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Fluctuations and bubble dynamics in first-order phase transitions
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We numerically examine the effect of thermal fluctuations on a first-order phase transiti@t i)
dimensions. By focusing on the expansion of a single bubble we are able to calculate changes in the bubble
wall's velocity as well as changes in its structure relative to the standard case where the bubble expands into
a homogeneous background. Not only does the wall move faster, but the transition from the symmetric to the
asymmetric phase is no longer smooth, even for a fairly strong transition. We discuss how these results affect
the standard picture of electroweak baryogené§i§556-282197)03602-3

PACS numbd(s): 98.80.Cq, 64.60.Qb

I. INTRODUCTION which may be approximated by

Recent numerical and analytical work on weak first-order V=a¢?—bep3+co? (D)
phase transitions has shown that there may be significant
changes to the standard theory of phase transitions as a resuihere the coefficients are temperature dependent, we can
of thermal fluctuation$1—6]. Instead of a smooth homoge- compute quantities such as the temperature needed to nucle-
neous background there may be a significant amount ddite bubbles of the new phase, the thickness of the bubble
phase mixing due to the existence of subcritical bubbleswalls, and the rate at which the old phase is converted to new
Though not without controverdy, 8], these findings suggest phase as a function of the coefficiehtsVe require a first-
we may need to reevaluate the standard theory of nucleatioorder transition because of the third of Sakharov’s conditions
of critical bubbles because in very weak first-order phasdor baryogenesis, the lack of thermal equilibrium. Because
transitions the standard assumption of only small amplitudéhe cooling rate of the Universe is extremely slow at the
fluctuations breaks down. As the phase transition increases electroweak transition, depending only on the rate of expan-
strength we expect the role of fluctuations to diminish untilsion, the cosmological fluid maintains thermal equilibrium.
the approximations made for homogeneous nucleation bedowever, by allowing a bubble of stable vacuum to appear
come applicable. The effects of thermal fluctuations may exwithin the metastable vacuum, a first-order transition gives
tend beyond the regime of nucleation however, and alter thase to out of equilibrium processes in the neighborhood of
dynamics of bubbles as they expand. Due to the complethe bubble wall. It is only within this confined region where
nature of the system, analytic investigations of this questiobaryogenesis can take place.
would be difficult. On the other hand, numerical simulations The order and strength of the electroweak phase transition
in 3+1 dimensions would be very computationally exten-is the subject of ongoing research which will only be solved
sive. We therefore address the problem of dynamics by unby a calculation of the effective potential which is valid to all
dertaking numerical simulations i(2+1) dimensions. Our orders of perturbation theory. In any case we will assume a
primary motivation is to gain at least a qualitative under-potential of the general form of Eql). The strength of the
standing of how thermal fluctuations may affect the electransition is determined by a ratio of the coefficients in Eq.
troweak phase transition in the early universe and the consé1), the value of which is temperature and model dependent.
guent ramifications on baryogenesis at this epoch. In the minimal standard model for the electroweak theory the
Work on the topic of electroweak baryogenesis has, imuark, gauge boson, and Higgs masses determine the height
general, been concentrated in three areas: the form of thaf the energy barrier separating the two minima of the effec-
effective potentia[9], the dynamics of the transitid8, 10— tive potential. If the Higgs mass is small the transition is
14], and how to calculate the baryon asymmetip—20.  strongly first order, whereas a large Higgs mass results in a
These three areas effectively form a hierarchical structuréransition which is at most weakly first order and possibly
where the means by which one computes the baryon asynsecond order. While most work on phase transition dynamics
metry depends on the dynamics of the transition, which irhas been done for a strong first order transition, the experi-
turn depends on the form of the effective potential. Thoughmental lower bound on the Higgs mass of 65 G&] has
we do not yet know what the true effective potential looksall but ruled out this regime in the context of the minimal
like, it nevertheless makes sense to investigate the other twatandard model. More recently, there has been interest in the
areas by assuming certain generalities. That is, we may
choose a theory with a scalar order parametaesponsible
for spontaneous symmetry breaking. If we assume a potentiallin fact, the rate of phase conversion depends on the velocity of
expansion of the bubble walls, which depends not only on the
strength of the transition but also on the interaction of the wall with
*Electronic address: abney@oddjob.uchicago.edu the cosmological plasma.
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dynamics of very weak first order transitiofs—6]. In this  thermore, our assumptions about how thick the wall is for a
case the phase transition may be completed through the prgiven transition strength may have to be modified.

cess of phase mixing, whereby subcritical bubbles effec- The plan of this article is as follows. In Sec. Il we discuss

tively restore symmetry, rather than the conventional nuclethe potential we use in our simulations and its temperature
ation of critical bubbles. However, it is also possible that thedependence. Section I contains the evaluation of the nucle-
dynamics lie in the intermediate region between a stron@tion temperature and expansion velocity of critical bubbles
transition — nucleation and expansion of bubbles in a homol? the standard homogeneous background modeRinl)

geneous background — and a weak transition — phase mixdimensions. We elaborate on our model for the phase transi-
ing and domain coarsening. tion with thermal fluctuations in Sec. IV, covering such is-

psues as the equation of motion, lattice considerations, and
specific results. Finally, in the conclusion, we discuss rami-
rﬁications to electroweak baryogenesis as well as possible im-
provements for future work.

This work focuses on the dynamics of a transition whic
lie in this intermediate region. In this case fluctuations will
not be strong enough to completely dominate the transitio
and restore thermal equilibrium, yet may have an effect o
processes such as the nucleation and expansion of bubbles.

Though we will not address the issue of nucleatisee Il. THE STANDARD SCENARIO
[5-7] for discussions on this topicwe will investigate the
ramifications of fluctuations on the speed and structure of the
bubble wall and what the implications are on the standard The potential we select deliberately resembles the
mechanisms for generating excess baryons at the e|e£emperature'dependent electroweak effective pOtential for
troweak phase transition. These mechanisms depend strongdlje minimal standard model:

on particle interactions with the bubble wall, and calculating a _ N

the resulting baryon abundance requires knowledge of the v, _G o o2 Y3 Mg

details of the transition, including the wall's speed and struc- V(¢ T)=5(T°=Tp) ¢ = 5T + 7 4" 2

ture. Some authors have argued that subcritical bubbles are -

not relevant to baryogenesis since fluctuations only have afihe parametera and\ determine the strength of the phase
effect when the phase transition is only very weakly firsttransition and in the minimal standard model are related to
order, too weak to be of interest to baryogend3i8,15.  the gauge boson masses and the Higgs boson mass, respec-
These arguments, however, deal primarily with the questiotively. The application of this potential, however, may be

of whether the phase transition proceeds through the nuclenore general and useful in studies of first order transitions.
ation of critical bubbles. The issue addressed in here i8ecause of th€2+1)-dimensional nature of the simulations,
whether the fluctuations can have a significant effect on critiV has a mass dimension pf13] with ¢ being[ M*2]. Fur-

cal bubbles after they nucleate. thermore, we do not associate particular valueg aind A

~ This issue is related to one which has recently become afith particle masses, but rather concentrate on which regions
interest in condensed matter physics. Specifically, there hasy parameter space constitute weak and strong transitions as
been an effort to understand how noise affects the propertiegetermined in Ref[2].

of front propagation in a phase transitif@22]. The results of We will find it useful to change from dimensional to di-
these studies has varied depending on the specifics of th@ensionless variables as follows:

model in question. Here, though fluctuations play the role of

A. The potential

the noise in the phase transition, the system we consider and x—x/\aT,, (3)
the model we use to analyze it is significantly different from
those evaluated within the context of condensed matter. tﬂt/\/ETz, ()

Once one understands the dynamics of the electroweak

phase transition it becomes possible to calculate the baryon by TY2 (5)
asymmetry. Traditionally, baryogenesis has been investi- Xtz
gated in two different limits, thin walls or thick walls. In the

T—6T,. (6)

thin wall regime the wall is thin compared to the mean free
paths of the particles, which behave as if they were scatterin
off a potential barrier withC P-violating reflection coeffi-
cients. The reflected charge results in a baryon asymmetry in 1 1 1

the region preced!ng the phase bounda_lry. In the th|ck_wal_l V(x,0)= 5(62_1))(2_ §a,gx3+ Z)\X4’ (7)
case the plasma is treated as though it were in quasistatic

thermal equilibrium. Chemical potentials are introduced for _ ~

quantities which vary slower than the time it takes for thewhere —a=aa 'T,*?> and A=Xa"'T;'.  For
bubble wall to pass, and baryogenesis is the result of #<6;=(1—a?/4\)~ " the potential has one maximug.
change in theC P-violating phase, which acts like a chemical and two minima xo, x. located at x,=0 and
potential for baryon numbda.7]. In both cases the transition x-=a6/2\(1£\1—-4N(1— 6" %)/a?). At the critical tem-
from one vacuum state to the other is smooth, with the ordeperatured,=(1—2a?/9\) 2 the two minima are degener-
parameter varying monotonically. If fluctuations play a sig-ate with the minimum aj¢; being the global minimum for
nificant role it is likely that there would be deviations away 6<6.. At =1 the minimum aty, disappears. Figure 1
from the smooth transition model. It is unclear, though, forshows the potential for A=0.1, a=0.4,
what transition strength these deviations can be ignored. Fug= 6,—0.0025=1.2432.

Phe potential is now
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FIG. 1. Potential for A=0.1, a=0.4,
0= 6.—0.0025=1.2432.
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B. Dynamics wheremp=1.22< 10'°GeV is the Planck mass arid=1/30

The dynamics of the phase transition depends to a large?8l- The volume inside the horizon at a temperafiirs
degree on the amount of supercooling undergone before the m
nucleation of bubbl_es. If the super.c_oolmg is large, as in the VH~452T;'_ (10)
case of a strong first-order transition, the bubbles expand
very rapidly and have a relatively thick wall. In a weak tran-
sition the free energy of a bubble is minimized for a thin wall
and the small cooling results in a slowly moving wall. The
first step, then, is to determine the temperature at which
nucleation takes place. dP~1“VHdt~6§2
As the universe cools below the critical temperature the

symmetric vacuum becomes metastable with a finite probyye gefine the nucleation temperature as the temperature for

ability of decaying into the asymmetric stable vacuum. The,hich the total probability of having nucleated a bubble ap-
theory of bubble nucleation from a metastable to a Stabl‘fz)roaches one:

state was developed by Land&3] and later applied to cos-

mological phase transitiori24,25. The equation describing

the rate of nucleation per volume int3 dimensions, how- 1~4¢

ever, must be changed to account for the different scaling in

a (2+1)'dimensi0na| model. Recall that in two dimensionSWhere Tn is the nucleation temperature. Es“mat'm'g is

volume scales a¥ 2 and notT ™. The nucleation rate per made much simpler by approximatifig, in the prefactor of

volume is the right hand side of Eq12) as the critical temperature.
I/V=AT3e Fe/T ®) Because of the exponential, the final answer is not very sen-

’ sitive to the value of the critical temperature chosen. A value
of T,=100 GeV yields

whereF is the free energy of a critical bubble. The rate is
dominated by the exponential; hence, the exact valuk isf

not very important and we set it equal to one. The nucleatiofy, order to calculate the free energy of a vacuum bubble, we
temperature is given by the temperature at which the probspoose the energy of the metastable vacuum as zero,

ability of nucleating a critical bubble inside a horizon ap- V(($)=0)=0. The excess free energy of a bubble is
proaches one. We must, therefore, determine the size of the

From this we can write down the probability of nucleating a
bubble inside a causal volume at a temperafure

3/2

dT
e—Fc’T7. (11

e
T

3/2
) e—Fc/Tn, (12)

e
"

n

53~F./T,. (13)

horizon as a function of temperature. Ii22-1)-dimensional

universe during the radiation dominated era, the energy den- F:J’ d’x[3(V)?+ V(¢ T)]. (14

sity of the Universep varies with the scale facta accord-

ing to pca™ 3. The time-temperature relation is then The first term in the integral represents the surface energy of

the bubble, while the second term is the volume energy,

coming from the difference in free energy inside and outside

tzngl ) the bubble. The free energy, in general, must be found nu-
T2 merically. The difficulty in calculating® arises because one

1/2
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needs to know the value of the field at all points in space, 206,
which in general may not take a simple functional form. X+~ 33~
Under certain limits, however, approximations prove fairly

accurate. In the case of extremely small supercooling thes 5 function of the radiuR and the amount of supercooling
wall approaches the well-known kink solution, the “thin A ine free energy is

wall” approximation. As the temperature drops further be-

low the critical temperature the wall shape is reasonably ap- 2mR (ch)s 47R2 ( b,

206, 6

3\ ab,;

. (19

proximated by a Gaussidi0]. At temperatures appropriate F(R,A)~ ——2\ X 9 X

2
1 ) A. (20

to nucleation, neither approximation turns out to be particu-

larly good. In spite of the fact that the thin wall approxima- . R : .
tion fails to accurately predict the free energy associated Witthy tak|-r:'g tlh g dbebrllvgtlxe V;It? ESJZ_?\C& @;\{e geAt t.h © radlltjs
the nucleation of critical bubbles, we use it here as a way o a critical bubbleR= a0 .( ) Incea Is sma,

he nucleation temperature is approximately the critical tem-

estimating a value foff,. One should bear in mind, how- t d aft Y th E6L3 t for th
ever, that the free energy of the true critical bubble solutiorP€rature, and arter equating wi (1 ) we get for the
rﬁ:rltlcal free energy to temperature ratio

is larger than the free energy in the thin wall case at a give
temperature. As a result the nucleation temperature in the 4.3
thin wall case is higher, i.e., less supercooling, than in the E%La_acm% (21)
true case. We, however, are not most interested in what the fn 1458 \°A
actual nucleation temperature is, but rather in the dynamics
of bubble expansion. Within this context the thin wall ap- ©f
proximation gives a reasonable estimate. Also, recent studies 4.3
have shown that the actual nucleation temperature may be A~ (4.07X 10,5)0 0
significantly higher than what one obtains by the standard ' A3
method[5,6]. The basic idea is that in a weak first-order
transition large amplitude fluctuations cause the energy der®nce a critical bubble is nucleated it begins to expand be-
sity of the metastable vacuum to shift away fraf0). In-  cause the free energy lost due to the interior being in the
stead one must include a nonperturbative correction to thbwer energy vacuum offsets the gain in surface energy. The
free energy of a critical bubble which has the effect of rais-wall quickly accelerates, and in the case of a vacuum transi-
ing the nucleation temperature. tion, approaches the speed of light within a few wall widths
To calculate the free energy in the thin wall limit, when [25]. In the more realistic case where the wall is expanding
supercooling is small, we use a perturbative expansion ithrough a plasma, the wall experiences an opposing force
A=1-0/6., the amount of cooling below the critical tem- due to interactions with particles and reaches a terminal ve-
perature. To first order the potential is locity. Calculating the terminal velocity proves to be a diffi-
cult problem because it depends on detailed interactions of
the Higgs field with the plasma. Furthermore, the size of the
damping also depends on the thickness of the wall relative to
the mean free paths of the particles in the plagh@). Sim-
ply, this results because a thin wall causes particles to make
the transition into the true vacuum state quicker than the time
it takes for them to equilibrate. A thicker wall allows the
A bubble of true vacuum which is just large enough to growparticles to maintain quasistatic thermal equilibrium, because
satisfies the static solution to the equations of motion, the thermalization rate is faster than the rate at which the
Higgs field changes, but not chemical equilibrium, because
some patrticle interaction rates occur slowly resulting in de-
partures from equilibrium populations. The result is a differ-
ent damping force depending on the regime. In any case, we
In the thin wall limit the spatial derivatives are small exceptassume here that the damping force can be modeled by a
in the bubble wall. Furthermore, whenis small the radius Vvelocity dependent term in the equation of motion of the
of a critical bubble becomes very large and the first ordeHiggs field, where the magnitude of the proportionality con-
derivative term in Eq(16) becomes negligible. This gives stant determines the terminal velocity:

(22

1 2 2 1 3
V(x,0)= i(ﬁc—l)x 30

1 1
+Z)\X4—A<0§X2—§a00)(3). (15

d’y 1 dx dVv

aZtrar Ty (16

dy d’y  dy ) NV
a—\/ﬁ. 17 W'f’ a—v X——a. (23
The free energy of a bubble of raditsis In the frame moving with the wall we can change coordi-

nates tor= y(x—ut), simplifying to the case of a very large

bubble so that we may treat the problem as effectively one

X(R+6R) R
FNWRL(R— . dyv2v+ 277]0 drivix+.0), (18 gimensional. The equation of motion then takes the form

2
wherey ;. represents the value of the field of the true vacuum d_X+ yvd_Xzﬁ (24)
and is given by d=2 " s oy
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The boundary conditions og state that the derivative must tential. This approach is justifiable if one wishes to consider
vanish far from the wall. We can then integrate to obtain only the behavior of the expectation value of the field, where
one has implicitly assumed that the variance of the field
value is very small. This assumption should hold if the
minima in the effective potential are sufficiently deep that
thermal fluctuations away from the minima are strongly sup-
==V(x4). (26)  pressed. Even in this case, however, the dynamics of the field
may not be adequately described by the equations of motion.
Within the validity of the thin wall approximation, we may For instance, if the field is initially located at a local mini-

o [dy)?
| (d—X) dr=V(0)-V(x.) (29

— o0

perform the integral analytically to obtain mum of the potential, which then becomes a local maximum
in such a way that the slope remains zero, the field remains

1 \ﬁ 3 in this unstable extremum indefinitely. Realistically, what
6 77 N X+ =V(X+)- (27 happens is that fluctuations dislodge the field from the extre-

mum, which subsequently evolves according to the equations

Several author§8,10,11,14 have calculated the velocity of of motion.
the bubble wall in both the thick and thin case. The results The question of how one is to model the thermal fluctua-
for a thin wall arev~0.1 andv ~0.2—-0.6 for a thick wall. tions in field theory nevertheless remains. In classical statis-
Given a particular set of parameters for the potential, thentical mechanics one treats the problem of thermal fluctua-
we can find an appropriate value fgr Here we say thay is  tions by identifying a system and a heat bath and choosing a
generally~0.1. model for the coupling between the two and solving for the

Up to this point our treatment of the bubble has been fronbehavior of the system. Finding a solution is greatly simpli-
a purely field theoretic point of view. We describe the dy-fied when the reservoir obeys particular criteria. Specifically,
namics of the Higgs field as a scalar field in a temperaturdf the reservoir has infinite specific heat and a relaxation time
dependent potential. Particles in the plasma scatter off theauch shorter than that of the system, it remains in thermal
field effectively creating a damping force. A more macro-equilibrium even though it interacts with a system which
scopic view of the phase transition describes the plasmenay not be. When these conditions are satisfied one may
through hydrodynamics and the bubble wall as an effectivégnore the dynamics of the reservoir in favor of the dynamics
combustion front. In this case there are several effects whichf the system. This paradigm provides a method for calcu-
arise which affect the dynamics of the bubble expansiorating quantities such as equilibration time scales of a system
which are not otherwise evident in the field theoretic point ofand transition probabilities when the system is in equilib-
view. The velocity of the wall, for instance, depends not onlyrium. In the case of Brownian motion, for example, where
on the damping coefficient, but also on the ability of the the system is a small macroscopic particle and the bath is the
fluid to conduct heat away from the wall and the resultingfluid in which it rests, the Langevin equation is a natural
small temperature deviations created through the release otitcome of the fluctuating thermal force of the bath on the
latent heaf11,14. Furthermore, fluid dynamical instabilities system.
can arise both in the plasma and the bubble wall. Perturba- In the case of field theory, however, the dichotomy of the
tions in the wall may grow exponentially depending on thesystem and bath is less clear. If there is only one self-
size of the perturbation and the strength of the ff@®-31.  interacting field one can decompose the dynamics into short
The net effect is that bubbles might not grow in a sphericallyand long-wavelength modes which operate on different time
symmetric way. Nevertheless, including these effects is bescales. The short wavelength modes respond much more
yond the scope of this work and we consider here only thejuickly and can serve as the thermal bath while we define the
simplified scenario of a scalar field in a potential well with system as those modes whose wavelengths are larger than
damping. some critical value; nonlinear interactions couple the system
to the bath. Another approach is to have a second field which
acts as the bath to the first field. In either case the form of the
coupling determines the nature of the fluctuations which the

Thermal fluctuations play an essential role in the phassystem experiences. Below, we model the fluctuations as
transition, so it is instructive to discuss briefly how they enterwhite noise(uncorrelatetiby adding a stochastic term to the
into the physical picture. Without fluctuations the field re- equation of motion. In general, the noise which the system
mains trapped in the metastable vacuum until the potentiaéxperiences may be significantly more complicated, as is the
barrier vanishes at which time the field rolls down the poten-case in some simple cases which have been sty82a3.
tial into the true vacuum. In a thermal environment, thoughWe justify our choice by noting that it is not yet clear how
it is only the expectation value of the field which is in the these findings might change given the relatively complicated
metastable state. There is a finite probability that the fieldenvironment of the early universe. Furthermore, in at least
can take on a value beyond the potential barrier and thusne study[33] the authors found that in the high temperature
make the transition into the true vacuum. Hence, the nuclelimit the noise becomes white.
ation and expansion of bubbles. This method, however, The Langevin equation is a popular way to model phe-
traces the evolution of the field using the equations of motiomomenologically a system with thermal fluctuations, though,
at zero temperature often with a damping term to simulate&s mentioned above, the actual dynamics of the noise may be
the dissipation due to the thermal environment, with finitedifferent from the simple model of additive white noise.
temperature effects limited to corrections to the effective poNevertheless, the crucial question is deciding how one is

Ill. PHASE TRANSITIONS WITH FLUCTUATIONS
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going to model the essential physics of the system. Certainly, The initial configuration of the wall is prepared without
if we knew what the true equations of motion for the Higgsnoise added in. We include the fluctuations in the simulation
and particle fields were in the early universe, we could us@nly through the dynamics of the equation of motion.
those equations. This, however, is not the case. At the tim&hough such a configuration is certainly unphysical given
of the electroweak phase transition, aside from the Higgsthe assumption that thermal fluctuations exist, it has no effect
there were many other particles, and writing the completen the outcome of the numerical experiment. In each of the
dynamics is, if not impossible, extremely difficult. Given this two phases there exists a thermal equilibrium distribution of
situation, using the Langevin equation with additive whitethe other phase due to fluctuatidrs3]. Given the strengths
noise is a reasonable place to start in the investigation of howf the transitions we consider, the time it takes to reach this
fluctuations may affect the dynamics of the transition, anddistribution is small. Only during the initial stages of the
we use it here. Also, humerical studies of nucleation of criti-simulation is the bubble wall likely to be affected by particu-
cal bubbles in 1 and(2+1)-dimensions carried out using lar characteristics of the initial conditions.
the Langevin equation to model thermal fluctuations have A first-order phase transition may be classified into weak
demonstrated good agreement with classical nucleatioand strong transitions depending on the height of the barrier
theory[34,35. separating the minima. In a weak transition considerable
phase mixing may exist with the transitions proceeding
A. The model through domain coarsening, while in a very strong transition

) ) ] ] we expect the theory of homogeneous nucleation and bubble
As described above the coupling of the field with the ther-qypansion to be correct. We wish to explore here the inter-

mal bath is modeled by a Langevin equation. The equation gfediate region and thus must choose appropriate values for

motion, then, in terms of the dimensionless variables is  the parameters which describe the potential. Based on the
P2y oy oV findin_gs in Ref[2] we S(_al_ect v_aIues for the para_meterand
—5=V2xy—p— — —+ &), (28) N which explore transitions in the strong regime, where a
Jt at - dx strong transition is one where #. the symmetric phase

] ) ) _ comprises at least about 60% of the total area. We, therefore,
where we have defined as the dimensionless stochastic gt )\ =0.1 and allowa to take on the values 0.4 and 0.5

noise. The fluctuation-dissipation theorem relates the noisgq|| into the strong regime.

to the dissipation coefficieny by The potential in Eq(2) has a direct connection with the
electroweak phase transition. In the temperature one-loop ef-
(EDEXE'))=2900(t=t")6(x=X"). (29  fective potentiala is related to the gauge-boson masses
_ _ while \ is determined by the Higgs boson mass. The values
In discrete form¢ is we choose here for these parameters, however, should not be
construed as exploration of the parameter space of masses of
EXi\t))=&in (30 these particles. The naive interpretation that the chosen val-
ues ofa and\ correspond to masses in the minimal standard
2960 \1? model is false in this case because the simulations describe
= (W) ins dynamics in a(2+1)-dim§ansipnal wo.rld. W.hat clons_titutes a
(31) weak and strong transition i(2+1) dimensions is different
from the (3+1)-dimensional case. We choose, therefore, not

where G, , is a unit variance Gaussian random number ato m'akt_e any claims about particle masses, but rather focus
each point on the lattice anit and ox are the lattice spacing q_u_alltatlvely on the effects of fluctuations on the phase tran-
in the time and spatial directions, respectively. We integrat&!tion.
the equation of motion forward in time using a second-order
leapfrog method.

We carry out the numerical experiment by inputting initial
conditions and allowing the simulation to run. Since we are When taking a numerical approach to this problem one
interested in the dynamics of the bubble wall and not quesmust make a choice regarding the coarse-graining scale as
tions of nucleation, we use as initial conditions a wall whichrealized through the lattice spacing. Modes with wavelengths
stretches across the width of the lattice located at the midwaghorter than the lattice spacing couple to the larger wave-
point along its length. Half of the initial lattice volume, then, length modes through the noise term in the equation of mo-
is in the asymmetric phase while half is in the symmetriction. The results from placing the field theory on a lattice,
phase. The shape of the wall is chosen so that it conforms téen, only apply to the long wavelength modes. When prob-
the kink profile appropriate for a thin wall. This profile is in ing physics at shorter wavelengths, one must be careful in
fact not the one which minimizes the free energy, but it istaking the continuum limit. To do so one must include renor-
sufficiently close so that the time it takes for the wall to relaxmalization counterterms in order to obtain the proper con-
to its correct form is much smaller than the run time. Bytinuum theory. These issues are discussed in more detail in
making the wall stretch across the width of the lattice weRef. [34]. Following the prescription in Ref2] we set the
effectively model a large bubble and thus ignore the initiallattice spacingéx=1, which is approximately equal to the
expansion stage following nucleation. The wall, however, isnean-field correlation length given WO%ZV"(XO,GC)-
not given any initial speed, but must accelerate to its terminal In addition to choosing a grid size on the lattice, one must
velocity. The time for this to happen is also very small. choose the size of a time step, the size of the lattice, and the

B. The lattice
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boundary conditions. Ideally a large time step would allowume limit. Within any finite volume there exists the possibil-
one to integrate the equations of motion for a longer periodty that a fluctuation will restore the symmetry regardless of
of time; however, stability considerations limit the size of the dynamics internal to the volume. Since it is precisely
8t. To find an appropriately sized step we compared simulathese dynamics with which we concern ourselves, it is para-
tion results as a function of different valuesdif choosing a mount to choose a volume large enough that the probability
value in the regime where the results become independent §f such an occurrence becomes negligible. Essentially, what

the magnitude of step. In all simulations we used a value off@Ppens is that fluctuations in the broken phase may drive
ot=0.2. the system back to the symmetric phase, even though it is

energetically unfavorable. If the total volume is large, such
luctuations result in only a small region of the total volume
aving its symmetry restored. The chance that this could
L . - . happen with a large volume is exponentially suppressed be-
but one is limited to not just finite lattices but also ones. ' ¢ the large amount of energy necessary. We can esti-

which are fairly small because of the need for reasonablg,ie how large a volume we need by calculating the rate for
integration times. There are dangers, however, in having tog large fluctuation:

small a lattice. Strictly speaking, in the context of phase
transitions symmetry breaking only occurs in the infinite vol- r~e F/9 (32

As with the choice forét, selecting a lattice size is an-
other exercise in compromises. The physics one is attemp
ing to simulate takes place in an effectively infinite volume,
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B
FIG. 4. Contour plot of fieldy on the lattice
(@) with contoursy_/2 (dotted, y_ (solid), 3x_/2
(dashedd (@) «=0.4, n=0.1. (b) «=0.4,
7=0.5.(c) «a=0.5, y=0.1.(d) «=0.5, »=0.1.
>
(b)

The free energ¥ is given by the change in effective poten- this happening is similarly suppressed. The lattice size we
tial energy between the two minima multiplied by the use in the simulations ik,=100, L,=50, whereL, is the
amount of volume in the asymmetric phase. Ignoring thdength in thex direction andL, is the length in they direc-
gradient portion of the free energy, which only increaBes tion.

and makes a symmetry restoring fluctuation less probable, Another consideration lies in the fact that we are model-

we have ing an unbounded system by a finite volume with a bound-
ary. Though, as discussed above, we do not expect finite size

F _4a%6:A effects to be important, there is a distinct surface in the simu-

E”V Y (33 lations which is unphysical. We circumvent this issue by

using periodic boundary conditions in thedirection and

whereV is the volume in the symmetric phase. The probabil-“open” boundary conditions in th& direction. The periodic
ity of having a large fluctuation given the size of our lattice conditions allow us to model an essentially planar wall, ap-
and run time is approximately 1@°. propriate for a large bubble. The danger, however, with pe-

Since we are interested in the dynamics of the bubble waltiodic conditions is that long range correlations may be in-
as it expands, we also want to make sure that it is unlikelyduced if the simulation is run for longer th&r/2, the light
that a critical bubble will nucleate in the asymmetric phasecrossing time. It turns out that this is not a concern here
within the lattice during a run time. Because the volumebecause the presence of dissipation and noise have the effect
under consideration is much less that a horizon volume andf damping out and swamping any long range “communica-
the time is much less than a Hubble time, the probability oftion” which might otherwise exist. The open boundary con-



590

50

40

MARK ABNEY

L <

<

=3

S S |

4
~
A
v
<

Illlllll

4
0

30

‘I\II‘I
<>
: C
o
%
<

P
[
=

20

T T

&

G

/
AN

‘T]
°

N SN RN T I B RS | B

1

L N |
M
v

[
(3]
o
“~
o [
[e2]
(=
2]
(@]

100
FIG. 4 (Continued.

50 T T,

40

~
»ooT
s
-
o
A
9

~ ) >

30

A
A

20

10

‘k\ll‘\II\‘\1I\‘/§I\I|\\II
<

T
T
!
\,

ceocc e e i b IS L e

[o2]
o
—
o
o

(d)

ditions consist of assuming that for points immediately out-stant and comparing the results to the case where there are no
side the lattice the field takes on a value equal to the field ofiuctuations. The values af we chooseg0.4 and 0.5 place
the boundary. Though not realistic, these boundary condithe transition in the strong regime as defined in R2f. In
tions provide an approximation to the unbounded systemhat study the author found that the change from a weak to a
Any spurious effects caused by these conditions do not exstrong transition is itself a second-order phase transition with
tend into the lattice because of dissipation and noise. a critical value ofa;=0.36. We can characterize the strength
of the transition byf , , the fraction of volume which fluc-
tuates from the symmetric phase beyond the maximum of the
potential barrier. At the critical value, this fraction is 42%,

The focus of the numerical experiment is to understandvhile for «=0.4,f,~6% and fora=0.5,f ,~0.1%. Fur-
the effect of the fluctuations on the rate at which the oldthermore, whereas in the homogeneous background case the
phase is converted into the new phase and how that transitidield in a region of space smoothly makes the transition from
is made. We expect that for a relatively stronger transitiorthe symmetric to asymmetric phase, we do not expect this to
the fluctuations will play a fairly minor role, while for a happen when the amplitude of the noise becomes large.
relatively weak transition there may be a marked difference In order to calculate the rate of phase transformation for a
from the homogeneous background case. We investigate thgarticular transition we first introduce a definition which will
rate of phase conversion for different transition strengths byllow us to determine which phase the field is in. We label
allowing « to vary while holding all other parameters con- the field at a particular lattice point as being in either the 0

IV. RESULTS
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FIG. 5. Wall profile for «a=0.4, =0.1.
Shown are simulation resluts for a phase transi-
tion without fluctuations(solid line), with fluc-
tuations(dotted ling, average over 200 simula-
tions (short-dashed linge and ones width (long-
dashed ling

phase ify<y_ (i.e., to the left of the maximuinor the + lattice. For the case with fluctuations the position does not
phase if y>x_ (i.e., to the right of the maximuj This  mean that the midpoint of the wall is located at that particu-
allows us to determine what fraction of the total volume is inlar x position all the way across the lattice; rather, it repre-
each of the two phases. Because we place the bubble walknts an average position at that point in time. In fact there
through the center of the lattice approximately half of theare regions both in front of and behind the wall which belong
initial volume is in each phase with deviations away fromto the opposite phase resulting in a somewhat amorphous
half due to fluctuations. Lattice points move on average fronboundary. Figures(4)—4(d) show contour plots of the field
the O-phase to the- phase as the bubble expands. In Figs. 2on the lattice fora=0.4, 0.5 with»=0.1, 0.5 with contours
and 3 we plot the position of the wall as a function of time at y_/2 (dotted, y_ (solid), 3y_/2 (dashed We see signifi-

for a phase transition with and without fluctuations for cant distortions in the wall away from planar in the weaker
a=0.4 anda=0.5 with =0.2. The wall position for the transitions whereas the stronger transitions approach the
case with fluctuations as shown by the short-dashed line is golane solution, though other structure is still evident. The
ensemble average of 200 separate trials while the longate at which phase is converted from the 0O to thetate is
dashed lines show the one standard deviation width of thalso clearly elevated relative to the transformation without
distribution. The dotted line shows one realization. The solidfluctuations. In Table | we show the rate of phase conver-
line is the position for a phase transition without fluctuations,sion, essentially the velocity of the wall, for the different
where the steplike nature is due to the discreteness of thansition parameters. The right-hand columns for a given

FIG. 6. As in Fig. 5 witha=0.5.
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FIG. 7. Lattice point history fora=0.4,
7=0.1. Shown are simulation results for a phase
transition without fluctuationgsolid line), with
fluctuations(dotted ling, average over 200 simu-
lations (short-dashed line and ones width
(long-dashed ling
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value of @ and » show the average wall velocity for the and fluctuating background theories. While the wall thick-
fluctuating background case along with the one sigma widthness in the homogeneous theory can be clearly defined, it is
the left-hand columns show the wall velocity for the homo-less apparent in the fluctuating case. We see that averaged
geneous background case. In the limit of a very strong tranever 200 simulations the wall is thicker relative to the case
sition we can see that the rate of phase conversion amwhere there are no fluctuations, though the increase is only
proaches the homogeneous theory solution. moderate for the transition strengths used here and ap-
Also particularly relevant to electroweak baryogenesis isproaches the homogeneous background solution for a stron-
the actual structure of the wall. Whether and how many baryger transition.
ons are created depends on how particles, which are interact- Figures 7 and 8 follow the behavior of a lattice point as a
ing with the changing Higgs field, make the transition from function of time. The boundaries of when the transition from
the 0 to the+ state. Though this depends on quantities suchthe 0 to+ state begin and end is less clear in the fluctuating
as the velocity of the particle relative to the wall, which we case as compared to the homogeneous case. The results from
don't calculate here, we can still get an idea of what a paraveraging over many simulations indicates that in general a
ticle “sees” as it moves from one state to the other by takinglattice point makes the transition more slowly than if there
cross sections of the wall. In Figs. 5 and 6 we plot the valuesvere no fluctuations. This results because in the vicinity of
of the field y as a function ofx at a particular time for the bubble wall a lattice point may undergo several “transi-
a=0.4 anda=0.5 with »=0.1 for both the homogeneous tions” before finally reaching equilibrium in the phase.

L B B L

FIG. 8. As in Fig. 7 witha=0.5.
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TABLE I. Wall velocities for varying parameter values where tigate transitions which are stronger than those in R&f.
vp represents the velocity in simulations without fluctuations andput still within the regime where nucleation may be affected
v; represents the velocity in simulations with fluctuations. by the presence of subcritical bubb[€3. Although the elec-
troweak transition is most likely weak in the minimal stan-
dard model, authorg7,8,15 have argued that baryogenesis
is likely only for a sufficiently strong transition where the
0.4 0.15 0.240.06 0.08 0.1680.05 0.035 0.0770.036 effects of phase mixing due to thermal fluctuations would be
05 04 046006 021 02%0.02 009 0.12001 negligible. What we have shown here is that the realm of the
phase transition for which fluctuations may play a significant
role is larger than what was expected. Their effect is not
limited to possible alterations in the picture of homogeneous
We see that quantities such as the rate of phase convemucleation or degree of phase mixing, but also includes
sion and the structure of the bubble wall can be different fothe dynamics subsequent to nucleation. For instance,
phase transitions with fluctuations as compared to the stamot only are the wall thickness and velocity larger, but the
dard homogeneous background model. The speed of theath from the symmetric phase to the asymmetric phase is
bubble wall may be increased by a factor of about twonhardly smooth or monotonic. Any model for electroweak
for a “mildly” strong transition and probably even more p5ryogenesis will clearly have to take the stochastic nature of
for weaker transitions. Physically, this is a reasonable expegye dynamics into account when considering the interaction
tatiqn; the wall effecti'vely “swallows” the fiel_d' fluctgations, of particles with the Higgs field. The results here are not
moving forward as it does so. In a transition with more o5 6 he quantitative, but they do demonstrate the impor-

large amplitude fluctuations this swa_llowmg effe_ct IS MOr€ance of fluctuations in the dynamics of first- order phase
pronounced. Though the rate at which phase is converte{?

from the 0 to the+ phase is increased globally, locally the an;mons. . o .
transition is not necessarily well defined and more gradual Flnally, we point out.some of the I|m|tat|on§ of this work.
Furthermore, we see that this effect is noticeable ever[lJ_It'mately’ we would like to be able to ot.)t.am a complete
though only a small percentagabout 6%) of the sym- plcture. of the 'ele.c'troweak pha;e transition in order to
metric phase may fluctuate beyond the barrier at any givef€termine the viability of generating the baryon asymmetry
time. As the amplitude of the fluctuations decrease th& the Universe at this scale. What we have done here
bubble behaves as predicted by the homogeneous bacle. to examine _the role th(_ermal fluctuations are I|I_<ely_to have
ground theory. That there are large amplitude fluctuation®n the transition dynamics, and what the implications are
which can rough|y “mask’” the transition is not surprising; on models of baryogenesis. However, this Stl.ldy was limited
in fact, this is entirely determined by the stochastic noisd0 (2+1) dimensions rather than the+3 dimensions
term in the equation of motion. What is interesting is that theof the real world. Extending this work to higher dimensions
noise should have such a significant effect on a transitionvould be a valuable contribution to our understanding
which one would consider “strong” by the definition given of this problem. Also, we have assumed here that one can
in Ref.[2]. model the thermal fluctuations through stochastic white
It is not necessarily evident that random fluctuationsnoise, as one does when studying phenomena such as
should result in an increase in the velocity of the bubbleBrownian motion. Realistically, this is only an approxima-
wall. Though fluctuations from the 0 t6 phase might speed tion of more complicated couplings between system and
up the wall, one might also expect that fluctuations from thepath. Indeed, how one is to divide the physical environment
+ to 0 phase would have the opposite effect, resulting in n@nto system and bath and the nature of the noise that results
net change. It is the asymmetry in the potential, howeverjs a problem currently under active investigatifs2, 33.
which prevents this from happening. Because fluctuationg astly, the dynamics of the cosmological fluid have been
are a result of a random impulse on the field at a particulapmitted. Not only should the fluctuations have an effect on
point, a fluctuation which drives the field from the 0 0 the fluid, but, as already noted, the fluid itself plays a role in
phase is more likely to approach or exceed the maximum ofhe overall dynamics. A more complete treatment would in-
the potential than those that go from theto 0 phase. The clude fluid velocity, pressure, and temperature as well as
dominant effect on the dynamics, then, is to enhance to 0 tgarameters for heat capacity and conductivity in the simula-
+ transition. tions. In spite of these caveats, we believe that our findings

The implications for baryogenesis stem from the fact thalgre indicative of what we may eventually find to be the
models rely on particular assumptions of the bubble walktrye” dynamics.

structure, e.g., a smoothly varying monotonic order param-

eter. The standard pictufd5] states that, depending on the

thickness of the wall, one selects a mechanism with wh|gh to ACKNOWLEDGMENTS

calculate the baryon number generated. In order for this to

work, however, it is necessary that the homogeneous back- | would like to thank Edward Kolb, Mike Turner, Ed
ground theory of bubble nucleation and expansion be validBlucher, and Emil Martinec for their valuable input and ad-
Previous studies have called into question this paradigm byice and Marcelo Gleiser for his helpful comments. M.A.
pointing out that subcritical bubbles may affect the initial was supported in part by the U.S. DOE at Chicago and by
conditions of the transition as well as bubble nucleationNASA Grant No. NAG 5-2788 at Fermi National Labora-
[1-6] in a weak first-order phase transition. Here we inves+ory.

7=0.1 7n=0.2 7=0.5
27 Uh V¢ Uh U¢ Uh Ug

V. CONCLUSIONS



594

[1] M. Gleiser and E. W. Kolb, Phys. Rev. Le@9, 1304(1992;
G. Gelmini and M. Gleiser, Nucl. PhyB419 129(1994; M.
Gleiser, E. W. Kolb, and R. Watkinghid. B364, 411 (1992);
N. Tetradis, Z. Phys. G7, 331(1993.

[2] M. Gleiser, Phys. Rev. Let#3, 3495(1994.

[3] J. Borrill and M. Gleiser, Phys. Rev. b1, 4111(1995.

[4] T. Shiromizu, M. Morikawa, and J. Yokoyama, Prog. Theor.

Phys.94, 795 (1995.

[5] M. Gleiser, A. F. Heckler, and E. W. Kolb, Report Nos.
Fermilab-Pub-95-374/A, DART-HEP-95/07,
9512032(unpublishedl

[6] M. Gleiser and A. F. Heckler, Phys. Rev. Let6, 180(1996.

[7] K. Engvist, A. Riotto, and 1. Vilja, Phys. Rev. 52, 5556
(1995.

[8] M. Dine, R. G. Leigh, P. Huet, A. Linde, and D. Linde, Phys.
Rev. D46, 550(1992.

[9] P. Arnold and O. Espinosa, Phys. Rev4l) 3546(1993; W.
Buchmuller, Z. Fodor, and A. Hebecker, Nucl. Phy:147,
317(1999; K. Kajantie, M. Laine, K. Rummukainen, and M.
Shaposhnikovipid. B446, 189(1996; P. Arnold and L. Yaffe,
Phys. Rev. D49, 3003 (1994; W. Buchmuller and O. Phil-
ipsen, Nucl. PhysB443 47 (1995; Z. Fodor and A. He-
becker,ibid. B432, 127 (1994.

[10] B.-H. Liu, L. McLerran, and N. Turok, Phys. Rev. 45, 2668
(1992.

[11] A. F. Heckler, Phys. Rev. B1, 405(1995.

[12] P. Arnold, Phys. Rev. 8, 1539(1993.

[13] G. W. Anderson and L. J. Hall, Phys. Rev.45, 2685(1992.

[14] G. D. Moore and T. Prokopec, Phys. Rev. L&, 777(1995;
Phys. Rev. D52, 7182(1995.

[15] A. G. Cohen, D. B. Kaplan, and A. E. Nelson, Annu. Rev.
Nucl. Part. Sci43, 27 (1993.

[16] A. G. Cohen, D. B. Kaplan, and A. E. Nelson, Nucl. Phys.

B373 453(1992; Phys. Rev. LettB294, 57 (1992.

[17] V. A. Kuzmin, V. A. Rubakov, and M. E. Shaposhnikov, Phys.
Lett. 155B, 36 (1985.

[18] L. McLerranet al,, Phys. Lett. B256, 451(1991); M. Dine, P.

MARK ABNEY

cond-mat/

55
Huet, and R. Singleton, Nucl. PhyB375 625 (1992; M.
Dineet al, Phys. Lett. B257, 351(1991); A. G. Cohen and A.
E. Nelson,ibid. 297, 111(1992.

[19] D. Comelli, M. Pietroni, and A. Riotto, Phys. Le8354, 91
(1995.

[20] A. Riotto, Phys. Rev. 13, 3834(1996.

[21] A. Sopczak, inParticle Physics in the Ninetie®roceedings of
the Autumn School, Lisbon, Portugal, 1993, edited by G. C.
Branco and M. PimentéNucl. Phys. B(Proc. Supp). 37C,
168 (1995].

[22] G. F. Mazenko, O. T. Valls, and P. Ruggiero, Phys. Re¥0B
384 (1989; M. C. Cross and P. C. Hohenberg, Rev. Mod.
Phys.65, 851 (1993; J. Armeroet al, Phys. Rev. Lett76,
3045(1996, and references therein.

[23] J. Langer, Ann. PhygN.Y.) 54, 258 (1969.

[24] A. Linde, Nucl. PhysB216, 421(1983; B223 544,(1983.

[25] S. Coleman, Phys. Rev. D5, 2929(1977; C. Callan and S.
Coleman,ibid. 16, 1762(1977).

[26] B. Link, Phys. Rev. Lett68, 2425(1992.

[27] M. Kamionkowski and K. Freese, Phys. Rev. L&§, 2743
(1992.

[28] E. W. Kolb and M. S. TurnerThe Early UniversgAddison-
Wesley, Reading, MA, 1990Chap. 3.

[29] P. Huet, K. Kajantie, R. G. Leigh, B. H. Liu, and L. McLerran,
Phys. Rev. D48, 2477(1993.

[30] M. Abney, Phys. Rev. D19, 1777(1994.

[31] L. Rezzolla, Phys. Rev. b4, 1345(1996.

[32] D. S. Lee and D. Boyanovsky, Nucl. Phy&406, 631 (1993;

M. Morikawa, Phys. Rev. 83, 3607(1986; B. L. Hu, J. P.

Paz, and Y. Zhang, ifthe Origin of Structure in the Universe
edited by E. Gunzig and P. Nardoti€luwer Academic, Dor-

drecht, 1993

[33] M. Gleiser and R. O. Ramos, Phys. Rev5D 2441(1994.

[34] M. Alford and M. Gleiser, Phys. Rev. B8, 2838(1993.

[35] F. Alexander and S. Habib, Phys. Rev. Létl, 955 (1993;

M. Alford, H. Feldman, and M. Gleiseibid. 68, 1645(1992.



