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Abstract

This paper studies wage bargaining in a simple economy in which both employed and unemployed
workers search for better jobs. The axiomatic Nash bargaining solution and standard strategic
bargaining solutions are inapplicable because the set of feasible payoffs is nonconvex. I instead
develop a strategic model of wage bargaining between a single worker and firm that is applicable to
such an environment. I show that if workers and firms are homogeneous, there are market equilibria
with a continuous wage distribution in which identical firms bargain to different wages, each of
which is a subgame perfect equilibrium of the bargaining game. If firms are heterogeneous, I
characterize market equilibria in which more productive firms pay higher wages. I compare the
quantitative predictions of this model with Burdett and Mortensen’s [1998. Wage differentials,
employer size and unemployment. International Economic Review 39, 257-273.] wage posting model
and argue that the bargaining model is theoretically more appealing along important dimensions.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

This paper modifies the Burdett and Mortensen (1998) model of on-the-job search by
allowing wages to be determined via strategic bargaining rather than posted unilaterally by
firms. There are both empirical and theoretical motivations for studying such a model.
Empirically, Mortensen (2003, Section 4.3.4) argues that a bargaining model provides a
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better description of the data than does the wage posting model, although his model of
bargaining is not totally explicit. Theoretically, bargaining is pervasive in search models
without on-the-job search and so it is intellectually interesting to understand how
bargaining affects the equilibrium of a model of on-the-job search. Moreover, there are
significant theoretical shortcomings of the wage posting model. Coles (2001) explains that
the equilibrium of the Burdett and Mortensen (1998) model is not time consistent (or
renegotiation-proof) because once a firm lures a worker away from her old employer, it has
an incentive to cut its wage. By construction, an equilibrium wage in the bargaining
model is renegotiation-proof. Finally, the wage posting model is not readily amenable to a
study of out-of-steady state dynamics. Doing so is much easier in the bargaining model I
develop here.

Search theorists are increasingly aware of the need to incorporate on-the-job search into
their models. In part this is because job-to-job transitions are pervasive in the United
States economy. According to conservative estimates, job-to-job transitions are about half
as common as unemployment-to-employment transitions (Blanchard and Diamond, 1989).
Using evidence from a newer data set, Fallick and Fleischman (2004) argue that half of all
new employment relationships result from a job-to-job transition rather than a movement
from unemployment or out of the labor force into employment.

But the interest in on-the-job search models is also a consequence of the novel
theoretical results that they generate. Burdett and Mortensen (1998) develop a wage-
posting model in which firms offer high wages to attract workers from other firms and to
reduce worker turnover. They show that the unique equilibrium of the labor market is
characterized by a continuous wage distribution, even if all workers and firms are identical.
If firms are heterogeneous, higher productivity firms pay higher wages. This paper has
spawned a number of extensions. Stevens (2004) and Burdett and Coles (2003) allow firms
to post wage contracts rather than just a single wage. The latter paper shows that if
workers are risk averse, equilibrium involves a distribution of contracts, each with an
upward-sloping wage profile. Postel-Vinay and Robin (2002) allow firms to match outside
offers and show that workers may voluntarily take a wage cut in order to move to a firm
that is likely to be more aggressive in matching outside offers in the future. Cahuc et al.
(2006) explicitly model the bargaining game between a worker and one or more potential
employers. Moreover, many of these models have been tested using matched worker—firm
data sets; Mortensen (2003) is a prominent example.

At the same time, there is a substantial gap between this model and the ‘standard’ labor
market model of search, summarized in Pissarides’s (2000) textbook. In the simplest
version of that model, only unemployed workers search for jobs. When a worker and
firm meet, the wage is set in accordance with the axiomatic Nash (1953) bargaining
solution. Pissarides shows that this results in the worker and firm splitting the gains from
trade, with the worker’s share determined by her (exogenous) bargaining power. There
have been some attempts to introduce on-the-job search into the bargaining model.
Pissarides (1994) assumes that a worker and firm split the surplus from matching. The
equilibrium of the resulting model is qualitatively different from the equilibrium of
the Burdett and Mortensen (1998) model: If workers and firms are homogeneous,
then all workers earn the same wage at all jobs, so there is no wage dispersion. The
natural conclusion is that whether there is wage dispersion in a homogenecous agent
economy with on-the-job search depends critically on whether firms post wages or wages
are bargained.
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This paper revisits this conclusion. The first finding is that the axiomatic Nash
bargaining solution is inapplicable in this environment. Nash, 1953, p. 129 writes “The
only important thing is the set of those pairs (i, u;) of utilities which can be realized by the
players if they cooperate. We call this set B and it should be a compact convex set in
the (11, uy) plane.” Unfortunately, in the model with on-the-job search, the set of feasible
payoffs is typically nonconvex because an increase in the wage raises the duration of an
employment relationship. This possibility is absent from models without on-the-job search,
but is central to wage setting in the environment of interest to this paper.

Since Nash and most of the subsequent literature impose convexity, it is unclear how to
extend his results to a more general environment.' Instead, I focus on a strategic
bargaining game. I assume that when a worker and firm first meet, they bargain over the
wage for the duration of the employment relationship, taking as given the wage bargained
by other workers and firms, the “wage distribution.” I model bargaining as an infinite
horizon alternating offers game with a small risk that bargaining breaks down between
offers. I require that any wage w that is paid in a market equilibrium be a subgame perfect
equilibrium of the strategic bargaining game when the risk of breakdown is sufficiently
small. The existing literature on such games, including Rubinstein (1982), Shaked and
Sutton (1984), and Binmore et al. (1986) shows that under some conditions there is a
unique subgame perfect equilibrium in this strategic bargaining game. Unfortunately, these
results are also inapplicable to my environment because all of these papers also assume
that the set of feasible payoffs is convex. When I extend their approach to handle models
with nonconvex payoffs, I find that the subgame perfect equilibrium of the bargaining
game with a given wage distribution is no longer unique. Instead I get a precise
characterization of the set of subgame perfect equilibria. In a market equilibrium, each
wage in the support of the wage distribution corresponds to one of these subgame perfect
equilibria.

In an environment with homogeneous firms and on-the-job search, I find there are many
market equilibria. There is a continuum of market equilibria each characterized by a
different continuous wage distribution. In each market equilibrium every wage in the
support of the distribution is a subgame perfect equilibrium of the bargaining game.
Depending on how employed workers behave when they encounter a firm paying their
current wage, there may also be a continuum of market equilibria with a degenerate wage
distribution and more generally a continuum of market equilibria with an n-point wage
distribution for arbitrary n.

I then extend the model to have heterogeneous firms, with a continuous distribution of
productivity x across firms. I provide a simple characterization of market equilibria in
which more productive firms pay strictly higher wages: There is a function ¢ (y) such that
for each firm type x, ¢ .(x) = ¢ (y) for all y in a neighborhood of x. This is a generalization
of a naive application of the Nash bargaining solution to this model (see Mortensen, 2003,
Section 4.3.4), which imposes the stronger condition that ¢,(x)>¢..(») for all firm types x
and y.

This paper proceeds as follows. Section 2 lays out the basic model with homogeneous
workers and firms and discusses convexity of the set of feasible payoffs. Section 3

!Conley and Wilkie (1996) propose an extension of Nash’s (1953) axioms that allows for nonconvexity in the
bargaining set. Their solution is in general different from the subgame perfect equilibrium of the strategic
bargaining game that I examine here.
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characterizes the set of market equilibria with a continuous wage distribution, while
Section 4 shows that, if workers never switch employers when they are indifferent, the
model has many market equilibria characterized by a mass of firms paying the same wage.
I argue that such market equilibria seem contrived compared to the ones with a continuous
wage distribution, since they are broken if firms are concerned that workers might
sometimes accept equal outside offers. Section 5 explores the model with heterogeneous
firms. I provide a concise definition of a market equilibrium when more productive firms
pay higher wages. I then show that, like the Burdett and Mortensen (1998) model, the
strategic bargaining model of on-the-job search predicts the productivity of each worker
conditional on her wage and the entire wage distribution. Moreover, the model implies
that some wage distributions cannot be produced by this model regardless of the
distribution of productivity. Section 6 discusses the connection between this paper and
existing attempts to use the Nash (1953) bargaining solution to set wages in models with
on-the-job search. Finally, the paper concludes in Section 7 by evaluating the advantages
and disadvantages of bargaining and wage posting models of on-the-job search.

2. Model
2.1. Preferences and technology

I consider a continuous time, infinite horizon economy. There are two types of economic
agents, firms and workers. All agents are risk-neutral, infinitely-lived, and discount future
income at rate r>0.

Let v denote the measure of firms in the economy, indexed by j € [0, v]. Firms are ex ante
identical but may pay different wages. Let W(j) denote the wage that firm j pays its
workers, [w, w] denote the support of the wage distribution, and F(w) denote the fraction of
firms paying a wage less than or equal to w. This is a critical object determined in the
market equilibrium of this economy but taken as given by each individual agent. Each firm
is endowed with a constant returns to scale production technology using only labor. More
precisely, each employee produces output x and hence yields a flow profit x — W (j) to firm
Jj- Each firm contacts a worker at a constant rate, regardless of the firm’s bargained wage or
how many filled jobs it has. These means that there is no opportunity cost of hiring a
worker.> Employment relationships end exogenously at rate s>0, leaving the worker
unemployed and the firm with nothing.

Normalize the measure of workers to 1. Each worker may be employed or unemployed.
An unemployed worker gets flow utility z<x from leisure and unemployment income,
while a worker employed by firm j earns the wage W(j). All workers search for jobs,
contacting a randomly selected firm at rate A>0. A worker’s optimal search behavior is
simple: She takes any job that raises the present value of her income. There is one subtle
but important tie-breaking assumption: I look at market equilibria in which a worker
switches jobs when indifferent. Relaxing this behavioral restriction enlarges the set of
market equilibria, a possibility I explore in Section 4.

For a given wage distribution F, I can characterize the equilibrium through a series of
Bellman equations. Let E(w) denote the expected value of income for a worker currently

In a market equilibrium, a firm’s profit depends on its bargained wage, unlike in Burdett and Mortensen
(1998).
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employed at wage w and U denote the expected value of income for an unemployed
worker. These satisfy

rEw)=w+s(U — E(w)) + 2 /w max{E(w') — E(w),0} dF(w’), @)

rU=z+ }y/w max{Ew') — U,0}dF(w'). 2)

An employed worker earns a wage w; the match ends at rate s, leaving the worker
unemployed; and the worker gets another wage offer at rate A, leading to a capital gain
EW) — E(w) if EW')>= E(w) and zero otherwise. An unemployed worker earns income z
and finds a firm at rate A as well.

It is useful to simplify these expressions to obtain an expression for the surplus a worker
gets from a match. Observe from (1) and (2) that E(z) = U, so a worker is indifferent
between unemployment and working at a wage equal to her unemployment income. Then
differentiate (1) to prove E'(W) = 1/(r + s + (1 — F(w')))>0 at w where the distribution
function F'is continuous, i.e. almost everywhere. Integrate this using the terminal condition
E(z) = U to get

w 1 )
Ew-U= / rFst a0 —Fory )

In particular, workers prefer higher wages and move whenever they find a job that pays a
higher wage, at rate A(1 — F(w)).

Next consider a firm paying a wage w. Since it has a constant returns to scale production
technology, one can evaluate each of its filled jobs in isolation. Their value is defined
recursively by

rdw)=x—w—(s+ A1 — F(w_)))J(w). 4)

The job produces flow profit x — w, but ends either exogenously at rate s or endogenously
when the worker finds at least as good a wage offer, at rate A(1 — F(w_)), where F(w_) is
the fraction of firms paying a wage strictly less than w. When a job ends, the firm loses the
full value of the job J(w) since its opportunity cost is zero.

2.2. Wage bargaining and equilibrium concept

A critical issue in this environment is how wages are set. A worker will take any job
paying at least her value of unemployment z, E(w)> U if w>z. Similarly, a firm will hire
any worker if the wage is no more than x, J(w)>0 if w<x. This introduces a bilateral
monopoly problem in wage setting. Following Diamond (1982) and Mortensen (1982), 1
assume that the worker and firm settle on a wage by bargaining.

Wage bargaining is complicated in this environment. Standard axiomatic bargaining
solutions (Nash, 1953) and strategic bargaining games (Rubinstein, 1982; Shaked and
Sutton, 1984; Binmore et al., 1986) assume that the set of feasible allocations is convex, a
restriction that I show below may be violated in this model. So rather than apply an out-of-
the-box bargaining solution, I am forced to return to the foundations of two person
bargaining theory and analyze the subgame perfect equilibria of a particular extensive
form game.
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Before discussing a particular bargaining game, I mention some important features
of wage setting in this environment. I assume that when an unemployed worker meets a
firm, the pair bargains over a wage. The wage subsequently remains fixed for the duration
of the match.® At some later date, the worker may meet another firm. At this juncture,
the worker must choose an employer and then, if she switches employers, bargain with the
new employer with no possibility of recalling her old job. If she stays at her old job,
her wage is unchanged. I make this assumption to parallel Pissarides (1994) as closely
as possible.

This bargaining protocol rules out the possibility that a worker can exploit multiple job
opportunities to raise her wage. This assumption is controversial and qualitatively
important for the results that follow. Postel-Vinay and Robin (2002) and Cahuc et al.
(2006) examine what happens if a worker who has multiple job opportunities can get her
employers to bid for her labor, but Mortensen (2003, p. 99) argues that counteroffers are
uncommon empirically: “Unlike in the market for academic economists in the United
States, making counteroffers is not the norm in many labor markets. More typically, a
worker who informs his employer of a more lucrative outside option is first congratulated
and then asked to clear out immediately.” Mortensen then goes on to examine why firms
might behave this way. For example, Postel-Vinay and Robin (2004) and Moscarini (2004)
argue that matching outside offers is undesirable because it increases workers’ incentive to
search while employed.

Another important assumption is that a worker who contacts a firm can observe
the firm’s index j and rationally anticipate the bargained wage W(j). Although this
assumption might seem extreme in an environment with homogeneous firms, it is more
plausible when firms are heterogeneous. I show in Section 5 that with heterogeneous firms,
there is a market equilibrium in which more productive firms pay higher wages and
workers move whenever they contact a more productive firm. Finally, I do not permit
bargaining over wage lotteries rather than simply over wages. I show in Section 3.4 that,
because the set of feasible allocations may be nonconvex, wage lotteries could play a
nontrivial role.

I now describe how a worker and a firm set the wage. I consider an alternating offers
game, based closely on Binmore et al.’s (1986) “‘strategic model with exogenous risk of
breakdown.” For simplicity, assume that a worker and firm bargain in artificial time, so
wage bargaining does not delay production. Denote time in the bargaining game by
t =1,2,3,..., with an infinite horizon. In each ‘odd’ stage t = 1,3, 5, ..., the firm makes a
wage offer w, which the worker can accept or reject.* If the worker accepts the offer,
bargaining ends, production starts, and the worker is paid the negotiated wage for the
remainder of the match, giving the worker and firm expected values E(w) and J(w),
respectively. If the worker rejects the offer, negotiations break down with probability 9,

3This rules out the possibility that the pair bargains over a wage contract. If they could, the optimal contract
would be simple to describe: The firm would pay the worker her full marginal product x for the duration of the
match and the pair would bargain over an initial transfer from the worker to the firm. Since the worker receives
her entire marginal product, she has no incentive to switch employers at a later date. Thus this contract eliminates
all job-to-job transitions, which are inefficient from the perspective of a particular worker and firm. This is
reminiscent of Stevens’s (2004) findings in the Burdett and Mortensen (1998) wage posting model of on-the-job
search.

“This notation suggests that the firm makes the first wage offer. The results are unchanged if the worker makes
the first wage offer or if the first mover is determined by a coin flip.
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leaving the worker unemployed with expected income U and the firm with nothing.
Otherwise, the game proceeds to stage r + 1 = 2,4,6, ..., an ‘even’ stage. Now the worker
makes a wage demand to the firm, which again may be accepted or rejected. Rejection
leads to a probability ¢ that negotiations break down; otherwise the game proceeds to
stage 1+ 2, another ‘odd’ stage that is identical to stage .

The worker and firm treat the wage distribution F, and hence the Bellman values J, E,
and U, as fixed when bargaining. In a market equilibrium, some firm must be willing to
offer each wage in the support of the wage distribution F. To be precise, market equilibrium
imposes that for all ¢ >0 and all firms j, there is a sufficiently small 6 >0 such that there is a
subgame perfect equilibrium of the strategic bargaining model in which the bargained wage
lies within ¢ of W(j). The wages W(j) must integrate up to the distribution F.

2.3. Nonconvexity of the set of feasible payoffs

Nash (1953) examined two person bargaining problems in which the feasible set of
payoffs is convex. He argued that there are four reasonable restrictions on the outcome of
a bargaining game: It should be invariant to equivalent representations of players’ von
Neumann-Morgenstern utility functions; it should be independent of irrelevant
alternatives; it should be Pareto efficient; and it should be symmetric if the underlying
problem is symmetric. Nash proved that if these four axioms hold, there is a unique
solution to the bargaining problem and it maximizes (E(w)— U)J(w). Similarly,
uniqueness theorems in the literature on alternating offers bargaining games (Rubinstein,
1982; Shaked and Sutton, 1984; Binmore et al., 1986) assume that the set of feasible
payoffs is convex.

Unfortunately, the set of feasible payoffs is typically nonconvex in this environment and
so these results are inapplicable. Consider the simplest wage distribution, F(w) degenerate
at some wage W € (z,x). Then the value functions (3) and (4) reduce to

w—z .
_ if ww,
r+s+42
E(w)—U = w—z w—w . ©)
+ if w>w,
r+s+24 r+s
and
% if w<w,
r+s4+ .
Jw)=< x—w , _ (6)
if w>w.
r+s

Notably E(w) — U is continuous but not differentiable at w, while J(w) is discontinuous at
w. For sufficiently small ¢, both the worker and firm prefer a fair lottery between w — ¢ and
w4+ ¢ to a wage of w for sure. The worker prefers the lottery because E(w) has a convex
kink at w while the firm prefers it because J(w) jumps up discontinuously at . In the next
Section I show that this nonconvexity carries over to many other wage distributions,
including any wage distribution associated with a market equilibrium.

SMore precisely, suppose some outcome x is the bargaining solution in one problem. We now eliminate some
feasible payoffs but x remains feasible. Then it should still be the outcome of the restricted problem.
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3. Market equilibria with wage dispersion

This section considers market equilibria in which the wage distribution is continuous.
I prove that there is a family of such market equilibria, parameterized by the lower bound
of the wage distribution w € [3(x + 2), x):

s Xx—w YWY g (X
ron =" (1 () (2 (220 5

with support (w,w). Clearly F,, is continuous and differentiable on its support. The
restriction that w € [%(x + z), x) ensures that F,, is increasing. Moreover, F,,(w) = 0 while
F,,(w) = 1 pins down the upper bound of the support of F,; since F,,(x)>1, w € (w, x).
I start in Sections 3.1 and 3.2 by proving that each of these wage distributions is
consistent with market equilibrium. Section 3.3 proves that there are no other market
equilibria with a continuous wage distribution while Section 3.4 considers wage lotteries.

3.1. Bellman values

The first step is to characterize the Bellman values when wages satisfy (7). Substitute (7)
into Eq. (3) to show that for w € [w, W],

_ (w=2)y/1 =2((x = w)/(w —2)) log((x — w)/(x — w))
B r+s+ 2 '
This is strictly increasing in w. One can also solve for E(w) — U when w¢[w, w] and confirm
that E is globally increasing. Similarly, substituting (7) into Eq. (4) shows that a firm
paying a wage w € [w, W] earns expected profit

Ew)y—U 8)

xX—w
J(w) = = . )
(r + 54 2)/1 = 2((x — w)/(w —2)) log((x — w)/(x — w))
This is strictly decreasing in w. Again, one can solve for J(w) when wé¢[w,w] and confirm
that J is globally decreasing.
The set of feasible payoffs is nonconvex when the wage distribution F satisfies (7). In
particular, Egs. (8) and (9) imply

(x = w)(w —2)
st .

is constant for w € [w, W], so this region of the Pareto frontier of the bargaining set is
convex, i.e. the set of feasible payoffs is nonconvex. That the Pareto frontier is convex
under the wage distribution F,, is not an accident. Section 3.3 shows that in any market
equilibrium with a continuous wage distribution, (E(w)— U)J(w) is constant on the
support of the wage distribution.

(E(w)—U)J(w) =

3.2. Subgame perfect equilibria of the bargaining game

To prove that the wage distribution (7) is consistent with a market equilibrium, I must
show that for any ¢>0 and all w € (w, W), there is a >0 such that there is a subgame
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perfect equilibrium of the strategic bargaining model in which the bargained wage lies
within ¢ of w.

Consider the following strategies: In each odd period, the firm proposes a low wage
w' e [w, w). The worker accepts any offer w=>w' and refuses lower wage offers. In each
even period, the worker proposes a high wage w" € (W', w]. The firm accepts w<w" and
rejects higher wage demands. To prove that this is a subgame perfect equilibrium, I must
show that no one-stage deviation is profitable, which puts strong restrictions on the
relationship between w' and wV.

First, suppose the firm considers offering a wage different than w'. Any higher wage is
accepted, but so is wf, and since J is decreasing (Eq. (9)), a wage increase reduces the firm’s
payoff. Any lower wage is rejected, in which event the firm accepts the higher wage w% in
the next period if negotiations do not break down first. Again, this reduces firm’s payoff
from J(w') to (1 — &)J(w"). Similarly, offering w" is the worker’s best response to the
firm’s strategy since FE is increasing (Eq. (8)).

Next turn to the acceptance thresholds. Monotonicity of J(w) and E(w) — U in w ensure
that threshold rules are optimal. The threshold must be at the point where the respondent
is indifferent. A firm is indifferent between accepting w“ now or facing the risk that
negotiations break down but otherwise having w' accepted next period if

JwY) = (1 = 8)J(wh). (11)
Worker’s analogous indifference condition is
EW) =1 —0EW")+oU. (12)

This is a pair of equations in w' and w". But substituting from (8) and (9) indicates that for
any w <w' <w% <, both Eq. (11) and Eq. (12) imply

\/1 _ 2(’;__‘2”) log (’;‘_‘f:) —(1— 5)\/1 _ 2(3‘_‘;) 1og(’;__‘f:). (13)

That the two equations imply the same relationship between w' and w"“ is due to the
constancy of (E(w) — U)J(w); this would not be true for an arbitrary distribution F.

Any pair {wf,w"} € [w,w]* satisfying Eq. (13) is a subgame perfect equilibrium of the
bargaining game with fixed 6. In particular, take an arbitrary w € (w,w). Let w' = w and
select w" using (13). For sufficiently small §, this defines w™ e (w', w) N (w — &, w + ¢). Since
w% e (wf, ), this is a subgame perfect equilibrium of the bargaining game. And since
w € (w— ¢, w+ ¢), the bargaining outcome lies with ¢ of w.

All that remains is to assign wages to firms. One possibility is to let firm j € (0,v) pay a
wage W(j) solving F,,(W(j)) = j/v, which gives rise to the desired wage distribution. But
any reshuffling of the wages paid is also consistent with market equilibrium, as long as the
correct density of firms pay the correct wage and workers know which firm pays which
wage.

In summary, when a worker encounters firm j, she rationally anticipates that the
bargaining game will conclude at some wage W(j). The worker prefers to meet a firm j/
with W(j')> W (j), but if firm j always offers the wage W(j) and refuses any higher offer
when playing the bargaining game, the worker’s best response is to accept the low wage
offer. Conversely, firms that bargain to lower wages earn more profits per worker, but it is
impossible for a firm that is expected to offer a high wage W (j') to get away with paying its
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worker a low wage W(j). To readers accustomed to the logic of wage posting models like
Burdett and Mortensen (1998), this might seem perverse: Why can not firms unilaterally
lower the wage they pay if this is in their interest? Here the possibility of doing so is limited
by workers’ expectations and their associated strategies in the bargaining game.

3.3. Other market equilibria

There is no market equilibrium in which a positive measure of firms pay the same wage.
To prove this, suppose to the contrary that a positive of measure of firms pay w<x.°
Suppose one of those firms considers offering its worker a slightly higher wage w + ¢ in the
odd stage of the bargaining game. Workers prefer higher wages and so the worker will
naturally accept the offer. For sufficiently small ¢, the firm also benefits from the higher
wage offer: By assumption, workers switch employers whenever they are indifferent, so by
raising its wage offer slightly above the mass point, the firm discretely reduces its turnover,
increasing J(w). Thus this is not a market equilibrium.

Now consider an arbitrary market equilibrium with a continuous wage distribution F
with support (w, w), so each wage in the support is a subgame perfect equilibrium of the
bargaining game. First note that the worker’s value £ must be increasing and firm’s value J
must be decreasing on the support of the wage distribution. That E is increasing follows
immediately from Eq. (3). Eq. (4) allows for the possibility that J is increasing in w, but this
cannot happen in a market equilibrium: If J is increasing at w, a worker and firm would
not agree on a wage of w since both would prefer a higher wage, i.e. w is not in the support
of the wage distribution; but if w is not on the support of the wage distribution, Eq. (4)
indicates that J is decreasing at w.

It follows that Egs. (11) and (12) carry over to this environment and jointly imply

(EW™) — U)J(wW™) = (EW") — U)J(wh)

for all w¥, w' e (w, w). In other words, the product of the surplus that the worker gets from
matching and the surplus that the firm gets from matching must be constant on the support
of the wage distribution.

This is a strong restriction on the wage distribution. To see how strong, note from Egs.
(3) and (4) that for w € (w, ),

v 1 , X—w
(EQw) = U)(w) = ( / s —Foy ) <r s+ F(w))) ' (14)
In particular, (E(w) — U)J(w) = (E(w) — U)J(w) for all w or

w—z X—w \ v 1 dw X—w
(r—l—s—i—i)(r—i—s—ki)_(/z r s+ A1 — Fv)) W)(r+s+z(1—F(w))>'

Differentiating this yields a first order nonlinear differential equation for F:
r+ s+ A(1 — F(w)) (x —=w)(r+s+2)°
Mx —w) (w—2)(x = WA(r + s+ (1 = F(w)))’

Any continuous wage distribution must satisfy this condition for w € (w, w). Integrating
(15) with the terminal condition F(w) = 0 gives Eq. (7) for F,. Finally, if w <(x +2)/2,

F'(w)=

(15)

%It is easy to rule out market equilibria in which the wage is w>x.
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F'(w)<0, which is inconsistent with F being a cumulative distribution function. Thus the
only possible market equilibria are those already analyzed.

3.4. Wage lotteries

I have so far assumed that a worker or firm can offer its counterpart a wage in the
bargaining game, but it cannot offer a wage lottery. To understand why this restriction
may be important, consider a firm j that is supposed to offer a worker a wage W (j) € (w, w)
when the wage distribution is F,. Since workers’ value function E is increasing, this gives
the worker a weighted average of her utility from the lowest possible and highest possible
wages:

E(W()) = aEw) + (1 — o) E(P) (16)

for some o € (0, 1).

Suppose instead the firm offers the worker a lottery. If the worker accepts the lottery, the
wage is w with probability « and W with probability 1 — a. Since the worker is indifferent
about accepting W (j), she is also indifferent about accepting this lottery and strictly prefers
any more generous lottery. But the firm’s payoff is higher under this lottery. To prove this,
recall that (E(W(j)) — O)J(W())) = (E(w) — U)J(w) = (E(w) — U)J(w). Substitute this
into Eq. (16) to get

SOV — U= W(f))J—O Vl)])J( WO, (1 W(J'))J—(W()J)J( W)
or
1 1 1
v~ “Tw T T Ty

so Jensen’s inequality implies J(W(j)) <aJ(w) + (1 — «)J(W). Lotteries enable the worker
and firm to convexify the feasible set of payoffs, raising the possibilities for both. I have
ruled out lotteries by fiat, but one reason that lotteries might not be possible is if there is no
third party who can verify their outcome. Also see the discussion in Conley and Wilkie
(1996). Nevertheless, future research should explore the nature of equilibrium with wage
lotteries.

4. Degenerate market equilibria

This section modifies the restriction that workers switch from firm j to j/ even if they are
indifferent. Instead, I consider the opposite tie-breaking assumption: A worker moves only
when she encounters a firm paying a strictly higher wage. It is straightforward to see that
the continuous wage distributions F,, found in the previous section remain market
equilibria under this alternative restriction, since workers never encounter a firm paying
their current wage, but I show that this change in behavior introduces many additional
market equilibria, each with a discrete wage distribution. I start with the simplest type of
market equilibrium.
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4.1. Single wage market equilibrium
Suppose all firms offer a common wage W € (z, x). Eq. (3) is unaffected by the change in

workers’ behavior since they are indifferent about whether they move when they encounter
a firm offering the same wage. Specializing it to this case gives

w—z .
_— if w<w,
r+s+ A
Ew)—-U= W—z w—w . _ (17)
if w>w.

_l’_
r+s+. r+s

This is continuous in w even at w.

Since workers do not switch when they are indifferent, a firm paying w or higher does
not suffer any turnover, while a lower paying firm loses a worker whenever she encounters
another firm. Adapting Eq. (4) to this environment gives

xX—w . _
ﬁ lf M/<W/,
r L
Jw)y =9 x—w . _ (18)
if w>w.
r+s

Notably this jumps up discontinuously at .

To see whether this is a market equilibrium, I again examine the bargaining game with a
small risk ¢ of a breakdown in negotiations. I look for a subgame perfect equilibrium in
which the firm always offers w and the worker always demands w" >w. These wages have
the property that the firm is strictly indifferent between accepting w" this period or taking
its chances that negotiations break down and offering w next period. On the other hand,
subgame perfect equilibrium requires only that the worker weakly prefer accepting w this
period rather than waiting until next period to offer w". To understand why, note that even
if the worker strictly prefers to accept the firm’s offer w, the firm might choose not to cut its
wage, knowing that if it did so its profits would fall discretely from the increase in turnover.’

The first step is to solve for the worker’s offer w" as a function of the firm’s offer w. The
worker’s offer must be acceptable but must leave the firm indifferent, for otherwise the
worker would benefit from demanding a higher wage: J(w%") = (1 — §)J(w) or from (18),

w" = (1 — )W + ox. (19)

Next, the worker must be willing to accept the firm’s offer: E(w)=(1 — S)E(wY)+ oU.
Using (17) to solve for E(w) — U and (19) to eliminate w"“ gives

. 1=8)r+s+D)x+ (r+s)z
T Q2= +s)+(1 -5
Note that the right-hand side is continuously decreasing in J. In particular, for any

s+ x4+ +s)z
= 2r+5)+ 4 v (20)

7Since the firm’s value function is nonmonotone in the wage, one also has to verify that a large reduction in the
wage is unacceptable to the worker. In particular, the firm earns the same profit from the low wage w =
W — A(x —w)/(r + s) as from the high wage w, J(w) = J(w). If the probability of breakdown is sufficiently small,
the worker will refuse this or any lower wage offer, preferring to wait one period and receive w".
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there is a 6>0 such that if all firms pay w, it is a subgame perfect equilibrium of the
bargaining game for a firm to offer w and a worker to offer w¥ = (1 — 6)w + dx. In
summary, any single wage w € (w*, x) is associated with a market equilibrium of this model
when workers stay at their employer if indifferent.

One interesting feature that all these market equilibria share is that the worker’s
surplus E(w) — U = (W — z)/(r + s + 1) exceeds the firms’ surplus J(w) = (x — w)/(r + 3),
although in the limiting case of w = w*, the two terms are equal. It is straight-
forward to show that without on-the-job search, the worker and firm would divide
the match surplus equally, giving rise to a unique equilibrium wage w*. The possibility of
on-the-job search therefore raises the wage if there is a degenerate wage in the market
equilibrium.

4.2. Many-wage market equilibria

Using the same logic, one can construct other market equilibrium wage distributions.
For example, there can be a market equilibrium with N wages, wi<w; < -+ <wy<x =
wyt1, in which a fraction 7; of firms pay a wage w;, Zf’il”i = 1. Workers move to
higher wage firms whenever presented with the possibility. In the bargaining game,
a ‘type i’ firm offers a wage w; and a worker bargaining with such a firm responds
with a slightly higher wage w)' = (1 — d)w; + ox. If o is sufficiently small, w}¥ <w;;.
The firm is indifferent about accepting an offer, while the worker weakly prefers to
accept w;.

This is a market equilibrium for sufficiently small 6. Firms are indifferent about
accepting wY or waiting one period to have w; accepted. Workers are willing to accept w;
when E(w;) — U=(1 — 6)(E(w)') — U), which holds for small ¢ if

S 01 = W) Tk (s + A = wi)
=rts+ AZ/]cv:H—l e T+S+ }LZ/JLIH Tk

W[_Z+)\.

for all i. In the special case N = 1, this reduces to condition (20), while for N = 2, two
wages are a market equilibrium if

(r+ s+ D(x —wy)
r+s4+ A1 —m)

AMwy — wp)my - r+s+ 2)(x—wy)

wp —z>
1T r+s+ A1 —m) r+s

and w, —z+

For a given =, the first condition places a lower bound on w; while the second condition
places a lower bound on w, that is increasing in w;. Both conditions hold when w; and w,
are sufficiently close to productivity x.

To summarize, this simple model of on-the-job search admits a plethora of market
equilibria with mass points in the wage distribution. These equilibria hinge on workers’
willingness not to switch employers when they are indifferent. It is unclear whether that
assumption is more reasonable than the extreme alternative that workers always switch
when indifferent. What happens if one looks for a middle ground? I can think of at least
two reasonable ‘refinements’:

1. When a worker at firm j contacts firm j/, she moves if W(;j')> W(j) or W(j') = W(j) and
j'>J. Otherwise she remains at firm j.
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2. When a worker at firm j contacts firm j/ she moves with probability 1 if W(/")> W())
and with probability p>0 if W (j") = W()).

Either refinement eliminates the possibility of a mass in the wage distribution, since, at
least for some firms, an arbitrarily small increase in the wage above the mass point leads to
a discrete increase in the duration of the match and hence in the firm’s value. The only
market equilibria that are robust to this refinement are the ones with a continuous wage
distributions stressed in Section 3.

5. Heterogeneous firms

I now extend the basic model to introduce firm heterogeneity. I assume that productivity
x is distributed across firms according to a cumulative distribution function H(x),
continuously differentiable with convex support [x, X]. Each firm contacts a worker at the
same constant rate, regardless of the firm’s bargained wage or how many filled jobs it has.
Put differently, I treat the distribution H(x) as a primitive of the model and do not ask why
both high and low productivity firms recruit workers. I also maintain the assumption that
the opportunity cost of hiring a worker is zero, independent of x. This follows if all firms
costlessly contact workers at a constant rate.

I abuse notation slightly to allow for firm heterogeneity. I refer to a firm by its
productivity x rather than its index j and let W (x) denote the wage paid by firm x. I also
let J.(w) denote the expected present value of a match for firm x if the worker receives a
wage w.

To simplify the exposition, I assume that the lower bound of the productivity
distribution is workers’ value of leisure, x = z. This ensures that W (z) = z, since that is the
only wage that both the worker and firm are willing to accept. Finally, I look only at
market equilibria in which the wage function is increasing and continuously differentiable,
W’ (x)>0 for all x. This implies that the fraction of firms with productivity less than x is
equal to the fraction of firms that pay a wage less than W (x), H(x) = F(W(x)), and that F’
inherits the continuous differentiability of H and W. It seems likely that for some
parameterizations of the model, other market equilibria exist, but I do not characterize
them here.

5.1. Definition of equilibrium

To characterize a market equilibrium, start again with the Bellman values. The worker’s
surplus from a match is unchanged from Eq. (3) and is continuously differentiable. The
value of a match to a firm is a trivial generalization of Eq. (4),

xX—w
r+s+A1—-Fw)

Since F'is assumed continuously differentiable, J,(w) is also a continuously differentiable
function of w. Assume that F(w) is such that J,(w) is a decreasing function of w, at least for
WX,

Now consider an alternating offers wage bargaining game between a worker and a type
x firm, taking the wage distribution F(w) as given. Let 6 denote the probability that
negotiations break down following each rejected offer and let w¥ and w' denote the

Ja(w) = 21
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worker’s and firm’s wage offers, respectively. The bargaining problem is analogous to the
one in Section 3 since both value functions are monotone. In particular, these offers are
part of a subgame perfect equilibrium if the firm is indifferent about accepting w" and the
worker is indifferent about accepting w':

JewW¥) = (1 =8)J(w") and EW") = (1 —5)EWY)+dU.

We are interested in characterizing the solution when § is small, so w" and w' converge to
W (x). To do so, first differentiate the preceding expressions with respect to J:

£

U ¢ T _ ¢ . pdw
JX(W ﬁ_ —JX(W )+(1 _(s)Jx(M/ )E
and
dwf dw%
/oo f _ % _ I W
E(W)—d(5 =—EWY)+ U+ (1 -0)FEWw I

In the limit as & converges to zero, w" = wf = W(x). Since J, and E are continuously
differentiable, these expressions reduce to

dé dé

The last equation delivers the critical result:

_ L) _EWX)-U
im0 J(W() E'(W(x))

EWX) | S ®) _
EW(x)—U "~ J(W(x)

(22)

Eq. (22) generalizes the results from the model with homogeneous firms in Section 3, where
I proved that (E(w) — U)J(w) is constant along the support of the wage distribution. With
heterogeneous firms, firm x bargains to a wage W (x) only if W(x) is a local extremum of
(E(w) — U)J(w), so the wage elasticity of a type x firm’s value of the match J.(w) plus the
wage elasticity of the worker’s value of the match E(w) — U must sum to zero.

To further refine this characterization of a subgame perfect equilibrium wage,
differentiate (22) with respect to x:

d ( EW ) | J(W(X)
dWx) \E(W(x)) - U J(W(x))

d (J(W(x)
w’ — (==
Yo (T
One can verify directly from (21) that the second term is 1/(x — W (x))*>0 and so the first
term must be negative. Since W’(x)>0, this implies

d?1og((E(w) — U)J(w))

a2 <0.

w=W(x)

That is, W(x) is a local maximum of log((E(w) — U)J.(w)) and hence is a local maximum
of (E(w) — U)J(w) as well. Since W(x) is continuous and increasing, this is equivalent to
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requiring that x is a local maximum of

b)) = (EW ) = DI (W (y)).*

Formally, let B,(x) = (x — &, x 4 ¢) be a ball of radius ¢ around a point x. Then in a market
equilibrium, for every x there is an ¢>0 such that

{x} = arg max b (23)

Substituting from (3) and (21), this is equivalent to
g w'o) / x— W)
= . 24
) arg;&%(/z s+ a0 Y > (r+s+z(1 —H() @9

A market equilibrium is a continuously differentiable and increasing wage function W(.)
such that (24) holds.

5.2. Testable implications

Mortensen (2003) discusses the empirical content of the Burdett and Mortensen (1998)
model. If one has data on the wage offer distribution F(w), the model allows us to infer the
productivity of each firm. The same is true in this model. Let X' (w) be the inverse of W(x),
the productivity of a firm that pays a wage of w. Use (3) and (21) to substitute for the
worker’s and firm’s match value in Eq. (22) and simplify:

r+s+ 41— F(w)))fzw 1/(r+ s+ A(1 — F(w')))dw'
1+ 2F' (w) [ 1/(r + s+ (1 — F(w))) dw’

Given any wage distribution F, one can back out the implied productivity of each firm.
Even if one does not have data on each worker’s productivity, the model is still testable.

In the proposed market equilibrium, more productive firms pay higher wages, so X (w)

should be an increasing function. Differentiating (25) gives X’(w)>0 if and only if

2 w 1 N
it (/ F st Al — For) dW>F(W)

W 1
>+ s+ ML= FO) (/ F s+ A0 — For)
This condition holds if the cumulative distribution function F'is concave, or equivalently if
the wage density F’ is decreasing, but otherwise it may be violated. For example, suppose
/. =20(r+s5) and z = 0. Then this model implies the wage distribution F(w) = w’> with
support [0, 1] is inconsistent with any market equilibrium in which the wage function W (x)
is increasing.

X(w)=w+ (25)

2
dw’) F'(w).

5.3. Comparison with Burdett and Mortensen (1998)

It is useful to compare the equilibrium wage function from the bargaining model with a
similar function obtained in the Burdett and Mortensen (1998) wage posting model. My

8By the same logic, if there is a market equilibrium with a decreasing wage function, x must be a local minimum

of ¢,(»).
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treatment of this model follows Mortensen (2003). When a worker meets a firm, the firm
unilaterally offers the worker a wage without knowing the worker’s employment status. If
the firm offers the worker a wage w>z, the worker accepts the job if she is unemployed,
with probability u = s/(s + 1), or employed at a lower wage, with probability (1 — u)G(w),
where G(w) = sF(w)/(s + A(1 — F(w))) is the steady state distribution of wages paid by
firms.” In this event, the firm’s expected discounted profit is J.(w)=x—w/
(r+ s+ A(1 — F(w))). Putting this together, a type x firm chooses its wage to maximize

s ASF(w) xX—w
<s iy (s+ s+ A(1 — F(w)))) <r +s+ A1 - F(w)))' 20

The necessary first order condition is that a type x firm posts a wage w if x = Xgm(w)
defined by

(s+ AL =Fw))(r+ s+ A1 — F(w)))
(r + 25 + 22(1 — F(W)))AF'(w)

This generalizes equation (3.16) in Mortensen (2003) to the case of r>0.
Of course, (27) might represent a minimum of (26). It is in fact a maximum if and only if
XM is increasing or equivalently

2AF' (W) > (r + 25 + 2(1 — F(w)))F"(w). (28)

As in the bargaining model, any concave cumulative wage distribution function F can be
rationalized by some underlying productivity distribution. For nonconcave distributions,
including the example in the previous section, the condition may be violated. Other
functions are consistent with one model but not the other; for example, a log-normal wage
distribution cannot be justified using the Burdett—Mortensen model but is consistent with
the bargaining model.

Despite their apparent similarities, the quantitative predictions of the two models differ
substantially. Suppose, for example, that F(w) = 1 — exp(—w) with support [0, co]. Also set
r=20.05, s=0.5, A=10, and z=0. Both models can explain this data using some
underlying productivity distribution, but the distributions are distinct, particularly in the
right tail. For example, according to the Burdett—Mortensen model, the productivity of a
firm paying a wage of 10 in this example must be x = 587.4. In the bargaining model, the
implied productivity is a much more reasonable x = 16.9. This is not just a theoretical
curiosity. Mortensen (2003) makes the same point in his empirical analysis of Danish wage
distributions; compare Figures 4.3 and 4.5 in his book.

Xpm(w) =w+

27)

6. Discussion

Some previous authors have attempted to use the Nash (1953) bargaining solution to set
wages in models with on-the-job search. For example, after arguing that Danish wage data
are inconsistent with the predictions of the Burdett and Mortensen (1998) model,
Mortensen (2003, p. 87) examines “‘whether the Nash bilateral bargaining model is

°In steady state, the flow of workers into employment is Au and the flow of workers out of employment is
s(1 — u). Equating these gives u = s/(s + 1). The flow of workers into jobs paying less than w is AuF(w), the rate at
which unemployed workers find such jobs. The flow of workers out of such jobs is (s + A(1 — F(w)))(1 — u)G(w),
the rate at which workers in these jobs either become unemployed or find a better job. Equating these and using
u = s/(s + 2) delivers the equation for G in the text.
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consistent with the Danish data on the distribution of average wages paid.”” To implement
this, he imposes in Section 4.3.4 that the wage function satisfy

{x} = argmax ¢ (). (29)
¥

This paper shows that while (29) is a sufficient condition for equilibrium, equilibrium only
imposes the weaker restriction (23). It is unclear whether other market equilibria exist in
Mortensen’s model.

Other authors, notably Pissarides (1994, 2000), have examined models like this and
assumed that the worker and firm simply split the output from a match,

E(W(x)) — U = J«(W(x)) (30)

for all x. From Eq. (22), this is consistent with equilibrium if and only if
E'(W(x)) + J.(W(x)) = 0. But one can verify directly from (3) and (21) that

IF (W (X))
(r+ s+ A1 — F(W(x))*’

which is never zero if some firm x is supposed to pay W(x). The ‘surplus splitting’ rule (30)
ignores the fact that by raising the wage, the worker and firm increase the duration of the
match, a critical feature for wage bargaining in many environments with on-the-job
search.'”

In fact, there are situations in which surplus splitting is Pareto inefficient. Consider a
firm that is slightly less productive than most of the other firms in the economy. If all firms
split the surplus from matching, this firm will pay a slightly lower wage than most others
and suffer high turnover. By raising the wage, the firm increases the worker’s utility and
may increase its profit by reducing turnover. One does not need a very extreme
parameterization of the model to illustrate this possibility. Let H(x) be uniform on
(z,z4 1). Then if 2>3(r + s) and all firms split the surplus according to (30), one can show
that some firms—more precisely, the most productive firms—would gain by unilaterally
raising their workers’ wages.

E(W(x) + J(W(x) =

7. Conclusion

The Burdett and Mortensen (1998) model has become an important workhorse of
theoretically motivated empirical labor economics. This paper introduces a related model
of bargaining and on-the-job search that delivers results that are qualitatively, if not
quantitatively, similar to the wage posting model. Why might an economist prefer one
model to the other?

The wage posting model has one undeniable appeal: It has a unique market equilibrium.
Even in the simplest model with homogeneous workers and homogeneous firms, and even
if one is willing to ignore the less robust market equilibria with mass points in the wage
distribution, the bargaining model admits a multiplicity of market equilibria, each
characterized by a continuous wage distribution. Future research should explore which of
these market equilibria is most plausible. For example, one can prove that there is only one

%I Cahuc et al. (2006) model of on-the-job search, surplus-splitting is equivalent to wage bargaining because
firms can renegotiate wages when workers get outside offers. That is, changing the current wage does not affect
turnover.
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wage distribution, F(.,.), such that all w € [w, W] are local maxima of (E(w) — U)J(w).
With any other wage distribution F,, and w >(x 4 z)/2, it is easy to show that (E(w) —
U)J(w) is a local minimum. The characterization of market equilibrium with hetero-
geneous firms, condition (23), therefore suggests that only the wage distribution F(,.)/; is
the limit of market equilibria of heterogeneous agent economies, with wages monotonic in
productivity, as heterogeneity grows less important.

Along other dimensions, the bargaining model seems more attractive than the posting
model. Consider the out-of-steady state dynamics of the two models. In the wage posting
model, the payoff-relevant state of the economy is described by the unemployment rate u
and the distribution of wages paid to employed workers G. Burdett and Mortensen prove
that if these are at their steady state values, then there is a market equilibrium in which the
wage offer distribution F is constant over time. But suppose instead the economy starts off
out of steady state. Does it converge to steady state? What do the nonstationary dynamics
look like? Although it is possible to answer these questions under special conditions, a
general characterization of the nonstationary dynamics remains elusive (Shimer, 2003).

In the bargaining model, the characterization of market equilibrium when the economy
is away from steady state is trivial—in fact, it was not necessary to mention the
unemployment rate u or the distribution of wages paid G anywhere in the paper. Whether a
wage distribution F is a market equilibrium is independent of whether u and G are in
steady state.

Allowing for aggregate shocks, e.g. changes in the arrival rate of offers 4, further
complicates the posting model. First is the question of whether firms should be able to post
offers that are contingent on the aggregate shock. If they can, one can show that firms will
use the shock in order to artificially create an upward-sloping wage profile, much as in
Stevens’s (2004) and Burdett and Coles’s (2003) deterministic wage contracting models.
This conclusion seems unappealing, and so one is led to assume that the firms cannot make
wage offers contingent on the aggregate state. But in such a model, the payoff relevant
state of the economy is the aggregate shock, the unemployment rate, and the wage
distribution across workers. Solving for a market equilibrium is complex at best. In this
environment, the bargaining model is appealing along two dimensions. First, it is natural
to assume that workers and firms continually re-bargain in the face of shocks. Second, the
payoff relevant state is again only the aggregate shock, and so it is possible, at least in
principle, to find a solution to the model in which the wage offer distribution depends on
current and expected future values of the shock.

Finally, the bargaining model addresses an important theoretical concern with the wage
posting model. In the latter model, wages are time-inconsistent, since a firm would like to
cut the wage as soon as the worker agrees to take a job. Although reputation concerns
might keep firms paying high wages, reputations are complicated to model and usually
ignored; a notable exception is Coles (2001). In the wage bargaining model, a worker and
firm can re-bargain at any time and the old wage would remain a subgame perfect
equilibrium.
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