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Abstract

This paper develops a model in which two factors contribute to growth:
investments in technology by heterogeneous firms and investments in human
capital by heterogeneous workers. Growth in per capita income in turn takes
two forms: growth in the quantity produced of each differentiated good and
growth in the number of goods available. It is important to analyze both types
of investment together because there is strategic complementarity in the incen-
tives to invest. Workers invest in skill to increase their wages. But without
continued improvement in the set of technologies used by firms, the returns to
workers’ investments would decline and, eventually, be too small to justify fur-
ther investment. Similarly, without continued improvement in the skill distrib-
ution of the workforce, the incentives for firms to invest in better technologies
would decline, and technology investment would eventually cease. Sustained

growth requires continued investment in both factors.
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1. OVERVIEW

This paper develops a model in which two factors contribute to growth: invest-
ments in technology by heterogeneous firms and investments in human capital by
heterogeneous workers. Growth in per capita income in turn takes two forms: growth
in the quantity produced of each differentiated good and growth in the number of
goods available. The two forms will be referred to as total factor productivity (TFP)
growth and growth in variety. Both types of investment affect both forms of growth,
although the contributions are not symmetric.

It is important to analyze both types of investment together because there is strate-
gic complementarity in the incentives to invest. Workers invest in skill to increase
their wages. But without continued improvement in the set of technologies used by
firms, the returns to workers’ investments would decline and, eventually, be too small
to justify further investment. Similarly, without continued improvement in the skill
distribution of the workforce, the incentives for firms to invest in better technologies
would decline, and technology investment would eventually cease. Sustained growth
requires continued investment in both factors, and the contribution of this paper is
to characterize the interplay between the two types of investment.

In the model here, the investment technologies for skill and technology are in many
respects symmetric, and on balanced growth paths (BGPs) the rate of TFP growth
is also the (common) growth rate of technology and human capital. Nevertheless,
the actual growth rates of TFP and variety do not depend symmetrically on the
parameters governing the investment processes for skill and for technology.

An improvement in any of the parameters governing the returns to investment
in skill raises the rate of TFP growth and reduces the rate of growth in variety.
An improvement in any of the parameters governing the returns to investment in

technology raises the rate of variety growth, while the effect on TFP growth depends



on preferences. In particular, the effect is positive, zero, or negative as the elasticity
of intertemporal substitution (EIS) is greater than, equal to or less than unity, with
the size of the effect depending on the magnitude of the preference for variety.

The production function for differentiated goods used here has two inputs, tech-
nology and human capital, and it is log-supermodular. Hence the competitive equi-
librium features positively assortative matching between technology and skill. Both
investment technologies have stochastic components, and the balanced growth path
features stationary, nondegenerate distributions of technology and human capital,
with both inputs growing at a common, constant rate.

The asymmetry in the two factors comes from the way entry appears. On the
human capital side, growth in the size of the workforce is taken as exogenous, and
both incumbent and entering workers engage in the same type of investment, to
improve their existing skill or obtain initial skill.

On the technology side, entry is endogenous, governed by a zero-profit condi-
tion. Incumbent firms invest to improve their productivity—process innovation, and
they die stochastically. Entering firms invest to obtain technologies for new goods—
product innovation, and entrants face costs that incumbents do not. Hence the ex-
pected profitability of a new product guides the entry rate.

The rest of the paper is organized as follows. Related literature is discussed in sec-
tion 2. Section 3 sets out the production technologies and characterizes the (static)
production equilibrium, given the number of workers and producers and the distribu-
tions of skill and technology. In particular, it describes the allocation of labor—both
quality and quantity—across technologies and the resulting prices, wages, output lev-
els, and profits. Lemmas 1-3 establish the existence, uniqueness and efficiency of a
production equilibrium, as well as some homogeneity properties. Proposition 4 shows
that if the technology and skill distributions are Pareto, with locations that are ap-

propriately aligned, then the equilibrium allocation of skill to technology is linear,



and wage, price, and output and profit functions that are isoelastic.

Section 4 treats dynamics: the investment decisions of incumbent firms, new en-
trants, and workers; the evolution of the technology and skill distributions; and the
interest rate and consumption growth. Section 5 provides formal definitions of a
competitive equilibrium and a balanced growth path.

Section 6 specializes to the case where technology and skill have Pareto distribu-
tions, showing that the isoelastic forms for the profit and wage functions are inherited
by the value functions for producers and workers. This fact leads to a tractable set
of conditions describing investment and the evolution of the technology and skill dis-
tributions on a BGP. The first main result, Proposition 5, provides conditions that
ensure the existence of a BGP.

Section 7 looks at the effects of various parameters on the growth rates of TFP and
variety. Proposition 6, the second main result, describes these effects. Because the
model has an important positive external effect, the competitive equilibrium invest-
ment rates are inefficient: they are too low. The effects of subsidies to investment by
workers and firms are also studied.

Section 8 looks at some positive implications of the model: the wage dynamics for
entering cohorts of workers and the revenue and employment dynamics for cohorts of
entering firms. Section 9 concludes. Proofs and technical derivations and arguments

are gathered in the Appendix.



2. RELATED LITERATURE

In most all of the endogenous growth literature, growth has only one source: either
human capital accumulation or innovations in technology.

Among the human capital models, growth can arise from on-the-job learning, as
in the learning-by-doing models of Arrow (1962), Stokey (1988), Young (1991, 1993),
Matsuyama (1992). In others, human capital accumulation competes with production
as a use of time, as in Uzawa (1965), Romer (1986), Lucas (1988, 2009), Lucas and
Moll (2014), Perla and Tonetti (2014), and others.

In the literature on technology-driven growth, some models emphasize creative
destruction, as in Romer (1990), Grossman and Helpman (1991), Aghion and Howitt
(1992), Jones (1995), Stokey (1995), Acemoglu (2002), and Klette and Kortum (2004),
while in others quality improvements are critical, as in Atkeson and Burstein (2010)
and Luttmer (2007).

The model here is also related to the model of technology and wage inequality in
Jovanovic (1998) and the model of skill and technology growth in Lloyed-Ellis and
Roberts (2002).

The framework here builds on the model of technology growth across firms in Perla
and Tonetti (JPE, 2014), adding a similar investment model on the human capital

side.



3. PRODUCTION AND PRICES

The single final good is produced by competitive firms using intermediate goods as
inputs. Intermediate goods are produced by heterogeneous, monopolistically compet-
itive firms. Each intermediate firm produces a unique variety, and all intermediates
enter symmetrically into final good production. But intermediate firms differ in their
technology level x, which affects their productivity. Let N, be the number (mass) of
intermediate good producers, and let F'(x), with with continuous density f, denote
the distribution function for technology.

Intermediate good producers use heterogeneous labor, differentiated by its human
capital level h, as the only input. Let L, be the size of the workforce, and let ¥ (h),
with continuous density v, denote the distribution function for human capital. This
section looks at the the allocation of labor across producers, and wages, prices, output

levels, and profits, given N, F', L,,, V.
A. Technologies

Although intermediates enter symmetrically into final good production, demands
for them differ if their prices differ. Let p(z) denote the price charged by a producer
with technology z. The final goods sector takes these prices as given, and each final
good producer has the CRS technology

r/(p—l)’ )

e = [N [ o) )
where p > 1 is the substitution elasticity and x € (0,1/p] measures diminishing
returns to increased variety.

Input demands are



and prices will be normalized by setting the price of the final good to unity,

] 1/(1-p) o)

1= pp = {Ng-ﬂx [ p) sty

The output of a firm depends on the size and quality of its workforce, as well as
its technology. In particular, if a producer with technology x employs ¢ workers with

human capital h, then its output is
y = Lo(h, ),
where ¢(h,z) is the CES function
b(h,) = [whO D/ 4 (1= w) 20y e (0,1). (3)

The elasticity of substitution between technology and human capital is assumed to
be less than unity, n < 1. Firms could employ workers with different human capital
levels, and in this case their outputs would simply be summed. In equilibrium firms

never choose to do so, however, and for simplicity the notation is not introduced.
B. Intermediate goods: price, output, labor

Let w(h) denote the wage function. For a firm with technology z, the cost of
producing one unit of output with labor of quality & is w(h)/¢(h, z). Optimal labor
quality ~A* minimizes this expression, so h* satisfies

w'(h*) _ on(h*, )
w(h*)  o(h*,x)

It is straightforward to show that if the (local, necessary) second order condition for

(4)

cost minimization holds, then 1 < 1 implies h* is strictly increasing. Unit cost

w(h*(z))

) = S a), )



is strictly decreasing in =z,

2) _ 4ulh(2))
@) o (@).a)

where (4) implies that the other terms cancel.

< 0,

As usual, profit maximization by intermediate good producers entails setting a
price that is a markup of p/(p — 1) over unit cost. Output is then determined by
demand, and labor input by the production function. Hence price, quantity, labor

input, and operating profits for the intermediate firm are

@)
P = ey )

y(r) = N, ™p(x) "yr,

B y(x)
10 = S,
n(z) = §p<x>y<x>7 all o,

where the price normalization requires (2). Firms with higher technology levels z
have lower prices, higher sales, and higher profits. They may or may not employ
more labor.

Each worker inelastically supplies one unit of labor. The labor market is competi-
tive, and since the production function in (3) is log-supermodular, efficiency requires
positively assortative matching (Costinot, 2009). Let z,, and h,, denote the lower

bounds for the supports of F' and ¥. Then markets clear for all types of labor if

b = (6)

h*(m),
L= %@ = N, [ 0@s(©d,  alloz )
C. Production equilibrium

At any instant, the economy is described by its production parameters, the number

of firms and workers, and the distributions of technology and skill.
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DEFINITION: A production environment &, is described by
i. parameters (p, x,w,n), with p > 1, x € (0,1/p], w € (0,1), n € (0,1);
ii. numbers of producers and workers N, > 0 and L,, > 0;
iii. distribution functions F'(z) with continuous density f(z) and lower bound
T on its support, and W(h) with continuous density ¢(h) and lower bound h,, > 0

on its support.

A production equilibrium consists of price functions and an allocation that satisfy

profit maximization and labor market clearing.

DEFINITION: Given a production environment &,, the prices w(h), p(x), and al-
location h*(x), y(z), {(z), 7(x), yr, are a production equilibrium if (2) and (4)-(7)
hold.

The following result is then straightforward.

PROPOSITION 1: For any production environment &,, an equilibrium exists, and

it is unique and efficient.
D. Homogeneity properties

The analysis of BGPs will exploit the fact that production equilibria have cer-
tain homogeneity properties. Lemma 2 deals with proportionate shifts in the two

distribution functions.

LEMMA 2: Fix &,, and let £,4 be a production environment with the same parame-

ters (p, X, w,n) and numbers N,, L,,, but with distribution functions F4, ¥ 4 satisfying

FA(X) = F(X/Q),  allX,
Va(H) = V(H/Q), all H,

where

Q=Er, (X).
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If [w,p,h*,y,¢,7,yr] is the production equilibrium for &,, then the equilibrium for

Epa is
wa(H) = Quw(H/Q),  pa(X) = p(X/Q)
ha(X) = Qr(X/Q),  ya(X) = Qy(X/Q),
Ca(X) = 6(X/Q), Ta(X) = Qm(X/Q),
yra = QUr, all X, H.

Price and employment for any firm depend only on its relative technology = = X/@,
while its labor quality, output, and profits are scaled by ). Wages and final output
are also scaled by Q.

Lemma 3 deals with the effects of changes in the numbers of producers and workers.

Define

1 —px
Q= .
= (8)

and note that Q € [0,1/(p —1)).

LEMMA 3: Fix &,, and let £, be a production environment with the same pa-
rameters and distribution functions, but with L,p = e"L,, and N,p = €"N,. If
(w,p, h*,y, ¢, 7, yr| is the production equilibrium for &,, then the equilibrium for &,

is

_ _ 0
wp = € n,w, pB =¢€ np’
* Ik _ ,u—n
hB — h 9 yB =€ y7
lg =ev ", g = eVt Dy
v+Qn

YrFB = € yr, all X, H.

A change in L, leads to proportionate changes in employment, output and profits
at each firm and in final output, with wages, prices and the allocation of skill to

technology unaffected.
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An increase in N, leads to proportionate decreases in employment and output at
each firm. Final output, the price of each intermediate, and all wage rates change
with an elasticity of > 0. Thus, all increase if variety is valued, if 2 > 0, and all
are unchanged if it is not, if 2 = 0.

Profits per firm—which reflect both the increase in price and decrease in scale—
can change in either direction. If €2 > 1, then the love of variety is strong enough
so that an increase in the number of producers actually increases the profit of each
incumbent. This case occurs only if p < 2 and, in addition, the parameter y is not
too large. In the analysis of BGPs we will impose the restriction p > 2, to rule out

this case.
E. Pareto distributions

In this section we will show that if the distribution functions F' and ¥ are Pareto,
with shape parameters that are not too different and location parameters that are
appropriately aligned, the production equilibrium has a linear assignment of skill to

technology, and wage, price, and profit functions that are isoelastic.

PROPOSITION 4: Let &, be a production environment for which F' and ¥ are

Pareto distributions with parameters (o, z,,) and (as, hy,). Assume that o, > 1,

ap > 1, and
—l<a,—ap,<p-—1 (9)
Define
1
e = —(14+a,—ay) €(0,1), (10)
p
n/(n—1)
1—cl-—
ap, = ( < w) , (11)
and in addition, assume
Ry, = QT 1. (12)

11



Then the production equilibrium for £, has price and allocation functions

h*(z) = apx, all z, (13)
w(h) = NSwozy (h/zm) all h, (14)
plz) = Nz?po (x/2m) ", all x, (15)
y(r) = LwNp_l%qb(ah, Dy (z/x,)", all z,

Ux) = LwNp_lZ_Z (z)zm)" ", all z,

m(x) = L,N} 'mozn, (/@) P70 all z,

an
Yyr = L'le?a_¢<ah7 1)p8xm7

where
B oy 1/(p=1)
Po = ap — 14¢ ’
—1 1
wy = P pod(an, 1)——,
ap,

1 «
_pO_hqb(aha 1)
1% «

T

o

The shape parameters o, and «p need not be the same, although that is allowed,
but (9) puts a restriction on how different they can be. The isoelastic forms for the
wage and profit functions, together with the Pareto forms for the skill and technology

distributions, will be important for analyzing BGPs.
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4. DYNAMICS

In this section investment decisions and other dynamic aspects of the model are
described. As in Perla and Tonetti (2014), investment is imitative, and for incumbent
firms and workers it is a zero-one decision, with only an opportunity cost. The Pareto
shape for the technology and skill distributions this investment technology requires
for balanced growth fits well with the production environment here.

In the dynamic model, the set of firms/individuals at any date consists of pro-
ducers/workers, investors and entrants. All firms/individuals exit exogenously at
the fixed rates d,,d, > 0, and the technology/skill of producers/workers grow at the
fixed rates i, pp. The investment technology is symmetric for producers and workers.
Briefly, it is as follows. A producer/worker can at any time abandon its current tech-
nology /skill and attempt to acquire a new one. Call this process innovation /retooling.
The only cost of process innovation/retooling is an opportunity cost: the firm/worker
cannot produce while investing. Success is stochastic, with fixed hazard rates \,;, An;.
Conditional on success, the process innovator /retooler receives a technology /skill that
is a random draw from those of current producers/workers. Hence producers/workers
switch to investing if and only if their technology/skill lies below an endogenously
determined threshold X,/ H,,.

There is an important asymmetry between entering firms and entrants to the labor
force, however. The labor force grows at a fixed rate v, and entrants to the labor force
pay no investment cost. They have a hazard rate for success A, and are otherwise
similar to retoolers.

Entering firms pay a one-time (sunk) cost, and a free entry condition determines
the rate at which new firms enter. After paying the sunk cost they have a hazard rate
for success A;., and otherwise are similar to process innovators. Call entering firms

product innovators.

13



Time is continuous and the horizon is infinite, ¢ > 0. N(t¢) is the total number
of firms at date ¢, and N,(t), N;(t), Ne(t) are the numbers of producers, process
innovators, and product innovators; L(t) is the total labor force at date t, and
Ly(t), Li(t), L.(t) are the numbers of workers, retoolers, and entrants; F'(X,t), V(H, )
are the distribution functions for technology and skill among producers and workers;
W(H,t), H*(X,t), P(X,t), Y(X,t), £(X,t), II(X,t), Yr(t), t > 0, are the wage
function, skill allocation, and so on; and r(t) is the interest rate. Note that only
producers and workers are identified by a technology or skill level, so the distribution

functions describe only active producers and workers.
A. Firms: process and product innovation

Let V/(X,t) denote the value of a producer with technology X at date t. A firm
that chooses to invest—a process innovator, stops producing, abandons its current
technology, and waits to acquire a new one. The only cost of process innovation is
the opportunity cost of the forgone profits. A process innovator cannot later reclaim
its old technology, so all process innovators at date ¢ are in the same position. Let
V}i(t) denote their (common) value. All firms exit exogenously at the constant rate
0.

Success for process innovators is stochastic, arriving at rate A,;. Conditional on
success at date t, the innovator gets a new technology that is random draw from
the distribution F'(-,t) among current producers. Hence Vy;(t) satisfies the Bellman

equation
() + 82] Vii(t) = Mo {Epen[VI(X, 0] = V(0 } + V7i(1),  allt,

where the term in braces is the expected gain in value conditional on success.
The value V/ (X, t) of a producer is the expected discounted value of its future profit

flows. Clearly V/ is nondecreasing in its first argument: a better technology can only

14



raise the firm’s value. Hence at any date ¢, producers with technologies below some
threshold X, (t) become process innovators, while those with technologies above the
threshold continue to produce. It follows that at date ¢, the value of a producer with
technology X is Vj,(t) if X < X,,(t), and the irreversibility of investment means that
X, (t) is nondecreasing. While a firm produces, its technology X grows (or declines)
at a constant rate pi,.. Hence the value V/ (X, t) of a producer, a firm with X > X,, (),

satisfies the Bellman equation!
[r(t) + 6, V(X 1) = TL(X, t) + o XVE(X, ) + V/(X,1),  allt

Value matching provides a boundary condition for this ODE, and the optimal choice

about when to invest implies that smooth pasting holds. Hence

VIXn(),t] = Vi(t),

VIiXn(t),1] = 0, all t.

Entering firms—product innovators—have a similar investment technology, except
that they make a one-time (sunk) investment i., scaled by the average profits of
current producers. The success rate of an innovator depends on his own investment
i. relative to the average spending rate 7. of others in his cohort, scaled by the ratio of

entrants to existing products. In particular, let E(t) denote the flow of new entrants

LAt this stage, it would be easy to assume that the technology X of an incumbent evolves as
a geometric Brownian motion. The Bellman equation would then become a (second-order) HJB
equation, with the variance appearing as the coefficient on V)]; - The cross-sectional distribution
of technologies among initially identical firms, within each age cohort, would be lognormal, with a
growing variance, and the overall distribution would be a mixture of lognormals. When the solution
to the model is actually characterized in section 6, however, the argument relies on technologies
across incumbents having a Pareto distribution. At that point the mixture of lognormals would be
incompatible with the requirement of a Pareto distribution overall, and the variance term would

have to be dropped. Therefore, to streamline the notation and analysis, it is not introduced.
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at t. The success rate of an entrant who invests i, is Ay = @ (ic/i.)/ [E/ (N, + N;)],

where
0, if z2<1—¢,,

De(2) =9 ¢e[1—(1—2)/c.], ifze[l —e,,1],
bl +e.(z=1)], ifz>1,
where ¢. > 0 and where £, > 0 is small. Thus, the hazard function is very steep for z
just below unity and very flat to the right. The form for ®. reflects a “patent race,”
with intense competition among potential entrants, and normalizing by E/ (N, + IV;)
reflects the reduced chances for success when the field is crowded.
Given A,, the value V. (-; A,.) of a product innovator who enters at ¢, gross of the

investment cost, satisfies the Bellman equation

Ve (T3 Age)

T>1.
or ’ -

[T(T) + 635] vfe<7-; Axe) = A:pe [EF(,T) [vf<X7 7—)} - er(T; Axe):| +

Taking i.(t) and E(t)/N,(t) as given, an entrant at ¢ chooses its investment i, to solve

e [ 2L o ).

Since A, diverges as £ — 0, in equilibrium there is strictly positive entry at all dates.
All entering firms choose the same investment level, and their (common) success rate

is Aye = ¢/ (E/N,). Their (common) expenditure level is bid up to exhaust profits,
Vie(t; Aze) — 1e(t)Epe g [TI(X, 1)] = 0, all ¢.

Let Ip(t) = E(t)ic(t) Epcy [II(X, )] denote aggregate spending by entrants at t.

B. Workers: investment in human capital

Each individual inelastically supplies one unit of labor to market activities, work
or human capital accumulation, and his investment decisions maximize the expected

discounted value of his lifetime earnings. All individuals die at the fixed rate d; > 0.
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As for firms, the investment decision of an individual is a zero-one choice, and
the only cost is the opportunity cost of not working. An individual who chooses to
invest—a retooler—stops working, abandons his old skill and waits to acquire a new
one. Let V(H,t) denote the value of a worker with skill H at date ¢, and let V,,;(¢)
denote the value of a retooler.

Success for retoolers is stochastic, arriving at rate \,; > 0. Conditional on success,
the individual gets a skill level drawn from the distribution W(-,¢) across the current

workforce. Hence V,,;(t) satisfies the Bellman equation
[r(£) + 01 Viwi(t) = Mni { B[V (H, )] = Vii(t) } + Vi, (2), all ¢,

where the term in braces is the expected gain in value conditional on success.

Clearly V*(H,t) is nondecreasing in its first argument: higher human capital can
only raise the worker’s expected lifetime income. Hence at any date ¢, all individuals
with skill below some threshold H,,(t) become retoolers, while those with skill above
the threshold continue working. It follows that at date t, the value of a worker with
skill H < H,,(t) is Vi,i(t), and the irreversibility of investment implies that H,,(t) is
nondecreasing.

While a worker is employed, his human capital H grows (or declines) at a constant
rate ji;,, which can be interpreted as on-the-job learning. Hence the value V" (H, 1)

for a worker with skill H > H,,(t), satisfies the Bellman equation
[r(t) + 6p] V¥ (H, t) = W(H,t) + p, HV (H, t) + V,*(H, t), all t.
As for firms, value matching and smooth pasting hold at the threshold H,,(t), so

VO Hn (), 1] = Vi),

VU H(8),1] = 0, all 7.

New entrants into the workforce have an investment technology like the one for

retoolers, except that their hazard rate for success, call it A\y., may be different. They

17



have no investment costs, so their value function V. (t) satisfies the Bellman equation
[r(t) + 6n] Viee(t) = Mpe {Bu [V (H, 8)] = V() } + V5 (1),  all ¢

The arrival at rate at any date, vN(t) is proportional to population.
C. Flows of firms, the evolution of technology

Next consider the evolution of N,, N;, N, and the distribution function F. The
number of producers N,(t) grows because of success by innovators of both types, and
declines because of exit and decisions to switch to process innovation. The producers
that switch to innovating around date ¢ are those with technologies X (¢) that are close
enough to the threshold X, (¢) so that growth in that threshold overtakes them. Since
technologies for producers grow at the rate pu,, there is a positive level of switching

at date t if and only if
Xfln(t) - ﬂa:Xm(t) > 0, all t (16)
and

Ny(t) = AailNi(t) + AgeNe(t) — 02Ny (1)
—max {0, [X,(t) — paXo(®)] f[Xm(t), 1N, (1)}, all .
The number of process innovators N; grows because producers switch to innovating,

while the number of product innovators N, grows because new entrants join. Each

declines because of exit and success, so
Ni(t) = max{0, [X},(t) = X ()] f (X (), )Np(1)} = (62 + Aui) Ni(2),

N/(t) = BE(t) — (62 4 Aze) Ne(t), all ¢.

As a check, sum the three laws of motion to find that the total number of firms N

grows because of entry and declines because of exit.
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The distribution function F' for technology among producers evolves because their
technologies grow at rate u,., they exit at the rate d,, innovators of both types succeed,
and firms at the threshold X,,(¢) switch to process innovations. As shown in the

Appendix, F(X,t) satisfies

s s - [ o .

all X > X,,(t), t>0.
D. Worker flows, the evolution of skill

Similarly, the number of workers L,, grows because of success by retoolers and
entrants, and declines due to exit and decisions to switch to retooling. Workers who
switch to retooling around date ¢ are those whose human capital H (t) falls below the
(moving) threshold H,,(t), despite growth at the rate p,. Hence workers are switching
at date t if and only if

H! (t) — pnH,y(t) > 0, all t, (17)
and
L (t) = MuLi(t) + MpeLe(t) — 05 Loy (t)
—max {0, [H},(t) — pnHm (O] Y[Hn(t), ] ()},  allt.

The number of retoolers L; grows because workers switch to to retooling, while the
number of entrants L.(t) grows as individuals enter the labor force. Each declines

because of exit and success, so.

Li(t) = max{0, [Hy,(t) — pnHu ()Y Hn (1), ] Lo (t)]} = (6n + Ani) Li(t),
L/e(t) = (U + 5h) L(t) - (5h + )\he) Le(t>’ all ¢.

As a check, total population L(t) grows at rate v.

19



The distribution function W(H,t) for skill among workers evolves because their
skills grow at rate u,, they exit at the rate 0y, investors succeed at rate Ay, and
workers at the threshold H,, switch to retooling. Hence the law of motion for skill ¥

is like the one for F)

L, (t) Li(t) Le(?)
_Lw(t)_ h"‘)\him hem ;

all X > X,,(t), t>0

U, (H,t) = (H, HupH + [1 — U(H, 1)

E. Consumption

Individuals are organized into a continuum of identical, infinitely lived households
of total mass one, where each dynastic household comprises a representative cross-
section of the population. Newborns enter at the fixed rate d;, + v, so each household
grows in size at the constant rate v > 0, and total population at date t is L(t) = Lge"".

Members of a household pool their earnings, so they face no consumption risk. The
investment decisions of firms and workers, both incumbents and entrants, maximize,
respectively, the expected discounted value of net profits and wages, discounted at
market interest rates. Hence no further investment decisions are required at the
household level.

The household’s income consists of the wages of its workers plus the profits from

its portfolio, which sum to output of the final good,
Yie(t) = Lu(O)Bag [W(H, D] + Ny(DErc (X, 0], all £

That income is used for consumption and to finance the investment (entry) costs of

new firms. Total investment costs for entrants are
In(t) = E(t)ie(Bre (X, 0)],  allt,
and the household’s net income at date t is Yp(t) — Ig(?).
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All household members share equally in consumption, and the household has the

constant-elasticity preferences
o o1
U= / LoeVte ™™ ——¢(t)'dt,
0 1—-6

where 7 > 0 is the rate of pure time preference, 1/6 > 0 is the elasticity of intertem-
poral substitution, and ¢(t) is per capita consumption.

Given interest rates 7(s), s > 0, define the cumulative interest factor

R(t) = /Otr(s)ds, all ¢.

The household’s consumption /savings decision, given interest rates and its net income
stream, is to choose per capita consumption ¢(t), ¢ > 0, to maximize utility, subject

to a lifetime budget constraint,
/ RO [Loee(t) — [Yi(t) — In(t)]} df < 0.
0

The condition for an optimum implies that per capita consumption grows at the rate

1
=3 [r(t) — 7], all ¢,

with ¢(0) determined by budget balance.
Final output is used for consumption and for the investment costs of entering firms.

Hence market clearing for goods requires
Yr(t) = Loe"c(t) + Ip(t), all ¢.
5. COMPETITIVE EQUILIBRIA, BGPS

This section provides formal definitions of a competitive equilibrium and a BGP.

We start with the definition of a (dynamic) economy.

DEFINITION: An economy £ is described by
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i. parameters (p, x,w,n,0,7,v), with p > 1, x € (0,1/p), w € (0,1), n € (0,1),
0>0,7r>0 v>0;

ii. parameters 0;, \;; > 0 and p;, j = h,z, and A\pe > 0;

iii. an investment function ®.;

iv. initial conditions Npg, Njo, Neog > 0, Lo, Lio, Leo > 0;

v. initial distribution functions Fy(X) with continuous density fo(X) and lower
bound X,,,o on its support, and ¥o(H) with continuous density ¢o(H) and

lower bound H,,; > 0 on its support.
A. Competitive equilibrium

The definition of a competitive equilibrium is standard.

DEFINITION: A competitive equilibrium of an economy & consists of the following,
for all ¢ > O:

a. the numbers of producers, process innovators, product innovators, workers, and
investing individuals, [N,(t), N;(t), Ne(t), L (t), Li(t), Le(t)]; and the inflow E(t) of
product innovators;

b. distribution functions F'(X;t), V(H;t);

c. prices and allocations [W(H;t), P(X,t), H*(X;t),Y(X,t), &(X,t),I1(X, 1), Yr(t]);

d. value functions [V/(X,t), Vji(t), Vye(t)] for firms in each category, an invest-
ment threshold X,,(¢) for process innovators, an investment level i.(¢) and success
rate Age(t) for product innovators;

e. value functions [V*(H;t), Viy(t), Vie(t)], for individuals in each category, and
an investment threshold H,,(t) for retoolers;

f. aggregate investment costs Ig(t), per capita consumption c(t), and interest rate
r(t);

such that for all ¢ > 0,
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i [W,P,H*,Y, £ 11, YF|, is a production equilibrium, given [Ny, L, F, ¥];

ii. (Vf , Xm) solve the investment problem of producers, given [r, IT, V] ; the success
rate for product innovators is A,.(t) = ®.(1)/[E/ (N, + N;)|; i. satisfies the entry
condition, and [V;, V] are consistent with [r, VI, F, Ay.] ;

iii. (V*, H,,) solve the investment problem of workers, given r, W, V,,;; and [V, Viye|
are consistent with [r, V% U];

ili. [N, N;, Ne, F| are consistent with [X,,,, E], and the initial conditions [Nyg, Nio, Neo, Fo] ;
and X,,,(0) = Xyno;

V. [Ly, L;, Le, V] are consistent with H,, and the initial conditions Ly, Lio, Leo, Yol ;
and H,,(0) = H,o;

vi. the investment cost g is consistent with 7., F, II, F'; and ¢ solves the consump-
tion/savings problem of households, given [r, L, Y, I]; and

vii. the goods market clears.
B. Balanced growth

The rest of the analysis focuses on balanced growth paths, competitive equilibria
with the property that quantities grow at constant rates, and the normalized distri-
butions of technology and skill are time invariant.

Let Q(t) = Ep(y(X), t > 0, denote average technology at date t. On a BGP
() grows at a constant rate, call it g, and the distributions of relative technology
x = X/Q(t) and relative human capital h = H/Q(t) are constant. By assumption
total population L grows at the fixed rate v, on a BGP the number of firms N also
grows at a constant rate, call it n, and the shares of firms and individuals in each
category, [N,/N, N;/N,N./N| and [L,/L, L;/L, L./L] are constant. The growth
rates g and n are endogenous.

It follows from Lemma 2 that on a BGP the labor allocation in terms of relative

technology and relative skill is time invariant. The growth rates for wages, prices,
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output levels, and so on are then described by Lemma 3. In particular, average
product price grows at rate Qn, where 2 is as in (8), average output per firm at rate
g+ v —n, and average employment per firm at rate v — n. Aggregate output, gy, the

average wage, ¢,,, and the average profit per firm, g,, grow at rates

gy = g+Qn+w, (18)

gw = g+n =gy — v,

g9r = 9+ Q-1Ln+v=gy —n,
Per capita consumption grows at rate g,. Aggregate consumption grows at rate gy,
as do total investment costs Fi Ep[II]. If Q > 1, then love of variety is strong enough
so that an increase in the number of producers actually raises the profits of each
incumbent. In a dynamic model with free entry, this feature poses obvious problems.

In the rest of the analysis we will assume that p > 2, which implies €2 < 1.

These observations lead to the following definition.

DEFINITION: A competitive equilibrium for £ is a balanced growth path (BGP) if
for some g > 0 and n, with gy, g, and g, as in (18), the equilibrium has the property
that for all ¢ > 0:

a. the numbers of firms and individuals satisfy

Np(t) = Gnth(), Nz(t) = e"tNio, Ne<t) = e"tNeo,

Lo(t) = €"" Ly, Li(t) = e Ly Lo(t) = " Lo;
and for some Fy > 0, the number of entrants satisfies
E(t) = " Ey;
b. for Qo = Ep, [X], average technology satisfies

Q(t) = Er(. g [X] = e”Qo,
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and for some [F (), \i/(h)} , the distribution functions satisfy

F(X,t)
U(H, 1)

= F(X/Qt),  all X,
— U(H/Q(t),  all H;

c. for some [w, p, h*,y, ¢, 7, yr|, the production equilibria satisfy

W(H;1)
P(X, 1)
H*(X;t)
Y (X, 1)
£(X,t)
(X, t)
Yi(t)

™' Quw(H/Q(t),  all H;
" Qop(X/Q(t)),

" Qo™ (X/Q(1)),

I Qoy(X/Q(1)),
(X[ Q(1)),

eI Qo (X/Q(t)), all X;

e” ' Qoyr;

d. for some [vf,(x), Vfi, Vfe, T| , the value functions and optimal policies for firms

satisfy

e Qo (X/Q(1),  all X,
eg”tQOUﬁ,
egﬂ—tQO/Ufea

ethOxma

and A(t) = \ze and i.(t) = i, are constant;

e. for some [vy,(h), Vi, Ve, hm| , the values and optimal policy for workers satisfy

)
(t)
(t)

)

Ve(H
Vwi
Ve
Ho(t

9 Qv (H/Q(1)), all H,
e Qo

7' QoUue,

' Qolm;
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f. for i in (d) and some ¢y, aggregate investment costs and consumption satisfy

IE(t) = ngthieo,

C(t) = GthL()QOCO;
and the interest rate satisfies

r(t) =r =7+ 0g,.

BGPs arise—if at all—only for initial conditions [Ny, Nio, Neo, Luwo, Lios Leo, Fo(X), Yo(H )]
that satisfy certain restrictions. The rest of the analysis focusses on a class of

economies for which BGPs exist, and studies the determinants of the growth rates

(g,m).

6. CONDITIONS FOR BALANCED GROWTH

In this section we will show that if an economy £ has initial distribution functions
Iy and ¥, that are Pareto, with shape and location parameters that satisfy the
requirements of Proposition 4, then the normalized value functions vy, (x) and vy, (h)
for producers and workers inherit the isoelastic forms of the normalized profit and
wage functions, and simple closed form solutions can be found. Moreover, (g,n)
and the values [Vfi, Ufe, Tim, Vwi, Vwes Tm, Co, 7| can be solved for explicitly, as well as
the required ratios [E/N, N;/N,, Ne/N, L;/Ly,, L./ L,,] for a BGP. The arguments are
summarized in Proposition 5, which provides sufficient conditions for a existence and

uniqueness of a BGP.
A. Production equilibrium

Suppose the initial distributions Fy and ¥, are Pareto, with parameters (a,, Xn0)

and (ay, Hyp) - Assume (9) holds, define € and a; by (10) and (11), and assume that
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H,,0 = ap X 0. Average technology under the initial distribution is

Oy,
ay — 1

Qo =Eg [X] = Xmo- (19)

Use Qg to define the normalized distribution functions

F(X/Qy) = Fy(X), all X > X, (20)
U(H/Q,) = Uo(H), all H> H,,.

By construction E4(z) = 1, so the location parameters for F' and ¥ are

X s — 1 H
Tm = mo _ & , By = —29 — a0 (21)

Qo Oy Qo

Hence the hypotheses of Proposition 4 hold for Ia , \i/, and given Ny, L0, the produc-

tion equilibrium [w, p, h*,y, ¢, 7, yr] for the normalized distributions is as in (13)-(15).
B. Firms, investment in technology

Given ,, and F, the Bellman equations for the three types of firms, together with
the optimization condition for producers and the entry condition, determine vg,(x),
Vi, Uge, and 4., as functions of (g, n) , and also provide one additional equation relating

(g,m) . For convenience, define

(=1—(p—1)e. (22)

Note that ¢ can have either sign, and that 1 —( =ec(p—1) € (0,p—1).

Consider the investment decision and value of a producer. As shown in the Appen-
dix, if IT and V/ have the forms required for a BGP, and 7(z) has the isoelastic form
in Proposition 4, then the normalized value function vy,(x) for a producer satisfies

the Bellman equation

<T+5x_gﬂ) Ufp<m) :ﬂ—lxl_c_’_(ul‘_g) J}U}p(l'), T 2 T,
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where

_ 1-Q
T = Woxfano/Npo i

A BGP requires positive process innovation, which in turn requires g > p,, so that
the investment threshold grows faster than producers’ technologies. Suppose this
condition holds.

The normalized Bellman equation is a first-order ODE. Optimization by producers
implies that at the investment threshold two conditions hold: value matching and
smooth pasting. Using value matching for the boundary condition of the ODE, the

solution is

V() = Bymax ¢ + (vfz- — B$7T1x11n_<) (:E/:zcm)Rz , T > T, (23)

where the constant B, > 0 and characteristic root R, < 0 are known. The first term
in (23) is the value of a producer who operates forever, never investing. The second
term represents the additional value from the option to invest in process innovation.

The smooth pasting condition

1 —
v = mex:n_g (1 - R C) , (24)

determines vy; as a function of 7.
On a BGP the normalized value vy; for a process innovator satisfies the Bellman
equation

(14 0z — gr) Vi = Aai {Ep [vpp(2)] — vpi}

Substituting for Ez [vs,(7)] and vy; from (23) and (24), and factoring out 7 B,x} ¢,

gives
(0 = 14¢) (0w — Ry)

Recall that r, g, and R, involve (g,n), while all of the other parameters in this

r+ 0, — gr = (25)

expression are exogenous. Hence (25) is one equation in the pair (g, n) .
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For an entrant, a product innovator, the normalized value vy, satisfies the Bellman
equation

(1402 = gr + Aae) Vie(Aae) = AaeBp [Vpp(7)] (26)

where the success rate \,. and investment i,y are determined as follows.
Fix i, and ¢ = E/ (N, + N;) . Then an entrant who invests less than (1 — ¢,) i, has

no chance of success, and one that invests i, > (1 — ¢,) i, has success rate

N [1—(1—ic/ic) Je.], ific/ic €[l —e.,1],
ze = — X _ -

¢ [1+e. (ie/ic — 1)), ificfic > 1.
The entrant chooses its investment to maximize vs.(Aze) — i.Ep [7(2)]. Conditional

on entering, the unique optimal choice is i, = i, if and only if

< U}e(¢€/€) gbe_l < 1

T Epln(e) ed e
and for this investment level A\, = ¢./e. Entering is preferred to staying out if and
only if the value from doing so covers the sunk cost, and strictly positive profits would

encourage more entry, an increase in F. Hence the entry holds with equality,

vre(@e/€) = 1B [m(2)].

In this case, calculating v, (Aze) from (26), and evaluating at A,. = ¢./¢, we find that
an optimum at i, = 7, requires

5m_ s e 1
< IH%0r P 1 (27)
T+5w_gﬂ+¢e/€€ €z

P

which holds for €, > 0 sufficiently small. The investment rate i, = . is determined

by the entry condition,
Vge(Age)

lepg =

Ep [7(2)]
_ Aze Ez [vpp()]
40— grt+ A Eplm(@)] (28)

The success rate is A\ze = ¢¢/€, where the entry flow rate € is determined below.
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C. Workers, investment in skill

The argument for workers is analogous except that entry is exogenous, as is the
hazard rate \,.. Hence the normalized value function v,, satisfies the Bellman equa-
tion

(1 + 61 — guw) Vw(h) = wih* = 4 (uy — g) hvl, (),
where
wy = wghanI%.
A BGP requires positive retooling, which requires g > . Suppose this condition

holds. Using value matching for the boundary condition, the solution to this ODE is
Uw<h) = Bh’wlhli8 + (Uwi - Bhwlhvlnig) (h/hm)Rh ) h > hm7 (29)

where the constant Bj; > 0 and characteristic root R; < 0 are known. The first
term in (29) is the value of a worker who never invests, and the second represents the

additional value from the option to retool. The smooth pasting condition

]_ _
Vi = B hie <1 - 6) , (30)

determines wv,;.

The value v,,; for a retooler satisfies the Bellman equation
(14 0n = Gw) Vwi = Ani {Ew [Vw(h)] — Vuwi} -

Using (29) and (30) to substitute for Eg [v,] and v,;, and factoring out w; Byh)*

m )

gives
—Rh (1 — 8) )\hi
(Oéh — 1+€> (O(h —Rh)7

r+5h—gw: (31)

a second equation in the pair (g,n).

The value v, of an entrant to the workforce is determined by the Bellman equation
(T + 5h — Gr + >\he) Vwe = /\heE\i; [Uw(h)] . (32)
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D. Flows of firms and workers, the evolution of technology and skill

On a BGP the number of firms grows at a constant rate n. Hence the entry rate is

the sum of the growth and exit rates,
E=(n+4d,)N. (33)

The shares of firms engaged in production and the two kinds of innovation are
constant over time. Given A, the laws of motion for IV, V; and N, imply that the

ratios of process and product innovators to producers are

Nz‘ Oy, (g_:UJm)

2 C A eV 34
N, n+ 0y + Agi (34)
% . n+ 0, 1 ax(g_ﬁbm)

Ny e N4 0, + Ay |

Similarly, the laws of motion for L., L;, and L. imply that the ratios of retoolers

and those acquiring initial skill to workers are

Ly, v+ 0p + A
Le _ vton |, onlg—pm)
L, Ahe U0+ i |

It is easy to check that if X, and H,, grow at rate g, as required on a BGP, then the
distribution functions F'(-,t) and ¥(-,t) evolve as required.
The pair (€, A\ze) is determined as follows. By definition

E E N
N,+N; NN, +N,

— (n+6) <";5l’+1),

xre

where the second line uses the expressions above for the two ratios. On a BGP

Aze = Ge/€, O € satisfies

e=(n+d,) {(n+&;)i+1}
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Hence

_ (4386
gbe - (n + 5x)27

and

Pe

)\me =
n+ 0,

—(n+0z). (36)
E. Consumption, the interest rate

On a BGP per capita consumption grows at the rate g,,, so the interest rate is
r="740g,. (37)

Aggregate income grows at the rate gy, so its present discounted value is finite if and
only if r > gy, or
P>gy —0gu =v+(1-0)(g+Qn). (38)

Using (28) for 4.9, market clearing for goods in the normalized production equilibrium
requires

Yyrp = L()C() -+ ieO» (39)

which determines the initial level of per capita consumption, cy.
F. Existence of a BGP

The growth rates (g, n) are determined by (25) and (31). Substituting for g, g, ,

and the roots R, and R}, those two equations are

1 1 -
g = g—x{U—n+axﬂx+%_—1a_<)\m—5x—f—(9_1)9”}v (40)
_ i{ I Sl R W _f_(9_1)9n1
g = &, hith an—1+¢ hi h )

where

§$5a1—1+8>0, fhEOéh—1+9>0,
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and the signs follow from the fact that a,, a; > 1.
Propositions 5 and 6 both use the assumption p > 2, which implies 2 < 1. One
additional joint restriction on p, ay, is also imposed if § < 1. Although stronger than

required for existence, it will be needed for the comparative statics results.

PROPOSITION 5: Let £ be an economy with:

a. p>2,and p > ap/ (ap — 1) if 0 < 1;

b. initial distributions Fj, ¥ that are Pareto, with shape and location parameters
(e, Xono) , (n, Hpo) satisfying the hypotheses of Proposition 4.

Define € and ¢ by (10) and (22). Then the pair of equations in (40) has a unique
solution (g,n), and there are unique [QO,F, \i/], [w,p, h*, y, 0,7, yr| satisfying con-
ditions (b)-(c) for a BGP; [v5,(2), Vo, Vfes Tm, Aze, teo] satistying (d); [vy(h), Vwo, Fm)
satisfying (e); and [co, r] satisfying (f).

If in addition:

c. the initial ratios [N;o/Npo, Neo/Npo] and [Lio/ Lo, Leo/ Luo] satisfy (34) and (35);
and

d. g > e, g > pn, (27) holds, (38) holds and ¢y > 0,

then £ has a unique competitive equilibrium that is a BGP.

PRrOOF: For existence and uniqueness of a solution to (40), it suffices to show that

the two equations are not collinear. Here we will prove a slightly stronger result, that

1 1
S HE-n9>=0-19

or

ap> (0 —1)[(x — ap) Q2 —1]. (41)
Since x € (0,1/p| implies @ € [0,1/(p — 1)), and (9) implies o, — ay, € (—=1,p — 1),
it follows that



If & > 1, the term on the right in (41) is zero or negative. If § < 1, then by assumption
ap > p/ (p—1). In either case (41) holds, and there exists a unique (g, n) satisfying
(40).

Define [Qo, ', W], Zpn, hm by (19)-(21). Since (21) implies (12) holds, by Proposition
4 the normalized production equilibrium [w, p, h*,y, £, 7, yr| is described by (13)-(15),
so the price and allocation functions are isoelastic.

Then (23), (24) and (26) determine [vg,, v, Vre); (28) determines i.o; (29), (30)
and (32) determine [y, Vwi, Ve ; (33) determines Ey; (36) determines A,.; (37) and
(39) determine r and ¢g; and (d) implies that the growth rates satisfy the required

inequalities and that ¢y > 0. Hence the solution describes a BGP. [ |
7. GROWTH RATES ON THE BGP

In this section we will look at how various parameters affect the growth rates (g, n) .
We will assume throughout that the hypotheses of Proposition 5 hold. We will start
with three special cases, where § = 1 or Q = 0 or o, = ay, and then look at the

general case.
A. Special cases

Suppose preferences are logarithmic, # = 1. Then &, = a4, and the second equation
in (40) simplifies to

1 1—¢
= — | ————— A — O — T .
9 ﬂh+ah an—ltem—o—T

In this case g is a weighted sum of the parameters (i, Ani, On, 7) governing skill accu-
mulation and the rate of time preference, and the parameters (i, Ay, ) governing
technology accumulation do not enter. Faster human capital growth p;, among on-
the-job workers raises g, as does a higher success rate \y; for retoolers. A higher exit

rate 0, or a higher discount rate 7 reduces g.

34



The weights depend on the elasticity parameters ay and 1 — . A higher value for
1 — ¢ increases the elasticity of the wage with respect to skill, increasing the returns
to investment and increasing g.

Recall that € is in turn increasing in 1/p and «,, and decreasing in «j. Since 1/p
measures the monopoly power of firms, an increase in monopoly power reduces g. An
increase in «,, which decreases the mean of the technology distribution and makes
the Pareto tail thinner, also reduces g. An increase in «y, decreases the mean of the
skill distribution, and the direct effect is to reduce g. The indirect effect, through ¢,
is in the reverse direction, but presumably smaller.

Next, suppose that variety is not valued, so x = 1/p and Q2 = 0. In this case, too,
the growth rate g is determined by the second equation in (40),

1 L 1—¢ \ 5 N
= — | —— Ahi — —-Tr,
g £h el Oéh—1+€h h

and the solution is qualitatively like the logarithmic case.

Finally, suppose that the two Pareto distributions have the same shape parameter,
a, = ay,. Then e = 1/p and ¢ = ¢, and subtracting the second line in (40) from the
first gives

n:U+ah(ux—uh)+p;l()\m—)\hi)—(&:—%)-
plap—1)+1
Thus, the growth rate n of variety is equal to the rate of population growth v, adjusted
for differences in the exogenous rates of growth, success, and exit between firms and
workers, i, — ftn, A\zi — Ani, and 0, — 0. A higher rate of population growth, or a
larger difference in the rates of growth or success, p, — pn or Ay — Ap;, increases the

rate of variety growth, while a larger difference in the exit rates, d, — d,, decreases it.
B. General case

Proposition 6 extends these comparative statics results to the general case.
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PROPOSITION 6: Let £ be as in Proposition 5. Then
a. an increase in puy, \p; or a decrease in 9y, raises g and reduces n;
b. an increase in v, p,, Ay; or a decrease in ¢, raises n, and
—raises ¢ if (# —1)Q <0,
—has no effect on g if (6 — 1) =0, and
—reduces g if (0 — 1) Q > 0;

c. a decrease in 7 raises g if (# — 1) < 0, and has otherwise ambiguous effects.

PRrOOF: First we will show that the equations in (40), plotted in n-g—space, are as
shown Figure 1: the line defined by the first equation is downward sloping; the line
defined by the second equation has a positive, zero, or negative slope as (6 — 1) 2 < 0,
=0, or > 0; and in all case the second line crosses the first from below.

For the first claim, note that p > 2 implies Q € [0,1), so [(# —1) Q2+ 1] > 0. The
second claim is obvious, and the third follows from (41).

Then claims (a) - (c¢) follow directly from Figure 1. As shown in panel (a), an
increase in f, or Ay, or a decrease in Jy, shifts the second line upward, increasing g
and decreasing n. As shown in panel (b), an increase in v, p, or A, or a decrease in
0z, shifts the first line to the right, increasing n. The effect on g depends on the slope
of the second line. A decrease in 7 does both, as shown in panel (c). Hence it raises
g if (0 —1)Q <0, and otherwise the effects depend on the relative slopes of the two

lines. W

Changes in the initial population size and number firms, Ly and Ny, do not affect

the growth rates, although they do affect the levels for profits and wage rates.
C. Policies to increase growth

Competitive equilibria in the model here are inefficient. Investments by produc-

ers/workers have positive external effects, since they improve the pools of technolo-
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gies/skills from which later investors draw. Since this positive externality is not
taken into account by individual firms or workers, the competitive equilibrium has
too little investment compared with the efficient level, as in Perla and Tonetti (2014,
Propositions 3 and 4). Subsidies to investment are obvious policies to overcome this
inefficiency.

A complete analysis of the optimal policies would require looking at the transition
path between the old and new BGPS, and is beyond the scope of this paper. But it
is easy to assess the long-run impact of a small subsidy to either type of investment
on the rates of TFP growth and growth in variety.

Consider a subsidy to process innovators at a fixed rate o,, scaled by the average
profits of current producers, and a subsidy to retoolers at a fixed rate oy, scaled by
the average wage of current workers. Then the normalized Bellman equations for

process innovators and retoolers are

(r+6:)vr0 = 0:Ep[m(2)] + Aai {Erv! (2)] — v} + grvg0,

(r+on)vwo = opEg [w(h)] + A {Ew[v(2)] — w0} + Guwluwo,

and the pair of equations in (40) becomes

1 1-¢ )
1 1_¢
TG =0 — 7 — (0 —1)Qn| .
! gh[ Oéh“hd'—Oéh(l—ah)—1—i-e€/\hZ Op =7 —(0-1) n}

The subsidies increase the coefficients on the hazard rates A, and \j;. Hence by
Proposition 6 a subsidy o, > 0 to retoolers raises g and reduces n, while a subsidy
o, > 0 to process innovators increases n and increases, leaves unchanged, or decreases

gas (0 —1)Q<0,=0,o0r >0.
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8. WAGE AND EMPLOYMENT/REVENUE DYNAMICS

This section looks at the empirical predictions of the model for wage growth for
individuals and growth in revenue and employment for firms. Growth for either type
of agent has two components, continuous growth while working /producing, and jumps
from successful investment. Since the jumps are hard to match with data, we will
focus on age cohorts of individuals and firms.

Each age cohort of individuals has a mix of workers, retoolers, and new entrants,
with proportions that change as the cohort ages. Only workers receive wages. Over
time the share of workers among survivors grows, as entrants succeed in acquiring

skill. Call that share o,,(a). As shown in the Appendix,

Mt M e e

bn b b — Ane bh — Ape’

Ow (a)

where by, = ayp, (9 — pn) + Api. Thus, the share of workers in the cohort is zero at entry
and grows monotonically as the cohort ages, converging to Ap;/bp,.

The workers in any age cohort have average wages equal to the economy-wide aver-
age. Since average wages grow at the rate g,,, average earnings (across all individuals)

in the cohort at age a is
ea(a) = e, (a)Wy, a >0,

where W) is the average wage in the economy when the cohort entered. Hence average
earnings among survivors grows monotonically as a function of age, at a rate that
declines toward g,, in the long run.

The argument for firms is analogous. Each age cohort of firms has a mix of pro-
ducers, process innovators, and product innovators, and only producers have revenue

and employees. Call the share of producers o,(a). Then

)\m' —b.a )\xe bx - )\m M\ a)\m' - )\xe
R T vl
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where b, = a, (9 — fe) + Aui-
At any date average revenue (average employment) is the same among producers
in any age cohort, growing at rate g, (at rate v — n). Hence average revenue and

average employment among all surviving firms in the cohort at age a are

Rup(a) = e7%0,(a)Ry,

ZAU(a) = e(“_”)aap(a)zo, a >0,

where Ry and /, are average revenue and employment across all firms when the
cohort entered. Hence the average revenue among survivors grows monotonically as a
function of age, at a rate that declines toward g, in the long run. Average employment
among survivors grows when the cohort is young. It continues to grow in the long
run if and only if population growth exceeds variety growth, if and only if v —n > 0.
The absolute number of survivors in the cohort declines over time as firms exit, so

cohort totals for revenue and employment are scaled by e™%¢,

9. CONCLUSION

The contribution of this paper is to develop a model in which both technological
change and human capital accumulation are required to sustain long run growth. The
main results are to provide conditions for the existence of a BGP, and to show how
the rates of TFP and variety growth depend on various parameters of the model.

On a BGP, skill and technology grow at a common rate. Nevertheless, the parame-
ters governing skill accumulation are more important than those governing technolog-
ical change in determining that rate. The parameters for skill and technology enter
more symmetrically—but with opposite signs—in determining growth in product va-
riety. Thus improvements in the parameters for technological change encourage entry,
while improvements in the parameters for skill accumulation encourage investment in

both skill and technology, but discourage growth in variety.
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The production function here is log supermodular, so in equilibrium there is posi-
tively assortative matching between technologies and skills. As a consequence, con-
tinued investment in either factor remains worthwhile only because the other grows.
If investment in one factor were to cease for some reason, investment in the other
would eventually cease as well.

Thus, there is no ‘race’ between technology and skill: they grow together. Although
transitional dynamics are not studied here, the results suggest that if one factor
started out with a distribution that was ‘ahead’ of the other, investment in that
factor would slow down—and perhaps would cease altogether, while the incentive to
invest in the lagging factor would be exceptionally strong. In this general sense, the
analysis suggests that the system would converge to a BGP. Obviously, convergence
is possible only if the initial distributions are themselves Pareto—or at least have
Pareto tails, since the dynamics of investment do not change the shape of the tails.

In the model here, TFP growth comes from imitation of incumbents. Hence invest-
ments in skill and technology have positive external effects, improving the distribution
offered to later investors. It follows that the competitive equilibrium is inefficient: in-
vestment is too low, for both factors, as in Perla and Tonetti (2014).

The model suggests a number of questions for further work. In terms of theory,
the model could be used to analyze the effects of a change in the (exogenous) rate
of population growth or the transition path for an economy that received an inflow
of technology from outside. On the empirical side, the implications for wages and
revenue, sketech in section 8, could be further developed, and one could ask if the the
transition paths in rapidly developing countries look like the model’s prediction for

an economy where technology gets “ahead” because of inflows from abroad.
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APPENDIX A: PRODUCTION AND PRICES
A. Production equilibrium

PROOF OF PROPOSITION 1: Use (5) to write labor demand as

N L
o) = (P50 Sy ez

and differentiate (7) to write labor market clearing as

Lo (@)h(@) = Nyb)f(
Lo = N, [ 605

x), all © > x,,,

(42)

(43)
(44)

For any fixed yp, (4) and (43) are a pair of ODEs in w(h) and h*(z), with ¢(z)

given by (42). The price normalization (2) is a boundary condition for w, and (6) is

the boundary condition for A*. Then (44) determines yp, and (5) determines p,y, 7.

PROOF OF PROPOSITION 4: For the wage function in (14) and the CES function ¢

in (3), optimal labor quality in (4) is as in (13), with a; as in (11). Then (5) simplifies

to (15), where the constants wy, pg, mo, involve only exogenous parameters. Hence by

Lemma 1 it suffices to show that (2), (6), (43) and (44).

Using the fact that F' is a Pareto distribution, the prices p in (15) satisfy (2) if

(o, 0]
_ ) 1— _ _ e
1 = N}} ’)XNI?O ”)po px% p)sazxﬁf/ PV g1y
Tm

(p—1)e—a
Qg m

(1=p)e _om
ol a, —(p—1)¢

_ o lp
- pO ‘rm m
Qg
Oéh—1+€’

which holds for py as above. Similarly, ¢(x) in (15) satisfies (44) if

_ o lep
= Do

o0
Qp 1_ 1 —a,—
L, = Lw—:p}n ”Eaxng/ P e
x T
-1
ap g xPt
_ —pe m
= L,—x,,

QO ap +1—pe’
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which holds.
Clearly (12) implies (6) holds. Then since (44) holds, (43) is satisfied if

%xfj_l\ll'(h*(x))ah =2 (2), all z > x,,,
ap

or using the Pareto densities,

%xfj_lah (aprm)™ (apz)
ap

—ap—1 agz—1

ap = 2" Lyt , all v > x,,,

which holds for € in (10). The value for yp follows from (1). |

B. The evolution of technology

The distribution function for technology among producers evolves as follows. As
noted above, X,,(t) is nondecreasing. Let A; > 0 be a small time increment. For any
t >0 and any X > X,,(t + 4A;), the number of producers with technology above X
at t + A; consists of incumbents at ¢, adjusted for exit, plus successful innovators of
both types, selected to include only those with technology greater than (1 — p,A;) X
at date t,

1 — F(X,t+ A Ny(t+ Ay)
~ {1 = F[(1 = peA) X )3 [(1 = 0.A4) Np(t) + Aei DArNi(t) + Ape (£) A Ne(2)].

Taking a first-order approximation gives
[1— F(X,0)] [Np(t) + NJ(£)Ay] — Fi(X, 1) AN, (t)
~ (1= F(X, )] (1= 6:A¢) Np(t) + Aai AeNi(t) + Ape (1) AN (1))
(X ) e A X Ny (2).

Collecting terms and dividing by A;N,(t) gives the equation in the text.
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APPENDIX B: BGPS WITH PARETO DISTRIBUTIONS
A. Firms: process and product innovation

If I and V/ have the forms required for a BGP, then factoring out Qe !, the

Bellman equation for a producing firm is

(r+0:) vpp(X/Q() = w(X/Q()) + Mziv}p(X/Q(t))

a0 |
205 (XIQU) = o, (Y@ G
(14 8 = ge) vy (2) = 7(2) + (s — 9) 0] (o),

where z = X/Q and Q/Q = g. For 7 as in (15), the normalized Bellman equation is

as claimed.
Define
Boc = [(T + 590 - grr) + (g - :ux) (1 - C)]il 9 (45)
_ Tt —gx
T —_— g o ILLZ, )

where B, > 0 and where the R, < 0 is the characteristic root of the ODE. It is
straightforward to verify that a particular solution of the ODE is vp(x) = B,mz!~¢.
As usual, vp(z) is the value of the firm if it never invests, operating with its evolving
technology until the exit shock arrives.

In addition, there is a homogeneous solution, of the form vy(r) = c,z%, where
the coefficient ¢, > 0 is determined by the value matching condition: the value of a
firm at the threshold z,, must equal to the value of an investor, lim,_.,, vs,(z) = vyo.
Hence

R

o =, (vgs — Bm7T1$C71{<) ;

and vg,(x) is as in (23).
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Differentiate (23) to get the smooth pasting condition, which represent the optimal

choice of the investment threshold x,, by incumbent producers,
0 = tipfam) = (1= Q) Bomyz 4 Boy! (v = B ).

This condition determines vy;, as in (24).

Substituting for vy, in (23) gives

1—¢ R
T 1-— T
?pr( )— Bacﬂlxl ¢ [(x_) - R ¢ (1‘_) ] ) T 2 Ty,

—azp—1

For any ¢ > «, integrating w.r.t. the density f(z) = a,airx gives Ez [(z/2,)Y] =

o,/ (az — q) . Hence

T 1- T
Ep ()] = Bamay, Léz fg_ 1 Rf axoi Rx] ’
Eﬁ[’ff(l’)] = 7T1.T1 <%+—<—1
and
Eeloplel _ [ 1-Seaot)
Eplr(@)] R, a,—R,

Cax_l'c_l
am_Rm

=l 8= g+ - =0 1= 1o

Similarly, if V}; has the form required for a BGP, then the Bellman equation for the
normalized value vy; is as claimed. Substituting for Ex [vs,(z)] and vy, and factoring

out 7 B,xl ¢, the Bellman equation requires

T+5m_g7r = Asi {E [Ufp<x]_vfl}
B )\mR ( 1-¢ o +1—C_1)
R,—1+4+¢ ozx—l—i-C R, a,— R, R,
B Aei Ry 1-¢
N R—l—f—((am—l—l—ﬁ Oéx—Rm)
AR (1-0) —R,+1-¢
a Rx—1+c (az = 140) (o — Ry)
—R; (1= Q) A

(az —14+¢) (ay — Ry)’
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as in (25).
B. Workers: investment in human capital on the BGP

The analysis for workers is analogous, except that there is no entry cost. Define

Bh = [(T + 5h - gw) + (g - Mh) (1 - 8)]_1 ) (46)
R, = _%—_gw < 0.
g — [h

Using (30) in (29) gives

1—¢ R
1 _ h
vw(h) = Bhwlhin_a [<hi> _ Rhg (hi> ] , h > hp,

and the Pareto form for ¥ implies

1—
E; [vw(h)] = Bhwlh}n_6 [ Qn £ Gn ] )

O_/h—1+6_ R, o — Ry,

C. Flows of firms, the DF for technology

On a BGP X,,(t) grows at the rate g; N,(t), N;(t), and N.(t) grow at the rate
n; and there is strictly positive process innovation, so (16) holds. Hence the law of

motion for NV, requires

TLNp = )\le -+ )\xeNe — 5pr — (g — ,ux) —

where the second line uses the fact that f is a Pareto density with parameters
(e, T,,) . Hence
[+ 0s + az (9 — 112)] Np = AailNi + AgeNe.
The laws of motion for N; and N, require
(n+ 00+ Aai) Niw = (9 — pia) Ny,
(n+0z + Age) Ne = E.
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Sum the three laws of motion to get (33), which determines the entry rate E. The

population shares for firms are

Np - n+(5x+)\m Aze

N (N4 0y + Aoi) + g (g — f1a) 1+ 0p + Age
& Oy (g_,u:v> )‘xe

N (n 402+ Aui) + 0 (9 — p1a) 1+ 00 + Age
Ne n+ 0,

N n+ 0y + Ao

and the ratios N;/N,, and N./N, satisfy (34).
As a check, note that (34) implies

N; N,
)\xi_l )\:ce_e - _593 = Uy — Hz) -
N, FAeeqy T m g (g — pa)
Using this expression in the law of motion for F', we get
—F(X,t) = f(X,)p X +[1 — F(X,t)] ay (g — pa) all X > X,,,(t), allt.
If F' has the form required for a BGP, then

[(X,t) = FX/Q() / Qt),
CF(X,t) = F(X/Q()gX/Q(t),  all X > X,(t), allt.

so the required condition is

(g —pa)xf (1) = (9= pa) 0 [1 = F ()], allz >y,
which holds since F' is a Pareto distribution with parameters (o, z,,) .
D. Flows of individuals, the DF for skill

The argument for workers parallels the one for firms, except that the entry rate is

exogenous. On a BGP, H,,(t) grows at the rate g; L, (t), L;(t), L.(t) all grow at the
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rate v; and there is positive investment by individuals, so (17) holds. Hence the law

of motion for L,, requires
ULw - )‘thz + /\heLe - [5}1 + ap (g - Mh)] Lw‘

Then
[V + 0n 4+ an (9 — pn)] Ly = AniLi + ApeLe,

the shares of workers, retoolers and entrants in the population are

L, - U+5h+)\hi Ahe

T (U+5h+)\h,~)+0zh(g—,uh)v+(5h+)\he’
L; an (9 — ) Ahe

L (U + 6 + M) + an (9 — 1) U+ O + Ape
L, . ’U+5h

f U+ 0+ Mie

and the ratios L;/L,, and L./L,, satisfy (35).
Since VU is a Pareto distribution with parameters (ap, hy,), the law of motion for

U satisfies the required condition.
APPENDIX C: WAGE AND FIRM SIZE DYNAMICS

As a function of age, the shares of firms of various types satisfy

01/7(a) — Qg (g - ;uz) /\:cz )\aze Up(a)
oi(a) | = (g — Hz) —Aui 0 oi(a)
ol(a) 0 0 —Age oe(a)

It is straightforward to solve this linear system, and find that

op(a) = ci)e + e () + e3) g (g — ) + €% Moy — Ae)

_)\ace

Ui(a) = 10y (g - :ux) - e—bxa (Cl + C3) Ay (g - :ux) +e ac?)&:c (g - :U’ac) )

oge(a) = 0 +0 + g Awe

where b, = o, (9 — fte) + Agi, 1 = 1/by, and c3 = —1/ (by — Aze) -
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Figure la: comparative static (a)
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Figure 1c: comparative static (c)
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