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1. Introduction

We consider here the question of how to extend our definition of the core to games with
incomplete information.

Because of the importance of the core in economic theory and cooperative game theory, this
guestion seems fundamental to information economics, and has regularly attracted effort from
economic theorists for over 25 years.

See the recent survey by Forges, Minelli, and Vohra (J. Math Econ, 2002).

In their framework, the concept that we are devel oping here may be characterized as an
incentive-compatible interim fine core.

The hardest part of information economicsis the analysis of informational incentive constraints
that describe the difficulties that people have in trusting each other's statements about private
information. So we insist here that all plans must satisfy incentive compatibility: no one can be
made to share information against his interest.

Interim means that coalitions are assumed to consider the possibility of blocking when each
players aready knows his private information. The alternative of "exante" analysis assumes that
players decide about joining alternative coalitions before learning their types, thus eliminating
any problem of adverse selection in coalition formation ("if you want to join mein a coalition,
then | don't want you").

Fine here means that players may share some information in the process of deciding whether to
form acoalition.

To get existence, we consider balanced games with sidepayments and independent types.
Balanced games are the games where cores are nonempty in the complete-information case, and
they include exchange economies with linear utility and two-person games.

Transfering utility by sidepayments is a well-known simplifying assumption in cooperative game
theory. Note that that planned sidepayments must satisfy incentive compatibility here.
Independent types simplifies notation, but makes incentive compatibility more difficult.

(We are not assuming independent private values.)

We assume that a risk-neutral mediator can offer monetary side-bets about other players types
such that the mediator's expected profit is nonnegative, which allow akind of weak feasibility-in-
expectation.

The mediator can aso promise severance payments that would be paid to players even if they
join ablocking coalition.

But these side-bets and severance payments are only allowed here if the mediator can be
confident that the players would not cheat her by adverse selection (deviating to a blocking
coalition in states where the mediator would have profited from the players).

With these assumptions, we show that existence of feasible mechanisms that can achieve core
allocations, and we show that such mechanisms satisfy a coalitional-durability property
(extending Holmstrom-Myerson 1983).




2. Formulation of the game.

Let N denote the set of players (nonempty, finite).

We let i denote a generic player in N, and let S denote a generic nonempty subset of N.

For each ScN, let C(S) denote the finite set of feasible joint actions for coalition S.

Let T; denote the set of possible types of player i (nonempty, finite).

For each possible typet; in T;, let p,(t;) denote the probability that player i istypet;.

Notation: tg= (t;)ics€ Tg= Xjes Tiv P(ts) = [[ies Pi(t;), for any ScN,

t=tn=tien € T=Tne PO =ITien Pit),

t=jen-i € T = Tnoin P = [henci B, t=(tpt).

vteT, V&N, Vie§, Ve € C(S), welet u;(c,t) denote the utility payoff to player i from joining
coalition S which does c given that all players typesareasint.

(Orthogonal codlitions: We assume that when members of S choose actions jointly feasible for
them, the actions of others outside S do not matter to them, but types of others might.)

For any set X, A(X) denotes the set of probability distributions over X.

Let ussay that 0 = (05 c)s-n cecys) IS abalanced codlitional plan iff

Ysofi} Leeos) Isc =1 VieN.

We assume that the game is balanced, in the sense that the grand coalition N can achieve
anything that a balanced coalitiona plan can achieve;

That is, for any balanced coalitional plan 6, N has arandomized strategy oc A(C(N)) such that:

ZdEC(N) O(d) Ul(d,t) = ZS;{I} ZCEC(S) GS,C Ui(C,t), VieN, VteT.

A collective choice mechanism is a pair of functions (1: T~ A(C(N)), x: T-RN).

Here p(c|t) represents the probability of choosing joint action ¢ when the players' types aret, and
X;(t) denotes the expected net transfer to player i when the players types aret.

The expected utility of player i under mechanism (p,x) is

Ui(ux[t) = L er, p(t-) (%(8) + Leecqny K(EID) Ui(CH).

If player i hastypet; but pretends to have type r; in mechanism (l,x), then his expected utility is
Ui [t) = 2o e, ) (4 im) + Yoecony KEIE) b(c.)-

A mechanism (Y,x) is incentive compatible iff U;(u,x|t;) > U;(uXx,r[t), VieN, VEeT,, VreT;.

The mediator's expected payoff from the plan (1,x) is -Y 1 P(t) Yien Xi(t)-
A mechanism (u,x) isfeasible iff it isincentive compatible and yields a nonnegative expected
payoff to the mediator; that is, ) ;.1 P(t) Yicn Xi(t) < O.




3. Incentive efficiency and virtua utility.

A mechanism is (weakly) incentive-efficient iff it is feasible and no other feasible mechanism
yields higher expected utilities for al types of al players.

By convexity of al constraints, a feasible mechanism (,x) isincentive-efficient iff there exists

some vector A = (A(t))icn e, such that A;(t;) = 0 VieN, VteT;, with at least one strict inequality,

and (1,X) maximizes Y.\ Lier, Ai(t) Uj(x|t) over all feasible mechanisms (p,X).
Let o;(r;|t;) be the Lagrange multiplier for the constraint that type t; should gain by reporting ;.
Then the Lagrangean for this optimization problem can be written:
LX) = Yoy Zeer, (q(t) Ui(x|t) + Leer, o ) (Ui (X [1) - Ui(ux,r 1))
For any joint action ¢, and types-profilet, and any vectors A and « as above, the virtual utility for
player i from action c with typest and parameters A and « is defined to be
ViCtA,) = (Ai(t) + Lrer o [1)) Wi(Ct) - Lrer, et 1) wi(e,(t1.r)))/pi(t).
With this definition, the above Lagrangean can be rewritten
L(Xx.A,e) = Yer P Leeony HCID Lien ViGtA,0)
+ Vet PO Yien XiOQAi(t) + Lt o [1)) = Lt ot 1))/ pi(t).
A maximization of this Lagrangean is possible only if the coefficients of x;(t) here are constant
over al i and all t, and this constant can be set equal to 1 without loss of generality.
Thus, standard Lagrangean analysis yields the following fact:
Theorem 0. A feasible mechanism (l,x) isincentive-efficient iff there exist vectors A and « such
that: )"I(tl) >0 VieN, theTl’ O(.i(ri ‘tl) > 0, ViEN, VtIETI, ‘v’riETi,
A‘I(tl) + ZrigTi OCi(ri |t|) - ZrieTi OCl(t||r|) = pl(tl)’ VieN, VtiETi,
OCi(ri |t|)(U|(u’!X‘t|)_ Ui(p.,X,I’i ‘tl)) = 0, VieN, theTl’ VI’IETI (Comp| ementary SlaCkneSS), and
H(c[t) >0 implies ¢ € argmaxgecny Lien VildtA,a), VIeT, VeeC(N).

Let us say that atypet; of player i jeopardizes another typer; of player i, in the incentive-efficient
W, iff the constraint that t; should not want to imitate r; (U;(p,X|t;) > Ui(u,x,ri |t)) isbinding and
has a positive Lagrange multiplier in the optimality conditions for .

Multiplying atype's utility function by a positive constant is decision-theoretically inessential.
So essential difference between virtual utility v;(c,t,A,) and actual utility u;(c,t) isthat virtual
utility of typet; exaggerates the difference from the utilities of i's other types that jeopardizet;.
Thus, we have the following general proposition to help us to qualitatively understand the ex-
post inefficiencies (signaling costs) that may be incurred in an incentive-efficient mechanism:
The incentive-€fficient mechanism will be ex-post efficient in terms of the players virtual
utilities, where the virtual utility of any typet; differs fromthe actual utility by exaggerating the
difference fromthe other possible types that jeopardize ;.

A Coasian believer in ex-post efficiency could "explain” inefficient signaling by the virtual-
utility hypothesis: when incentive constraints bind, players act according to virtual utilities.




4. Blocking. Inthe theory of the core, we think about an established plan that can inhibit players
from joining any alternative blocking coalition.

With incomplete information, we should think about an established mediator implementing a
mechanism that can inhibit players from deviating to cooperate with some blocking mediator.

In the theory of the core, players compare a blocking plan with the established plan under an
assumption that any player who rejects an invitation to block gets his established-plan allocation,
even if others accept the blocking coalition (established payoffs are guaranteed, no bank runs).
To justify this assumption, we must assume that, if any one player rejects an invitation to block,
then all players must stay in the established plan; that is, there is no blocking without unanimity
among all invited blockers. (Uninvited rejections do not count.)

But with incomplete information and interim coalition-formation, we must also consider the
possibility that others might accept the blocking coalition only for certain types, and so a player
who offered to block and was then returned by someone else's refusal would learn new
information that might enable him to find profitable opportunities to lie in the established plan.
So to justify the core assumption that established payoffs are guaranteed, we should think about
the blocking question being raised after the players have sent in their reports to the established
plan, but before they are committed to implement the established plan.

We allow that the blocking mediator may invite different coalitions according to some known
randomized plan, and the probability of any particular coalition blocking and choosing some joint
action can depend on their information but not on the information of others outside this coalition.
So the blocking mediator can ask any random set S about their types and, based on their
responses, either may invite all of Sinto ablocking coalition or may invite no blocking coalition.
To characterize ablocking plan, for any action cin C(S), we let v(c|tg) represent the probability
that coalition S would be invited to block and do joint action c if they report types tg,

The blocking mediator can also make monetary sidepayments with players who help block.

We let y;(t;) denote the blocking mediator's expected net sidepayment to player i if i would be
willing to help block and report the type t; to the blocking mediatior.

So we define a blocking plan to be any pair of vectors (v,y) such that: y;(t;) € R, VieN, veT;,

v(c|tg) > 0, VceC(S), VigeTg, and Y o N Zcec(s) v(c|tg) < 1, VteT.

[w.l.0.9. could require Xs-n i Lecs V(CIt9 < 1, mediator can just check arandomly-
selected coalition for a randomly-selected type-profile, and if it is reported then he implements a
randomly-selected action that isfeasible for them.] (Foranyt=(;)cy € T, let tg= (t)ics)

Let w;(t) denote the payoff allocation from the established plan that player i would loseif he
joined ablocking coalition when the typesaret. Let = (w;(1))icn teT-
A tenable blocking plan must give players an incentive to accept an invitation to block, and then
to report honestly to the blocking mediator. So the blocking plan (v,y) istenable against w iff
Yilt) + Le er, P) Yoopiy Yeecrs) VEItU(C)-wi(D) > O, VieN, VEeT;,
yilt) + Leer, plt_;) Yss{iy Leec(g) V(CItUi(Ct)-w;(t)

> y(r) + Zt_ieT_i p(t;) ng{i} Zcec(s) v(C|ts_;.r;) (U(cH)-w;(t), VieN, VteT;, VrieT;,
and y yields a positive expected profit to the blocking mediator: -) ZtigTi p;(t)y;(t;) > O.



4.1 Example 1 (preview).

Player 1isseller of asinglegood. 1'stypet; € {H,L}. p;(H) =ps(L) = 0.5.
Player 2 isthe only potential buyer, and she has no private information.

If t;=H then the good's value is $5 to player 1, its value is $6 to player 2.

If t,=L then the good's value is $1 to player 1, itsvalueis $2 to player 2.

In incentive-competibility and participation constraints require P(trade|t;=H) < 1.

Consider the following incentive compatible mechanism:
M1: If ty=L then price=$1.50, P(trade|L)=1; if t;=H then pricelfTrade=$5.50, P(trade| H)=1/9.

Notice U4(L) = U;(H|L), but U;(H) > U,(L |H) with this mechanism

With the given prices in each state, P(trade) cannot be higher.

This mechanism is incentive-efficient.

It seems fair, equalizes players gainsin each state: w4(H) = 1/18 = w,(H), w(L) = 0.50 = w,(L).
But to support its incentive-efficiency, total virtual gains from trade must be $0 when t;=H,
because 0 < P(trade|t;=H) < 1.

Player 2'svirtual utility is same as her actual utility, because she has only one type.

So when t;=H, player 1's virtual valuation of the good must equal 2's valuation of $6.

With o.4(L |H) = 0 (because U4(H) > Ul(L |H)), this virtual valuation is achieved with

A1(H) =5/8, A4(L)=3/8, A,=1, aq(H|L)=1/8, so ((5/8+0)$5 - (1/8)$1),/0.5 = $6.

Soin terms of virtual utility, selling for $5.50 seems unfair and unacceptable to 1 when t;=H.
Under the virtua utility hypothesis, 1's virtual loss when t;=H would block this mechanism!
(Whent,=L, I'svirtual valuationis ((3/8 + 1/8)$1 - (0)$5)/0.5 = $1, same as actual.)

Such virtual-utility calculations can be justified with random blocking mechanisms.

Hereis atenable blocking plan against this mechanism (yielding expected profit (0.5/9)0.40 > 0).
If player 1 reportst,=H then:

with prob'y 8/9 {1} blocks alone and keeps good,;

but with prob'y 1/9{1,2} block together, good is traded, 2 pays $5.90, 1 is paid $5.50,

If player 1 reportst;=L then return to fulfill the established mechanism M 1.

This blocking plan aways gives player 1 the same gains as the mechanism M 1.

Player 2 does worse ex ante, but her conditional expected gains are increased when isinvited to
join the blocking coalition:

2's conditional expected gain, given that 2 isinvited and t;=L, is 0.50, same as w,(L).

2's conditional expected gain, given that 2 isinvited and t;=H, is 0.10, more than w,(H)=1/18!
Key isthat blocking plan only invites player 2 when the random signaling cost is not applied.

Such arandom blocking plan could be similarly constructed against any incentive-efficient
mechanism where pricelfTrade is less than $6 when t;=H.

Notice the coincidence of two criteria: expected virtual gainsfor all typesin the mechanism,
and impossibility of random blocking against it. This coincidenceis generalized in Theorem 1.

Hereis avirtually-equitable incentive-efficient mechanism which cannot be blocked in this way:
M2: If t;=L then price=$1.50, P(trade|L)=1; if t;=H then pricelfTrade=$6.00, P(trade| H)=1/10.



5. Virtual utility and inhibitive allocations
We say w isinhibitive iff there does not exist any blocking plan (v,y) that is tenable against w.

Theorem 1 The allocation vector w isinhibitive iff there exist vectors A and o such that
Ai(t) > 0 and o(r;|t;) = O, VieN, V4eT;, VreT;,
M) + Leer o(ri|t) - Leer oti|r) = pi(t), VieN, VieT;,
Lty Ty s Pltn-9) Yies (i) + Leer, o[ty (1) — Lorer, o5 Ir)ooy(tp.)/pict)
> Yo ety o P9 Yies Vi(GlA,@), VSN, VeeC(S), ViseTs,

Thus w isinhibitiveiff there exist parameters A and o such that, for any coalition S, the sum of
virtual utilities that the members of S can expect with an action that is feasible for them, given all
their information, is not more than the virtual-utility transformation of what they expect from w.

Proof: Consider the linear programming problem:
choose (v,y) tominimize ), .y Y, .1 Bi(t;) y;(t;) subject to the constraints
Vi) + Leer, P) Ysory Yeecrs) VIt -wi() = O, VieN, VteT;, and
Yit) + L et Pt Yss{iy Leecg) V(CItUi(Ct)-w;(t)
> yl(rl) + Zt_iET_i p(t—l) ZS;{I} ZCEC(S) V(C‘ts_i,ri) (Ui(C,t)—(Oi(t)), ViEN, VtiETi, VriETi.

v(c|tg) = 0, VceC(S), VigeTg, and y;(t) € R, VieN, VteT,.
The allocation w isinhibitive iff thislinear programming problem has an optimal value O.
(The"...<1" constraint in the definition of atenable blocking plan can be omitted because, if we
find any feasible solution of the above problem that yields a negative value of the objective, then
some small positive multiple of the this feasible solution would be atenable blocking plan.)
By the duality theorem of linear programming, this LP has optimal value O iff its dual aso has
optimal value 0. Let A;(t;) denote the dual variable for the first inequality, and let o;(r; | t;) denote
the dual variable for the second inequality. Then the dual problem can be written:
choose (4,0) so asto maximize O subject to A;(t;) > 0 and o;(r;|t;) > O, VieN, VteT;, VrieT,,
)“I(tl) + ZriETi ai(ri |t|) - ZrieTi O(.I(t||r|) = pl(tl)’ VieN, Vt|€T|1
Liy Ty s PO Ties (M) + Leer, o5 t))ei(t) - Lrer, ot r)ooi(t_.1)/pi(ty)
> Liy Ty s PO Lies (Ai() + X o, i(riliIu(et) = X, o, oG Irui(etin)))/pi(t)

VSN, VeeC(S), Vige T,
So w isinhibitive iff these inequalities can be satisfied.
Recall vi(ct.A,0) = ((Ai(t) + Lrer, o5(r[1)) Ui(Ct) - Lrer, oi(ti| 1) wi(C(t_i.r)))/pi(t)- QED
We may say that an inhibitive allocation w is finely supported by (A,e) iff they satisfy
Yies (i) + Leer, (i t)oi®) = Lrer, ot r)ooi(t_ir)/pilt) > Yies Vi(c.tA,e)

VteT, VScN, VceC(S).

These fine-support conditions imply that the blocking mediator could not expect to make money
if the action of any blocking coalition S could also depend on the information of othersin N-S.




6. The Core

Let ¢;(t) denote the severance payment that player i would get from the established mediator if i
joined a blocking coalition after typest had been reported to the established mediator.

We require that these promised severance payments must be nonnegative.

We say that w is achievable by (u,x) iff (1,x) is afeasible mechanism, and there exists a vector of
pomised severance payments & = (g;(t))icn ¢t SUCh that

g(t) > 0 and w;(t) = x;(t) + ZCGC(N) uclt) u(ct) - g(t), VieN, VteT.

So w;(t) istheresidual stake in the established plan that player i would lose by joining a
blocking codlition in state t.

We say w isin the coreiff w isinhibitive and achievable by some feasible mechanism (,x).
Theorem 2. The coreisnonempty. (Recall our assumption that the game is balanced).

Intuitive description of the proof:

Given any vectors (A,«) (satisfying the hydraulic equations in Theorem 0), consider the problem
of getting the highest expected net payment from players with an incentive-compatible
mechanism that achieves some inhibitive allocation vector that is finely supported by (A,«).
This problem can be written as alinear programming problem:

choose (U,X,w) to minimize Y. p(t) YN X;(t) subject to
p(t_l)(XI(t) + ZCEC(N) H(C‘t) UI(C,t) - (J.)I(t)) > O, VieN, \V/teT,
Zt_ieT_i P(E_)(Xi(t) + Xcecony H(C[) Wi(c.h)
- thiETfi p(t_l)(XI(t_l,rl) + ZCEC(N) H(C|t_|,r|) UI(C,t)) > 0, VieN, ‘v’tIETI, Vl’ieTi,

Yeecny H(C[t) =1, VEeT,
u(clt) > 0, VceC(N), VteT,
Lies (ilt)+ Lrer, o[ t)i(t) = Leer, il IR)witm)/pi(t) = Ties VilctAe)

VteT, VScN, VceC(S).
Notice that the pair (A,a) are given parameters in the above problem.
We use the Kakutani fixed-point theorem to guarantee the existence of some (A,a) pair such that
the components of these A and o vectors are equal to the dual Lagrange multipliers of the first
and second constraint linesin this linear programming problem.
Then we show that the solution (l,X,w) at this (A,«)-fixed point is an incentive-compatible
mechanism achieving a core allocation.
Actualy, in the proof, we decompose this problem, and we first consider a simpler optimization
over (4,X) where w istaken as a given paramater.



6.1 [core existence proof]
Proof. Given any allocation vector w, consider the linear programming problem:
choose (u,x) to minimize Y ;.1 p(t) Yicn X;(t) subject to
(1) p(t_)x;(t) + Zcec(N) u(clt) u(ct) = p(t_)w;(t), VieN, VteT,
(2 Leer, PO + Yoeopuy HE[t) ui(ch)
= L er, PEDOGE 1) + Leecyy K(C[t ) Ui(C)) = O, ViEN, VheT;, VreT,,

(3) P(t) Leecqu HE[D = p(D), VEET,
(4) p(clt) = 0, VceC(N), VteT.
It is easy to see that this problem always has an optimal solution.
The constraints always have a feasible solution, because we can satisfy them by taking any
incentive-compatible (p1,x), and then increasing the x;(t) payments to each player by a constant
amount (independent of his type) until the minimum-payoff constraints (1) are al satisfied.
On the other hand, the expected payoff to the mediator - .1 p(t) Yicn X;(t) cannot be increased
infinitely, because the minimum-payoff constraints (1) put alower bound on each player's
expected payoff after sidepayments, and the mediator's expected payoff is the difference between
the sum of the players expected payoffs before monetary sidepayments (which is bounded above
from the finiteness of C(N)) and the sum of their expected payoffs after sidepayments.
Thus, the dual of this linear programming problem also has an optimal solution for each .
To formulate this dual, we let the dual variables of (1) be n;(t), of (2) be B;(r;|t;), of (3) be y(t).
Then the dual problemis: choose vectors (n,[3,y) so asto
maximize )¢ Y icn P(_;) 0;(t) n;(1) + Y1 P(H)Y () subject to
(5) P(t_ (i) + Leer, Bi(rilt) - Leer, Bilti|r) = p(b), VieN, VEeT,
(6) Lien PDMO+Y, 1 Bi(iltIui(ct) - X, 7 BitiIrui(c,(tr))) + p)y(® <O,

VteT, VceC(N),
(7) m;(t) > 0and B;(r;|t;) = O, VieN, VteT, VreT,;.
(Constraints (5) are for the primal variables x;(t), and (6) are for the primal variables p(c|t).)
Dividing both sides of (5) by p(t_;), we get the equivalent constraints:
i(®) + Leer, Bi(rilt) - Leer, Bilti[r) = pi(ty), VieN, vteT.
Thisimplies that n;(t) isindependent of t_;, so there exists h;(t;) such that n;(t) = hi(t;), Vi, VteT.
Notice that B actually determines the other two dual variables as follows:
h(t) = pi(t) + ZrieTi Biti|r) - ZrieTi Bi(ri|t;), and y(t) = -maxc.cyy Lien Vi(GLN,B).



6.2 [core existence proof continued]
Substituting the vector h for 1 and using the definition of virtual utility v;, the dual can be
reformulated equivalently as: choose vectors (h,3,y) so asto

maximize Y. Yien PE_w;(Oh(t) + Y1 P y(t) subject to
(8) hi(t) + Leer, Bilri[t) = Lo, Bi(t ) = pict), VieN, VGeT;,
(6) Yien Vict,h,B) + y(t) < 0, VteT, VeceC(N),

(7) h(t) = 0 and B;(r;|t;) = O, VieN, VteT, VreT,.

This dual problem has an optimal solution for every allocation vector w.

But w only appearsin the objective function. The dual constraints do not depend on w.

The dual feasible set has a finite collection of extreme points. Let us number these extreme

points from 1 to K and denote them as{ (h*,p1,vY), ..., (WK,BK,y¥)}.

Let A denote the convex hull of these K extreme points of the dual feasible set.

(A may be smaller than the whole feasible set, if it is unbounded.)

For any alocation w, the smallest expected subsidy to implement w is

maximum{Y .y ¥ien PE)oi(OE) + Teer POYHO| ke{1,... K}

Noticethat, if (A,«,0) € A then (A,a) satisfies the first two conditions required to support an

alocationsby in Theorem 1. A;(t;) > 0 and o;(r;|t;) > O, VieN, VteT,;, VreT;, and

(5") Ait) + Leer, o(r|t) - Lrer o [r) = pi(t), VieN, VEeT;.

Given any such (A,x), the following LP problem finds the smallest expected subsidy that is

required to achieve an inhibitive alocation w that is finely supported by (A,a):

choose (w,z) to minimize z subject to

(8) 2~ Yie Vien PO ON() > Yier POY®), VKe{ LK},

(9) P) Yies (M) +Lrer, (il t)ooi(®) = Lrer, o5t eyt in)/pit) = pH) Yics Vi(ctA,0)
VteT, VScN, VceC(S).

To formulate the dual of this problem, let pk denote the dual variablesfor (8), and let 6(S,c|t)

denote the dual variablesfor (9). Thenthedual is: choose (p,0) so asto

maximize ¥y p(t) (X =1 P YO + Loon Yeecrs) B(SCID) Ties VileitA,a)) subject to

(10) pt+..+pK=1,

(1) Ysorip Leecrs) (M) + Leer, (i [6)O(S,clt) - Lrer, o4(ri[4)0(S,c|tiur)) - hy(t) =0,
VieN, VteT,

(12) pX> 0, Vke{1,...K}, and 6(Sc|t) = 0, VScN, VeeC(S), VieT.

Here (10) isthe dual constraint for the primal variable z, and (11) isthe dual constraint for the
primal variable w;(t).

Given (A,a,0)eA, let F(A,x,0) < A be defined so that (h,B,y) € F(A,«,0) iff thereis an optimal
solution (p,0) to this dual problem suchthat h=YK_, pkhK p=YK_ pkpK y=YK_, pkyK



6.3 [core existence proof finished; severance payments and zero A's|
By the Kakutani fixed-point theorem, the condition (A,a,y) € F(A,«,y) hasasolutionin A.
Let (p,0) denote the dual solution that generaties this fixed point.
Using (5") and (11), we get, for every i inN and every tin T:
Yoy Leecrs) (Rit) + Leer, it [r)O(SCIt) = Licr, oi(ri[)B(S,clti.r)
= A(t) = pi(t) + Leer, o5(t1r)) - Lier, o(ri 8.
Thus: ((i(t) + Lrer, k| M) Essiy Leec) 0(Sclt) - 1)
= Loer, o(n 1) Csogiy Leecs) B(SCltiry) - 1), VieN, VteT.
But these equationsimply: Y.q iy Ycecrg 0(SCt) = 1, VieN, VteT.
(If thisfailed for any t_;, then we could sum these equations over al t; such that
Ysofi} Leeces) 9(Sct) > 1, cancel out ther; terms that appear on both sides, and get a positive
sum equalling a negative sum.)
So for each t, O(«|t) here satisfies the conditions for a balanced coalitional plan.
Thus, by the assumption that the game is balanced, there exists some o(+|t) € A(C(N)) that yields
the same utility and virtual utility for every type.
Thus, the optimal value of the dual objective satisfies
Ltet PO (1) + Kies Ysofiy Leecs) (S clt) vi(ctA,e)
< Ltet PO (CMaXecoy Lien VilGA,e) + Yien Laecv) 9(d[1) vi(dtA,e) < 0.
But the optimal value of the dual is equal to the optimal value of the primal, which is the smallest
expected subsidy that is required for an incentive-compatible mechanism that achieves some
inhibitive alloction w that is finely supported by (A,a). Thus, thisallocation w isin the core,
because it can be achieved by a feasible mechanism. QED

Fact. Suppose w is an inhibitive allocation satisfying the conditions of Theorem 1 for (A,x), and
suppose that (u,X) is afeasible mechanism that achieves w. Then
YieN LteT P(3) it QL cecqny Ml Ui(et) +xi() - w;(t)) = 0.
So the severance g(t) = (ZCGC(N) p(clt) u(c,t) + x;(t) - w;(t)) can bepositiveonly if A;(t;) = 0.
Proof of Fact. The condition that (u,x) achieves w impliesthat every term in thissumis >0.
So it suffices to show that the sumis <0, asfollows:
YieN Lte P(t-) Ai(t;) oi(t) =
= Yien Ztet PO (A4(6) + Lrer, o6 [1)) @i()) = Leer, ot |1) wi(t_i.r)/pict)
> Vet P() MaXeeoony Yien VilGtA0) = Ve PA) Xeecpny HIC[D) Xien (Vi(CtA,a) +Xi(1))
= Ltet P(t) Leecny HCIY Lien (i) + X, ¢ 04(ri ) (Li(C)+x4(1)
- ZrieTi o (G [ ) (Wi (e, (t,m7) + Xi(t.17)))

= Yien Lte P Ai(®) X cecony KD Ui(enst) +Xi(1)) +

+ Tien Luer, Lrer, (i )Uix[6) - Ui(xri|t)
2 Yien LteT P Ai(6) R eecony HCID) Ui(en.t) + Xi(1).



7. Codlitional durability

Let (1,X) be any incentive-compatible mechanism, and let ScN be any codlition.

An dternative game for coalition Sisany I's = ((D;);cq f:D -~ A(C(S)), z.D - RS),

where D = x;.g D;, such that each D; isanonempty finite set (representing the pure strategies
for player i in this game), and the z;(d) numbers (representing the net sidepayment to i when
players do d in the alternative game) satisfy )i gz(d) <0, VdeD.

We are assuming that the alternative game always gives the blocking mediator some profit,

and that the blocking mediator must announce the coalition that he is organizing, and cannot
specify which equilibrium would be played in the aternative game.

We assume that the members of S vote independently about whether to form a blocking coalition
and play I's, which will happen iff they vote unanimously for it.

Then after such avote, the players beliefs about each other must be represented by some beliefs
vector qin x;.g A(T;), where g;(t;) denotes the probability of typet; given that i voted for I,
An equilibrium of alternative I'g with beliefs g isa profile of strategies o = (0;:T;~A(D;))ics
suchthat U;(T's0lqt) > Ui(T,0.e|qt), VieS, vteT;, veeD;,

where we use the notation: q(ts_;) = Hjes_i g (). o(d|tg) = HjeS 0;(d; |tj),

UiTs0lat) = Le o1, Yaep Pltn-9) dlts i) o(d|te) (z(d) + Yeeys) Flcld) ui(ct)), and
UiCso.&lat) = Le o1, Yaep Pltn-9) dlts-p) o(d|tg) (z(d_;.8) + Yeeoq F(Cldi8) uc)
The expected payoffs under mechanism (p,x) with the same beliefs about S would be
Ui(ux|at) = Xe et Plty-9) dlts ) (i(d) + Yooy K(EID) wi(ch).

The definition of sequential equilibrium would allow (with #5>1) that each player votes against
I's because he thinks that all others will vote against it, so that his vote is meaningless.

To avoid this, we require also that any type of any player who would expect to do better under
the alternative, given unanimity of the othersfor it, must be expected to vote for the alternative.

We say that (l,x) is coditionally durable iff, for every ScN, and for alternative game I'g for the
codlition S, there exists abeliefs vector g and a profile of strategies o such that:

o isan equilibrium of I'g with beliefs q,

VieN, VteT;: if U,(I'go|qt) > U;(ux|at) then oi(t)/pi(t) = max{a(r,)/pi(r;)| r,eT},

and there exists some player j in Ssuch that U;(px | q.t) > Uj(T'go | a.t), V§eT;.

That is, we can find beliefs and equilibrium for any alternative game such that types who would
strictly gain by playing this alternative are considered maximally likely to vote for it, but thereis
at least one player in Sfor whom al types would be willing to vote against this aternative.

Theorem 3. If amechanism (,x) achieves an allocation in the core then (l,Xx) is durable.



7.1 [proof of coreimpliesdurable]
Proof. Let w be an alocation in the core that is achievable by (l1,x).
Given any I's, consider the extensive-form game where the members of Sfirst vote
independently for or against the alternative I'g (each knowing only his own type).
If anyone votes against I'g, then everybody gets their allocation in w, but otherwise the playersin
Splay I's. Perturb this game by adding asmall positive probability that each player might (by
trembling hand) vote for the alternative. Thisfinite game must have a sequential equilibrium.
Now take the limit of these sequential equilibria as the trembling probabilities go to zero.
In such alimit of sequential equilibria, each typet; of each player i in S has some probability
7;(t;) of voting for the aternative, and has some strategy o;(¢ |t;) for playing the alternativeif it is
unanimously voted. Also everyone would have some consistent beliefs ¢, € A(T;) about player i's
type given that he voted for the aternative, which must satisfy

i(t) = i(ti)ri(ti)/zrieTi p;(rTi(ry), if any 7;(r;) > 0.
The equilibrium voting strategy must satisfy
5(t) =1 if UTgolat) > L o1, plty-9 Alts i) wi(t),
() =0 if UTso|at) < i o1, Plty_9 Alts i) wi(h).
Also, o must satisfy the conditions for an equilibrium of the alternative game I'g with beliefs g.
Welet t(tg) = Hj esTj (tj) denote the probability of the alternative when types aretg, and
let ¢; = Hjes_i (theTj P, (tj) T (tj)) denote the probability of all S-i voting for the alternative.
If thislimit of sequential equilibria does not satisfy the conditions for durability, it must be that,
for every player i in S, thereis at least one type t; such that
UiTsolat) > Ui(rx|at) = Xi o1 plty-9 alts ;) wi(t), andso t(t;) > 0.
Then we can define the blocking plan (v,y) by
v(c|tg) = t(tg) Y.qep 0(d|tg) f(c|d), VeeC(S), VigeTg,
v(d|tg) = 0, for any codition R%S,
yi(t) = Zt,ieT,i p(t_;) (ts) Y.gep 0(dts) Z(d).
But the sequential equilibrium conditions for (q,t,0) in I'g then imply that this blocking plan
(vyy) istenable against w. To verify tenability, notice that, for any icS and any t,cT;,,

Vi) + Lt er, p(t) Yeecrs) VC[t(Li(ct)-w;(1))

= Lo er, Pt)) T(te) Laep 0(d[ts) (zi(d) + Yeeqs) Fleldui(et) - wy(®)

=7(t) U Leer, Py-sty-9) Us-ilts-) Laep 0@/t @(d) + Yeeys) FEldui(et) - wi(t)
=5(t) ¥ (UiTsolat) - Xy o+ Pltn-9) Alts ) wi(h)

The sequential equilibrium conditions on (t,0) imply that this expressionis >0 and is

> Lot P(L) Tlts ih) aep 0(d]ts o) (z(d) + Yeecqg) fleldu(ct) - wy(t)

=Yi(r) + Leier, PIL) Yeeos VClts-i) (Ui(Ch)-wi(®).
But tenability against w contradicts the assumption that w isinhibitive. So (u,x) isdurable. QED



8. Examplel. N={12}, T;={H,L}, T,={2}, p(1H) = /2 = p(1L), so
)\.2 = l, )Ll(H) = 05+0€1(H ‘ L)_(X.l(l_ ‘ H) > 0, )\.1('.) = 05+0’.1(L ‘ H)_Ocl(H ‘ L) > 0.
lisasdler withasingleindivisible good. Vaue of 1's good to each depends on 1's type:

t; | p | I'svalueof hisgood | 2'svalueof 1's good I'svirtua vaue
H |05 5 6 5+8u4(H|L)
L [05 1 2 1-8a4(L|H)

For such one-good, one-sided incompl ete information games, the incentive-efficient set is
characterized by in my paper in Roth, Game Theoretic Models of Bargaining, 1985.

Here thisimplies only that 1L must surely sell and the " 1L not claim H" constraint must bind.
Let {=x4(H) =E($to1/H).

Let = =P(sel|H) € [0,1].

Then incentive efficiency implies P(sell|L) =1, E($to 1|L) = {+1-T.

All incentive-efficient mechanisms are verified (asin Thm 0) by

aq(H|L) =0.125, aq(L|H) =0, A4(H)=0.625, A4(L)=0.375, A,=1.

Claim: For this example, core solutions have no sidebets (so 2 pays what 1 is paid in each state)
and no severance. (proof on next page).

So w4q(H) =¢+5(1-7), wy(H) =61-, wq(L) =C+1-7, wy(L) =2-(C+1-m).

With (A,a) as above, 1'svirtual value for his object is$6 if H, $1 if L, and so virtual core
inequalitiesare: {1H}: [0.625({+5-5x) - 0.125(¢+1-71)]/0.5>6, sO { - 6n +6 > 6,
{1H,2}: [0.625(+5-5m) - 0.125((+1-1)]/0.5+ 67 - { > 6,

{1L}: [(0.375+0.125)(C+1-m)] /05> 1, so (+1-m > 1,

{1L,2}: [(0.375+0.125)({+1-®)] /0.5 + 2-({+1-7) > 2,

{2}: 0.5(6n-¢) + 0.5(2-((+1-m)) >0, so 351 +05- > 0.

(¢, ) satisfies these conditions (and so isin core) iff 3.51+0.5> { > 67 (implieswt < 0.2).
We now show nothing elseisin core:

Any incentive-efficient mechanism has U, = 0.5(6n- () + 0.5(2-(¢+1-w)) =3.51 + 0.5 - (.
So 3.51+0.5 > ¢ is2'sparticipation constraint. If violated then {2} would block alone.

The participation constraint for H (that { 1} should not block if H) is{ > 5,
and this constraint with 3.57+0.5 > ¢ impliesthat all core mechanisms must satisfy 1/3 > .

The core condition ¢ > 6n saysthat 1H will not sell his good for less than his virtual value,
which could be interpreted as a consequence of the virtual utility hypothesis.

With 1/3>m, if the established mechanism had 6m > { then atenable blocking plan would be:

If H: with prob'y mt, { 1,2} blocks, 2 gets good, 2 pays (+6(1- ), 1 paid {/; and

with prob'y 1- =, {1} blocks, 1 keepsgood , 1ispaid 0. If L: no block.

When 2 isinvited, 2 expects 6-({+6(1- 1)) = 6n- ¢, and blocking med'r gets (6-¢/=)(1-=) > 0.



8.1 Proof that no sidebets or severances can be paid in core mechanisms for Example 1.
Recall that welet ¢ =x,(H) =E($to1|H), n =P(sel|H) € [0,].

Then incentive efficiency implies P(sell|L) =1, E($to 1|L) =(+1-.

Let £(t)>0 denote the severance payment offered to typet.

Let x(t) denote the net tax 2 pays, above what 1 is paid, in the established plan if 1'stypeist.
Soin statet, 2 pays x(t) pluswhatever Lispaid (x(t)+¢ if t=H, x(t)+{+1-= if t=L).

If x(t) <O then -x(t) isanet subsidy from the mediator.

Step 1 Inthe core, we must have min{e(H),e(L)} =0 and y(H)+y(L) =0.

If not, the blocking mediator could just imitate the established plan but 1 to pay an additional
amount equal to min{e(H),e(L)} /2.

Step 2 Incore, if g(t) >0 then x(t)+e(t) < O.

Consider the blocking plan of imitating the established plan in state t but asking 1 to pay back an
additional amount £(t), no blocking in the other state. Thisistenable unlesse(t) < —x(t).
Step 3 In core, we cannot have (L) > 0.

Suppose x(L) > 0. By above steps, we must have ¢(L) =0, e(H) < x(H) = -x(L).

1H falsely claiming L in established plan would cost him {+5(1- )~ ({+1- =) = 4(1- 7).
Then the following blocking plan is tenable: the blocking mediator aways has{1,2} form and
Imitates the established plan except, if 2'stypeisH then no blocking (return to established plan)
occurs with probability min{1,4(1-r)/e(H)}. (This probability is1if e(H)=0.)

This plan yields expected net tax min{1,4(1-r)/e(H)} x(H) to the blocking mediator.

1H falsely claiming L would increase his expected severance by e(H)min{1,4(1-r)/e(H)} but
would decrease his payment thereafter by 4(1-m) (which isnot lessthan the severance gain).
Step 4 In core, we cannot have x(H) > 0.

Suppose x(H) > 0. By above steps, we must havee(L) =0, e(H) < x(H) = -x(L).

So the following blocking plan is tenable:

if H then {1,2} blocks, good is delivered to 2 with probability = max{ - x(H)/4,0},

2 pays (+y(H)-6(n-x), 1ispaid {-5(n-T);

if L then no block with prob'y max{1,4r/x(H)}, else{1,2} blocksimitating established plan.
This plan gives the blocking mediator the expected net tax

x(H) = x(H)(1-min{1,47/%(H)}) > O.

1L falsely claiming H would increase his expected severance pay by (L) min{1,4x/x(H)},
but it would decrease his expected payment after severance by more because

(C+1-m) - (C-5(n-m) + 1-7) = 4(n-m) = max{ - x(H),0} = min{y(H).4n}

> min{e(L), 4m e(L)/x(H)} =e(L) min{14x/y(H)}.



9.0 Summary of Example 2 (where severance pay is required for core alocations):
Player 1isseller of asinglegood. 1'stypet; € {H,L}. p;(H) =ps(L) = 0.5.

Player 2 isthe only potential buyer, and she has no private information.

If t;=H then the good's value is $3 to player 1, itsvalue is $7 to player 2.

If t,=L then the good's value is $2 to player 1, its value is $0 to player 2.

All incentive efficient mechanisms are pooling: 1 always sells and is paid aprice x4 € [3, 3.9].
All supported by A4(L) =0, A;(H) =1, ay(H|L) =P, ay(L|H)=p-0.5, for some p.

Vaues of 1's good ... of $1 severanceto L
b P | I'svaue | 2'svalue 1'svirtual value 1'svirtual value
H | 12 3 7 3+20,,(H|L) = 3+2p ~2a,(H|L) = -2
1/2 2 0 2-20(L|H) =3-28 | 2(A,(L)+a,(H|L)) = 2B

To support trade by both typesneed 3+23 <7 and 3-2f <0, andso 1.5<fp < 2.

Consider the mechanism: 1 always sells for $3.5, 2 always pays $3.5, with no severance offered.
Theresulting alocation (w;(H) = w;(L) =3.5=w,(H), wy(L) = -3.5) isnotinthe core.

The following is a tenable blocking plan against this allocation:

If t,=H then { 1} blocks, keeps the good, is paid $1.5 (by the blocking mediator);

If t,=L then {1,2} block, 1 keeps the good, is paid $1.5, but 2 pays $3.5 to blocking mediator.

The following incentive compatible mechanism isin the core and has the smallest severance pay:
If t;=H then 1 sells the good, is paid $3.5, but 2 pays $6;
If t,=L then 1 sellsthe good, is paid $3.5, but 2 pays $1, and 1 is offered $e severance,

wheree = g4(L) = 5/6 = 0.8333
Theresulting alocation (w;(H)=3.5, w;(L) =2.667, w,(H)=1, w,(L)=-1) isinthe core.
If we had € < 5/6, then the following blocking plan would be tenable against this mechanism:
If t,=H then, with probability €, { 1} blocks, 1 keeps the good but is paid $0.5,

with probability 1-¢, {1,2} block, 1 sellsthe good, is paid $3.5, but 2 pays $6.

If t,=L then do not block (return to fulfill the established mechanism).
(With & < 5/6, the blocking mediator would expect €(-0.5)+(1-¢€)(6-3.5) = 2.5-3¢ > 0,
and 1'stype L would not be tempted to imitate H in blocking because
€(2+0.5) + (1-¢)(3.5) +£=35<35)
This core point is supported by A,(L) =0, A(H) =1, ay(H|L) =B =15, ay(L/H)=p-5=1.

More generally, consider pooling mechanisms where 1 is always paid x; = X;(H) = (L) to sell,
but 2 pays x,+t if H, 2 paysx;-tif L, and 1 is offered € = e,(L) severanceif L.

To support this allocation in the core, we need some § = a1 (H|L) such that:

3-2B <0 and 3+2B < 7 (to make trade virtualy efficientif Lor H)andso 1.5<p < 2;

X1 > 3-2B+2Pe and x; > 3+2p-2B¢ (to prevent virtual blocking by 1if L or H),

X, < 3.5 (to prevent blocking by 2), and so 3+2f|1-¢| < x; < 3.5;

O+t > 0+2fe and 7-t > 7-2P¢ (to prevent virtua blocking by {1,2} if L or H) and so t = 2f3e.
Substituting f = 0.5t/¢, weget 3<x; <35, 3<1t/e<4, |1-¢|t/e <Xx-3, 5/6<¢e <76



9.1 Example 2 (full). Like example 1, but the value of 1's good to each player are as follows.

ty | p | I'svaueof hisgood | 2'svalueof good | 1'svirtua vaue of good
H |05 3 7 3+204(HIL)

L |05 2 0 2-204(L[H)
For this example, my paper in Game Theoretic Models of Bargaining (1985) implies that
incentive efficient mechanisms are those in which 1 aways sellsto 2.

So P(sell|H) = P(sell|L) = 1, and both 1's types must get the same expected payment.
Incentive-efficiency of all such mechanisms can be ThmO-verified by any (A,«) such that

Ay =1, A1(H) =1, 0=2Ax(L) =0.5+04(L|H)-aq(H|L), 3+204(H[L) < 7, 2-204(L|H) < O.
That is, we let A give zero weight to 1's bad type L, and we constrain ¢ to make 1's virtual value
for the good less than 2's value in each state, so that selling is always virtually efficient.

Let B =oaq(H[L) < 2. Thenwemust have oq(L|H)=p-05>1, andso 1.5<p < 2

Let { =E($paidtol) (same for both typesin pooling mechanisms).

Let (t) > O denote the severance payment offered to typet of player 1.

Let y(t) denotethe net tax that 2 pays, above what 1 is paid, when 1'stypeist.

S0 w;(H) = {-e(H), wy(H) = 7-((+x(H)), @(L) = {-e(H), wy(L) = -(C+x(L)).

In core, we must have mir{e(H),e(L)} =0 and x(H)+yx(L) =0 (recall step 1 of 8.1).
With (A,a) asabove, let p = aq(H|L) = 0.5+ (L |H) € [1.5,2]. Suppose g(H) = 0.
Then the virtual core inequalities are:

{1H}: [(1+p-0.5)C - B(C-¢(L))] /0.5 > 3+2p, so (+2Pe(L) > 3+2p,

{1H,2}: [(1+B-0.5)¢ - P(C-&(L))]/0.5+ 7-({+x(H)) > 7, so 2fe(L)-x(H) > O
{1L}: [B(¢-¢(L)) - (B-0.5)¢]/0.5> 2-2(p-0.5), so (-2P¢(L) > 3-2

{1L,2}: [B(C-2(L)) - (B-0.5)¢] /0.5~ (C+x(L)) = 0, so x(H)-2Pe(L) = O,

{2}: 0.5(7-(C+x(H))) - 0.5(C+x(L)) > 0, so 35> (.

These conditions are satisfied and we have a core solution iff

15<P<2 3<C<35 (-3>2B|1-¢(L)|, x(H)=2Pe(L).

There are no solutions with x(H)=0 or ¢(L)=0. In fact, al solutions have ¢(L) > 5/6, x(H) > 2.5.
Solving for 3 in these conditions, we have found the core solutions satisfying:

3< (<35 gL)(C-3) = x(H)|1-¢(L)|, de(L) > x(H) > 3e(L), (L) > 5/6.

Claim There are no other core solutions for this game.



9.2 Claim Inthecore, 3 < ¢ < 3.5, e(L)({-3) > x(H)|1-¢(L)|, 4e(L) > x(H) > 3e(L) > 2.5.
Step 1 In the core, we must have min{e(H),e(L)} =0 and yx(H)+x(L) =0. [asin 8.1]
Step 2 If g(t) >0 then y(t)+e(t) < 0. [asin 8.1]

Step3 3< (<35

If ¢ >3.5 then{2} going alonein both statesblocks. If { <3 then{1} aloneif t=H blocks.
Step4 y(H) > 0.5,andso ¢(H) =0 and x(L) = -x(H) < -0.5.

With ¢ < 3.5, if x(H) < 0.5 then the following blocking plan is tenable:

If H then {1} blocks, 1 paid {-2; if L then{1,2} blocks, 1 keeps, 2 pays (- (H), 1 paid {-2.
(Expected profitis 0.5(¢-x(H)) - ((-2) =0.5(4--x(H)) > 0.5(4-3.5-%(H)) >0.)

Step 5 €(L)(¢-3) > x(H)(1-¢(L)). So (L) > x(H)/(x(H)+{-3) > 0.5/(0.5+3.5-3) = 0.5.
From above, €(L)(C-3) <y (H)(1-¢(L)) would imply &(L) < 1. But then following is tenable:
If L then no block. If H then with prob'y e(L), {1} blocksand 1ispaid -3;

and with prob'y 1-¢(L), {1,2} blocks, 2 gets good, 2 pays (+x(H), 1 ispaid .

The g(L) probability deters L from claiming H to get e(L) severance in this blocking plan.
Step 6 £(L)(C-3) > x(H)(e(L)-1).

From above, 0 < x(H)(e(L)-1) - &(L)(C-3) implies ¢(L) > 1. Then following istenable:

If L then {1} blocks, 1ispaid {-3. If H: with prob'y 1/¢(L), there is no blocking; and with
proby 1-1/¢(L), {1,2} blocks, 2 gets good, 2 pays (+x(H), 1ispaid (.

1L iswilling to accept - 3 to keep good worth 2 and have severance ¢(L)>1, and lying would
decrease 1L's probability of getting the (L) severance payment by 1/g(L).

Blocking mediator's expected profit is 0.5 (1-1/¢(L))x(H)-0.5(C-3) > 0.

Step 7 4e(L) > x(H).

Suppose x(L) >4e(L). Thenthefollowing is atenable blocking plan:

If H: with prob'y e(L)/(1+¢(L)), { 1,2} blocks, 1 keeps good, 2 pays ¢+x(H)-7, 1 paid {-3;
and with proby 1/(1+e(L)), {1,2} blocks, 2 gets good, 2 pays (+x(H), 1ispaid (.

If L: with prob'y e(L)/(1+¢(L)), { 1,2} blocks, 2 gets good, 2 pays ¢-yx(H), 1 paid (;

with proby 1/(1+¢(L)), thereis no blocking (return to established plan).

Blocking mediator's expected profit is

0.5(e(L)(x(H)-4) + x(H) —e(L)x(H))/(1+e(L)) = 0.5(x(H)-4e(L))/(1+e(L)) >0.
Thee(L)/(1+e(L)) probability of no sale when H is reported (which would hurt L by $1)
detersL from claiming H to get 1/(1+¢(L)) increased probability of e(H) severance pay.
Step 8 y(H) > 3e(L).

Suppose x(H) < 3e(L). Then thefollowing is atenable blocking plan:

If H: with prob'y min{1,1/¢(L)} thereisno blocking; and

with prob'y max{0,1-1/¢(L)}, { 1,2} blocks, 2 gets good, 2 pays (+y(H), 1 paid C.

If L: with prob'y Q=min{1,e(L)}, { 1,2} blocks, 1 keeps good, 2 pays {-yx(H), 1 paid {-2-Q;
and with prob'y 1-Q, { 1,2} blocks, 2 gets good, 2 pays {-yx(H), 1 paid {-¢(L).

When g(L) <1, blocking mediator's EProfit is 0.5(2e(L)+e(L)-x(H)) >0, and the
randomization for L detersH from claiming L (Q=¢(L) yields Q(3-2-Q)+(1-Q)e(L) = 0).
When g(L)>1, blocking medr's EProfit is 0.5(3-x(H)+(1-1/¢e(L))x(H)) = 0.5(3-x(H)/¢(L)) > 0,
and the randomization for H deters L from claiming H (L gainse(L)- 1 either way).



10. Example 3: N={1,2}, T,={ab}=T,, each type has prob'y 1/2, independent of other's type.
Each player has an endowment of one unit of hisown good (1 has good 1, 2 has good 2).

| b p |1'svaueof good 1|2's value of good 1|1's value of good 2|2's value of good 2
a | a |025 7 6 6 7
a | b |025 3 6 1 7
b a |0.25 7 1 6 3
b b |0.25 2 1 1 2

The only gains from trade are from an a-type selling his good to a b-type, but the b is more eager
than ato sell to b. Each thinks that the expected value of the other's good is 3.5. But each would
only want to sell hisown good for 3.5 if the other isb. Virtual values depend on « as below:

¢ ¢ 1'svirtual value of |2's virtual value of |1's virtual value of [2's virtual value of
1|72 good 1 good 1 good 2 good 2

a a 7 6 6 7

a| b 3+20.4(a| b) 6 1 7

b a 7 1 6 3+20,(a| b)

b b 2-20,(b|a) 1 1 2-20,(b|a)

So incentive-efficient mechanisms can also have trade between b-types, with o;(b|&) > 0.5.
Considering mechanisms that respect the symmetry between the two players, if there are no
subsidies and no severance payments, then the only incentive-efficient mechanism has b's always
buying the other's endowment for $3.5, a's not buying.

t; | t, [1consumes|$tol| U; [lieU;|2consumes|$to2| U, |lieU,
a| a (1,0) 0 7 | 95 (0,2) 0 7 | 95
a | b (0,0) 35 [ 35 | 1 1) |[-35] 95| 7

b | a @) |[-35] 95| 7 (0,0) 35 [ 35 | 1

b | b (0,2) 0 1 | 35 (1,0) 0 1 | 35

But under this mechanism, when types are (b,b), they trade goods with net sidepayment $0.

So a blocking mediator could make both better off with the tenable plan: "coalition {1,2} blocks
with no trade if both are type-b (paying up to $1 to blocking mediator), otherwise don't block."
A core alocation with the mechanism that achievesit is shown below. In this mechanism,

b's have a $2.50 sidebet that the other's typeisb. Winnings at (b,b) tend to deter blocking there.
Severances are needed at (b,b) so that blocking at (a,b) and (b,a) is not incentive compatible.
This core alocation is supported by A;(a)=1, A,(b) = 0, o;;(b|&) = 0.5, «;(ajb) =1, for eachi.

t; | t, |Lconsumes|$tol| U; |lieU;| w; |2consumes|$to2| U, [lieUy| w,
a | a (1,0) 0 7 7 7 (0,2) 0 7 7 7
a| b (0,0) 35| 35| 35 | 35 (L1) -6 7 7 7
b | a (L1) -6 7 7 7 (0,0) 35| 35| 35 | 35
b | b (0,2) 25 | 35 | 35 [ 225 | (1,0 25 | 35 | 35 | 225




Virtual Utility and the Core for Games with Incomplete Information

by Roger B. Myerson

Abstract: The core is extended to games with incomplete information. The feasible set is
characterized by incentive-compatible mechanisms. Blocking is organized at the interim stage by
an incentive compatible mediation plan. Membership of the blocking codlition itself may be
determined randomly by the blocking mediator. Nonemptiness of an interim fine coreis proven
for games with a balanced structure, independent types, and sidepayments. Core allocations are
characterized in terms of virtual utility scales that generalize the weighted-utility scales of the
inner core.



