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Advanced mathematical methods of physics: representations of matrix groups

and Lie algebras.

General Information.
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Grader: Hai Qian, RI-204

This course is a review of techniques applied in a
variety of physical problems when the studied sys-
tem has some degree of symmetry. The main focus
will be on continuous symmetries in their infinites-
imal form (Lie algebras), and the main goal will be
to understand the representations of Lie algebras.
Discrete groups will be treated (if at all) as a spe-
cial case of compact groups.

Syllabus.

We will try to cover the following (later items on
the list may have to be skipped because of lack of
time):

1. Basic concepts.

Classical (matrix) groups with examples.
Topology: compactness, connectedness and
simply-connectedness. Homomorphisms and
isomorphisms: SU(2) and SO(3). Polar (Car-
tan) decomposition.

2. Lie algebras.

Matrix exponential and logarithm. Lie alge-
bras of classical groups. Complexifications.
Relationship between groups and algebras.
Baker-Campbell-Hausdorff formula.

3. Structure of Lie algebras.

su(2), su(3) and their representations. Gen-
eral complex Lie algebras. Adjoint represen-
tation and Killing form. Cartan subalgebras
and Cartan-Weyl basis. Roots and Dynkin
diagrams. Cartan’s classification.

4. Representations of Lie algebras.

Weights. Weyl group and Weyl character for-
mula. Clebsch-Gordan decomposition of ten-
sor products. Universal enveloping algebras

and Casimir operators. Young tableaux and
tensor methods. Realization of representa-
tions in fermionic and bosonic Fock spaces.
Subalgebras and branching rules.

5. Compact classical groups.

SU(N), SO(N), Sp(N) and their representa-
tions. Covering groups and spinors.

6. Non-compact groups and symmetric spaces.

Real forms of Lie algebras. Group actions
on manifolds. Homogeneous and symmetric
spaces. Fourier analysis on groups and sym-
metric spaces.

Prerequisites.

Basic group theory, linear algebra, some quantum
mechanics.

Homework and grades.

There will be homework assignments once every
one or two weeks. Grades will be determined by the
homework and participation in class.
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