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Web Appendix

APPENDIX B: OMITTED PROOFS AND FURTHER DETAILS (NOT FOR PUBLICATION)

B1. Allocation of scientists in laissez-faire equilibrium when the inputs are complementary
(e <1)

Under Assumption 1 and if ¢ < 1, there is a unique equilibrium in laissez-faire where
innovation first occurs in the clean sector, then occurs in both sectors, and asymptotically
the share of scientists devoted to the clean sector is given by s; = 74/ (’7c + ’7d) ; the
long-run growth rate of dirty input production in this case is y 7, where i = 5,14/ (;7c + 1)

This proposition is proved using the following lemma:

When ¢ < 1, long-run equilibrium innovation will be in both sectors, so that the
equilibrium share of scientists in the clean sector converges to sc = 74/(7n. + 74)-

Suppose that at time t innovation occurred in both sectors so that I /114 = 1. Then

from (18), we have

Hetpr (1 + 7 McSet+1 )_(p_l (1 + ¥ McSct )
Hgt4a 1+ y ngSat+1 1+yngsa)

Innovation will therefore occur in both sectors at time t + 1 whenever the equilibrium
allocation of scientists (Sgt+1, Sqt+1) attime t + 1 is such that

(B.1)

1
14+ ymeSerr (1 + 7 NSt ) ot
1+ y ngSat+1 1+ y ngSat '

This equation defines s¢t1 (= 1—Sgt1) as a function of sg (= 1—s4¢). We next claim that
this equation has an interior solution s¢; 11 € (0, 1) when s e (0, 1) (i.e., when s is itself
interior). First, note that when ¢ > 0 (that is, ¢ < 1), the function z(x) = x¥ @+ —x is
strictly decreasing for x < 1 and strictly increasing for x > 1. Therefore, x = 1 is the
unique positive solution to z(x) = 0. Second, note also that the function

1+ynsSee 14y 7S
T+ yngsae 14+ yng(1—se)’

X (Sct) =

is a one-to-one mapping from (0, 1) onto ((1 +y r]d)_l , 1+ y 7). Finally, it can be veri-
fied that whenever X e ((1+ » nd)_l . 1+y n,), wealso have X¥/@ e (1 + y nd)_l , 1+
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y 11¢). This, together with (B.1), implies that if s € (0, 1), thensgy1 = X~ 1(X (s¢t)Y@+D) e
(0, 1), proving the claim at the beginning of this paragraph.

From Appendix A, when ¢ > 0, the equilibrium allocation of scientists is unique at
each t. Thusast — oo, this allocation must converge to the unique fixed point of the

function Z(s) = X"t o (X(s))wl?, which is

M4
Se = ——.
770+77d

This completes the proof of the lemma.

Now given the characterization of the equilibrium allocations of scientists in Appendix
A, under Assumption 1 the equilibrium involves sq; = 0 and st = 1, i.e., innovation oc-
curs initially in the clean sector only. >From (11), A/ Aqg: will grow at arate y 7., and in

finite time, it will exceed the threshold (1 + y nc)—(rﬁl)/w (nc/nd)l/“’_ Lemma B.B1 im-
plies that when this ratio is in the interval ((1 +906) " (/) (nesma) M (L y ) OV (nc/;yd)l/(”) ,

equilibrium innovation occurs in both sectors, i.e., st > 0 and st > 0, and from this
point onwards, innovation will occur in both sectors and the share of scientists devoted
to the clean sector converges to 74 /(nq + 7.). This completes the proof of Proposition
B.B1.

B2. Speed of disaster in laissez-faire

>From the expressions in (19), dirty input production is given by:

ate
- o+
? Aot T Ag =

Adt
ate *

A Y2\ ¢
(1+(3))
When the two inputs are gross substitutes (¢ < 1), we have ¢ = ¢ < 0, whereas when
they are complements (¢ > 1), we have ¢ = ¢° > 0. Since all innovations occur in the
dirty sector in the substitutability case, but not in the complementarity case, if we start
with the same levels of technologies in both cases, at any time t > 0 we have A3{ > Ag
and AY' < AZ, where A}/ and A} denote the average productivities in sector k at time
t respectively in the substitutability and in the complementarity case, starting from the
same initial productivities Ajg = A.

suy ¢ coy ¢%°
(Adt) M4 (Adt)
_a PO 13
su = co
ct Me ct

Yot = (A?t + Agt)

Assumption 1 implies that
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so that

a

Asu Asu ASu ot ST
Y = TN ey AN (1+( ) )
(1+(Adt) ) (1+(K§) ) ct

Su
Act

su su
Act Act co
dt.

Repeating the same argument for t + 1, t + 2,..., we have that Yj' > Y4 for all t.
This establishes that, under Assumption 1, there will be a greater amount of dirty input
production for each t when ¢ > 1 than when ¢ < 1, implying that an environmental
disaster will occur sooner when the two sectors are gross substitutes.

B3. Proof of Proposition 4

Using the fact that the term Q (S;) premultiplies all A’s, equation (19) is now be re-
placed by:

_oate _1
Yoo = Q(S)T7 (AL + A%) T 0 AL Ay, and Yy = Q(S) T (AL + A%) 77 ActAdt.

In particular, as in Section I, under laissez-faire, all innovation is directed towards the
dirty sector, Ag; grows to infinity. Then, an environmental disaster can only be avoided if
Yqt and thus Q (S;)Y =% Ag; remain bounded. Since Ag; is growing exponentially, this
is only possible if S; converges to 0. Now, suppose that © (S;)*1=* A4, converges to a
finite value as time t goes to infinity. Then there exists # > 0 such that for any T there
exists o > T such that Q (S,)?=* Ay > 5/&. Butfor o > T sufficiently high, we also
have
Yao — Q(S,)Y4 Ag, | < 5/ (3¢) since, asymptotically, Yar =~ Q (S)" @~ Ag, and
(1+4+0)S, < n/3as S; converges to 0. But then (12) gives S,,1 = 0, which corresponds
to an environmental disaster. Consequently, to avoid a disaster under laissez-faire, it
must be the case that Q (S;)Y=* Ag; converges to 0. But this implies that Y; converges
to 0 as well, and so does C;.

B4. Proof of Proposition 6

First we need to derive the optimal production of inputs given technologies and the
tax implemented. Using (A.9) and (A.10), the shadow values of clean and dirty inputs
satisfy

(B.2) Py 4 (Poe A+ ) =1
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This, together with (A.15), yields
1—
Act ’

1
(Al (L4 70 + AG)

l—a
Adt

(B.3)  Par = -
(Al (L4 00 + AR

and Pgt =

Using (7), (A.12), (A.16) and (B.3), we obtain

= 14 70)° A AG?
(B.4) th:(ﬁ) ( L+ 70" Ac Ay , and

v A+ (L4 AL)? (AL + L+ 70)° A%
1za A(X+(ﬂA
(B.5) Yy = (ﬁ) — ct A .
v (Agt + @A+ A?t) ¢ (Aft + 1+ 7)? Agt)

Equation (B.5) implies that the production of dirty input is decreasing in 7. Moreover,
clearly as 7y — oo, we have Yg; — 0.

We next characterize the behavior of this tax rate and the research subsidy, g;. Recall
that to avoid an environmental disaster, the optimal policy must always ensure that Yt
remained bounded, in particular, Yq; < (1 4+ 0) S/¢.

Assume ¢ > 1. The proof consists of six parts: (1) We show that, for a discount rate
p sufficiently low, the optimal allocation cannot feature a bounded Y, thus Y, must
be unbounded as t goes to infinity. (2) We show that this implies that Ac must tend
towards infinity. (3) We show that if the optimal allocation involves Y unbounded (i.e
limsup Y, = o0), then it must be the case that at the optimum Y, — oo as t goes to
infinity. (4) We prove that the economy switches towards clean research, that is, s¢t — 1.
(5) We prove that the switch in research to clean technologies occurs in finite time, that
is, there exists T such that s = 1 forallt > T. (6) We then derive the implied behavior
of 7z and q;.

Part 1: To obtain a contradiction, suppose that the optimal allocation features Y re-
maining bounded as t goes to infinity. If Y4 was unbounded, then there would be an
environmental disaster, but then the allocation could not be optimal in view of the as-
sumption that lims o u(C, S) = —oo (equation (2)). Thus Yg4; must also remain bounded
as t goes to infinity. But if both Y. and Y4 remain bounded, so will Y; and C;. We use
the superscript ns (ns for “no switch”) to denote the variables under this allocation.

Consider an alternative (feasible) allocation, featuring all research being directed to
clean technologies after some date f, i.e., s¢¢ = 1 for all t > f and no production of dirty
input (by taking an infinite carbon tax ;). This in turn implies that S; reaches S in finite
time because of regeneration at the rate ¢ in (12). Moreover, (B.4) implies that Y/ A¢t —
constant and thus C;/A¢ — constant. Let us use superscript a to denote all variables
under this alternative allocation. Then there exists a consumption level C < oo, and a
date T < cosuchthatfort > T,CM < C,C& >C +6 (where @ > 0) and S? = S. Now
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using the fact that u is strictly increasing in C and S, forall t > T we have
u(Cg,S2) —u(CP, S) > u(CS)—u(C,5) >0

which is positive and strictly increasing over time. Then the welfare difference between
the alternative and the no-switch allocations can be written as

T-1

We W = (1ip)t(u(Cta,St) S) +Z(1+) (C2S?) —u (C. )
t=0
T-1 1

v

— (1 +p)t ( (Cta’ sa) —u (Ctns’ Sns (1 + p)T Z(l +p)t -T (Cta’g —u (6’ §)) :

Since the utility function is continuous in C, and C™ is finite for all t < T (for all p),
then as p decreases the first term remains bounded above by a constant, while the second
term tends to infinity. This establishes that W& — W™ > 0 for p sufficiently small,
yielding a contradiction and establishing that we must have Y unbounded when t goes
to infinity.

Part 2: Now (B.4) directly implies that

—a 1—¢ e
o\ = Yo\ & \/
A > 9 Yer) = (_) Yet (1 + (—Ct) )
W M

where M is an upper-bound on Yg;. g is an increasing function and limsup Y = oo, SO
limsup At = oo and as A is weakly increasing, lim Ay = oc.

Part 3: Now suppose by contradiction that liminfY, # oo, then by definition if
must be the case that 3M’ such that VT, 3t > T with Y& < M’. Let us consider
such an M’ and note that we can always choose it to be higher than the upper bound
on Ygt. Then we can define a subsequence t, with t, > n and Y, < M’ for all n.
Since Yg¢ < M’ as well, we have that for all n: C;, < Y, < 2¢/G=UM’. Moreover,
since limi . At = oo, there exists an integer v such that for any t > o, Ay >
(a)y)~*/A=® 2¢/G=DM’/ (1 — @). Consequently, for n > » we have: C; < Y, <
2¢/E=DM” and Ay, > (a/y) %A= 2¢/E=DM’ /(1 — a).

Consider now the alternative policy that mimics the initial policy, except that in all
periods t, for n > o the social planner chooses the carbon tax 72 to be sufficiently large

(the superscript a designates “alternative”) that Y§ = 0. Then we have: Y2 = Y§ =

(o))"= Ay, which yields S? > S, forall t > t, since the alternative pollcy either
reduces or maintains dirty input production relative to the original policy. Moreover, we
have: C& = (1 — )Y@ > (1 —a) (a/y) Ay, > 27/€DM’ > Cy, whereas
consumption in periods t # t, remains unchanged. Thus the alternative policy leads
to (weakly) higher consumption and environmental quality in all periods, and to strictly
higher consumption in periods t = t,, thus overall to strictly higher welfare, than the
original policy. Hence the original policy is not optimal, using a contradiction. This in
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turn establishes that on the optimal path liminf Y, = oo and therefore lim Yy = oo.

Part 4: From Part 3 we know that on the optimal path Y /Yq — oo, that is
1+ 7)Y (Act/Agt)? — 0. Now from (B.4) and (B.5), one can reexpress consumption
as a function of the carbon tax and technologies:

a )la“ Act Adt
(

Tt Act
(B.6) Ct=(— (1—a+ - );
v L+ AL + Agt)% A+ L+ 70" Ay

Since (1 + 7¢) (Act/Ag)™* — o0, we get

e (a)l
lim—={— 11—«
Act 4 ( )

Now by contradiction let us suppose that liminfsy; =s < 1.Then forany T there exists
v > T,suchthats, < (1+5)/2. Now, as lim(Ci/Aq) = (a/yp)*** (1 — a), there
exists some T such that forany t > T, we have

Ct < (a/y)T L —a)Aq (L+7yne) /(L4 yn. (L+5)/2). Thentake o sufficiently
large that o > T and s,, < (1+5) /2, and consider the following alternative pol-
icy: the alternative policy is identical to the original policy up to time » — 1, then at
v, the alternative policy allocates all research to the clean sector, and fort > v, the
allocation of research is identical to the original policy, and for t > o, the carbon tax
is infinite. Then under the alternative policy, there is no pollution for t > » so the
quality of the environment is weakly better than under the original policy. Moreover:
A% = (14 yne) Ax/ (14 yneSew), forall t > o (where the superscript a indicates the
alternative policy schedule). Thus fort > v:

a

ﬁ I—a 1
c? = (ﬁ) (1—a) A > (ﬁ) Q—a) e
7 7 14y 58S

a\ T 1+yn
> (;) (l—a)l—H_sAct > C,

+71c (%5°)

so that the alternative policy brings higher welfare. This in turn contradicts the opti-
mality of the original policy. Hence liminfsi = 1, so limsg = 1, and consequently,
lim(A%/A%) = 0.

Part 5: First note that (B.5) and (B.6) can be rewritten as:

(B.7)

In(Cy) — |n((%)l_a) = In(Act) + In(Agt)

@
Tt Act

1
~, In(((L+ )% AL + Af)) +1n (1 —a+

Ao+ L+ 107 A,

).
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(B.8)
a ﬁ
In(Ygt) —In (;) = (a+¢)In(Ax) + In(Agr)
a
—;m«A&+(L+nf*AQ)—m«A§+cL+an@)

Now, suppose that s¢; does not reach 1 in finite time. Then for any T, there existsv > T,
such thats,, < 1. For T arbitrarily large s¢, becomes arbitrarily close to 1, so that 1 —s,
becomes infinitesimal and is accordingly denoted ds. We then consider the following
thought experiment: let us increase the allocation of researchers to clean innovation at
v from s, < 1 to 1, but leave this allocation unchanged in all subsequent periods.
Meanwhile, let us adjust the tax z in all periods after » in order to leave Y4; unchanged.
Then using superscript a to denote the value of technologies under the alternative policy,
we have fort > v:

AT 1+yn A

ct — ct -

1+ Y HcSco
A first-order Taylor expansion of the logarithm of the productivity around s., = 1 yields:
ds
(89) d (In(Aw) = 71" 4o (ds),
I+yn

and similarly,
d (In (Ag)) = —7 54ds + 0 (ds)..

Using the fact that that d (In (A¢)) and d (In (Agt)) are of the same order as ds, first-order
Taylor expansions of (B.7) and (B.8) give:

(B.10)
d(n(Cy)) = d(In(Ac))+d(In(Ag))
_(1+I)LfA3(¢ddn(AaD-+(1—e)dGn0~+r0D-+¢A&d(m(AmD
® ((1 + ) AL + Agt)

+ 1 1+ 7¢) AGd (IN (A + 7¢)) + g7 Ald (In (Acy))
1 A? [ & AP
l—a+t A‘é’t+(lt—f2)5Aﬁt Ao+ (L4 0" Ag
B T AG 9 ALd (In(Act)) + (L + 7)° Al (pd (In (Agr)) + ed (In (1 + 7))
log+ —tha (A% + (L + 70" A%

AL+ A+T0)" AL,
+o(ds)+o(d (In(1+7v))),
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and

d (In (Ygr)) = (¢ + ) d (In (Ac)) + d (In (Agr))
(A7) AL (pd (In (Aw) + (1= &) d (IN (1 + 7)) +  ARd (N (Aa)
pa~t (L4107 Al + A%)
9 ALd (In (Aq)) + (L + 70)° A% (pd (In (Agy)) + d (In (1 + 70)))
B A%+ L+ 10)° A

+o(@ds)+o(d(In@+1y)).

Then, using the fact that in the variation in question, taxes are adjusted to keep production
of the dirty input constant, the previous equation gives:

: d (n (1 + 1))
AL+ QA+ AL 9 L+1)' 0 AL + A% ) t

~ _ap L+ 0 AL (In (A)) + p Afd (In (Ag)
= (et @)d (n(Aw) + In (Ag) — @+ ro AL 1 AT

( e(l+7)° Al a(l—2)(L+7)" " Al

_pAGd (In(Aw)) + ¢ (1 +7)° Agd (In (Ag))

AL+ (L+ 7o) AL, +o(ds)+o(d(In(l+70)).

Now recall the following: (i) limi_,« A%/Aj = 0; (ii) the term

e (1 + 70)° Af a(l—e)(1+ 1)t AY
Agt + (1 + Tt)g Agt @ (1 + Tt)l_g A?t + Agt

is bounded and bounded away from O; (iii) the terms in front of d (In (Agt)) and d (In (A¢t))
are bounded. Therefore, we can rewrite (B.10) as:

L+ )t AL A
L+ )" AGALY +1
1 1 =2 a2 ALY

1—a+ ;tw(lAt;t)_gAgt_é&(p L+ 70) AL AcTtw +1
et Agr (I+tt) ™ +1

(4707 AGAY eAGAy" L+ )T d (In(Aw)) + 9d (In(Ag)) +ed (IN(1 + 70))

— g DT AG A 1470 AL A=Y 1 1)
! +AgtAd_t¢(1+ft)_”+l (( + 1) ct Agt + )

d(n(Cy)) =d (n(Acx)) + (d (In (Ag))) —d (In (Ax)) = (1 = )71 d (IN (L + 70)))

Tt
+ 7t

+ d(In (Act)))

+o0(ds)

Using again the fact that lim;_, ., A% /A%, = 0 and (B.9), the previous expression be-
comes A7
Y e ct
d(n(Cy)) = +0(—))ds+o(ds),
(In o) (1+V’7c (Aﬁt)) (@)

which implies that for T sufficiently large, O (A% /A%;) will be smaller than y 5./ (1 + 7 ),
and thus consumption increases. This implies that the alternative policy raises consump-
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tion for all periods after », and does so without affecting the quality of the environ-
ment, hence the original policy cannot be optimal. This contradiction establishes that s¢
reaches 1 in finite time.

Part 6: Thus the optimal allocation must involve sq = 1 for allt > T (for some
T < oo)and Ay /Agc — oo. Then, note that (A.17) implies that even if 7, = g, = 0, the
equilibrium allocation of scientists involves s¢t = 1 forallt > T for some T sufficiently
large. This is sufficient to establish that g; = O forall t > T is consistent with an optimal
allocation. Finally, equation (B.5) implies that when & > 1/(1 — «), Y4t — 0, which
together with (12), implies that S; reaches S in finite time. But then the assumption that
ou (CQ /0S = 0 combined with (23) implies that the optimal input tax reaches 0 in
finite time. On the contrary, when ¢ < 1/ (1 — a), even when all research ends up being
directed towards clean technologies, (B.5) shows that without imposing a positive input
tax we have Y4 — oo and thus S; = 0 in finite time, which cannot be optimal. So in this
case, taxation must be permanent at the optimum.

B5. Equilibrium profit ratio with exhaustible resources

We first analyze how the static equilibrium changes when we introduce the limited
resource constraint. The description of clean sectors remains exactly as before. Profit
maximization by producers of machines in the dirty sector now leads to the equilibrium
price pgit = w /o1 (as ay is the share of machines in the production of dirty input). The
equilibrium output level for machines is then given by:

1

(B.11) Xgit = ((@1)? w1 patREZLGTY) T Adgit.

Profit maximization by the dirty input producer leads to the following demand equation
1

for the resource: pgraz RP2 LI [ AL“xSidi = ¢ (Qy), plugging in the equilibrium
0
output level of machines (B.11) yields:

21 1-aq
(@)®\ " (02Aq) 7" L
B.12 R = “L
(B.12) t (w Q) Pt

which in turn, together with (5), leads to the following expression for the equilibrium
production of dirty input:

a

21 a
o 2\ =« oo A =2 v
(B.13) Yo = (( l;) (C(ZQS) P& LacAdt.

while equilibrium profits from producing machine i in the dirty sector becomes:

ii::l 1 ﬁ 1—1(1 lf(zr ll—_aa
(B.14) Tgit = (1 —az)oy ( ) Par Rt "L Adit.

ai
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The production of the clean input and the profits of the producer of machine i in the
clean sector are still given by (A.4) and (15). Now, labor market clearing requires that
the marginal product of labor be equalized across sectors; this, together with (B.13) and
(A.4) for j = c, leads to the equilibrium price ratio:

E B l//az (061)20[1 (0(2)“2 Aét—al
Pt c(Qu)“2a Ag "

(B.15)

2

thus a higher extraction cost will bid up the price of the dirty input. Profit maximization
by final good producers still yields (13) which, together with (B.15), (B.13) and (A.4)
for j = c, yield the relative employment in the two sectors:

(e=1)  _
(B.16) La =( c(Quza* ) A
14

20 —p1°
a2 1 a2
Lt ai’t (a2) Ay

with ¢, = (1 — a1) (1 — &). Hence, the higher the extraction cost, the higher the amount
of labor allocated to the clean industry when ¢ > 1.

Using (15) for j = c, (B.14), (B.12), (B.15), (B.16), the ratio of expected profits from
undertaking innovation at time t in the clean versus the dirty sector, is then equal to:

Ly — 1
_ T (1 1@ =
E _ ﬁ (l al) al Wl ) p(‘}t LCt ACt—l
gt o 1+a 1% = 22 i Adr—1
M- ayat ()T g TRITLGY
_ —p—1 5
— % Ne C(Qt)aZ(C 2 (1 +y ”cSct) ! Actw—l
= Kk~ —
Mg (1 -+ Y ﬂdet) 1 Adt€0_1_1
(1-a) 2 o
_ —a)o a“* H H
where we letx = a0 ((//“Zaialagz) . This establishes (25).

B6. Proof of Proposition 7

First, we derive the equilibrium production of R; and Y.

Using the expression for the equilibrium price ratio (B.15), together with the choice of
the final good as the numeraire (9), we get:

wo2 (a1)?* (a)® Ayt

(@2 Q)™ Al -+ (v (an)™ (a))' ™" A)

Pt =
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a® (c(Qr)*2 A
Pdat = 1

((aZaC (Qt)az)l—a A?t + (l//az (al)Zal (az)az)l—a Agtl)ﬁ

Similarly, using the expression for the equilibrium labor ratio (B.16), and labor market
clearing (7), we obtain:

(c(Qu)™2a2) ™" AY

Lo = 1) 2 )
(c(Q)@2a2%) ™ AL + (l//azalal (az)az) AL

(a-

ap 201 az 2 A1
Wotog (a2) d

b = (1-2) po 2a1 w2\ o
(€(Qu2a) ™ AL + (2ol (@2)?) " Al

Next, using the above expressions for equilibrium prices and labor allocation, and
plugging them in (B.12) and (B.13), we obtain:

e B 1-ag
(0;_/%) ey ()‘Za(ﬁ_g)C(Qt)_m2 AL A
(B.17) Y = -
2 (1—8) ® o 20{1 oy (1_8) ?1 ¢
(€(Qurea) ™ A+ (w2a” (@) A
and . .
1) 28l e, 1-ay
n a2a(1_a +1 8)a11—aa21—a W—ﬁ (C(Qt))az—l—aza A(]:'t+¢ Adlt—a
=

149 °
—e (1-e) T
((C(Qt)“zaZ“)(l VAL (el () Aﬁ%)
so that the ratio of resource consumed per unit of dirty input is:

Rt a202* (c(Qy))*2 ™

((aZaC (Qt)az)l—s + (l//az (a1)2a1 (az)az)l—e %z)ﬁ

Yt

When ¢ > 1, production of the dirty input is not essential to final good production.
Thus, even if the stock of exhaustible resource gets fully depleted, it is still possible
to achieve positive long-run growth. For a disaster to occur for any initial value of the
environmental quality, it is necessary that Yq4; grow at a positive rate, while R; must
converge to 0. This implies that R /Yq4; must converge to 0. This in turn means that the
expression

1—¢ 1-¢ A(p1
(a*c(Q0™) " + (v (a)™ (a2)™) " 5
ct

must converge to zero, which is impossible since ¢ (Q;) is bounded above. Therefore,
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for sufficiently high initial quality of the environment, a disaster will be avoided.

Next, one can show that innovation will always end up occurring in the clean sector
only. This is obvious if the resource gets depleted in finite time, so let us consider the case
where it never gets depleted. Recall that the ratio of expected profits in clean versus dirty
innovation is given by (25), so that to prevent innovation from occurring asymptotically

in the clean sector only, it must be the case that Ay’ does not grow faster then A .
1oy 1o
Inthiscase R = O { Aj;* ). But Ay grows at a positive rate over time, so that the

resource gets depleted in finite time after all. This completes the proof of Proposition 7.

The case where ¢ < 1: It is also straightforward to derive the corresponding results
for the case where ¢ < 1. In particular, when ¢ < 1, Yq4; is now essential for production
and thus so is the resource flow R;. Consequently, it is necessary that Q. does not get
depleted in finite time in order to get positive long-run growth. 1Recall that innovation
Q026D (L4 neset) 77 ALY .
(Qt)(1+yn§sdt)yj“’1‘tl)A;;”_ll =1 — 1, and positive
long-run growth requires (positive) growth of both dirty and clean inputs. This requires
that innovation occurs in both sectors, so Aj;“* and AL should be of same order.

But then: )
7%
R=0 (Adlt“’ ) ,

so that R; grows over time. But this in turn leads to the resource stock being fully
exhausted in finite time, thereby also shutting down the production of dirty input, which
here prevents positive long-run growth.

takes place in both sectors if and only if ;cZ—;

B7. Proof of Proposition 8

We denote the Lagrange multiplier for equation (6) by m;. We can use (6) to rewrite
the condition Q; > 0 for all t, as:

> R <Q(0).
v=0

Denoting the Lagrange multiplier for this constraint by v > 0, the first-order condition
with respect to R; gives:

rﬁt-i-\)

t

1
xR L [ Al = T e Q.
0
where recall that Pj: = 4ji/4:. The wedge (M; + v) /4 is the value, in time t units of
final good, of one unit of resource at time t.
The law of motion for the shadow value of one unit of natural resource at time t is then
determined by the first-order condition with respect to Q¢, namely

My = M1 + A€’ (Qo) Ry,
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where m; > 0. Letting my = M + v we obtain:

My = My + Z ln C (Qn) Vs

v=t+1

where my, > 0 is the limitof m; ast — oo.
Thus the social optimum requires a resource tax equal to

(1+p) Mo — Z ar7=¢ (Q) R,u(C,, S,) /oC

oome =t+1
(B.18) Gt—m(Qt)— c(Qt)au(Ct,St)/GC

In particular, the optimal resource tax is always positive.

B8. Proof of Proposition 9

The proof consists of three parts: in Part 1, we prove that when
In(L+p) > L —a)In(1+yny) /az, then in the long run innovation must occur in
the clean sector only. In Part 2, we show that if In(1 + p) < (1 —a1)In(1+yng) /a2
and innovation occurs in the dirty sector only or in both sectors in the long run, then a
disaster necessarily occurs. Finally, in Part 3, we derive the asymptotic growth rate of
dirty input production when innovation occurs in the clean sector only.

First, note that the expressions for Y., derived above for the case where there are
no well-defined property rights to the resource, still hold provided one replaces the unit
extraction cost ¢ (Q¢) by the resource price P;. So that (B.17) now becomes:

%1 ap l-ag
(a_%) je ol aza(ﬁ—s) P ALY AT
c t

178

(B.19) Yot = - TR
—e . —e ¢
(v mt v (vead )™ )
Similarly
as 201 as ?J A A 1 o 1 (a+9)
(B.20) Vo — (w72 (a1)*** (a2)®?) ot
. ct —

ate

((a2PE)™™ AL + (7 (@2 (a2))" ™ AG:)
and we can rewrite (25) as:

a2(e—1 —p—1 ,—
It Ne P 2= (1 +y ”CSCt) ’ Actw—l
(821) H_ = K— —] o .
dt d (1 +7 ”dsdt) Adt—1

Part 1: Let us assume thatIn(1 + p) > (L —a1)In (1 + ’7d) /a,. We want to show
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that innovation then ends up occurring in the clean sector only in the long run. Here,
we shall reason by contradiction, and assume, first that innovation ends up occurring in
the dirty sector only in the long run, and second that innovation keeps occurring in both
sectors forever, and each time we shall generate a contradiction.

Part 1.a: Assume that innovation ends up occurring in the dirty sector only. Then,
from (B.21), the ratio of expected profits from innovating clean to expected profits from

e—1
innovating dirty, is asymptotically proportional to (P{”/A(l“_“l) e,

) 1-aq ¢l
(B.22) et /Mgt = O (Pt /At )

Thus, for innovation to take place only in the dirty sector in the long run, it is necessary
for Aé{“l to grow faster than P*2. Assume that this is the case, then using (B.19) we
obtain

1

(B.23) Y4 = O (Ag;ai /P{”)m
so that the asymptotic growth rate of the economy g satisfies:

(1—a1)ln(1+yr/d)—agln(1+r)
(1-a) '

In(1+g) =
Combining this with (28) gives:

(L—a)In(1+yng) —o2In(1+p)

B.24 In(1 =
(B.24) n(1+9) 1— o+

Since In(1+ p) > [(1 — a1) In (1 + y n4) /a2, this equation implies g < 0, and there-
fore the ratio of expected profits Il /IT4; goes to infinity over time. Thus innovation
only in the dirty sector in the long run cannot be an equilibrium, yielding a contradiction.

Part 1.b: Assume now that innovation occurs in both sectors forever. Using (B.21) we
obtain:

e—=1
Mo/Mae = O (REZAL/AGS)

so that P2 AL=* and Aj-** must grow asymptotically at the same rate. Then from (B.19)
and (B.20), we have

(B-25) Ydt = O(Act) and th =0 (Act) 5

so that g = y 7.Sc, where s. is the asymptotic fraction of scientists working on clean
research.



VOL. VOL NO. ISSUE SHORT TITLE FOR RUNNING HEAD B-15

For P2 Al* and Aét““ to grow at the same rate, it is then necessary (using (28)) that:

o2 l—a
T (In(1+p)+0In(l—i-yncsc))—i-l_oc1

In(1+ynsc) =In(1+yng(1—sc))

which in turn is impossible if In (14 p) > (1 —a1) In (14 y n4) /a2 (the above equa-
tion would then imply that s < 0, which cannot be).

This concludes Part 1, namely we have shown that if In (1 + p) > (1 — a1) In (1 + y n4) /a2
then innovation occurs in the clean sector only in the long run.

Part 2: We now show that if innovation does not switch to the clean sector in finite time
then a disaster is bound to occur when In (1 + p) < (1 —a1) In (14 yn4) /az. Indeed,
suppose that innovation does not switch to the clean sector in finite time. Then, either
innovation ends up occurring in the dirty sector only, or innovation keeps occurring in
both sectors forever. In the former case, dirty input production must grow at rate g given
by (B.24), which is strictly positive if In(1+ p) < (1 —a1)In(1+ynq) /oz. In the
latter case, (B.25) implies that Yq; will grow over time, again leading to a disaster.

Part 3: We now assume that innovation occurs in the clean sector only. Using (B.20)
we get g = y 5, and using (B.19) we get:

Yar = O (P2 AL™).
Thus overall Y4 grows at rate gy, satisfying:
In(l—i—gyd) = (1—8(1—a))|n(1+y170) — &0y (ln(1+p)—|—a|n(1—|—y;7c)).

Now, if gy, > O, then a disaster cannot be avoided. However, when gy, < 0, and
provided that the initial environmental quality is sufficiently large, a disaster is avoided.

In conclusion, Part 1 shows that when In (1 + p) > (1 —a1)In (1 + y54) /a2, inno-
vation must eventually occur in the clean sector only. Part 3 then shows that in that case
and provided that (1 —e (1 —a))In (1 + y ) —go2 (IN(L+ p) + o In(1+y75.)) <O,
a disaster is indeed avoided for sufficiently large initial environmental quality. This last
condition in turn is met whenevere > 1/ (2 — a — a1) ifIn(1 + p) > (1 — a1) In (1 + y max {ng, nc}) /a2.
This proves the first claim of Proposition 9. Then Part 2 establishes that when innovation
does not occur in the clean sector only in the long run, then a disaster is bound to occur if
IN(L+p) # A —a)In(1+yng) /az (When In(L+ p) > (L —a1)In(1+yng) /as,
we know that innovation has to occur in the clean sector asymptotically). Finally, Part 3
shows that even when innovation ends up occurring in the clean sector only, yet a disaster
occurs if
l-—e@—a)In(l+yn)—eaz(INA+p)+oln(l+yn)) > 0orequivalently if
INnA+p) < 1/e = (1 —a) —azs)In(1+yn) /az. Thus no matter where innova-
tion occurs asymptotically, if In (1 + p) < (1/e — (1 —a) — az0) In (1 + y ;) /a, and
INnl4+p)# A —a)ln (1 +y nd) /0.2, a disaster will necessarily happen. This proves
the second claim of Proposition 9.
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B9. Perfect competition in the absence of innovation

Here we show how our results are slightly modified if, instead of having monopoly
rights randomly attributed to “entrepreneurs” when innovation does not occur, machines
are produced competitively. There are two types of machines. Those where innova-
tion occurred at the beginning of the period are produced monopolistically with demand

function .
m azpjt =
Xjit = Xjjt = » LitAjit.

Those for which innovation failed are produced competitively. In this case, machines are
priced at marginal cost y, which leads to a demand for competitively produced machines

1
equal to xjir = X§

G = “Pit) ™ | Ajir. The number of machines produced under
monopoly is simply given by #;s;: (the number of successful innovation).

Hence the equilibrium production of input j is given by

1
= U [ AR s G+ () (650°) 6

a

() e

apit\ 7~
- ( p”) ApLj
w

where s; is the number of scientists employed in clean industries and

A= (i (a7 = 1) +1) Ay

is the average corrected productivity level in sector j (taking into account that some
machines are produced by monopolists and others are not).

The equilibrium price ratio is now equal to:

—\ —(1-0)
P _ [ At
Pat  \ Aat ’

and the equilibrium labor ratio becomes:

—~ \ ¢
La _(Aa
Ldt Adt '
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The ratio of expected profits from innovation in clean versus dirty sector now becomes

1
e _ 7 (&)“ Lot At
Iyt Mg \ Pdt Lat Adt—1
_a —p-1
e (’7csct (a T — 1) + 1) (1 +y ’7csct) (Act—l)_(p

T (’7d5dt (06ﬁ - 1) + 1) (1+ y ngSat) Agt-1

o

This yields the modified lemma:

LEMMA 2: In the decentralized equilibrium, innovation at time t can occur in the
clean sector only when

neAly > g (247 me) (e (a7 = 1) + 1)))¢+1 Adt-1>

in the dirty sector only when

ne (@t vme) (s (255 1) +1)))" AR < naAg? s
and can occur in both when
e ((nosan (a7 = 1) +1) (04 ymesa)) ™ AL
= o ((resec (% = 1) 4 2) @ ymes))” A

This modified lemma can then be used to prove the analogs of Propositions 1, 2 and
3 in the text. The results with exhaustible resource can similarly be generalized to this
case.

B10. Quantitative example for the exhaustible resource case

We now perform a quantitative evaluation for the exhaustible resource case similar to
that presented in Section V. As in the text, a time period corresponds to 5 years, y =1
and o = 1/3, and Y and Yy are still identified with the world production of energy
from non-fossil and from fossil fuel origins respectively between 2002 and 2006. The
definitions of S, &, and 6, and the utility function u (C, S) are also the same as in the
baseline calibration. To map our model, which has one exhaustible resource, to data, we
focus on oil use and we compute the share of world energy produced from crude oil in
the total amount of energy produced from fossil fuels from 2002 to 2006 (still according
to the EIA). We then convert units of crude oil production and stock into units of total
fossil production and stock by dividing the former by the share of world energy produced
with oil relative to the world energy produced by any fossil fuel. We approximate the
price for the exhaustible resource in our model by the refiner acquisition cost of imported
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crude oil in the United States (measured in 2000 chained dollars and again taken from
the EIA). We extract the trend from the price series between 1970 and 2007 using the HP
filter with the smoothing parameter of 100. We then restrict attention to the period 1995-
2007 (during which the filtered real price of oil increases) and parameterize this price
trend as a quadratic function of the estimated reserves of fossil resource. The estimated
price of the fossil resource in 2002, combined with the consumption of fossil resource
between 2002 and 2006 together with the value of world GDP from 2002 to 2006 from
the World Bank, and the initial values of Y¢ and Yq4o, then allow us to compute a,, A
and Agp and the cost function ¢ (Q) as the price of the exhaustible resource in units of
the final good. This procedure gives a, = 0.0491. Finally #, is still taken to be 2% per
year, but #4 needs to be rescaled. Indeed, if innovation occurs in the dirty sector only,

output in the long-run—abstracting from the exhaustion of the natural resource—will be
l-aq

proportional to A~ instead of A4, S0 we compute 74 such that innovation in the dirty
sector still corresponds to the same long-run annual growth rate of 2% after making this
correction.

We now show how the optimal policy with exhaustible resource compares with that in
the baseline case for the four configurations of (e, p) (e taking the high value of 10 and
the low value of 3, p taking the high value of 0.015 and the low value of 0.001).

As illustrated by Figure 2B, the switch towards clean innovation again occurs im-
mediately for [¢ = 10, p = 0.001], [¢ = 10, p = 0.015] and [¢ = 10, p = 0.001]. The
switch to clean innovation occurs slightly later in the exhaustible resource case when
[e =3, p =0.015]. The reason for this slight delay is that even though the growth
prospects in the dirty sector are hampered by the depletion of the resource (this pushes
towards an earlier switch to clean innovation), we also have that less dirty input is being
produced in the exhaustible resource case, which in turn can accommodate a later switch
to clean innovation. Which effect dominates in practice depends on parameters.

Moreover, with the exhaustible resource, the clean research subsidy does not need to
be as high as in the baseline case to induce the switch because of the costs of the resource
(see Figure 2A). For the same reason, the carbon tax does not need to be as high either
(Figure 2C) and the switch to clean production occurs earlier than in the baseline, except
when [¢ = 3, p = 0.015], whereby the later switch in innovation mitigates the effect of
the increase in the extraction cost so that the switch to clean production occurs around
the same time (Figure 2D). The figure also shows that when ¢ is smaller, the resource tax
needs to be higher, as more of the resource ends up being extracted at any point in time,
and that temperature increases less over time with the exhaustible resource.

B11. Equilibrium and optimal policy with productivity-enhancing and pollution-reducing
innovations

We now characterize the laissez-faire equilibrium and optimal policy under the alter-
native technology, sketched in the text in subsection I1.E, where innovations are either
productivity-enhancing or pollution-reducing. Recall that in this case there are no clean
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and dirty technologies, and instead the final good is produced as

where X; is the amount of machines i produced and A; is their productivity. The dynamics
of the environment stock are given by

1
St+1 = —f/ eilt_“xi"tdi + (1 + 5)St,
0

where ej; measures how dirty machine i is at time t. Innovation can be directed at either
increasing productivity, Ajt, or reducing the pollution content, e, as specified below. To
simplify notation, in this part of the Appendix, we normalize the total supply of labor to
L = 1. As in the baseline model, all machines are again produced monopolistically with
marginal cost = a? in terms of the final good. To facilitate comparison with the social
optimum, and without any substantive implications, we assume that the optimal subsidy
of 1 — a to the use of machines is always present. We also suppose that there is a “carbon
tax” imposed on pollution generated at the rate > 0. Then, the equilibrium demand for
machine of type i at time t satisfies

1 1
— l—a l—a) 1=
Xit =a 1 (Ait — Tt ) “,

and generates monopoly profits for producer i of
« 1
mit=a = (1—a) (A" — rel7") .

Innovation is directed at either increasing Aj; or decreasing ej;. The technology of
innovation is the same as in our baseline model: if a fraction s of the available research
resources is directed at pollution reduction and a fraction 1 —s at increasing productivity,
then A;; will increase by a factor (14 y (1 —s)) (with y > 1) and e;; will be reduced
by a factor (1 — ¢s) (with ¢ < 1).

We consider two alternative specifications. In the first specification, there is no “cre-
ative destruction” and thus an incumbent monopolist is the only one who will innovate
over its current technology until its patent expires. We assume that the probability that
the patent expires v periods after innovation is z, € [0, 1]. The special case of one-period
patents corresponds to ;; = 0. Until the patent expires, the monopolist retains permanent
monopoly rights over the production of that machine. After it expires, other scientists can
innovate over its technology. In the second specification, we model knowledge spillovers
resulting from creative destruction building on the shoulders of giants in a simple way.
We assume that a new scientist can always improve over an existing machine. If, when
this happens, the incumbent monopolist’s patent has expired, the new scientist becomes
the monopolist. If the incumbent still has a valid patent, we assume that the new inventor
makes a patent payment equal to the profits the incumbent would have obtained with its
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existing technology. One could have alternatively assumed a knowledge spillover from
pollution-reduction activities go from one machine variety to others. Our specification
here is simpler notationally and closer to our baseline model.

As in the baseline model, the allocation of scientists to machines is random, so that if
scientists devote a fraction s of their time to work towards reducing the pollution content
of existing machines, each of them will innovate over a randomly selected machine and
this machine will have (1 + y (1 — s)) times its initial productivity and (1 — ¢'s) times its
pollution content.® Throughout, we focus on a symmetric equilibrium where Aj; = A;
and ejt = e for alli.

Equilibrium. Suppose that there is an input tax ¢ and a subsidy to clean research
g:, and denote the interest rate at time t by ry. Under the first specification of research
technology (without knowledge spillovers/creative destruction), the monopolist will al-
locate research in order to maximize the payoffs of future profits, that is the equilibrium
allocation research effort by incumbents, {St«} ., must solve
(B.26)

o~ k
1—3, e 2
max ZH ( ) (a = (l1-a) (Atl+k Tt+ket+k ) 4 C|t+k3t+k) ,

{srcho 0 vt \ 1+ Tt
where
Ak = (1 +y (1 —5t4k)) At4k-1, and
ek = (1 —Styo) Atk

Under the second specification (with knowledge spillovers/creative destruction), in-
stead, we have

~ ¢ —a —a =
(®:27) Zc;l_[l (1 + rt+u) 0”7 (1= 0) (AT = reake ™) T + Oest,

since in this case the incumbent will only innovate once at the beginning and will then
obtain rents from that innovation until it expires. From the consumer maximization prob-
lem, the interest rate in both cases satisfies

2 (Ct—1, St-1)

1+r=(+p)
0(C,, S)

Social optimum. Using the symmetry across all varieties of machines, the social
planner solves (under both specifications),

oo

max —U (G, S
{st,Ct,St,Yt, At, Xl}t =0 k= 0(1+ )t ( t t)

19This specification is equivalent to one where all scientists (which have, recall, size normalized to 1), including the
incumbent inventor, attempt to innovate on all machines but one, and only one, succeeds.
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subject to
Ct = Yt - aZXt,

Yo = AFTOXY,
Sti1 = (L+0) St — e X5

Aryr = Q+7y Q=541 A
ey1 = (1 —(St41) €, and
s > Oands < 1.

We denote the respective Lagrangian multipliers of these constraints by y, At, ®ty1,
Udt+1 Het+1, Vor and vye. Then, the first-order condition with respect to C; gives

1 oU

— (G, 5) = At =
(1+p)t60( ts St) t = Xt

where the second equality uses the first-order condition with respect to Y;. The first-order
condition with respect to X gives

1
_1 _ W41 1o\
= (A}“— - e ) = X,
t

which is the level of production in the decentralized equilibrium in the presence of a tax
Ty = “’;—jl (under both specifications) and the subsidy to the use of all machines of 1 — a.

Now turning to the optimal allocation of research, the first-order condition with respect
to A; gives

a

- —a —a =
e = Aot (1= o) A (Atl _ Qg ) @4y (= Su0) e

and the first-order condition with respect to e; gives

a

__a 1 —a —a — e
Het = —ra 1-a (1 —_ OC) ?et (Ag‘ - _et ) + (1 - Cst+1) Het+1
o T=a

Thus, using the expression for interest rates in the laissez-faire equilibrium, maximizing
social welfare with respect to the allocation of scientists s; is equivalent to the following
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problem:

(B.28)
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max sgy (1 + 9 (1 —5t)) Atmr + g (L—St) €1

1

“ I-a
max Ao~ 7 (1 — a) (Atl“‘ - %e}ﬂ)
t

+ A+ 7y (L —5st41)) arp1 At + teyr (1 — CStv) €

oo k 1 " 1
emax 3T (57 ) o (= e (A = reneli)

k=0 v=1 1+r.,

Now the comparison of (B.28) to (B.26) and (B.27) establishes the claims in the text.
First, note that if z; = O for all t, meaning that there is full perpetual patent enforcement
and we are under the first specification (without knowledge spillovers/creative destruc-
tion), then a carbon tax is sufficient (together with the subsidy to machines) to decentral-
ize the social optimum as can be seen by comparing (B.28) and (B.26) with ¢; = 0 for all
t. This is no longer true, however, either when 1, > 0 for some t or if there is creative de-
struction with knowledge spillovers, as can be seen by comparing (B.28) and (B.27). In
this case, the laissez-faire equilibrium will typically involve too little pollution-reducing
activity (too low s;) and hence additional clean research subsidies, g; > 0, are necessary
as part of optimal environmental regulation.
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FIGURE B1. OPTIMAL POLICY FOR ¢ = 10 OR 3 AND p = 0.015 OR 0.001, IN EXHAUSTIBLE AND NON EXHAUSTIBLE
CASES.



