roughly stated, the paper does the following. Given data (X1, . . . ,Xn) from a dis-
tribution P ! ! , it considers testing of Hi : P ! "i against H "

i : P /! "i , simulta-
neously for i = 1, . . . , s, based on test statistics Tn,i , i = 1, . . . , s, which are such
that large values of Tn,i indicate evidence against the corresponding Hi and all the
false null hypotheses are rejected with probability tending to one as n # $, and
provides both bootstrap and subsampling based algorithms to calculate the critical
values cn,1 % · · · % cn,s of a stepdown test that will guarantee a control of the FDR at
# asymptotically as n # $ under certain weak assumptions. Let us denote the FDR
of this stepdown procedure by FDRn to properly index it by n since the critical values
depend on n. The paper proves that, given s0, the number of true nulls,

FDRn & EP

!
Rn,0

(s ' s0 + Rn,0) ( 1

"
, (1)

with probability tending to one as n # $, where Rn,0 is the number of rejections in
the stepdown procedure based on any subset of the test statistics corresponding to the
s0 true nulls and the critical values cn,s's0+1 % · · · % cn,s . So, the right-hand side in
(1) is what is being controlled in the paper, making the proposed stepdown method
an asymptotically valid FDR controlling method. For finite n, this equals the FDR
in the special case where the non-null test statistics are all larger than the null test
statistics. Moreover, it should be noted that by saying that the method in the paper
is an asymptotically valid FDR controlling method, in the above sense, it does not
necessarily mean that there exists a sufficiently large n0 ) n0(#) such that FDRn % #

for all n * n0.

3 Other relevant methods

RSW have decided to compare their proposed stepdown procedure with three other
procedures, the BH and its adaptive versions, the STS and BKY. These three proce-
dures differ from the proposed one in two aspects: (i) they are all stepup procedures,
and (ii) they are all marginal procedures (i.e., they do not exploit the joint distribution
of the p-values).

Recently, an adaptive stepdown procedure has been given in Gavrilov et al. (2008).
While its FDR control has been theoretically established for independent p-values,
like in the cases of the BKY and STS, simulations indicate that it can maintain its
control even under certain dependence situations. In terms of the p-values, it is based
on the following critical values:

#j = j#

s ' j (1 ' #) + 1
, j = 1, . . . , s. (2)

Although it is a special case of a multi-stage version of the BKY and has been referred
to as a multiple-stage stepdown method in Benjamini et al. (2006), it is actually an
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adaptive stepdown analog of the BH considered in Sarkar (2002). To see this, note
that with

#FDR$(t) = ŝ0($)t

R(t) ( 1
,

where

ŝ0($) = s ' R($)

1 ' $
and R(t) = #{p̂n,j % t},

the BH rejects H(1), . . . ,H(l̂SU), where

l̂SU = max
$
1 % j % s : #FDR$=0(p̂n,(j)) % #

%
(3)

provides the stepup rejection threshold; whereas, the stepdown analog of the BH
method rejects H(1), . . . ,H(l̂SD), where

l̂SD = max
$
1 % j % s : #FDR$=0(p̂n,(i)) % # + i % j

%

provides the stepdown rejection threshold. In STS, the FDR is estimated using

#FDR,
$(t) = ŝ,

0 ($)t

R(t) ( 1
, (4)

that is based on the following slightly different estimate of s0:

ŝ,
0 ($) = s ' R($) + 1

1 ' $

[(6) of the paper], and the stepup rejection threshold in (3) is modified accordingly as

l̂,SU = max
$
1 % j % s : #FDR,

$(p̂n,(j)) % #
%

for a fixed $ -= 0. If we consider modifying the stepdown analog of the BH method
using the alternative estimate of the FDR, which is #FDR,

t (t) [with $ = t in (4)], and
determining the stepdown rejection threshold based on this estimate, that is,

l̂,SD = max
$
1 % j % s : #FDR,

p̂n,(i)
(p̂n,(i)) % # + i % j

%
,

we obtain the adaptive stepdown method with the critical values in (2).
A number of other adaptive procedures like the STS and BKY are given in Sarkar

(2008). Among these, the following is worth mentioning. Let RSU($1, . . . ,$s) denote
the number of rejections in a stepup procedure (in terms of p-values) with the critical
values $1 % · · · % $s . As noted in Sarkar (2008), the BH procedure with its j th critical
value replaced by #̂j = j#/ŝ0, where

ŝ0 = s ' RSU($1, . . . ,$s) + 1
1 ' $s

(5)
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Fig. 1 Comparison of simulated FDR’s of the BKY and STS with $ = #/(1 + #), with # = 0.05. Each
simulated FDR was based on 20,000 replications, n0 is the number of true nulls

for any arbitrarily chosen set of critical values 0 < $1 % · · · % $s < 1, controls the
FDR under the same condition as in the case of the STS or BKY. The STS belongs to
this class; it corresponds to the case where $j = $ for any arbitrary $. Also, the one
with $j = j#/(1 + #)s is practically not much different from the BKY.

It should be noted that the rejection threshold chosen to estimate s0 is much wider
in the STS with $ = 0.5 than in the BKY. This, we suspect, contributes to large
variability of the FDR and loss of control over it under dependence of the p-values
for the STS with this $. A smaller $, we believe, would make the STS more stable
in terms of controlling the FDR. A simulation study was conducted to see how the
STS compares with the BKY if $ is chosen to be equal to #/(1 + #), the same value
the BKY chooses as the level of its first stage BH procedure. More specifically, we
considered testing whether each of the means of s = 500 dependent normal random
variables with the same variance 1 and a nonnegative common correlation % is 0 or 2
at # = 0.05 using both the BKY and STS with $ = .05/1.05. Figure 1 compares the
simulated FDR’s of these methods. The STS in this case is seen to have much more
favorable performance in terms of the FDR control, even under positive dependence
as long as it is not too high.
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There exist other procedures that control the FDR by exploiting the joint distri-
bution of the p-values. These procedures include the stepdown procedure of Troen-
dle (2000) under the setting of multivariate normal distribution with a common cor-
relation, as noted in the discussed paper, and the FWER-augmentation procedures
towards controlling the FDR suggested in van der Laan et al. (2004) and Pacifico
et al. (2004). The FWER-augmentation approach has two stages. At the first stage,
an FWER controlling procedure is applied at level #. At the second stage, more dis-
coveries are added to the first stage discoveries while maintaining control of the FDR
or of the probability that the FDR is greater than a user-specified value & . The de-
pendence among the p-values is exploited at the first stage. In Dudoit et al. (2004)
the FWER-augmentation procedures of van der Laan et al. (2004) are compared to
marginal FDR controlling procedures. Their simulations suggest that there can be
substantial power gain in the FWER-augmentation approach due to the incorporation
of the joint distribution of the p-values into the procedure.

With a known joint probability distribution P0 of the test statistics under the null
hypotheses, the following stepdown procedure controls the FWER (Pacifico et al.
2004; Dudoit and van der Laan 2008, Chap. 5]):

1. With tn,(1) % · · · % tn,(s) being the observed ordered test statistics, let kj be the
hypothesis with the j th smallest test statistic tn,(j).

2. For r = 1, . . . , s, do the following:
(a) Compute p̂(r) = P0{maxj!Vr Tn,j * tn,(s'r+1)}.
(b) If p̂(r) > #, stop and reject the r ' 1 hypotheses that correspond to the largest

test statistics; if p̂(r) % #, increase r by 1 and go to Step 2(a).

This stepdown procedure is augmented as follows in Pacifico et al. (2004) to control
the FDR at level q (see Dudoit and van der Laan 2008, Chap. 6, for similar proce-
dures):

1. Let c ! (0, q), and let # = (q ' c)/(1 ' c).
2. Apply the above stepdown procedure at level #. Let R1 be the number of rejected

hypotheses.
3. Let R2 = inf{r : r

r+R1
% q}. Reject the R2 hypotheses corresponding to the largest

R2 test statistics.

Note that the above stepdown FWER controlling procedure is identical to the step-
down FDR procedure of RSW when r = 1 but becomes more conservative starting
from r = 2, and thus will typically reject less hypotheses. In other words, the method
suggested by RSW appears to be more powerful than the FWER-augmentation ap-
proach. However, the FWER-augmentation approach may control the FDR with finite
samples as well as asymptotically (as long as the FWER controlling procedure con-
trols the FWER in the finite sample case).

4 Final points

In sparse settings, where s0/s is close to 1, the BH procedure is very powerful. It
may be interesting to compare the power of the suggested procedure with the BH
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procedure in such settings. Example 8.1 in the discussed paper shows that estimating
the number of true null hypotheses s0 and then using this estimate in a marginal
procedure (like the BKY) that does not take the joint distribution of the p-values into
account may be more powerful than a procedure that takes the joint distribution of
the p-values into account without estimating s0. Maybe, the present method can be
improved by incorporating an estimate of s0?
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I would like to commend the authors on a really nice piece of work. It is well written
and gives a very general solution to the problem of bootstrap adjustment for multi-
plicity while controlling the false discovery rate (FDR). At the time that I was work-
ing on the normal-theory FDR controlling procedure (Troendle 2000), I had ideas
about resampling-based FDR control. However, I have reservations about using FDR-
controlling procedures in applications, which led me to discontinue my research on
them. The false discovery proportion (FDP) seems like the most natural thing to con-
trol when control of the familywise error rate is not needed. In applications there is
only one FDP generated, and the bottom line question is “what can you claim about
the likelihood of a large FDP with this set of rejected hypotheses?” Even with exact
(as opposed to asymptotic) FDR control, the answer is “not much.” That is because
the FDR is an expected value and says nothing about the tail behavior of the FDP.
A simple realistic example give in Korn et al. (2004) showed that a procedure con-
trolling the FDR at 0.1 has an actual FDP ! 0.29 with probability 0.1.

One exciting possibility to take from this paper is that the subsampling ideas given
in Sect. 6 might be extended to control of the FDP. The fact that the subsampling
procedure did not behave well in the simulations for fairly small sample sizes is
discouraging, but perhaps that can be overcome. It may take a lot of computation to
get satisfactory results because the sample size should be large (for approximately
asymptotic behavior to be expected), while the subsample size should also be large
yet small relative to the sample size. There are a tremendous number of such subsets

This comment refers to the invited paper available at: http://dx.doi.org/10.1007/s11749-008-0126-6.
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for even moderate sample size, although one would naturally use Monte Carlo here
to select only a few, as one does with the bootstrap.
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The paper introduces FDR controlling methods that incorporate information about
the dependence structure of the test statistics. I congratulate the authors on their fine
work—their methods are shown to offer more power than the Benjamini et al. (2006)
FDR controlling procedure and still control the FDR for dependent test statistics.
However I am bothered by the lack of a theoretical proof for finite sample FDR
control. I will comment on this and on two other related points: the Benjamini and
Hochberg (1995) procedure does not offer general FDR control yet it controlled the
FDR in all the simulations conducted by the authors; in the simulations displayed
in Fig. 1 the FDR of the Boot method was very close to ! = 0.1 for the " = 20
configuration and much closer to ! · s0/s for " = 0.2.

Liberalism of the BH procedure The simulations conducted in this paper included
studentized multivariate normal test statistics. Working experience and theoretical
results (Reiner 2007) suggest that the FDR of BH procedure for this type of test
statistics may slightly exceed ! · s0/s but not exceed !. This explains why the BH
procedure controlled the FDR in the simulations. An interesting question is how to
construct a simulation in which the FDR of the BH procedure exceeds ! while the
testing methods introduced in this paper control the FDR.

For example, Guo and Rao (2008) construct a joint p-value distribution in which
the FDR of the BH procedure reaches its upper bound (1 + 1/2 + · · · + 1/s) · ! ·
s0/s. To achieve this FDR level the p-values in a random subset of j components
are set precisely in the interval [! · (j ! 1)/s,! · j/s). It is trivial to transform this
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p-value distribution into a multivariate test statistic distribution. However, for the
methods described in this paper, each test statistic has to be computed using data
consisting of iid samples X = (X1, . . . ,Xn), and it seems to me very difficult to
construct a distribution for the data such that “reasonable” test statistics applied to X

will preserve this intricate dependence structure. Furthermore, the joint distribution
of “reasonable” test statistics applied to iid samples is asymptotically multivariate
normal, thus the FDR of the BH procedure would approach ! · s0/s for sufficiently
large n, in any data distribution.

Conservatism of FDR controlling procedures when the non-null tested effects are
small In the extreme case that the p-value are marginally U [0,1], yet s ! s0 hy-
potheses are labeled false null hypotheses, the only effect of increase in s0 is the
occurrence of more false rejections, thus increasing the FDR (and FWER) of any
testing procedure; and if the testing procedure is exchangeable, then it is easy to see
that the FDR for any value of s0 is

FDR = FDR0 · s0/s,

where FDR0 is the FDR under the complete null hypothesis, s0 = s. This implies that
multiple testing procedures that control the FDR at level !, for all test statistic dis-
tributions, will have FDR " ! · s0/s when the non-null tested effects are sufficiently
small.

Finite sample FDR control of the new methods Gavrilov et al. (2008) and Benjamini
et al. (2006) show that the FDR values of their multiple testing procedures are max-
imized when the p-values corresponding to false null hypotheses are set to 0; they
prove that their testing procedure controls the FDR under this configuration and use
this property to prove the validity of their testing approach. Similarly, the methods
introduced in this paper are constructed under the assumption that all false null hy-
potheses are rejected. The authors prove asymptotic FDR control by showing that, as
the sample size increases, this occurs with probability tending to one, yet resort to
simulations for finite sample FDR control.

Benjamini and Yekutieli (2001) show that the BH procedure is unique in that its
FDR level, for independently distributed p-values, is unaffected by the distribution
of the p-values corresponding to false null hypotheses: they prove that in step-up
multiple testing procedures with a series of constants !1 · · ·!s such that !j /j is in-
creasing in j , when the distribution of false null p-values stochastically decreases,
the FDR increases; while in step-up procedures that !j /j is decreasing in j , the FDR
decreases. I think that a similar result for step-down procedures and dependent test
statistics is by itself interesting and may also help proving finite sample FDR control
of the new methods.
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