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Midterm reminder and introduction

The midterm exam is tonight 4:30-6 in SS122
Open everything, no messaging, bring calculator (or equiv)

Today we’ll apply monopoly theory to important social problem
1 Inequality growing in the US and other developed countries
2 Redistribution may be valuable even for libertarian

Provides insurance against risks faced before insurance
3 Redistribution thus aims to maximize average utility
4 Concavity of utility means poor value more
5 We’ll build a framework for analyzing optimal tax

Linear “average rate” to most taxpayers
Calibrate with log-logistic distribution of income

Special surcharge for the super-rich
Calibrate using Pareto distribution at top end

6 Other concerns in redistribution this ignores
Weyl (Fall 2011) Redistribution
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Measuring inequality
Data on inequality
The “Veil of Ignorance”: why redistribute?

Types of inequality and measurement

Income inequality, differences in income, come in three forms:
1 Poverty

Typically measured by fraction of population below line
Also global poverty line, but US much higher
Has not been growing significantly in recent years

2 “Mid-range” inequality
Typical measure is “Gini coefficient
Measures how far distribution is from perfect equality
See graph below for illustration
Has grown somewhat over time, but not a lot

3 Top income share: what part to richest take?
What fraction of total income from top 10%, top 1%?
Measures concentration at the very top end
Has been growing radically in recent years

Weyl (Fall 2011) Redistribution
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Graph of Gini coefficient
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Growing inequality in the United States
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Top 1% (incomes above $368,000 in 2008) 

Top 5-1% (incomes between $153,000 and $368,000) 

Top 10-5% (incomes between $109,000 and $153,000) 
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Inequality in Europe: a contrastJournal of Economic Literature, Vol. XLIX (March 2011)42

Recall from equation (2) that β measures the 
average income of people above y,  relative 
to y and provides a direct intuitive mea-
sure of the fatness of the upper tail of the 
distribution. Coming back to 1949, we !nd 
that ten of the twenty countries for which β coef!cient values are shown in table 6 lie 
between 1.88 and 2.00 in 1949. Countries 
as different as Spain, Norway, the United 
States, and (colonial) Singapore had Pareto 
coef!cients that differed only in the second 
decimal place. As of 1949, the only countries 
with β coef!cients above 2.5 were Argentina 
and India.

1949 is of interest not just for being mid-
century but also because later years did not 
exhibit the degree of similarity described 
above. The right-hand part of table 6 assem-
bles estimates for 2005 (or a close year). 

The central value for the share of the top 
1 percent is not too different from that in 
1949: 9 percent. But we now !nd more dis-
persion. For the top 1 percent, nine out of 
twenty-one countries lie outside the range 
of ± 20 percent. Leaving out the two out-
liers at each end, the top 0.1 percent had 
between thirteen and !fty-six times the aver-
age income (in 1949 these !gures had been 
twenty and !fty-two). In terms of the β coef-
!cients, only four of the twenty-two coun-
tries had values between 1.88 and 2.00. Of 
the countries present in 1949, !ve now have 
values of β in excess of 2.5. 

4.1 Before 1949

Before examining the recent period in 
detail, we look at the !rst half of the cen-
tury (and back into the nineteenth century). 
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Figure 9. Top 1 Percent Share: Middle Europe and Japan (L-shaped), 1900–2005

Source: Atkinson and Picketty (2007, 2010).
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Inequality within and across countries 11Atkinson, Piketty, and Saez: Top Incomes in the Long Run of History

fell during the !rst part of the twentieth cen-
tury and increased sharply in some countries 
in recent decades, affect this picture? 

To address this question, Atkinson 
(2007b) de!nes the “globally rich” as those 
with more than twenty times the mean 
world income, which in 1992 meant above 
$100,000. Atkinson uses the distribution of 
income among world citizens constructed by 
Bourguignon and Morrisson (2002)  combined 
with a Pareto imputation for the top of the 
distribution8 to estimate the  number of 

8 The Pareto parameter is estimated using the ratio of 
the top 5 percent income share to the top decile income 
share (see equation (4) below), both being reported in 

“globally rich.” In 1992, there were an esti-
mated 7.4 million people with incomes above 
this level, more than a third of them in the 
United States. They constituted 0.14 per-
cent of the world population but received 
5.4 percent of total world income. As shown 
on !gure 4 (left y-axis), as a proportion of the 
world  population, the globally rich fell from 
0.23 percent in 1910 to 0.1 percent in 1970, 
mirroring the decline in top income shares 
recorded in individual  countries. Therefore, 

Bourguignon and Morrisson (2002). Because those top 
income shares are often based on survey data (and not 
tax data), they likely underestimate the magnitude of the 
changes at the very top.
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Figure 4. The Globally Super Rich and Worldwide Gini, 1910–1992

Sources: Fraction super rich series is de!ned as the fraction of citizens in the world with income above 
twenty times the world mean. Estimated by Atkinson (2007) using Bourguignon and Morrisson (2002) series. 
Fraction super rich (from U.S.) series is de!ned as the number of U.S. citizens with income above twenty times the 
world mean divided by the world citizens. Estimated by Atkinson (2007) using Bourguignon and Morrisson 
(2002) series. Worldwide Gini series is the Gini coef!cient among world citizens estimated by Bourguigon 
and Morrisson (2002).

Weyl (Fall 2011) Redistribution



Motivation for Redistribution
Framework for optimal redistribution

Optimal tax rates

Measuring inequality
Data on inequality
The “Veil of Ignorance”: why redistribute?

Libertarian skepticism about redistribution

Many libertarians and conservatives oppose redistribution

I used to be one, so I empathize:
1 Rich earned their money, who has right to take away?
2 Social darwinism: rich better people, need to be selected
3 Nozick: if they got the money in fair way, then fair
4 Protestant: wealthy are the chosen
5 Rand: taxation is violence, property is inviolable
6 Fascist: class resentment breeds social conflict
7 Conservative: each part of society has its role to play

Many of these powerful, return below
Not all completely formalized, studied carefully
However, compelling libertarian argument for redistribution

Idea similar to classic Christian saying from Bradford:
“There, but for the grace of God, go I.”

Weyl (Fall 2011) Redistribution
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The Harsanyi-Rawls response

John Harsanyi, and Rawls, give strong argument against
Idea: maintain libertarian,“choice-based” approach?

1 People usually by insurance against major risks in life
Medical insurance, auto insurance
Money is worth more when poor than when rich

2 People would buy insurance about “position in life”
Which parents? What country and town are you born in?

3 People cannot buy this insurance because too young
Or, for somethings, not even born yet!

4 Thus the government should act as if they bought insurance
This is exactly what redistributive spending does

=⇒ Policy to maximize expected utility behind veil of ignorance
Policy everyone would choose before knowing who they are
Smith’s perspective: policy of impartial outside observer

Weyl (Fall 2011) Redistribution
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The utilitarian framework

Thus we should maximize the average utility
This principle is called Utilitarianism

Bentham: “Greatest good for greatest number”

Usually individual utility u(I) + v(x) where I is income
x many things like leisure, identity, enjoyable work, etc.

For utilitarian, social welfare is sum of individual welfares:

U =
∫

i ui(Ii) + v (xi) f (i)di

All people are weighted equally
Captures idea that we don’t know identity behind veil

Inequality is then just another form of inefficiency
Failure to provide insurance
Rich don’t value also much as poor
Reason is risk-aversion, let’s review

Weyl (Fall 2011) Redistribution
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A refresher on risk-aversion

Utility is assumed to be concave in income

This is the idea behind risk-aversion
Run out of “good” uses of money, move onto less good
Follows from same principle as, formalizes insurance
If you think you might not be risk-averse, consider example:

Flip coin. If tails, you get $2; if heads, flip again
If tails, you get $4; if heads, flip again
$8, $16, $32, . . .

How much would you be willing to pay for this?
How much would a risk-neutral person be wiling to pay?

1
2 · 2 + 1

4 · 4 + · · · =∞!
=⇒ Apparently you’re not risk neutral

Hard to imagine anyone paying much....
=⇒ Reasonable to think almost everyone risk-averse

Weyl (Fall 2011) Redistribution
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Parameterization of utility functions

Risk-aversion alone gives some motive for redistribution
But to get more specific, particular form of utility useful
This will help us determine exactly how much redistribution
Luckily, almost like Zipf’s, good evidence about this

u(i) = log(i)

1 Super intuitive: value of x% increase income constant
2 Mathematically very convenient as we’ll see below
3 Most importantly, lots of empirical support

Most striking example is from Sacks et al. (2011) data
Study “subjective well-being” (questionable in many ways)
Ladder of life, 0 to 10 (worst to best life imaginable)
Letting h be well-being and I be income they find

h = .35 log(i) + ε

Weyl (Fall 2011) Redistribution
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Sacks et al. (2011) data on happiness and income

Figures–5 
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Notes:  Each solid circle plots life satisfaction against GDP per capita for one of 131 developed and developing 

countries.  The slope of the arrow represents the satisfaction-income gradient estimated for that country from a 

country-specific regression of individual standardized satisfaction on the log of their annual real household income, 

controlling for gender, a quartic in age, and their interaction.  Usable household income data were unavailable for 

eighteen countries.  The dashed line represents the between-country satisfaction-income gradient estimated from an 

OLS regression of the satisfaction index on the log of real GDP per capita.  GDP per capita is at purchasing power 

parity in constant 2000 international dollars. 
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Broad optimal taxation problem and our focus

Designing a tax system involves wide-range of issues:
1 Taxing income v. consumption v. capital income
2 How to redistribute money collected?
3 Deductions and the tax base
4 Special/targeted deductions or uniform
5 Inheritance taxes and inter-generational issues
6 How many brackets, where and at what rate?
7 Administrative process, monitoring, etc.
8 What programs should government spend on?
9 Earned Income Tax Credit and work subsidies

All of these issues important, but we focus on two
These have been at top of news, economics agenda

1 How high should overall tax rates be for most?
2 Flat or progressive (surcharge for superrich)?

Weyl (Fall 2011) Redistribution
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Framework for analyzing optimal taxation

Why not just redistribute so everyone’s equal?
The more you tax, the less people work
=⇒ Beyond so point, taxes counter-productive
=⇒ Fundamental equity-efficiency trade-off

Goal: maximize average utility given that:
1 Can only use simple instruments (linear tax + surcharge)
2 Raising taxes causes less work by substitution effect
3 All revenue raised given back as lump sum to all

To keep simple, ignore income effects of lump sums
Can easily be done, but formulas a bit messier
Saez finds it does not matter much

Reduction in work by labor supply elasticity
Percent fall in work when wages fall by percent
Those earning I have average elasticity ε(I)
After-tax+transfer income is (1− t)I + t I, I average income

Weyl (Fall 2011) Redistribution
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Calculating optimal linear tax

Post-tax wage w(1− t); what percent does t cause to fall?
dw(1−t)

dt
1

w(1−t) = −
w

w(1−t) = −
1

1−t

So average income falls by dI
dt

1
I
=
∫∞

I=0 I ε(I)
1−t f (I)dI∫∞

I=0 If (I)dI ≡
ε

1−t

Income-weighted average labor supply elasticity, density f

Ignore income effect of lump-sum transfer

Total welfare is
∫∞

I=0 log
(
(1− t)I + t I

)
f (I)dI

By envelope, treat each individual as if own I constant

Derivative
∫∞

I=0
I(1− tε

1−t )−I

(1−t)I+t I
f (I)dI =

(
1− tε

1−t

)
Iw − Iw

w is welfare weight 1
(1−t)I+t I

, σ(t) ≡ −Cov
[

I
I
, w

w

]
= Iw−Iw

Iw
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Linear tax formula

Optimum them requires 1− tε
1−t = σ(t) =⇒

t? = σ(t)
ε+σ(t)

σ(t) > 0 because wealthier have lower welfare weight
Tax increasing in σ(t), declining in ε; equity v. efficiency?

1 σ(t) measures inequality of incomes, falls with t
2 ε is efficiency cost: more response, more loss

=⇒ Simple formalization of equity-efficiency trade-off
As σ(t)→∞ except t near 1, t? → 1
As ε→ 0, t? → 1
And vice-versa

=⇒ The more inequality, less elasticity, higher tax is

Weyl (Fall 2011) Redistribution
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Model of top income taxes

So that covers the tax for most Americans

But Obama recently proposed surcharge for the rich
When taxing rich, their welfare does not matter much

Welfare weight is 1
I and 1

1,000,000 ≈
1
20

1
46000

=⇒ Simplification: just try to maximize revenues
Suppose we raise t106 tax on income over $106

Let I106 be average income of those over 106; two effects?
1 Mechanically increases revenue from I by I − 106

2 Income of I > 106 falls by Iε(I)
1−t , reducing taxes tIε(I)

1−t

=⇒ Total effect on revenue from I is I
(

1− t106ε(I)
1−t106

)
− 106

Optimal tax equates this to 0 on average above 106

Weyl (Fall 2011) Redistribution
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Saez (2001) formula for top income taxes

Taking the average, becomes I106

(
1− t106ε106

1−t106

)
− 106

ε106 is income-weighted among those with I > 106

I106 is average income of those earning above $1,000,000

Letting α =
I106

I106−106 , by same logic we obtain?

t?106 =
1
α

1
α
+ε106

α measures inverse upper-tail inequality as we’ll see
Thus, again, equity-efficiency trade-off emerges
Taxes should be progressive if

1 1
α > σ (t?) (at optimum)

2 Rich have lower average elasticity than most Americans

Weyl (Fall 2011) Redistribution
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Calculating welfare weights

Now let’s try to get a sense for α, σ(t)
To calculate σ(t), useful approximation is log-logistic

f (I) =
β( I

α)
β−1

α
[
1+( I

α)
β
]2

β = 1
G where G is Gini, .45 in US

Mean is $46,000 or απ

β sin
(

π
β

) gives α ≈ 32,168

Throw σ(t) at Mathematica, graph as a function of t
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Graphical optimal linear tax
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Pareto distribution and top tax rates

Calculating α is even easier

Upper part of income distribution is Pareto with tail α = 1.5
Calculate:

I106 =

∫∞
106

α
I I
(

I
I

)−α−1
dI∫∞

106
α
I

(
I
I

)−α−1
dI

=
αIα+1 ∫∞

106 I−αdI

αIα+1 ∫∞
106 I−α−1dI

=

− 1
α−1 I−(α−1)|∞106

− 1
α

I−α|∞
106

=
10−6(α−1)

α−1
10−6α

α

= 106 α
α−1

So that I106

I106−106 =
α

α−1
α

α−1−1 = α =⇒ not coincidence α!

Thus α ≈ 1.5
=⇒ With elasticities .1, .3, .5,1, t?106 = .87, .69, .57, .4

Compares to t? = .67, .48, .38 and .26 for same elasticities

=⇒ Elasticities crucial, but leans towards progressive
If so, gradual ramp-up likely
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Evidence about elasticities

Evidence on elasticities extensive, but complex

Almost all evidence based on short-term changes
1 Biases upwards taxable income (substitute across years)
2 Downward labor supply (no time to change careers, etc.)

Rich: labor supply low (< .1), but taxable i large (1); why?
Tons of tax cheating, loopholes, shifting
Much of this could be addressed by closing bad loopholes
Cross-year, charitable donations, etc. shouldn’t matter
Thus right number likely .3 at highest, closer to .1

Middle class: labor supply and taxable income both ≈ .5
Less shifting, avoiding; same indicates about right
Most comes from women’s labor supply in married couples

=⇒ 40% average income tax, rising to 80%! Very progressive
Major reform: is analysis or current tax system wrong?
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Some other concerns in optimal taxation

Elegant analysis, but leaves out many issues from before:
1 Rich may be rich because they value money more
2 People may not be all the same behind veil
3 Which people (born? unborn?) exist behind the veil?
4 Who do we care about? Nearby people or far away?
5 Wealthy may be smarter, better at allocating capital
6 Inequality undermines social order, cause crime or unrest
7 EITC may help avoid labor force dropouts
8 Professions may create externalities (see problem set)

Just a small sample of the issues:

All of these very open, great areas for research, thesis
Can you think of other important omitted issues?
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