A model of decisionsunder uncertainty is characterized by:

aset of alternative choices C, a set of possible states of theworld S,

autility function u:CxS - R, and a probability distribution p in A(S).
Suppose that C and S are nonempty finite sets.

Here we use the notation A(S) = {qeR®| q(s)>0Vs, Yecsq(0) = 1}.

The expected utility hypothesis says that an optimal decision should
maximize expected utility Eu(c) = Eu(c|p) = Y ees p(0)u(c,0) over dl cinC,
for some utility function u that is appropriate for the decision maker.

Example 1. Consider an example with choicesC ={T,M,B}, state S={L,R}, and

u(c,s): L R
T 7 2
M 2 7
B 5 6

To describe the probability distribution parametrically, let r be the probability of state R.
So Eu(T) =7(1-r)+2r, Eu(M) = 2(1-r)+7r, Eu(B) = 5(1-r)+6r.

Then B isoptimal when 5(1-r)+6r > 7(1-r)+2r and 5(1-r)+6r > 2(1-r)+7r,

which are satisfied when 1/3 < r < 3/4.

T isoptimal whenr < 1/3. M isoptima whenr > 3/4.

Fact: Given the utility function u:CxS-R and some choice option deC, the set of probability
distributions that make d optimal is a closed convex (possibly empty) subset of A(S).

This set (of probabilitiesin A(S) that make d optimal) isempty if and only if there exists some
randomized strategy ¢ in A(C) such that u(d,s) < ) ccc o(c)u(c,s) VseS.

When these inequalities hold, we say that d is strongly dominated by .

[Proof: {xeR®| JoeA(C) st. Xs < Yeec o(C)u(c,s) Vs} isaconvex subset of R®. disstrongly
dominated iff (u(d,s))ssisinitsinterior. Use supporting-hyperplane thm, MWG p. 949.]

Example 2: Asabove, C={T,M,B}, S={L,R}, and uissame except u(B,R) = 3.

u(c,s): L R
T 7 2
M 2 7
B 5 3

As before, B would be the second-best choice in either state (if the state were known).

B would be an optimal decision under uncertainty when

5(1-r)+3r > 7(1-r)+2r and 5(1-r)+3r > 2(1-r)+7r,

which are satisfied when r > 2/3 and 3/7 > r, whichisimpossible! So B cannot be optimal.

T isoptima whenr<1/2. M isoptimal when r>1/2.

Now consider arandomized strategy that chooses T with some probability o(T)

and chooses M otherwise, with probability c(M) = 1-o(T).

B would be strongly dominated by this randomized strategy o if

5<o(T)7+ (1-0(T))2 (B worsethan o in stateL), and

3<o(T)2+ (1-6(T))7 (B worsethan o in state R).

These inequalities are satisfied when 3/5 < 6(T) < 4/5. For example, 6(T) = 0.7 works. That is,
B is strongly dominated by 0.7[T]+0.3[M], as5< 0.7x7+0.3x2 = 5.5 and 3 < 0.7x2+0.3x7 = 3.5.



Computing randomized Nash equilibria for gamesthat are larger than 2x2 can be difficult,

but working afew examples can help you better understand Nash's subtle concept of equilibrium.

At the top of page 138, Osborne describes a general procedure for finding randomized Nash equilibriafor
any finite game, based on the characterization in Proposition 116.2.

Here, we describe this procedure in somewhat different terms, with an illustrative application.

We are given some game, including a given set of players N and, for each i in N, agiven set of feasible
actions A, for player i and agiven payoff function u;:A;x...xA,~R for player i.

The support of arandomized equilibrium is, for each player, the set of actions that have positive
probability of being chosen in this equilibrium.

To find aNash equilibrium, we can apply the following 4-step method:

(1) Guess asupport for al players. That is, for each player i, let S be a subset of i's actions A;,
and let us guessthat S isthe set of actions that player i will use with positive probability.

(2) Consider the smaller game where the action set for each player i isreduced to S, and try to find an
equilibrium where al of these actions get positive probability.

To do this, we need to solve a system of equations for some unknown quantities.

The unknowns: For each player i in N and each action s ini's support S, let oi(s) denotei's probahility of
choosing s, and let w; denote player i's expected payoff in the equilibrium.

The eguations: For each player i, the sum of these probabilities o(s) must equal 1.

For each player i and each action s in S, player i's expected payoff when he chooses s but al other players
randomize independently according to their o; probabilities must be equal to w;.

Let Eui(a|o-;) denote player i's expected payoff when he chooses action g and dll other players are
expected to randomize independently according to their o; probabilities.

Then the equations can be written: Y gcs 0i(s) =1 VieN; and Eu(s|o.) =w; VieN VseS.

(Here ¥V means "for dl", € means"in".) We have as many equations as unknowns (w;, ci(s)).

(For any action g that isnot in player i's support S, we have ci(g) =0.)

If the equations in step 2 have no solution, then we guessed the wrong support,

and so we must return to step 1 and guess a new support.

Assuming that we have a solution from step (2), continue to (3) and (4)

(3) The solution from (2) would be nonsense if any of the "probabilities’ were negative.

That is, for every player i in N and every action s ini's support S, we need oi(s) > 0.

If these nonnegativity conditions are not satisfied by a solution, then we have not found an equilibrium
with the guessed support, and so we must return to step 1 and guess a new support.

If we have a solution that satisfies all these nonnegativity conditions, then it is a randomized equilibrium of
the reduced game where each player must can only choose actionsin S.

(4) A solution from (2) that satisfies the condition in (3) would still not be an equilibrium of the origina
game, however, if any player would prefer an action outside the guessed support.

S0 next we must ask, for each player i and for each action a that isin A; but is not in the guessed support
S, could player i do better than w; by choosing & when al other players randomize independently
according to their o; probabilities? Recall Eui(s|c-)) =w; foral sinS.

So now, for every action g that isin A; butisnotin S, weneed Eui(a|oc-i) < wi.

If our solution satisfies all these inequalities then it is an equilibrium of the given game.

But if any of these inequalitiesis violated (some Eui(a|o-;) > w;), then we have not found an equilibrium
with the guessed support, and so we must return to step 1 and guess a new support.

In afinite game, there are only afinite number of possible supports to consider.

Thusin equilibrium, w; (VieN) and c;(a) (VieN, VacA;) must satisfy: 25 ci(a) =1 VieN, and
ci(a) > 0 and Eui(alo_;) < w; with at least one equality VieN VaeA; (complementary slackness).



Example. Find all Nash equilibria (pure and mixed) of the following 2x3 game:

Player 2
Player 1 L M R
T 7,2 2,7 3,6
B 2,7 7,2 4,5

It is easy to see that this game has no pure-strategy equilibria (2's best responseto T isM, but T isnot 1's best
response to M; and 2's best response to B isL, but B isnot 1's best responseto L).

This eliminates the six cases where each player's support is just one action.

Furthermore, when either player isrestricted to just one action, the other player always has a unique best
response, and so there are no equilibria where only one player randomizes.

That is, both players must have at |east two actions in the support of any equilibrium.

Thus, we must search for equilibria where the support of player 1's randomized strategy is{ T,B}, and the
support of player 2's randomized strategy is{L,M,R} or {M,R} or {L,M} or {L,R}.

We consider these aternative supports in this order.

Guess support is{T,B} for 1 and {L ,M,R} for 2?

We may denote 1's strategy by p[T]+(1-p)[B] and 2's strategy by q[L]+(1-g-r)[M]+R],

thatisp=o04(T), 1-p=061(B), g=02(L), r =02(R), 1-g-r = 52(M).

Player 1 randomizing over { T,B} requires w; = Euy(T|o,) = Euy(B|o2),

and so w; = 7q+2(1-g-r)+3r = 2q+7(1-q-r)+4r.

Player 2 randomizing over {L,M,R} requires w, = Euy(L |61) = Eux(M |61) = Euy(R|04),

and so W, = 2p+7(1-p) = 7p+2(1-p) = 6p+5(1-p).

We have three equations for three unknowns (p,q,r), but they have no solution (as the two indifference
equations for player 2 imply both p=1/2 and p = 3/4, which isimpossible).

Thus there is no equilibrium with this support.

Guess support is{T,B} for 1 and {M,R} for 2?

We may denote 1's strategy by p[T]+(1-p)[B] and 2's strategy by (1-r)[M]+r[R]. (g=0)

Player 1 randomizing over { T,B} requires w; = Euy(T|o,) = Euy(B|o2), SO wy = 2(1-1)+3r = 7(1-r)+4r.
Player 2 randomizing over { M,R} requires w, = Euy(M|o1) = Eux(R|o1), SO w, = 7p+2(1-p) = 6p+5(1-p).
These solution for these two equations in two unknownsis p = 3/4 and r =5/4.

But this solution would yield 6,(M) = 1-r = -1/4 < 0, and so there is no equilibrium with this support.
(Notice: if player 2 never chose L then T would be dominated by B for player 1.)

Guess support is{T,B} for 1 and {L,M} for 2?

We may denote 1's strategy by p[T]+(1-p)[B] and 2's strategy by q[L]+(1-g)[M]. (r=0)

Player 1 randomizing over { T,B} requires w; = Euy(T|o,) = Euy(B|o2), so wy = 79+2(1-q) = 2g+7(1-0q).
Player 2 randomizing over {L,M} requires w, = Euy(L |61) = Eu(M |61)), SO W, = 2p+7(1-p) = 7p+2(1-p).
These solution for these two equations in two unknownsis p=1/2 and g = 1/2, with w; =4.5=ws,.
This solution yields nonnegative probabilities for al actions.

But we also need to check that player 2 would not prefer deviating outside her support to R.

However Euy(R|o1) = 6p+5(1-p) = 6x1/2+5x1/2 = 5.5 > w, = Euy(L | 61) = 2x1/2+7x1/2 = 4.5,

So there is no equilibrium with this support.

Guess support is{T,B} for 1 and {L,R} for 2?

We may denote 1's strategy by p[T]+(1-p)[B] and 2's strategy by q[L]+(1-g)[R]. (r=1-q)

Player 1 randomizing over { T,B} requires w; = Euy(T|o,) = Euy(B|o2), S0 wy = 79+3(1-q) = 2g+4(1-q).
Player 2 randomizing over {L,R} requires w, = Eu,(L |o1) = Eux(R|o1), SO W, = 2p+7(1-p) = 6p+5(1-p).
These solution for these two equations in two unknownsis p=1/3 and q= 1/6.

This solution yields nonnegative probabilities for al actions.

We also need to check that player 2 would not prefer deviating outside her support to M;

Eu(M|o1) = 7p+2(1-p) = 7xU3+2x2/3 = 11/3 < W, = Euy(L | 61) = 2x1/3+7x2/3 = 16/3.

Thus, we have an equilibrium with this support: ((/3)[T]+(2/3)[B], (1/6)[L]+(5/6)[R]).

The expected payoffsin this equilibrium are w; = Eu; = 7x1/6+3x5/6 = 2x1/6+4x5/6 = 11/3 = 3.667

and w, = Eu, = 2x1/3+7x2/3 = 6x1/3+5x2/3 = 16/3 = 5.333.




Analysis of the general War of Attrition game.

The game has two given parameters, T and K, where T is the largest number of days that the two
players can fight, and K is the value of the prize. (The examplein assignment 1 had T=2, K=9.)
There are two players numbered 1 and 2.

Each player i must choose a number g inthe set {0,1,...,T}.

Herei's decision g represents the number of days that player i is prepared to fight for the prize.
A player winsthe prize only if heis prepared to fight strictly longer than the other player.

They will fight for as many days as both are prepared to fight.

Each day of fighting costs each player one dollar, and the prize is worth K dollars.

Assume utility is money, and so the utility payoffs for players 1 and 2 are as follows:

Player 1's payoff is ui(ag,&) = K-a& if &> &, but u(a,a) =-a if & < &.

Player 2's payoff is ux(ay,a) = K-a if & >a, but u)a,a) =-a if & < a.

Let uslook for a symmetric randomized equilibrium where each player uses a randomized
strategy o = (c(0),5(2),...,6(T)) that assigns positive probability o(c)>0to every cin{0,1,...,T}.
So player 1 must get the same expected payoff Eus(c,&) from choosing any pure strategy ay=c
when player 2 uses the randomized strategy ¢ to randomly determine .

Noticefirst that Eu,(0,&) = 0.

More generally,

Eui(c,d) = (K-0) 5(0) + (K-1) 6(1) + ...+ (K-(c-1)) o(c-1) - c (c(c) + ...+ o(T)).
Compare the results for player 1 of preparing to fight an additional day:

Eus(c+1,%)= (K-0) (0) + (K-1) o(2) + ...+ (K-¢) o(c) - (c+1) (o(ctl) + ...+ o(T)).

Thus, Eui(ct+1,d) = Eui(c,&) + Ko(c) - (o(ctl) + ...+ o(T)) = Euy(c,&) + Ko(C) - 2asco(a).
That is, being prepared to fight c+1 days instead of ¢ could increase 1's payoff by K with
probability o(c) but could also decrease 1's payoff by 1 with probability > ... o(a).

It will be helpful to rewrite this equation as by adding and subtracting o(c), to get

Eui(c+1,d) = Eui(c,&) + (K+1)o(C) - 2aco(d).

To make player 1 indifferent among all pure strategies, we must have

Eui(ctl,%) = Eui(c,&) = Euy(0,&) =0 fordl cin{0, 1, 2, ..., T-1}.

Sofordl cin{0,1,...,T-1}, we must have

0= Eu(c+1,%) - Eui(c,g) = (K+1)o(C) - (Xaco(d).

That is, o(C) = Xaco(d)/(K+1) for dl c €{0,1,...,T-1}.

But > 200(8) = 6(0)+o(D)+...40(T) =1, and SO 2 ac0(d) =1 - 2aco(a).

Thus, for al cin{0,1,...,T-1}, wehave o(c) = (1 - Yacc(d)/(K+1).

This equation can be used to compute c(0), o(1),..., o(T-1), o(T):
At c=0, we have Y .oo(@) =0, andso o(0) =1/(K+1).

Then o(1) = (1-0(0))/(K+1), o(2) = (1-0(0)—c(1))/(K+1), ...
andsoon,upto o(T-1) = (1-0(0)-o(1)...-o(T-2))/(K+1),
Finally the last probability must be o(T) = 1-6(0)-...-o(T-1).

It can be shown that these formulas yield the general solution:
o(c) = K&/ (K+1)** forc=0,1,..,T-1, and o(T) = (K/(K+1))".
As T goesto infinity, thisterminal probability o(T) goesto 0.



A finitely repeated game. Consider agame where, in each period, the players play the
following game in which each must decide whether to "Fight" or "NotFight," and payoffs are

f2 Ny
f1 -1, -1 9,0
N 0,9 0,0

If played only once, this game has three equilibria: (f1,n,) yielding (9,0), (ny,f,) yielding (O, 9),
and (0.9[f,]+0.1[n,], 0.9[f,]+0.1[n;]) yielding expected payoffs (0,0).

Suppose thisis played twice, and period-2 behavior can depend on the outcome in period 1.

The overall goal of each player i isto maximize ui(1)+3du;i(2), where ui(t) isi's payoff in period t.
In a subgame perfect equilibrium of the overall two-period game, the players anticipated
behavior in the final period 2 must look like an equilibrium of the one-period game, given
whatever happened in period 1. But the players understanding of which equilibrium they will
play in the second period may depend on the outcome of their play in the first period.

We may say that the state of the players shared understanding in period 2 will be "state 1" if they
expect to play the (f1,n,) equilibrium in period 2, "state 2" if they expect to play the (ny,f>)
equilibrium in period 2, and "state 0" if they expect the randomized equilibrium in period 2.
Consider a subgame-perfect egm where period-2 depends on period-1 play as follows:

if (f1, np) isplayed in period 1 then they anticipate state 1 ((f1, ny) again) in period 2;

if (N, f2) isplayed in period 1 then they anticipate state 2 ((n, f2) again) in period 2;

and otherwise they anticipate state O (the randomized equilibrium) in period 2.

When the first-period influences second-period behavior in this way, total discounted payoffs for
the two players depend on the first-period moves as follows:

fz Ny
f1 -1+05,-1+05 9+95, 0+05
Ny 0+00, 9+95 0+0o, 0+05

(For discounted average value over two periods, we would divide all these payoffs by 1+5.)

So there are three possible equilibriain the first period: (f1,n,) yielding total expected payoffs
(9+95, 0), (ny, fo) yielding total expected payoffs (0, 9+95), and a symmetric randomized
equilibrium where each player fights with probability p = (9+95),/(10+95) and each player's
expected total payoff isjust O.

But there are also other subgame-perfect equilibria. For example, the anticipated second-period
equilibrium might depend on first-period play as follows:

if (f1, ny) isplayed in period 1 then they anticipate state 2 (switch to (ny, f2)) in period 2;

if (ng, f2) isplayed in period 1 then they anticipate state 1 (switch to (f1, n)) in period 2;

and otherwise they anticipate state O (the randomized equilibrium) in period 2.

Then total discounted payoffs for the two players depend on the first-period moves as follows:

fz Ny
f1 -1+05,-1+05 9+05, 0+95
Ny 0+90, 9+05 0+0o, 0+05

So there are three possible equilibriain period 1: (f1,n,) yielding total expected payoffs (9, 95),
(nq, f2) yielding total expected payoffs (95, 9), and a symmetric randomized equilibrium where
each player fights with probability p = 9,/(10 + 95) and each player's expected total payoff is
816,/(10 + 95), which is about 4.26 when 6 iscloseto 1.



Introduction to repeated games Players 1 and 2 will meet on t+1 days, numbered 0,1,2,...,t.
On each day, each player i must choose to be generous (g;) or selfish (f;).
On each day k, they get payoffs (uy,Uox) that depend on their actions (cy,Cx) asfollows:

Player 1:\ Player 2: 02 f,
01 3,3 0,5 (Prisoners dilemma)
f1 50 2,2
except on the last day 1 their payoffs will be:
Player 1:\ Player 2: 02 f,
01 55 0,4 (Trust game)
f1 4,0 2,2

On each day, each player knows what both players did on al previous days.
Each player wants to maximize the expected discounted sum of his payoffs V; = Uig+8Ui1+8°Uip+...+8 Ui
for some given discount factor 6 between 0 and 1.

If the Prisoners Dilemma were played once, (f1,f,) would be the only equilibrium, yielding the Pareto-
dominated payoffs (2,2). And for this multi-period game, both players doing f; aways is one equilibrium.
But in multi-period games, opportunities to respond later can enlarge the set of equilibria.

Consider the strategy for each player i to choose g; until f; or f, is chosen, but thereafter choose f;.

We can show that, if 6>2/3, it is a subgame-perfect equilibrium for both playersto choose this strategy.

Consider first the case of =1, where the prisoners dilemmais played once, followed by one play of the
trust game at the end. Under the strategies described here, on the last day,

they will play the good (g1,02) equilibrium of the "trust game" if both were previously generous,

but they will play the bad (f1,f,) equilibrium if either player was previously selfish.

So the overall payoffs will depend on their first-day choices as follows:

Player 1:\ Player 2: 02 fy
O1 3+55, 3+85 0+582, 5+52
fi 5+52, 0+52 2+52, 2+52

Then (g:0.) is an equilibrium at the first day if 3+56 > 5+29, thatis, if 6 > 2/3.

A similar calculation can be made for any number t>1 of repetitions of the prisoners dilemma.

Let G(t) be the discounted sum of payoffs from (g;,0,)-always, and let F(t) be the discounted sum of
payoffs from (f1,f,) aways, in t repetitions of the prisoners dilemma followed by one trust game.

So G(0) =5 and F(0) =2 and, for any =1, G(1) = 3+6G(t-1) and F(t) = 2+5F(t-1).

Fact: WHW8+wd%+...+ws* ' = w(1-8%/(1-8). So G(1) = 3(1-8")/(1-8)+58", F(r) = 2(1-8"Y)/(1-5).
Lemma: If 1>6>2/3 then G(t)-F(t) >3 for al 1. (Proof by induction: G(0)-F(0) =5-2 =3, and then
for any t>1 we get inductively G(t)-F(t) = 3-2 + §(G(t—1)-F(t—1)) > 1 + (2/3)(3) = 3.)

Now assuming that the strategies described above will be played after the first stage, the players overall
payoffs will depend on their first-day choices as follows:

Player 1.\ Player 2: 02 fa
O1 3+6G(1-1), 3+3G(t-1) 0+6F(t-1), 5+6F(1-1)
f 5+5F(t—1), 0+3F(t-1) 2+8F(t-1), 2+5F(t-1)

With 1>8>2/3, for any t, it isan equilibrium for both to start doing g;, as these strategies specify, because
3+8G(t—1) > 5+8F(t—1). (Proof: 3+3G(1—1) — (5+6F(1—1)) = —2+38(G(t—1)-F(z—1)) > —2+(2/3)(3) = 0.)

As -, G(1)—>3/(1-3), F(t)—>2/(1-6), and overall payoffs here depend on first-day actions as follows:

Player 1:\ Player 2: 02 fs
O 3+63/(1-5), 3+63/(1-9) 0+562/(1-9), 5+62/(1-9)
fi 5+62/(1-3), 0+62/(1-3) 2+62/(1-3), 2+62/(1-5)

The equilibrium condition 3+83/(1-3) > 5+26/(1-0) is satisfied when 1>6>2/3.



Repeated games Infinitely repeated games are useful models of 1ong-term rel ationships.
The game will be played at an infinite sequence of time periods numbered 1,2,3,...

Suppose that the set of playersis{1,2}. In each period k, each player i must choose an action ax
insome set A;. In period k, each player i's payoff uix will depend on both players actions
according to some utility function U;:A1xA2-R; that is uik = Uj(auk,ax)-

We assume here that the actions at each period are publicly observable, and so each player's
action in each period may depend on the history of actions by both players at al past periods.
Given any discount factor 6 such that O < 6 < 1, the 8-discounted average value of player i's
payoffs is DAV(Uil,Uiz,Ui3,...) = (1— 8)(Ui1 + dUjp + 82Ui3 + ...+ 8k’1uik + )

(For any x, DAV(X,X,X,...) =X. If 6 isdlightly lessthan 1 then the players are very patient.)
The objective of each player i in the repeated game is to maximize the expected discounted
average value of his payoffs, with respect to some discount factor 6, where 0<6 < 1.

Fact. (Recursion formula) DAV(Ui,Uiz,Ui3,...) = (1-8)uiz + SDAV(Uip,Ui3,Uia,...) .

We may describe equilibria of repeated games in terms of a various social states.

At each period of the game, the players will understand that their current relationship is described
by one of these social states, and their expectations about each others behavior will be
determined by this state. This state may be called the state of play in the game at this period.
(These socia states are an attribute of the equilibrium, not of the game, as they describe the
different kinds of expectations that the players may have about each others future behavior.)

To describe an equilibrium or scenario in terms of socia states, we must specify the following:
(1) Social states We must list the set of social states in this equilibrium. (States may denoted by
numbers or may be named for the kinds of interpersonal relationships that they represent.)

(2) State-dependent strategies. For each state 6, we must specify aprofile of (possibly
randomized) actions (5,(0),5,(0)) describing the predicted behavior of the playersin any period
when this 6 is the state of play.

(3) Transitions. For each social state 6, we must specify the profiles of players actions that
would cause the state of play in the next period to change from this state to another state. We
may let ®(ay,a;0) denote the state of play in the next period after a period when the state of play
was 0 and the players chose actions (ay,a) (possibly deviating from the prediction (5,(6),5(6))).
(4) Initial state. We must specify which socia state isinitial state of play in the first period of
the game. Here we will generally let state "0" denote thisinitial state.

Given any scenario asin (1)-(3) above, and given any discount factor 5, let V;(6) denote the
expected 6-discounted average value of player i's payoffsin this scenario when (ignoring (4)) the
state of play beginsin state 6. Given 6 < 1, these numbers V;(6) can be computed (with algebra)
from the equations: Vi(0) = E[(1-5)Ui(5.(6),5:(6))) + 3 Vi(©(5(6),5(0);0))].

Fact. A scenario asin (1)-(3) above is a subgame-perfect equilibrium if, for every player i and
every state 0, player i could not expect to gain by unilaterally deviating from the prediction §(0)
in a period when the state of play is6. That is, we have an equilibrium if, for every state 0,
V1(0) > E[(1-0)Ui(a1,5(0))) + 6 Vi(O(a1,5:(0);0))], forall ain Ay,

V2(0) > E[(1-8)Ui(51(0),2)) + 3 Vi(©(5:(0),8;0))], for all & in A,

(Thisisthe "one-deviation property" of Osborne p 438.)



Example 1. Consider arepeated game where, in each period, the players play the following "Prisoners
dilemma’' game in which each must decide whether to "cooperate" or "defect".

Co d2
C1 3,3 0,5
d; 50 2,2

Wefirst consider aversion of the "grim trigger" equilibrium:

The statesare {0, 1}. (State O represents "trust” or "friendship"; state 1 represents "distrust”.)

The predicted behavior in state 0 is (c;,¢c;). The predicted behavior in state 1 is (dy,dy).

In any period when the current state of play is 0, if the players action profileis (c,,dy) or (dy,c,) then the
state of play next period will switch to state 1, otherwise it will remain state O.

When the state of play is 1, the future state of play always remains state 1.

The expected discounted average values for the players in the states satisfy the equations:

V1(0) = (1-6)Us(c1,5) +8V1(0), V(1) = (1-8)U1(d1,dy) +8V4(1),

V2(0) = (1-6)Uz(c1,¢5) +8V2(0), V(1) = (1-8)U2(d1,dy) +3V(1).

So V4(0) = (1-8)3 +8V4(0), V(1) =(1-8)2 +6V4(1), andso V41(0) =3, V(1) =2.

Similarly, V,(0) =3, V,(1) = 2.

For this scenario to be an equilibrium, we need:

V1(0) > (1-8)U4(dy,cp) +3V1(1), V(1) > (1-8)Us(C1,dp) +8V4(1),

V2(0) > (1-8)Ux(C1,dz) +3Vo(1), V(1) > (1-8)U5(ds,Co) +3Vo(1).

That is, weneed: 3> (1-8)5+062 and 2 > (1-6)0 + 62, which are satisfied when 1 > 6 > 2/3.

Now let's consider another (more forgiving) equilibrium:

The statesare{0, 1, 2}. (state 0 is"friendship”; state 1 is"punishing 1"; state 2 is "punishing 2".)

The predicted behavior in state 0 is (c;,¢,). The predicted behavior in state 1 is (Cy,dy).

The predicted behavior in state 2 is (dy,Cy).

When the state of play is O, if the players choose (d;,c;) then the next state of play will be 1, if the players
choose (c,,d,) then the state of play next period will be 2, otherwise it will remain O.

When the state of play is 1, if the players choose (c;,d;) then the next state of play will be 0, otherwise it
will remain 1. When the state of play is 2, if the players choose (dy,c,) then the next state of play will be O,
otherwise it will remain 2.

The expected discounted average values V4(0) for player 1 in each state 6 satisfy the equations:
V1(0) = (1-6)Us(c1,cp) +8V1(0), V(1) = (1-6)Us(c1,dp) +6V4(0),

V1(2) = (1-8)Uy(dy,co) + 8V4(0).

So V4(0) = (1-8)3 +8V4(0), and V1(0)=3. So V;(1) =(1-38)0 + 83 = 39,
and V4(2) =(1-3)5 + 63 = 5-20.

For a subgame-perfect equilibrium, the values for player 1 must satisfy:

V1(0) = (1-8)Uy(dy,c2) +38Va(1), V(1) > (1-8)Us(dh,dy) + V(1)

V1(2) > (1-8)Us(cy,Co) + 6Va(2).

These inequalities become respectively: 3 > (1-6)5+ 635, 36 > (1-8)2 + 833,
5-26 > (1-8)3 + 3(5-28); and these are all satisfied when 1>6>2/3.
(Algebraic fact used here: (1-8%) = (1-8)(1+3).)

The values equations for player 2 are similarly: V,(0) = (1-6)U,(cy,Co) + 8V 2(0),

Vz(l) = (l— 6)U2(C1,d2) + 6V2(O), V2(2) = (l— S)Uz(dl,CZ) + 6V2(O),

and these equationsimply V,(0) =3, V(1) =5-26, V,(2) = 33.

Then the equilibrium inequalities for player 2 are: V,(0) > (1-8)Ux(Cy,d2)+3V 2(2),

Vz(l) > (1—6)U2(C1,C2)+6V2(1), V2(2) > (l‘6)U2(d1,d2)+6V2(2)

These inequalities respectively become 3 > (1-8)5 + 635, 5-26 > (1-8)3 + 6(5-28), 36 > (1-5)2 + 835;
and these are also satisfied when 1>6>2/3.



Example 2 Consider arepeated game where players 1 and 2 repeated play the game below
infinitely often. In each round, each player i must decide whether to fight (f;) or not (n;).
The players want to maximize their 6-discount average value of payoffs, for some 0<6<1.

f2 Ny
fi -1, -1 90
Ny 0,9 0,0

A subgame-perfect equilibrium:

States: there are three states, numbered 0,1,2. Theinitial statein period 1 is state 0.

(State 1 may be interpreted as "1 has ownership"”, state 2 may be interpreted as "2 has ownership"
and state 0 may be interpreted as "fighting for ownership” or war of attrition.)

Strategies: Let 5(0) denote the move that player i would choose in state 6.

Player 1'sstrategy is si(1) =f1, $1(2) = m, s1(0) = q[f,]+(1-q)[n,] for some q between 0 and 1.
Player 2's strategy is s(1) = ny, $x(2) =f1, $(0) = q[f2]+(1-qg)[n] for the same q.

We will need to find what g makes this an equilibrium.

Transitions: When the current state is state O, the state next period would be:

state 1 if (f1, np) is played now, state 2 if (ny, ) is played now, and state O if (f1,f2) or (ny,ny) is
played now. Oncethe gameisin state 1 or 2, it staysin the same state forever.

Values:. Let V;(0) denote the expected discounted average value of payoffs for player i in state 6.
The recursion equations for states 1 and 2 are

Vi(1) = (1-38)U;i(f1,ny) + 8Vi(1), fori=1,2, and so V(1) =9and V(1) = 0;

Vi(2) = (1-3)Ui(ny,f2) + 8Vi(2), fori=1,2, and so V1(2) =0and V,(2) = 9.

To check the equilibrium condition in state 1, notice that

9=Vi(1) > (1-8)Us(ng,nz) + 8V4(1) = (1-8)(0) + 5(9) = 89,

0=V2(1) > (1-8)Ux(fy, f2) + 8V2(1) = (1-8)(-1) + 8(0) = -(1-9).

The equilibrium conditionsin state 2 are similar.

In state O, for player 1 to be willing to randomize between f; and n;, he must expect the same
discounted average value V1(0) from choosing f; or n; this period, and so we must have
V1(0) = q((1-8)Us(f1,f2) +8V1(0)) + (1-a)((1-8)Us(f1nz)) +8Va(1)), and

V1(0) = q((1-8)Us(ny,f2) + 8V1(2)) + (1-0)((1-8)U1(nw,nz)) +8V1(0)).

Thelatter isV1(0) = q(1-6)0 + 60 + (1-g)(1-6)0 + (1-g)6V1(0), implying V1(0) = 0.
Then V;(0) = q(1-8)(-1) + g6V 1(0) + (1-g)(1-3)9 + (1-)49, implies g=9,/(10-9).
Similarly, V,(0) = 0.



Another subgame-perfect equilibrium for this repeated game, with 5-discounting.

f2 Ny
f1 -1, -1 9,0
Ny 0,9 0,0

States: there are three states, numbered 0,1,2. Theinitial statein period 1 is state 0.
(Inthisequilibrium, state 1 may be interpreted as"1'sturn”, state 2 may be interpreted as
"2'sturn” and state O may be interpreted as "confused about whose turniit is".)

Strategies. Let s(0) denote the move that player i would choose in state .

Player 1's strategy is s(1) = f1, s1(2) =, $1(0) = q[f1]+(1-g)[n,] for some q between 0 and 1.
Player 2's strategy is s,(1) = ny, $x(2) =12, 5(0) = q[f2]+(1-q)[ny] for the same g as player 1.
We will need to find what g makes this an equilibrium.

Transitions: When the current state is state O, the state next period would be: state 2 if (f1, ny) is
played now, state 1 if (ny, f2) is played now, and state O if (f1,f2) or (ng,ny) is played now.

When the current stateis 1, the next state is always 2. When the current state is 2, the next state
isalways 1. (Sofrom state 1 or 2, the state of play alternates between states 1 and 2 forever.)

Values Let V;(0) denote the expected discounted average value of payoffsfor player i in state 6.
The recursion equations for states 1 and 2 are

Vi(2) = (1-8)Ui(f1,ny) + 8Vi(2) and Vi(2) = (1-6)Ui(ny,f,) + 8V;(1) for i=1,2.

So V(1) = (1-8)9 + 8[(1-8)0+8V1(1)], and so V1(1) = 9(1-8),/(1-8%) = 9/(1+3)

and V;(2) = (1-8)0+6V1(1) = 89/(1+3).

Similarly, V,(2) =9/(1+8) and V(1) = 89/ (1+9).

To check the equilibrium condition in state 1, notice that

9/(148) = V(1) > (1-8)Us(ny,nz) + 8V 1(2) = 8% 9/(1+3),

89/(1+3) = V(1) > (1-8)Uy(fy, f2) + 8V(2) = (1-6)(-1) + 89/(1+3).

The equilibrium conditionsin state 2 are similar.

In state O, for player 1 to be willing to randomize between f; and n;, he must expect the same
discounted average value V1(0) from choosing f; or n; this period, and so we must have

V1(0) = q((1-8)Us(f1,f2) +8V1(0)) + (1-a)((1-8)Us(f1nz)) +8Va(2)), and

V1(0) = q((1-8)Us(ny,f2) + 8V1(1)) + (1-0)((1-8)U1(nw,nz)) +8Va(0)).

So V1(0) = q(1-8)(-1) + gdV4(0) + (1-0)(1-8)9 + (1-6)3° 9/(1+3),

and V1(0) = q(1-8)0 + g39/(1+3) + (1-)(1-8)0 + (1-9)5V1(0).

These two equations can be solved for the two unknowns V1(0) and g.

The explicit formulais hard to derive, but the equations can be solved numerically on a
computer. The second equation implies V1(0) = [q69/(1+3)] /[1-6(1-q)], and substituting this
into the first equation yields a nonlinear equation in one unknown g, which can be solved with
Excel's Goal-Seek tool. The resultswith & = 0.99 are V1(0) = 4.446 and g = 0.585

The valuefor player 2 in state O is of course the same, V,(0) = V1(0), because everything is
symmetric aslong as they arein state 0.
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A First Bayesian Game Bayesian games are models of one-stage games where players choose
actions simultaneously, but where each player may have private information, called his type.

Let us consider an example where player 2 is uncertain about one of player 1's payoffs.

Each player must independently decide whether to act with friendship (f;) or aggression (gi).

Player 1 might be the kind of person who would be contented (type 1c) or envious (type 1le) if they
chose to be friendly. Player 2 thinks that each of 1's possible types has probability 0.5.

The players payoffs (us,u,) depend on their actions and 1's type as follows:

If 1'stypeis 1c: f, 02 p(1lc) =0.5
f 8,8 0,6
O1 6,0 3,3

If I'stypeis le: fa o2 p(le) =0.5
f1 5,8 0,6
O1 6,0 3,3

How shall we analyze about this game? Let mefirst sketch acommon mistake. To deal with the
uncertainty about 1's payoff from (f1,f2), some students try to analyze the game where player 1's
payoff from (f4,f,) is the expected utility 0.5(8)+0.5(5)=6.5. So these students consider a 2x2
payoff matrix that differs from the second (1€) case only in that the payoff 5 would be replaced by
6.5, and then they find an "equilibrium"” at (f1,f,) (as 6.5>6 for player 1 and 8>6 for player 2).
Such analysis would be nonsense, however. This"equilibrium" would correspond to a theory that
each player is sure to choose friendship. But player 2 knowsthat if player 1 istype 1e then he will
not choose f;, because f; would be dominated by g; for player 1 when histypeis 1le. Thus, player
2 must believe that thereis at least a probability 0.5 of player 1 being the envious type 1e and thus
choosing aggression g;. A correct analysis must recognize this fact.

To find a correct approach, we may consider the situation before the players learns any private
information, but when they know that each will learn his private type information before he actsin
the game. A gtrategy for a player is a complete plan that specifies afeasible action for the player in
every possible contingency that the player could find. Before player 1 learned his type, he would
have 4 strategies { ffe, fcQe, Ocfe, 90} beCause he will learn his type before acting. (For example,
fge denotes the strategy "be friendly if type 1c, be aggressive if type 1e.") Player 2 would have
only two strategies { f,, g»}, because she must act without learning 1's type. For each pair of
strategies, we can compute the expected payoffs to each player, given that each of 1's types has
probability 1/2. So the normal representation in strategic form of this Bayesian gameis

f, o))
ffe 6.5, 8 0,6
fcOe 7,4 15,45
Ocfe 5514 15,45
0ce 6,0 3,3

This strategic game has one equilibrium: (g.ge, g2), Where both are aggressive and get payoffs
(3,3). Inthisstrategic game, ffe and gcfe are strictly dominated for 1 (by f.ge and gcge
respectively). When we eliminate these dominated strategies, then f, becomes dominated for 2,
and g.ge is the unique best response for 1 against 2's remaining strategy g..

(The students' mistake above was to consider only the strategies ff. and g.ge here.)

A Bayesian gameis defined by a set of players N; aset of actions A;, aset of types T;, and a utility
function ui:(xjen Aj)x(xjer Tj)~R, for each i in N; and a probability distribution peA(xjen Tj).
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Increasing differences and increasing strategiesin Bayesian games

We may consider Bayesian games where each player i first learns histypet;, and then each player i
chooses his action . We assume here that each player i's type is drawn from some probability
distribution p;, independently of all other players' types, and so the joint probability distribution of
the players types can be written p((ti)ien) = [Jien pi(t), where pi(t) = Prob({i = t;).

The payoffs of each player i in N ={1,2,...,n} may depend on all players types and actions
according to some utility payoff function ui(C,...,Cn, 1,...,In).

A function f:R-R isincreasing (in the weak sense) iff, for al x and X, X > x implies f(X) > f(x).
A function f:R-R is strictly increasing iff, for all x and X, X >x implies f(X) > f(x).

Consider a two-player Bayesian game where player 1 has two possible actions, T and B.
Player 1 has several possible types, and each possible type is represented by a number t;.
Player 2 may have many possible actions ¢, and many possible types t.
Suppose that player 2's typet, is independent of player 1'stypet;.
The difference in player 1's payoff in switching from B to T is uy(T,Ca,t1,t2) - Ua(B,Cat1,t).
This difference depends on player 1'stypet;, player 2's action c,, and player 2's type t..
We say that player 1's payoffs satisfy (weakly or strictly) increasing differencesif this difference
ul(T, G, tr, o) — us(B, Cy, 1y, t) isa(weakly or strictly) increasing function of ty,
no matter what player 2's action ¢, and type t, may be.
That is, increasing differences (in the weak sense) means that, for every ry, t;, ¢,, and tu:
if rh >t then U]_(-i-, Co, Iy, tz) - Ul(B, Co, Iy, tz) > Ul(-i-, Co, {1, tz) - Ul(B, Co, {1, tz).
Strictly increasing differences means that, for every ry, ti, ¢;, and ty:
if n>t then Ul(-i-, Co, I'1, tz) - Ul(B, Co, I'1, tz) > Ul(-i-, Co, {4, tz) - Ul(B, Cy, {4, tz).
With increasing differences, 1's higher typesfind T relatively more attractive than lower types do.
Player 1 isusing a cutoff strategy if there is some number 6 (the cutoff) such that, for each possible
typet, of player 1: if t; >0 thentypet; would choose [T] for surein this strategy,
if t; <0 then typet; would choose [B] for sure in this strategy,
if t; =0 thentypet, may choose T or B or may randomize in this strategy.
Comparing cutoff strategies, the probability of 1 choosing T decreases as the cutoff 6 increases.
Fact. If player 1's payoffs satisfy increasing differences then, no matter what strategy player 2 may
use, player 1 will always want to use a cutoff strategy. Thus, when we are looking for equilibria, the
increasing-differences property assures us that player 1 must be using a cutoff strategy.

More generally, in games where player 1's action can be any number in some range, we say that
player 1's payoffs satisfy (weakly or strictly) increasing differencesif, for every pair of possible
actions ¢; and d; such that c;>d;, the difference us(cy, C, t1, t)-uy(dy, C, ta, to) isa(weakly or
strictly) increasing function of player 1's type t;, no matter what player 2's action ¢, and type t, may
be. (If uy isdifferentiable then 6°uy/dc;dt; > 0.)

Fact. If 1's payoffs satisfy increasing differences, then, against any strategy o, of player 2, player 1
will have some best-response strategy s,:T1-A; that isweakly increasing (r1>t; => s1(r1)>Si(t1)).
When 1's payoffs have strictly increasing differences then all player 1's best-response strategies must
be weakly increasing: if ry >t; and, against some strategy o, for player 2, action ¢, is optimal for
type t; and action d, is optimal for typer;, then d; > ¢;.

(By Opti mality, EU1(C1,(52,t1,f2)—EUl(dl,Gz,tl,fz) >0 but 0> EUl(Cl,Gz,I'l,fz)—EUl(dl,Gz,l'l,fz), which
would contradict strictly increasing differencesif we had ¢; > d;.)
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Example: Player 1'stypespossible are {0, .1, .2, .3}, each with probability 1/4.
Player 2 has no private information. 1'sactionsare{T,B}, 2'sactionsare{L,R}.
Given 1'stypety, the payoffs (u;,u,) are:

L R
T t,0 t,-1 (we use "T" for top here because "T" denotes types)
B 1,0 -1,3

So 1's utility difference in switching from B to T depends on 2's action and 1's type as follows:
uy(T,L,t)-ui(B,L t) = ti-1, uy(T,Rt)-uy(B,R,ty) = t;+1. Notice that these differencesincreasein t;.
So higher typest, dways find T relatively more attractive than lower types, and player 1 will use a cutoff
strategy of the form: "do T if t,>0, do B if t;<6, may randomize if ,=6," for some given cutoff value .
Thus, although player 1 has 2*=16 pure strategies in this Bayesian game (and 2'°- 1 = 65535),

we only need to consider 1's cutoff strategies with the following 9 possible supports:

+ (6>.3): every type would choose [B], so 2 thinks the probability of T is P(T)=0;

 (6=.3): {0,.1,.2} would choose [B], but .3 would randomize in some way, so 2 thinks 0 < P(T) < 1/4;
 (.2<6<.3): {0,.1,.2} would choose[B], but .3 would choose[T], so 2 thinks P(T) = 1/4;

« (6=.2): {0,.1} would choose[B], .2 could randomize, .3 would choose[T], so 2 thinks 1/4<P(T)<1/2;
 (.1<0<.2): {0,.1} would choose [B], {.2,.3} would choose [T], o 2 thinks P(T) = 1/2;

« (6=.1): 0would choose[B], .1 could randomize, {.2,.3} would choose [T], so 2 thinks 1/2<P(T)< 3/4;
« (0<6<.1): 0would choose[B], {.1,.2,.3} would choose [T], so 2 thinks P(T) = 3/4;

« (6=0): 0 could randomize, {.1, .2,.3} would choose [T], so 2 thinks 3/4 < P(T) < 1;

« (0<0): every typewould choose [T], so 2 thinks P(T) = 1.

If player 2 uses o, = q[L]+(1-q)[R], then player 1's optimal cutoff 6 would have the property:

t1> 0 <=> gty +(1-q)ts = Ux(T,02,t1) > Us(B,62,ts) = q(1)+(1-g)(-1).

Thisimplies g9+(1-0)6 = g(1)+(1-q)(-1). So the cutoff 6 isoptimal for 1 when g = (6+1)/2.

Thereis obvioudly no equilibrium in which player 2 chooses L for sure or R for sure. (check!)

To make player 2 willing to randomize, we must have EU,(L) = EUx(R), that is,

P(T)(0) + (1-P(1))(0) = P(T)(-1) + (1-P(T))(3), and so P(T) = 3/4.

Here P(T) denotes the (unconditional) probability of player 1 choosing T as assessed by player 2, who does
not know 1'stypet;. But 1's equilibrium strategy o; must specify, for each possible typet;in{0,.1,.2,.3}, the
conditional probability o1(T}ty) of player 1 doing T when histypeist,.

These unconditional and conditional probabilities of T must satisfy the equation: P(T) = X pa(ty)or(Tlt).

For a cutoff strategy with (T t,)=1 for ;>0 and o1(T[t})=0 for t,<0, thisis P(T) = py(0)o1(TI0) + S0 Pa(ty).
So to get P(T)=3/4, the cutoff 6 must be between 0 and .1 (0 would choose [B], {.1,.2,.3} would choose [T]).
Now let g denote the probability of 2 choosing L. To make 1's cutoff strategy optimal for him, 2's randomized
strategy g[L]+(1- q)[R] must make player 1 prefer B when t,=0, but must make player 1 prefer T whent, = .1.
EUl('['\t1=0) < EUy(B|t;=0) implies (9)(0)+(1-q)(0) < (q)(1)+(1-g)(-1), andso 1/2 < q.

EUL(T|t;=.1) > EUy(B|t;=.1) implies (q)(-D)+(1-0)(.1) > (q)(1)+(1-g)(-1), and so g < 11/20.

That is, to get a cutoff 6 suchthat 0< 0 < .1, wemust have 1/2 < g = (6+1) /2 < 11/20.

So in equilibrium, 1 chooses B if t;=0, 1 chooses T if t;>.1, and 2 randomizes, choosing L with some
probability g that is between 1/2 and 11/20.

Now suppose instead player 1 hasfive possible types{0, .1, .2, .3, .4}, each with probability pi(t;)=1/5.
To make player 2 willing to randomize, player 1 must use a strategy such that P(T) = 3/4.

For that to occur in an increasing cutoff strategy, the cutoff must be at 6=.1.

So t;,=0 chooses B; and when t,>.1 (which has probability 3/5) player 1 chooses T.

The remaining 3/4-3/5 = 0.15 probability of T must come from player 1 choosing T with probability
c1(T].1) =0.15/p,(.1) = 0.15/0.2 = 0.75 whent;=.1.

To make type t;=6 =.1 willing to randomize, 2's probability of choosing L must be q = (.1+1) /2 =11/20.
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Example. Player 1'stypet; isdrawn from a Uniform distribution on the interval from 0 to 1, and payoffs
(ug,u,) depend on 1'stype as follows, where ¢ is a given number between 0 and 1 (say £=0.1):
L R

-’I\- Stl, 0 St]_, -1

B 1,0 -1,3
Player 1's payoffs satisfy increasing differences, so player 1 should use a cutoff strategy,
doing T if t,>0,, doi ng B if t;<6,, where 8, is some number between 0 and 1.
Then player 2 would think that the probability of 1 doing T is Prob(t; > 6) = 1-6.
Y ou can easily verify that there is no equilibrium where player 2 is sure to choose either L or R.
For player 2 to be willing to randomize between L and R, both L and R must give her the same expected
payoff, so 0=(-1)(1-6,) + (3)06;, and so0 6; =0.25.
So in equilibrium, player 1 must use the strategy: do Tift,>0.25 doBif t; < 0.25.
For player 1 to be willing to implement this strategy, he must be indifferent between T and B when his type
isexactly t; =0, = 0.25. Let g denote the probability of player 2 doing L.
Then to make type 6, indifferent between T and B, q must satisfy €6, = (1)g+ (- 1)(1-q),
which implies q=(1+¢€6,)/2=(1+0.25¢)/2. (Soase-0, qapproaches0.5.)

Now consider a game with two-sided incomplete information.
Suppose player 1'stypet; is drawn from a Uniform distribution on the interval from 0 to 1,
player 2'stypet, is drawn independently from a Uniform distribution on the interval from O to 1,
and the payoffs depend on 1's type as follows, for some given number ¢ between 0 and 1:
L R

-’I\- Stl, 8t2 St]_, -1

B l, 8t2 —l, 3
With increasing differences, the action T becomes more attractive to higher types of player 1.
Similarly, the action L becomes more attractive to higher types of player 2.
So we should look for an equilibrium where each uses a cutoff strategy of the form
. player 1 does T if t; > 6, player 1 doesB if t, < 0,
. player 2 doesL if t, > 6,, player 2 doesR if t, < 0,,
for some pair of cutoffs6; and 0.
It is easy to check that neither player's action can be certain to the other, and so these cutoffs 6; and 6, must
be strictly between 0 and 1.
With t, Uniform on 0 to 1, the probability of player 1 doing T (t;>0,) is 1-6,.
Similarly, the probability of player 2 doing L (t>6,) is1-0,.
The cutoff types must be indifferent between the two actions. So we have the equations
€01 = (1)(1-02) + (-1)02, €6, = (-1)(1-64) + (3)0s.
The unique solution to these equationsis 0, = (2+¢)/(8+¢%), 0, = (4-¢)/(8+¢9).
Unless a player's type exactly equals the cutoff (which has zero probability), he is not indifferent between his
two actions, and he uses the action yielding a higher expected payoff given histype.
As &-0, these equilibria approach the randomized strategies (.75[T]+.25[B], .5[L]+.5[R]).

These examples show how randomized equilibria can become pure-strategy equilibriain Bayesian games

where each player has minor private information that determines his optimal action in equilibrium.
Thisiscalled purification of randomized equilibria by Bayesian games (John Harsanyi, 1JGT, 1973.)
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Action-probabilites and Belief Probabilities (from Osborne's Section 10.4)

Suppose that we are given some extensive game with imperfect information.

With imperfect information, each decision node now needs two labels, one indicating which player makes
the decision here, and another indicating what is the state of the player'sinformation at this node. In agame
tree, | indicate these by alabel of the form "Player.InformationState”, where a player cannot distinguish his
nodes that have the same information state. Nodes with the same player and information state form an
information set, which is aso commonly indicated by a dashed line or curve in the gametree. Two nodes
with the same player and information label must be followed by the same set of feasible moves.

Given any randomized strategy for any player i, at any information set of player i that could occur with
positive probability when he plays this strategy, we can compute a probability distribution over the set of
possible actions for player i at thisinformation set.

These probabilities are called action probabilities or move probabilities.

That is, the action-probability for any action c at any information state s of any player i, which we may
denote by o;i(c|s), denotes the conditional probability that player i will choose action c if information set s
occursin the game. (I usualy put action probabilities in parentheses "(¢)".)

A behavioral strategy for player i isalist of an action-probability distribution for each of player i's
information sets.

A behaviora-strategy profile c isalist of abehavioral strategy for each player, specifying an action
probability oi(c|s) for every possible action ¢ at every possible information set s of every player i.

Given abehavioral-strategy profile o, the prior probability P(x|o) of any node x in the gametreeisthe
multiplicative product of al chance-probabilities and action-probabilities on the path that leads to this node
from the starting node. (The chance probabilities on al branches that follow chance nodes are part of the
given structure of the extensive game, from Osborne's Section 7.6.)

For any node x in any information set s of any player i, i's belief-probability of x at s, which we may denote
by ni(x|s), isthe conditional probability of node x being true that player i would believe if some node in the
information set s occurred in the game. (I put belief probahilitiesin angle brackets "<e>".
By Bayes's formula, when player i moves at hisinformation set s, the belief probability that player i should
assign to any node x in thisinformation set s should be:

1i(x|9) = P(X[o)/Ty<s P(Ylo)
whenever this formulais well-defined (not 0/0). In the denominator of this formula, the sum is over all
nodesy in the information set s, that is, over al nodesy that share the same "i.s" label as node x.
These probabilitieswould all be strictly positive if the behavioral strategy profile ohad full support, that is,
if we had ai(c/s)>0 for every possible action c at every information state s of every player i.
A belief system pisalist of such belief probability distributions over the nodes of each information set of
each player in the game.

A belief system  is consistent (in the weak sense) with a behavioral-strategy profile o if the beliefs satisfy
al Bayessformula, as above, whenever this formulais well-defined (not 0/0).

So weak consistency, as defined here, does not restrict beliefs at information sets that have zero probability.
A belief system 1 is fully consistent with a behavioral strategy profile oif «isthe limit of beliefs that would
be consistent with a sequence of full-support strategy profiles that convergeto o.

A behavioral-strategy profile o is sequentially rational given abelief system p if, at every information set,
the player is assigning positive probability only to actions that maximize his expected payoff, given his
beliefs about the current node in hisinformation set and given what the behavioral-strategy profile specifies
about players behavior after thisinformation set.

A sequential equilibrium is a behavioral-strategy profile and a belief system such that the strategy profileis
sequentialy rationa given the belief system, and the belief system is consistent with the strategy profile.
Sequential rationality may determine beliefsin zero-probability events, even if weak consistency does not!
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Trading between a buyer and a seller, who knows mor e about the object being sold

Facts about Uniform distributions. Suppose that X is a random variable drawn from a Uniform
distribution on the interval from A to B, for some given numbers A and B such that A <B.
Then E(X) = (A+B)/2. Furthermore, for any number 6 between A and B:

Pr(X<60) = Pr(X<0) = (0-A)/(B-A),

E(X |X<6) = E(X|X<6) = (A+6),/2,

E(X |X=0) = E(X|X>0) = (6+B),/2.

Example. Toillustrate the problems of trading between individuals who have different
information, consider the following simple situation, involving two players.

Player 1 isthe seller of some unique object which he owns.

Player 2 isthe only possible buyer of this object.

Depending on the object's quality, it may be worth as little as $40 to player 1 and $60 to player 2
(if its quality islow) or as much as $100 to player 1 and $120 to player 2 (if its quality is high).
Player 1 knows the quality of the object. Let 1'stypet; denote his value of keeping the object.
With any quality, the object would be worth $20 more to player 2 than to player 1.

That is, given 1's type f;, the value of the object to player 2 would be V (t;) = t1+20.

Player 2's belief about {; is described by a Uniform distribution on the interval $40 to $100.
(So E(ty) = (40+100)/2 = 70 and E(Va(ty)) = E(t+20) = 90.)

Game where buyer bids Suppose first that player 2 can offer to buy for any positive pricer, and

then player 1 will accept or reject the offer. If the offer is rgjected then they each get profit O.
If the offer is accepted then 1's profit is r-t; and 2's profit is V,(fy)-r.

In a subgame-perfect equilibrium, player 1 will accept if T, <r, but player 1 will reject if T > .
Player 2's expected profit from offering any pricer is Pr(fi<r) (E(Va({)| Ti<r) - 1).

For any number r between 40 and 100, this expected profit is

Pr(ti<r) (E(t,+20| fi<r) - r) = Pr(ti<r) (E(fy| ti<r) +20-1) =

((r-40)/(100-40))((40+r) /2 + 20 - r) = (r-40)(80-r),/120 = (-3200 +120r - r?),/120.

This quadratic formulais maximized by letting r = 60.

(The buyer cannot gain by bidding less than 40 or more than 100, because a bid below 40 would be
surely rejected, and a bid above 100 would be worse than the surely-accepted bid of 100.)

So in the unique subgame-perfect equilibrium of this game, player 2 offersto buy for $60, and
player 1 acceptsif i, <60. The probability of tradeis Pr(trade) = (60-40),/(100-40) = 1/3.

(We could mode! 2 bidding as a game with perfect information where 1 learnst; after 2 choosesr.)
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Game where seller bids Suppose now that player 1 can offer to buy for any positive pricer, and
then player 2 will accept or reject the offer. If the offer is rgjected then they each get profit O.

If the offer is accepted, then 1's profit is r-i; and 2's profit is Va(t;)-r.

In this game, the price is named by the player who has private information, and so signaling effects
will give us many equilibria.

Let'slook first for an equilibrium where there is some price r such that player 2 would surely
accept an offer to sell for T but would surely reject an offer to sell for any price higher than 7.

In this equilibrium, player 1 will offer r if T, < T.

For player 2 to accept the offer T, 2's expected profit from accepting ¥ must not be negative, so
0 < E(Va(ty) [ti<r) - r = E(f1+20|t,<T) - r = (40+7)/2+ 20 - T, whichimplies T < 80.

Player 2 can be expected to reject any offer to sell at a price greater than T, because such atrade
would be unprofitable for player 2 if she made the worst inference about player 1, whichisthat his
type is;=40, in which case the object is worth only 40+20 = $60 to player 2.

So we can construct such an equilibrium for any 7 such that 60 < T < 80.

In such an equilibrium, types higher than T may be expected to make some offer higher than 120,
which player 2 could never profitably accept.

An offer between T and 120 may be rejected by player 2 because this surprise offer may lead
player 2 to believe that 1's typeis 40, in which case the object is only worth 60 to player 2.
Among these amost-pooling equilibria, player 1 most prefers the equilibrium with 7 = 80.

In this equilibrium, the probability of tradeis Pr(trade) = Pr(f;<80) = (80-40),/(100-40) = 2/3.

There are many other equilibria where 1's types make more offers.

Let'slook for an equilibrium in which some types of player 1 would offer to sell for $70, but all
higher types would offer to sell for $100, and player 2 would be sure to accept $70 but her
probability of accepting $100 would be between 0 and 1.

To find this equilibrium, there are unknowns that we must find:

let g denote the probability that player 2 would accept an offer of $100,

and let 6 denote the highest type of player 1 that would offer $70.

For player 2 to be willing to randomize between accepting and rejecting $100, her expected profit
from accepting it must be 0, and so

0= E(Va(ty)|t1>0) - 100 = E( {;,+20]|i;>6) - 100 = (6+100),/2 + 20 - 100, and so 6 = 60.

For player 1 to offer $70 below when histype is below 6 but $100 when histypeis above 6, we
need that 70-t; > q(100-t;) when t;<6, and 70-t; < gq(100-t;) when t;>6.

These inequalitiesimply 70-6 = q(100-6), and so g = (70-60),/(100-60) = 1/4.

In this equilibrium, Pr(trade) = Pr(t;<0) + Pr(f;>0)q = (20/60) + (40/60)(1/4) = 1/2.

(Advanced result: There is a separating equilibrium in which each possible type t; of player 1
would offer to sell for r(t;) = t;+20, and the probability q of player 2 accepting would depend on
the offer r according to the formula q(r) = e “*/% for any r > 60.)
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The Holdup Problem Player 1 can invest to improve an asset which he may later sell player 2.

To give the asset any quality x>0, player 1 would have to make an investment that would cost him ¢(x) = x°.
With this quality, the asset will be worth v;(x) = x to player 1, but it will be worth v,(x) = 2x to player 2.
We consider two different versions of this game, which differ in how they bargain over the price.

Buyer-offer game First player 1 chooses the quality x>0. Player 2 observes this quality Xx.
Then player 2 chooses a price p>0 at which she offers to buy the asset from player 1.
Player 1 observes this offer, and then can choose to accept or reject it. Final payoffs are:
Ug(X, P, accept) = p-c(x) = p-x, Up(X, P, 8CCEPL) = Vo(X)-p = 2X-P,

us(X, p, reject) = vy(X)-c(x) = X—x5, ux(X, p, reject) = 0.

Thereis aunique subgame-perfect equilibrium.

At the last stage, given p and x, player 1 acceptsif p>v;(x) and rgects if p<vy(x).

So player 2's optimal offer, given x, must be to offer p = vi(x) = x, which player 1 must accept.
Note: In the case where p=vy(x), player 1 isactually indifferent between accepting and rejecting.
But if player 1 had any chance of rgjecting in this case of indifference, then player 2 would instead want
to offer the smallest p satisfying p>vi(x), to get 1's sure acceptance, and such aminimal p cannot be
found! Thus, in a subgame-perfect equilibrium, player 1 must aways accept when p=v;(x).

So player 1 knows that his payoff from quality x will be vy(x)-c(x) = x-x?, which is maximized by x=0.5.

So the equilibrium outcome is: player 1 chooses quality x = 0.5, player 2 offersprice p=x=0.5,

and the players payoffsare u, = p—c(x) = 0.5-(0.5)> = 0.25, u, = V»(x)—p = 2x0.5-0.5=1-0.5=0.5.

Seller-offer game. First player 1 chooses the quality x>0.

Then player 1 chooses the price p>0 at which he offersto sell the asset.

Player 2 observes x and p, and then can choose to accept or reject 1's offer. Payoffs are till
uy(X, p, accept) = p-x%, Ux(X, p, accept) = 2x-p, ui(X, p, reject) = x-x% ux(x, p, reject) = 0.

In the unique subgame-perfect equilibrium, player 2 acceptsif p < va(x) but rejectsif p > vy(x),

so given any x>0, player 1 offers p = v,(x) = 2x. So player 1 chooses x = 1 to maximize 2x-x°.
Again, in the case when p=v,(x), player 2 would actually be indifferent between accepting and rejecting;
but there would be no optimal p for player 1 if player 2 had any chance of rgjecting in this case of
indifference, as 1 would then want to offer the largest p such that p < v,(x), and no such number exists!
Such situations often arise in extensive games with perfect information when a player i can choose a
number g in some interval with a continuum of possible values, and then another player j will make a
decision next after observing i's choice of a. It may happen that player j's optimal decision would jump
discontinuously from one alternative to another when player i choice is some critical value a;, and player
j would be indifferent between these two alter natives when i's choice is exactly equal to thisvalue a. In
such cases, the only way to construct a subgame-perfect equilibrium may be to stipulate that, among the
alternatives that are optimal for j when i has chosen g;, the alternative that player j would actually
choose after g; must be the alternative that player i would prefer. Otherwise, player i would want to
deviate infinitesimally from g; in the direction that would induce this preferred response by player j.

So the equilibrium outcome is: 1 chooses quality x =1 and offersprice p=2x = 2,

and the players payoffsare u, = 2-(1)’=1, u, = 2(1)-2=0.

Notice that the equilibrium sum of payoffs u;+u, is greater in the seller-offer game (1+0 > 0.25+0.5).

That is, for an efficient outcome, the person who made the first-period investment should have more control
in the process of bargaining over the price. If they were about to play the buyer-offer game, the buyer would
be willing to sell her right to set the price for any payment more than 0.5, and the seller would be willing to
pay up to 0.75 for the right to set the price.

Both of these games have many other Nash equilibria that are not subgame-perfect. Consider any (X,p) such
that vo(X) > P > ¢(X) + MaXyso (V1(X)-c(X)) = ¢(X) + 0.25 (such asX=1, p=1.625), so that each does better
than he or she could do aone. With either player offering the price, there isaNash equilibrium in which 1
chooses this quality X, and then this price p is offered and accepted, but rejection would follow any other
quality x=X or any other price-offer p=. These Nash equilibriaviolate sequential rationality, however, as
threats to reject prices between v;(x) and v,(x) would not be credible.
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